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THE GROUP RING KF OF RICHARD THOMPSON’S
GROUP F HAS NO MINIMAL NON-ZERO IDEALS

JOHN DONNELLY

ABSTRACT. We use a total order on Thompson’s group F' to show that the
group ring KF' has no minimal non-zero ideals.

1. INTRODUCTION

We define Richard Thompson’s group F' to be the group of right fractions of
the monoid P which is given by the presentation

(X0, 21,22, ... | Tn@m = TmTpy1 for n>m).

Geoghegan has conjectured that the group F' is an example of a finitely presented,
nonamenable group which has no free subgroup on two generators [2]. In [I], Brin
and Squier show that the group F has no free subgroup on two generators. However,
the question of whether or not the group F' is amenable has been open for over
twenty years [2].

Let K denote a field. It is shown in [I] that the group F' is totally ordered. Using
this fact we can show that the group ring KF' is cancellative, and consequently
does not have any zero-divisors. Thus, the set of all nonzero elements in KF forms
a multiplicative monoid H whose identity is the identity 1 of the group F. We
leave it to the reader to check that if H is (left/right) amenable, then the group F
is amenable.

Thus, one can ask whether or not the multiplicative monoid H is right amenable.
In [3], Frey gives necessary conditions that any minimal ideal of a semigroup S
must satisfy for S to be right amenable. In particular, Frey shows that if S is a
right amenable semigroup, £ is a minimal left ideal of S, and R is a minimal right
ideal of S, then

(i) £ is a two-sided ideal of S.
(ii) R C L.
(iii) R is a group.
(iv) There exists a semigroup 7 such that £ is isomorphic to R @ T', and such
that for all 21,20 € T, 21290 = 21.
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Frey also shows that if .S is a semigroup containing a minimal left ideal £ and a
minimal right ideal R, then S is right amenable if and only if R is an amenable
group.

Thus, one can ask what the minimal ideals of H are, and whether or not they
satisfy the conditions stated above. In this paper, we use a total ordering on the
group F' to show that H has no minimal left, right, or two-sided ideals.

2. A TOTAL ORDERING ON THE GROUP F'

We denote the set of generators {xg,z1,22,...,Zp,...} of P (and consequently,
of F) by ¥, and we define the set X,, = {z,, € ¥ | m > n}. Given an element
q € P, we let |q| denote the length of a word over X representing ¢. Every element
of the group F' can be represented uniquely by a normal form

a:fll xfj xf: e xf:: a:j;d’“ e xj;d“ xj;dQ x;ldl
where

(i) for each ¢, and for each r, we have that b, d, > 0;
(i) 41 <idg <+ < and j1 < Jo < -+ < Ji;
(iii) if there exists some 4 such that both z; and x; ! are generators in the normal
form, then x;4; or x;ll is a generator in the normal form as well.

Given two generators z; and x; of P, then we define z; < z; if and only if i < j.
We can now use the shortlex ordering on the set of normal forms for the elements
of the monoid P to get a total ordering <p on the monoid P. We use the ordering
<p on P to define an ordering <y on all of the group F' in the following way:
Given g € F such that g has normal form zy~!, with =, y € P, then g <p 1p if
and only if x <p y. We extend this to compare all elements of the group F' by
defining for each distinct pair g, h € F that g <p h if and only if gh™! <p 1p. We
will prove that <p is a well defined total ordering on the group F'.

Let g, h € F. Assume that gh™! has normal form ab~!, where a, b € P. Since
ab™! is in normal form, then ba~' is in normal form. Moreover, since hg™' =
(gh=1)=t = (ab=1)~! = ba~1, then hg~! has normal form ba~!. Note that in case
(i) below, since a = b and ab~! is in normal form, then a and b are empty words
and consequently ab~! is the identity element of F. Therefore, if gh~! has normal
form ab~!', where a, b € P, then

(i) g = hif and only if a = b;

(ii) gh™! <p 1p if and only if a <p b;

(iii) hg=! <p 1p if and only if b <p a.
Since for each pair of elements a, b € P, exactly one of a = b, a <p b, or b <p a
must hold, then given two elements g, h € F, exactly one of g = h, gh~! <p 1p,
or hg~! < 1r must hold. Thus, given two distinct elements g, h € F, then either
gh™! < 1p, in which case g <pg h, or else hg~™! <p 1p, in which case h <p g.

Thus, it follows that <p is well defined and linear.

Lemma 1. Let wy, wy € P be such that wi <p ws. If x,, is any generator of the
monoid P, then x,, w1 <p Tp,ws.
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Proof. Let |wi| = h and |we| = k. If |w1| < |ws|, then we see that |z,wi| =
h+1<k+1=|z,ws|, which implies that z,, w1 <p T,ws.

Assume that |w1| = k = |ws|. Let w; have normal form vz, 2, . .. Zq,, and let
wy have normal form vy, xyp, . .. Tp,, where v is a (possibly empty) word over X,
and a1 < by.

Assume that k = 1. In this case, v is empty, w1 = x,,, and wy = xp,, with
a1 < by. First assume that m < a; < b;y. In this case, x,,wy has normal form x,,z,,
and xp,we has normal form x,,xp,. Since a1 < by, then z, w1 <p T,ws. Next
assume that a; < m < by. In this case z,,w; has normal form x4, 41, and x,ws
has normal form x,, 2, . Since a; < m, then z,,w; <p xpmws. Finally, assume that
a1 < by < m. In this case x,,,w; has normal form x,, .41, and x,, wy has normal
form xp, Tm41. Since ag < by, then z,, w1 <p Tpws.

Now assume that k& > 2, and that for each j € {1,...k — 1}, if uy, uy € P
are such that |u1| = |uz| = j and u; <p ug, then for each generator z,, of P,
Tl <p TypUs.

Assume that |v| > 1, and that z,,v = V&, 4,|. Since a; < by, then it follows that
Ta,Tay -+ - La, <P Th,Tp, ---Tp,. Lherefore, by our induction hypothesis we have
that Ty, qjv|Tay Tas -+ - Tay <P T |o|Toy Toy - - - Ty - LNUS, Tpyy|y|Tay Tay - - - Ta, has
normal form ow;, x;, ... x;,. Similarly, we see that x,, |, Zp, Tp, - - . 75, has normal
form oxj 2, ... 2;,, where o is a (possibly empty) word over ¥, and i; < ji.
Therefore, x, w1 has normal form vow;, x;, ... x;,, and x,we has normal form
VOXj Tj, ... Tj,. Since i1 < ji, then x,w1 <p Tpws.

Now Assume that [v| > 1, and that ,,,v = uw, 1,2, where z is some nonempty
word over ¥, |, and where u is some (possibly empty) word over X. In this
case, Tp,w1 has normal form uxy, 4 |y|2Ta, Ta, - - - Ta,, and Tpwe has normal form
UL 4[| Ty Ty - - - T, - Since a; < by, then it follows that z,,wy <p T, ws.

Finally, assume that v is empty. In this case, w; has normal form x,, x,, ... Za,,
and wy has normal form xp, 2, ..., , where a; < by. First assume that m <
a1 < by. In this case, z,,w; has normal form z,,Z4,Ta, - - - Ta,, and T, we has
normal form x,,xp, Xp, - .. Tp, . Since a3 < by, then xp,wi <p rpmws. Next assume
that a; < m < b;. In this case, ,w; has normal form z,, 3, where 3 is a word
over Y,, of length k, and z,,ws has normal form z,, s, T, . . . Tp, . Since a3 < m,
then z,,w; <p x,,ws. Finally, assume that a; < by < m. In this case, z,,w;
has normal form z,, p1, where p; is a word over 3,, of length k, and z,, w2 has
normal form xp, p2, where py is a word over 3, of length k. Since a; < by, then
TyW1 <p TpyWa. O

Lemma 2. Let wy, wy € P be such that wi <p wa. If x,, is any generator of the
monoid P, then wix,, <p Waly,.

Proof. Let |wi| = h and |we| = k. If |wy| < |ws|, then we see that |wix,,| =
h+1<k+1=|wsxy|, which implies that wix,;, <p waXy,.

Assume that |wq| = k = |wz|. Let wy have normal form x4, T4, . .. T4, , and let
wo have normal form x, zp, . . . T, . First assume that k = 1. In this case, w1 = xq,
and wg = xp,, with a1 < by. If m < ay < by, then wyx,, has normal form 24, 41,
and wa,, has normal form ,,2p, +1, which implies that w1z, <p waz,. Assume
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that a; < m < b;. Thus, wix,, has normal form z,, x,,, and wax,, has normal
form xpxp,4+1. If a1 < m, then w1y, = T, Tm <p TmTp,41 = Walm,. If a1 = m,
then wiZm = TmTm <P TmTb,+1 = Waly,. Assume that a; < by < m. In this
case, we see that wjx,, has normal form x,, x,,, and wsz,, has normal form xy, x,,
which implies that w1z, = Ta, Tm <p Tp, Tm = Wakp,.

Now assume that k& > 2, and that for each j € {1,...k — 1}, if uy, us € P
are such that |ui| = |us| = j and w3 <p ueg, then for each generator z,, of P,
U1 Tm <p UL,

Assume that a; = by < m. In this case, w; has normal form x,,01, and ws
has normal form x,, 09, where o1 and o2 are words over X,,. Since z,,01 =
w; <p Wy = 4,02, then it must be the case that o1 <p og2. Therefore, it
follows by our induction hypothesis that oyx,, <p o22,,. Thus, o12,, has normal
form vx., x¢, . . - Zc,, and ooy, has normal form vae, ., . . . Te,, where v is a word
over Y¥,,, and ¢; < ej. Therefore, x4, 012, has normal form x,,vx., Tc, - . - Ze,,
and x4, 09%,, has normal form x,, vTe, Ze, - . . Te,, Where ¢; < e1. Since w1z, =
ZLq, 01Ty and Woky, = T, 02Ty, then it follows that wix, <p wez,.

Now assume that a; < by < m. In this case wix,, has normal form z,, 81, where
01 is a word over ¥,,, and wax,, has normal form xp, B2, where (5 is a word over
p,. Thus, w1y <p W2Zp,.

Assume that a; = m < by. In this case, wyx,, has normal form z,,x,,p, where
p is a word over X,,, and waz,, has normal form ,, Ty, 41%py+1 - - - Th,+1. Since
m < by < by + 1, then w1z, <p waky,.

Assume that a; < m < by. In this case, wix,, has normal form x,, o, where
« is a word over 3,,, and waxy, has normal form Ty, 4+1%py41 - - - Thy+1- Since
a1 < m, then wiz,, <p wWaZ,.

Finally, assume that m < a; < b;. In this case, wix,, has normal form
TmZay+1Tas+1 - - - Lag+1, and w12, has normal form .,y 112py+1 - . - Tpy+1. This
implies that wix,, <p woly,. [l

Given a, b, ¢ € P, with a <p b, then by using Lemmas [I| and [2| as induction
base steps, one can use induction on the length |c| to show that ca <p ¢b and
ac <p bc. We now extend this property to the ordering <y by showing that for all
g, h,d € F,if g <p h, then dg <p dh and gd <p hd. Again, we note that in case
(i) below, since a = b and ab~" is in normal form, then a and b are empty words
and consequently ab~! is the identity element 1p of P.

Lemma 3. Leta, b, ¢, d € P be such that ab™ = cd™', and such that ab™' is in
normal form. Then

(i) a="b if and only if ¢ = d;

(ii) a <p b if and only if c <p d;

(iii) b <p a if and only if d <p c.
Proof. Let 1p denote the identity element of the monoid P. Since a = b if and
only if cd=! = ab™! = 1p, and since cd~! = 1p if and only if ¢ = d, then a = b if
and only if ¢ = d.

Assume that a # b. When rewriting the normal form ab~! to get the word cd !,

we multiply a on the right by a (possibly empty) word u over ¥, and we multiply
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b~! on the left by the (possibly empty) word u~! over ¥~!. In particular, the
word u consists of all the generators from ¢ that cancel when we multiply ¢ with
d~!, and then simplify to rewrite cd~! in the normal form ab~!. Thus, ¢ = au and
d =bu. If a <p b, then it follows by the comments above that ¢ = au <p bu = d.
If b <p a, then again it follows by the comments above that d = bu <p au = c.
Now assume that ¢ <p d. Since <p is a linear ordering on P, then exactly
one of the following is true: a <p b, a = b, or b <p a. If a = b, then ¢ = d, a
contradiction. If b <p a, then it follows from the argument given above that d <p c,
a contradiction. Thus, a <p b. A similar argument shows that if d <p ¢, then
b<pa. O

Lemma 4. Letc, d € P. Then ¢ <p d if and only if ¢ <p d.

Proof. Let cd~! have normal form ab~!, where a, b € P. Assume that ¢ <p d.
Since ¢ <p d and cd™! has normal form ab™!, then it follows by Lemma [3] that
a <p b. Thus, by definition of <z, we have that ab~! <p 1, which implies that
cd™! <p 1p, which in turn implies that ¢ <p d.

Conversely, assume that ¢ < d. By definition of <, we have that cd~! <p 1p.
Since ab~! = cd~ !, then ab~! <p 1p, which implies that a <p b. Therefore, by
Lemma[3] we have that ¢ <p d. O

Lemma 5. Let g, h € F be such that g <g h. Then for any d € F, gd <p hd.

Proof. Since g <p h, then it follows by definition of <y that gh~™' <p 1. Thus,
we see that (gd)(d=*h™!) = gh~! <p 1p, which implies that gd <p hd. O

Lemma 6. Let g€ F andc, d€ P. If g <p ¢ and ¢ <p d, then g <p d.

Proof. Let g have normal form ab™!, where a, b € P. Since ab™! <p ¢, then it
follows by Lemma [5| that a <pg cb. Since a <g cb, then it follows that a <p cb.
Similarly, since ¢ <p d, then ¢ <p d. Since a <p cband ¢ <p d, thena <p cb <p db.
Therefore, by definition of <r, we have that ab~'d~! < 1, which implies that
ab™! <p d. Hence, g <p d. (]

Lemma 7. Letg, he F. Ifg<p h and h <p lp, then g <p lp.

Proof. Let g have normal form ab~!, where a, b € P, and let h have normal form
cd™!, where ¢, d € P. Since cd~! < 1, then ¢ <p d. Since ab™! <p c¢d™!, then it
follows by Lemmathat ab™'d < c. Since ab~'d < ¢ and ¢ <p d, then it follows
by Lemma |§| that ab~'d <r d. Thus, by Lemma |5, we have that ab™! <z 1p.
Hence, g <p 1f. O

Lemma 8. Let g, h,d€ F. If g <p h and h <p d, then g <p d.

Proof. Since g <p h, then it follows by Lemma [5| that gd=! <z hd~!. Since
h <p d, then it follows that hd~! <z 1. Therefore, it follows by Lemma @ that
gd~! <p 1p. Thus, it follows by definition of <z that g < d. [l

Lemma 9. Let g, h€ F, and letb € P. If g <p h, then bg <p bh.
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Proof. Let gh~! have normal form c¢d~!, where ¢, d € P. Since g <p h, then
it follows that gh™! <p 1p. Since gh™! has normal form cd~!, then it follows
that cd™' < 1p. Therefore, ¢ < d, which implies that ¢ <p d. Thus, it follows
that bc <p bd, which implies that bc < bd, and therefore that bed 10~ <z 1p.
Again, since gh™! has normal form cd~!, then it follows that bgh='b~! <p 1p,
and therefore that bg <p bh. |

Lemma 10. Let g, h€ F, and let b € P. If g <p h, then b=1g <p b= 'h.

Proof. If b='g = b~'h, then g = h, a contradiction. Thus, b='g # b~ 'h. Suppose
that b~'h <p b~'g. Thus, it follows by Lemma [9] that b(b~'h) <z b(b~'g), which
implies that h <p g, a contradiction. Hence, b=1g <p b~ 'h. O

Lemma 11. Let g, h, u € F. If g <p h, then ug <g uh.

Proof. Let u have normal form ab~!, where a, b € P. Since ¢ <y h, then it follows
by Lemma [10| that b='g <z b~'h. Therefore, since b~'g <p b~'h, then it follows
by Lemma [9| that ab~'g <p ab=th. Hence, ug <r uh. O

Lemma 12. Let g1, g2, h1, he € F be such that g1 <p g2 and h1 <p ha. Then it
follows that g1h, <p g2hs.

Proof. Since g; < ¢», then it follows by Lemma [ that g1h1 < gohi. Similarly,
since hy <p hgo, then it follows by Lemma that goh1 <p goho. Therefore,
since g1h1 <p g2h1 and goh1 <p g2hs, then it follows by Lemma@tha‘c grhi <p
g2ha2. O

3. THE MAIN RESULT

Lemma 13. Let g1, go € F. Assume that g1 has normal form albl_l, and that go
has normal form agbgl, where ay, az, by, ba € P. If |a1| + |b2| < |ag| + |b1], then
g1 <F 9g2-

Proof. Let b;lbg have normal form cd~!, where ¢, d € P. Each generator z; in
the normal form of by which cancels when multiplying bfl and b to put bflbg in
normal form will cancel with exactly one of the generators a:j_l in the normal form
of by!. That is, any generators from by and b, ! which cancel when transforming
bflbg into normal form will cancel in pairs. Thus, if £ generators cancel from the
normal form of by, then k generators cancel from the normal form of bfl. Therefore,
we see that |c¢| = |be| — k, and that |d| = |b1] — k. Since a1, ¢ € P, then there
is no cancellation of generators when multiplying a; and c. Thus, we see that
laic| = |a1] + |c|. Similarly, we see that |aad| = |az| + |d|. Therefore, we have that
larc| = |a1| + || = |a1] + |b2] — k < |ag| + |b1] — k = |az| + |d| = |azd|. Since
laic| < |agd|, then it follows that ajc <p asd. Thus, albflbg = ajcd™! <p as,
which implies that albl_l <p agbgl. Hence, g1 <r g2. O

Theorem 1. Let ‘H denote the multiplicative monoid of nonzero elements in the
group ring KE'. Then 'H has no minimal ideals.
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Proof. Suppose, to the contrary, that Z is a minimal two-sided ideal of H. Since

‘H is a cancellative monoid, then 7 is a principal ideal. Let g = ani € H be
i=1

such that 7 = HgH. By renumbering if necessary, we may assume that ¢ <p
m m m

g2 <p -+ <p gm. Since ¥ rigi = g1 Y _ri(gy 'g:), then T = H Y ri(gy 'g:)H.
i=1 i=1 i=1
In particular, we may assume that g1 = 1p. Let gm have normal form cd!,

where ¢, d € P. Let J = H(§)(1r + o)H = H( ngl + Zm gic))H. Since
i=1 i=1

lp = g1 <p gm = cd" ', then 1p <p d <p c. Thus, 1 and g,,c are the smallest

and largest elements, respectively, of F' used to write (§)(1r + ¢) as a sum in the

group ring KF'. Since (§)(1p +¢) € Z, then J is a subideal of Z. Since Z is minimal,
!

e
then it must be the case that § € Z = J. Thus, there exist Z sjh;, Ztqu eH
j=1 k=1

l e
such that § = ( Z s hj) (§)(1p+c) ( Z tqu) . Again, by renumbering if necessary,
=1 k=1

we may assumejthat hi1 <p hy <p - <p hjand ¢1 <p q2 <p -+ <p @e. Since
F is totally ordered, and since 1p and g, are the smallest and largest elements,
respectively, of F' used to write § as a sum in the group ring KF', then it follows
that hiq1 = 1p, and h;gncge = gm. This implies that hy = ‘h_l

First assume that hy = ¢ = 1p. Since 1p <p ¢, 1p = ¢1 <p ¢, and 1p =
h1 <pg hy, then g,, <r hjgmcqe, a contradiction. Therefore, g1 # 1. In this case
we have that 1p <p ¢ or 1p <g h;. We may assume that 1p <p ¢ (the proof
for the case that 1p <pg hy is similar). Since 1p <p ¢1, then hy = qfl <r 1lp.
Let h; have normal form ab~!, and let g. have normal form yz~!, where a, b, z,
y € P. Since 1p <p q1 <p g, then |z| < |y|. Similarly, since 1p <p ¢, then |c| > 1.
Since higmcqe = gm, then hy = gmqte gl = (cd™ 1) (zy= 1) (e 1) (de ). As in
the proof of Lemma [I3] when transforming h; into normal form, any generators
which cancel must cancel in pairs. Thus, if & generators cancel in ¢, z, or d,
then k generators must cancel in d~!, y~!, or either of the copies of ¢~!. Thus,
la| = |e| + |z| + |d| — k, and |b] = |d| + |y| + 2|¢| — k. Therefore, we see that
lal + [yl = (el + 2|+ [d] — k) + [y] < |d] + [y] + 2lel + |a| — k = [b] + Jo]. Tt
follows by Lemma that hy = ab™! <p 2y~ = ¢_'. Thus, it follows that
h; <p qe_1 <r qfl = hy, which is a contradiction. Hence, H does not have a
minimal two-sided ideal.

A similar argument shows that H has neither a minimal left ideal nor a minimal
right ideal. (|
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