Applications of Mathematics

Ondftej Barto$; Miloslav Feistauer; Filip Roskovec
On the effect of numerical integration in the finite element solution of an elliptic

problem with a nonlinear Newton boundary condition
Applications of Mathematics, Vol. 64 (2019), No. 2, 129-167

Persistent URL: http://dml.cz/dmlcz/147665

Terms of use:

© Institute of Mathematics AS CR, 2019

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/147665
http://dml.cz

64 (2019) APPLICATIONS OF MATHEMATICS No. 2, 129-167

ON THE EFFECT OF NUMERICAL INTEGRATION IN THE
FINITE ELEMENT SOLUTION OF AN ELLIPTIC PROBLEM WITH
A NONLINEAR NEWTON BOUNDARY CONDITION

ONDREJ BARTOS, MILOSLAV FEISTAUER, FILIP ROSKOVEC, Praha

Received July 11, 2018. Published online March 20, 2019.

Abstract. This paper is concerned with the analysis of the finite element method for the
numerical solution of an elliptic boundary value problem with a nonlinear Newton boundary
condition in a two-dimensional polygonal domain. The weak solution loses regularity in a
neighbourhood of boundary singularities, which may be at corners or at roots of the weak
solution on edges. The main attention is paid to the study of error estimates. It turns out
that the order of convergence is not dampened by the nonlinearity if the weak solution is
nonzero on a large part of the boundary. If the weak solution is zero on the whole boundary,
the nonlinearity only slows down the convergence of the function values but not the conver-
gence of the gradient. The same analysis is carried out for approximate solutions obtained
by numerical integration. The theoretical results are verified by numerical experiments.
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element discretization; numerical integration; error estimation; effect of numerical integra-
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INTRODUCTION

There are many numerical techniques for solving partial differential equations.
The effectivity of the respective methods is often closely related to the properties
of the equations in question. We are concerned with the study of the finite ele-
ment method (FEM) for the solution of an elliptic equation with a nonlinear Newton
boundary condition in a bounded two-dimensional polygonal domain with numerical
integration. Such boundary value problems have applications in science and engi-
neering, see [13], [2]. We suppose that the nonlinear term has a general “polynomial”
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growth. This can be found in the modelling of electrolysis of aluminium with the aid
of the stream function. The nonlinear boundary condition describes turbulent flow
in a boundary layer ([21]). Similar nonlinearity appears in a radiation heat transfer
problem ([20], [19]) or in nonlinear elasticity ([15], [14]). A parabolic equation with
a nonlinear Newton boundary condition is solved with the use of finite elements in [5]
and [24], but the growth of the nonlinearity is only linear.

Paper [7] deals with the problem arising in the investigation of the electrolytical
production of aluminium. The problem is discretized by piecewise linear conforming
triangular elements and the effect of the numerical integration applied to this problem
is investigated in [8]. Using monotone operator theory in [12] and assuming regularity
of the weak solution, paper [9] gives error estimates. Paper [10] investigates this
problem using discontinuous Galerkin method and piecewise polynomial functions,
but does not consider the effect of numerical integration.

In this paper we study an elliptic boundary value problem with nonlinear Newton
boundary condition in a polygonal domain. The goal is to analyse both FEM used
on conforming shape regular meshes with piecewise polynomial functions and the
effect of numerical integration while considering the actual regularity of the weak
solution. In Section 1 the boundary value problem is introduced, the weak solution
is defined and some auxiliary results are introduced. In Section 2 the finite element
approximation of the weak solution is introduced and some properties of the discrete
problem are proved. It turns out that the order of convergence depends on whether
the exact weak solution is zero on the boundary or not. Section 3 is devoted to the
discretization with numerical integration and some important estimates are proved.
Section 4 is concerned with abstract error estimates under the aplication of numerical
integration. Section 5 is devoted to the analysis of the boundedness of interpolated
functions. These results are used in Section 6 which is devoted to error estimation in
terms of the size of the triangulation. Finally, Section 7 supports theoretical results

by numerical experiments.

1. FORMULATION OF THE CONTINUOUS PROBLEM

We denote the set of real numbers by R, the set of positive integers by N, and
the set of non-negative integers by Ng. Let  C R? be a bounded polygonal domain
with Lipschitz continuous boundary 0€). We consider a boundary value problem
with nonlinear Newton boundary condition: find u: € — R such that

(1.1) —Au=f in Q,
Ju

(1.2) o Klu|“u=¢ on 90
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with given functions f: 2 — R, ¢: 02 — R and constants x > 0, « > 0. By
a classical solution of (1.1) with boundary conditions (1.2) we understand a function
u € C%(Q) satisfying (1.1) pointwise at every point in 2 and satisfying (1.2) at every
point on 9 such that the outer normal unit vector n is defined.

In what follows we use standard notation of function spaces: C*(Q), C**(Q),
C>=(Q), LP(Q), LP(0Q), WFP(Q), WkP(9Q). We denote the following norms in the

spaces LP(§2), LP(99)) with p > 1 by
1/p
0,p,00 = </ |f|”dS> )
o0

1/p
Mmr%w@,U|

For p € [1,00) and k € N we consider Sobolev spaces WP (Q), WHkP(9Q) with

seminorms

p p

wm{ /WW@,MMW(Z/WW@,
|B1=k

|Bl=k
where 8 = (01, f2) is a multi-index with |3 = 81 + 32, and the norms

B e B g
m<Z/WW@,Ume%ADﬂ@~

1BI<k
For k € N and p > 1 we denote by W*~1/P2(9Q) the space of traces from W¥*P(Q)
with the norm

I1f[1%

| floallk—1/pp.00 = nf{||gllkp.0; 9 € WEP(Q), gloa = floa}

We also denote W*2(Q) = H*(Q) and Wo?(Q) = LP(Q). The following continuous
embeddings known as Sobolev embeddings hold for domains 2 C R™ (in our case
n = 2) with Lipschitz continuous boundaries (see Section 5.6 in [6]):

(1.3) WhP(Q) = L/ D(Q), p e [Ln),
Wh(Q) <= L(9), q € [1,00),
WEP(Q) = C¥ 7P (@), pe (n,00),
Wi (Q) = C(Q).

The following continuous trace embeddings also hold for domains with Lipschitz
continuous boundaries (see Section 5.5 in [6] or Theorems 1.4.4.1 and 1.5.1.1 in [16]):

(1.4) WhHP(Q) — L=DP/(=P)(5Q),  p e [1,n),
W (Q) — L1(09), q € [1,00),
WhP(Q) < CO1=n/P(5Q), p € (n,00),
WmHQ) — C(AN).
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If G C 09, then by |G| we denote the one-dimensional measure defined on 9§ of the
set G. By 5.8.1 in [6] the following result holds.

Theorem 1.1 (Poincaré inequality). Let Q) be a domain with a Lipschitz contin-
uous boundary. Let u € WhP(Q). Let G C 99 with |G| > 0. Then there exists
a constant cp > 0 dependent on 2, G and p such that

(1.5) [ull1p.0 < cp(fulpo + llullopc)-

Now we introduce the concept of a weak solution. Let
(1.6) feL?Q), ¢eL?090).

We introduce the following forms for u, v € H*(Q):

(1.7) b(u,v) / Vu-Vodz, d(u,v)= /@/?m || Yuv dS,
/ fodz, L%%v) = /aQ pvdS,
L(v) = L“( )+ I9%0),  a(u,v) = b(u,0) + d(u,v).

Definition 1.1. We say that a function u: Q@ — R is the weak solution of
problem (1.1)—(1.2) if

(1.8) u € HY(Q),
a(u,v) = L(v) Yve HY(Q).

The existence and uniqueness of the weak solution is a consequence of properties
of the form a. Let us note that

(1.9) a(u,u—v) —a(v,u—v) = / |[Vu— Vv|2dx—|—/<c/ (Ju]“w — [v|*v)(u — v) dS.
Q a0
In [9] it was proved that

(1.10) (Inl“n = €% — &) =227 —£**?, nE€R, a>0,

from which the following lemma follows.
Lemma 1.1. Let u,v € H'(Q2). Then

(1.11) a(u,u—v) = a(v,u—v) > lu—vff 50 + 827 [Ju—v[§532 00
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In [9] and [8], most of the following theorem was also proved.

Lemma 1.2. The following assertions hold.

(a) L is a continuous linear functional on H' ().
(b) The functional a(u,-) from H'(2) into R is continuous and linear for every u €
HY(Q).

(¢) a is uniformly monotone:

(1.12) a(u,u—v) —a(v,u—v) = o(|lu—v|120) Yu,ve H (Q),
where
(1.13) o Cok2- T2 for 0 <t < 25—V,
. t) =
¢ Cot? fort > 2k~ 1/,

For a =0 we set K~/ = 0.

(d) The functional a(-,v) from H'(2) into R is continuous for every v € H*(Q) in
the following sense: There exists a positive constant C; > 0 independent of v
such that

(L14)  a(u,v) — a(w,v)] < CL(1 + [[ullf 20 + [[w][T20)[u — wlli2.0lv]

1,2,0

for all u,w € H*(Q).

(e) The form a(u,u) is coercive in the following sense: There exists a positive con-
stant Cy > 0 such that

(1.15) a(u,u) = Csl|ul

2
12,0
holds for all u € H*(Q) such that ||ul|1,2,0 > 1.

Proof. Assertions (a), (b), (c), (e) were proved in [8] and [9]. It remains to
prove the part (d). We have

la(u,v) — a(w,v)| <

/V(u—w) -VUdS‘—i—
Q

/@/ (Ju]“u — |w|*w)v dz|.
o9

The Cauchy inequality applied to the first term yields

/ V(u—w)- Vo dS‘ < u —wli2,0lv)2,0-
Q
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The second term can be estimated using the relation
u

|u|au—|w|(’w:/ %(|t|at)dt:(a+1)/ It dt.

w w

The function [¢|* of ¢ € R is monotone in (—o0,0) and in (0,00) and its global

minimum is reached for ¢ = 0. Hence,
6% < (ul® + [w]®), t€uw]

Take any p1,p2,p3 > 1 such that 1/p; + 1/p2 + 1/ps = 1. Then these relations and
the Holder inequality imply that

. / <|u|au—|w|aw>vds\ <r(a+1) / (Jul® + o] — ||| dS
o0 o0

< wla+ D([[ullgap, 00 + [wl5,ap 00)llu = w|

0,p2,02(|Vl0,p5,00-

The trace embedding (1.4) completes the proof of (1.14). O

It follows from the monotone operator theory [12] and properties in Lemma 1.2
that problem (1.8) has exactly one solution.

In the error estimates, the regularity of the weak solution will play an important
role. In [10] the following results are proved.

Theorem 1.2. Let u € H'(Q) be a weak solution of (1.8) in a polygonal do-

main Q. By wy we denote the largest inner angle in Q. Let f € LYQ), ¢ €
W1-1/94(9Q), where

(1.16) g=1+ —e<2 forwy>m,
2w — T
q=1+ —e>2 forE<wo<n,
20.)0—1‘[ 2
q > 1 is arbitrary for wg < E,

2

and € > 0 is arbitrarily small. Then u € W9(Q).

Since all inner angles w in ) are less than 2x, we shall consider

4
1.17 -
(1.17) ¢>3

Now we introduce some auxiliar results.
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Lemma 1.3. Let us assume that u € W’“’q(Q) keN,qg>1, and g = (p1,P2) is
a multi-index with 1, 82 € Ng such that |8| = 81 + P2 < k. Then

O (Jul*u)
0P 0l

D (Ju|*u) =

can be expressed as a finite sum of terms of a form

J
(1.18) clul*T = sgnu/H1 HDWu,
j=1

J
where J € Ng and v;, j = 1,...,J are multi-indices such that Y ~v; = 3. Here, the
j=1
constant ¢ is dependent on «,  and multi-indices ;. If « € N, then DA (Ju|®u) only
contains terms with non-negative exponent of |u|, i.e. ¢ = 0 if a4+ 1 — J is a negative

integer.

Proof. Let k, g be given. We will proceed using induction on |5|. If |5] = 0,
0

then the only possible term has J = 0, ¢ = 1 and [[ D%wu = 1. If || = 1, then
j=1
c=a+1,J=1, and either v; = (1,0) or v4 = (0,1).
Suppose that the lemma holds for all multi-indices with length smaller than |3].
In particular, we have

o) _ D7 (ju]*w))
D () = S

for some ¢ € {1,2} and ' such that |3] = || + 1. Then we only need to apply

d/0z; to the terms c|u|*T1~7 sgnu’ 1 H D%y which have Z v; = 6. If the

j 1 Jl

partial derivative d/0x; is applied to any factor in [] DVJu then the resulting term
j=1

does have the desired form with J = J’, one of the multi-indices ’y} increased,

J 4
and > v; = (. If 9/0z; is applied to |u|**1~7 | then the resulting term has J =
i=1

J’

J' +1, >+ 7541 = B, where ;41 is either (1,0) or (0,1) depending on z;, and
j=1

therefore also has the desired form.

Suppose that o € Ng. Then the exponent a+1—J in |u|*T1~7 is integer for any J.
The only possibility to obtain a negative exponent in the induction step would be to
apply 8/8z; to |u|*T1=" for J’ such that «+1—J' € [0,1), i.e. «+1—.J = 0. But
then 0|u|®/dx; = 0 and the constant ¢ would in fact be zero. O
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Lemma 1.4. Let u € W*4(Q), where k > 2 is an integer, ¢ > 1 and let a+1 > k
or o € Ng. Then |u|®u|pq € WF=1/%49(9Q) and the estimate

(1.19) el *ulle-1/q.q00 < cllulilq

with a constant ¢ > 0 dependent on . k, q, a, holds.

Proof. We will prove that |u|*u € W*4(Q). Consider any multi-index 8 =
(81, B2) such that |8 = B1 + B2 < k. Our goal is to show that

0 (julw) _

DP(|u|®u) =
(™) = 5 a0

LI(Q).

The expression D(|u|%u) is a sum of several terms of the form (1.18) given in
Lemma 1.3. Due to the triangle inequality in Lebesgue spaces, we only need to show
that all of these terms belong to the space LI(2) and are estimated by the right-hand
side of (1.19). The assumption a + 1 > k or a € Ny guarantees that the exponents
a+1—J in (1.18) are non-negative for all terms. Since u € W*4(Q) — C*~2(Q),
we can trivially estimate the terms which only have derivatives of orders up to k —2:

< cllullth o

0,9,Q2

J
|u|a+1_‘] H D7y
j=1

Consider the term clu|*DPu. Since u € WH4(Q) — C(Q) and DPu € L(Q), we
have

Il Dulf o = [ ol |D%uftdo <l [ D%l de < el

2
The only remaining terms are c|u|*~! [] DY u, where 7; has length 1 and v, has
j=1
length £ — 1. If k£ > 3, then we again estimate

q

1 +
< g NVl [ 107l de < el

2
>t H Dy
j=1 0,q,2

If k = 2, then 72 has length 1, and we use embedding (1.3) to get

q
2q

Jr
0,2¢,Q < dJlullp2S

-1
< 2DVl i,

cQ
0,q,Q2 @)

2
>t H D7y
j=1

where the last inequality was obtained because
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> Whi(Q) — C(Q) for ¢ > 2,
> HY(Q) — L) for ¢ = 2,
> Whe(Q) — L2(Q) for g € [1,2) as 2¢/(2 — q) > 2q.

Combining these inequalities, we conclude that |u|*u € W*4(Q) and |||u|*ul|xq.0 <

cHqungQ The trace |u|“u|sq therefore satisfies (1.19). O

Functions in W?24(f2) are continuous. Therefore, it is possible to distinguish on
which parts of the boundary 02 is the weak solution u nonzero.

Lemma 1.5. Let u € W*(Q), where k € N, k > 2, ¢ > 1 and Q is a polygonal
domain. Let a +1 < k. Let G be a closed subset of 9. If |G| > 0 and |u| > & >0
on G, then |u|*u|g € WF1/24(@).

Proof. Function w is continuous in 2. Therefore, we can find an open neigh-
bourhood of G in  denoted by Q¢ such that |u| > ¢ > 0 in Q. We can proceed
similarly to the proof of Lemma 1.4. This time we cannot guarantee that the ex-

ponents o + 1 — J are non-negative. If a +1 — J < 0, then we cannot use the
|oti=T < ||u||g‘(%)_ 7. However, it can be replaced by the inequality

lulag 2T < e®t1=/. The lowest possible negative exponent is o + 1 — k and the

estimate |u|q.

same arguments as in the proof of Lemma 1.4 lead to the estimate

—kyp, |k
oo T T T Fllulli

lul*ullk.g.06 < ellul a9c)

where ¢ depends also on Qg and possibly on both G and w. O

2. DISCRETIZATION

We assume that the domain ) C R? is polygonal. We construct its triangulation 75,
consisting of a finite number of closed triangles T'. We will consider only conforming
triangulations satisfying the following conditions:

21) Q= T DT €Ty, T1 #Tothen TNTy =0, or Ty N 7T,

TET; .. .
€7n is either a common vertex or a common side of 77 and T5.

We say that T' € T, is a boundary triangle if T" has a side S C 02 and we denote

the set of all sides S C 90 by s,. Then |J S = 09. For simplicity, we assume that
Sesy
each boundary triangle has only one boundary edge S and thus can be referred to

as Ts. If a triangle is not a boundary triangle, we call it an inner triangle.
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By hr and or we denote the length of the maximal side of 7' and the radius of
the maximal circle inscribed into T', respectively. We further set

2.2 = .
(2.2) h= max hy

Let us consider a shape-regular system of triangulations {75 }ne(0,h0), 0 < ho, of the
domain Q: there exists o > 0 such that
hr
(2.3) Q_<U VT €Tn Yhe(0,h).
T

Let r € N and T € Tj,. We denote the space of all polynomials in x1, 22 on T of
degree < r by

(24) PT(T) = {pTZ T — R; pT(il,'l,:L'Q) = Z aiﬁjx’ixé‘, aij € R}
4,7€No
i+j<r
An approximate solution will be sought in the space

(2.5) HT = {vy € CQ): wlr € P(T), T € Tr}.

Now, we can define the Galerkin approximation U}, of the solution w.
Definition 2.1. We say that U, € H" is the Galerkin approximation of the
weak solution u € H'(Q) given by (1.8) if
(2.6) a(Up,vp) = L(Uh) Yy € Hy.

Since H" ¢ H(1), it follows that the form a has all the properties in Lemma 1.2
and the existence and uniqueness of an approximate solution follows from the mono-
tone operator theory in [12].

We can further improve the monotonicity of the form a by assuming that one of
the functions in question is not close to zero on a part of 9Q2. More precisely, we
suppose that

(2.7) GcCoQ, |G >0,
|lu| > >0 onG.

Theorem 2.1. Let u € H'(2) and let conditions (2.7) hold. Then there exists
a constant Cy = C3(82, G, €) > 0 such that

(2.8) a(u,u —v) —a(v,u —v) = Cs|lu— vam Vo e HY(Q).
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Proof. Since |u|® — |v|* and u? — v? have the same sign, we see that (Ju|® —
[v]*)(u? — v?) = 0 or equivalently |u|*u® + |v|*v? > |u|*v? + |v|*u?. Thus, we can
write

(2.9) 2(Jul®u — [v]®v)(u — v) = |u|*(2u? — 2uv) + |[v|*(20? — 2uv)
> |u|*(u? = 2uv 4 v?) + |[v]*(v? = 2uv + u?)
= (Jul™ + [v]*)(u — v)*.

From this and equation (1.9) it directly follows that

1
(2.10) a(u,u—v) —a(v,u—v) > lu—v[7 5+ E/anHu —v|§ 2.0

The existence of the constant C3 from the statement of this theorem follows from
the Poincaré inequality (1.5). O

Under conditions (2.7), we can redefine the function g from (1.12), (1.13) as
(2.11) o(t) = C3t?, te0,00)
with a constant C3 > 0.

Theorem 2.2. Let u € H'(2) be a weak solution of (1.8) and let U, € H}
be a Galerkin approximation defined by (2.6). Then there exists a constant ¢ > 0
independent of h such that

(2.12) o1(JJu = Uplli2,0) < c inf |lu—wvhl1,2.0
U;LGH}:

where

(2.13) o1(t) = olt)/1.

(We can remind that, in general, o(t) is defined by (1.13) or by (2.11) under (2.7).)

Proof. By Lemma 1.2 it is possible to show that the approximate solution
satisfies

2.14)  o(lUnllr,2,0) < a(Un, Un) = L(Un) < (|||

0.2,0 + [¢llo,2,00) |Unll1,2,0,

where we have used the trace embedding in the last inequality. This shows that
01(||Unll1,2,0) is bounded independently of h and U}, is uniformly bounded. Another
consequence of formulas (2.6) and (1.8) is the relation

(2.15)  a(u,u—Up) —a(Up,u —Up) = a(u,u —vp) — a(Up,u —vy) Yo, € Hj,.
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Then, by (1.12), (2.15) and (1.14) for arbitrary v, € Hj, we have

(2.16) o(llu—Unlli,2,0) < alu,u — Up) — a(Up,uw — Up,)
= |a(u,u — Up) — a(Up,u — Up,)|
= la(u,u—vp) — a(Up,u — vp)]

S G A [lullf o0 + 1UAT20)llu = Usl

1,2,Q||U - Uh||1,2,Q,

which yields (2.12) with a constant ¢ > 0 dependent on ||u[[{', , but independent
of h. 0

In what follows, we use Theorem 3.1.5 from [3]:

Theorem 2.3. Let r,m € Ng, p,q > 1. Let the piecewise Lagrange interpo-
lation m), preserve polynomials of degree at most r. Let the triangulation T, be
shape-regular according to (2.3). Let the following embeddings hold:

(2.17) Wrtha(T) — C(T), W'H4(T) — W™P(T).
Then there exists a constant Cy > 0 such that for all T € T;, and h € (0, hg) we have

(2.18) |t = Tt p 7 < Caltt]pgr g rhit TP gy e LT,

Let k,r € N, ¢ > 1. In what follows we assume that u € W*+1.4(Q) is the weak
solution of (1.8) and Uy, € H! is the Galerkin approximation defined in (2.6). Let
us set v = min(r, k). We get the following result.

Theorem 2.4. Let the piecewise Lagrange interpolation 7, preserve polynomials
of degree < r. Let the triangulations Tn, h € (0, hg), be shape-regular according to
(2.3). Then there exists a constant Cy > 0 such that

(2.19) lu — mhul

v+1-2/q
12,7 < Cahp [ulyt1,q,7

Yue WHL(T) YT €T, Yhe(0,ho).

Lemma 2.1. Let > 1,neN, x; >0, w; >0,i=1,...,n. Then the following
inequalities hold:

(2.20) zn::c’f < (im)ﬁ
(2.21) (szxz/zwz)ﬁ ngzxﬁ/sz
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Proof. Both inequalities are a consequence of Jensen’s inequality, cf. [25]. O

Theorem 2.5. We have

Qfl(C|u|V+17q7QhV+1_2/q)a qc [LZ)?

(222)  Jlu-Unhea<{
01 1(C|U|u+17q79hy)’ q € [2,00).

Here Ql_l denotes the inverse to g1 from inequality (2.12).

Proof. Using Theorem 2.2 for v, = mpu and Theorem 2.3, we obtain

1/2
223)  orlu—Unlliog) < ecllu—mpulizg = ( S - mu||i2,T>
TETh
1/2
2v+2—4
< C( D lulbirgrhy /q) :
TeThH

For ¢ < 2 we use (2.20) with 8 = %, x; = |u|Z+1’q’Tth”+q72 and get

1/2 1/q
2u+2—4 v+q—2
220 (X W) < (D lult )
TETh TETh
< Julusrg0h” 20,

Inequality (2.21) can be rewritten as

B B—1
(2.25) (Z wx) < (Z wixf) (Z w) |

i i

i

For ¢ > 2 we use this inequality with 8 = ¢/2, w; = h%, z; = |u|,2,+1’q’Th§V74/q and

get
(2.26)
2 2w+2-4/ 1z 2 2\ 2 1/2-1/a
1% - q v—
(Z |u|u+17q7ThT ) < (Z th”'Z-‘,—l,q,Th(YI“ ) (Z hT) .
T€ETh TeTh TET;

Due to the shape regularity of the triangulations 7j, there exists a constant Cr

independent of h such that Y hZ < Cr|©)|. Then we get (2.22). O
TETh

Further, we show that if the exact solution is zero on the whole boundary, we can
improve the estimate for the H'(Q) seminorm.
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Theorem 2.6. Let the weak solution u € W**1:4(Q) given by (1.8) be zero on 0.
Then

C|u|l/+1,q19hu+172/qv q€ [17 2)a

(2.27) |u - Uh|1727Q <
cluly41,q,00", q € [2,00).

Proof. Neglecting the second term on the right-hand side of (1.11) gives us
(2.28) |u — Uh|i2,ﬂ < a(u,u — Up) — a(Up,u — Up).
The Galerkin orthogonality (2.15) for a piecewise Lagrange interpolation yields
(2.29) a(u,u —Up) — a(Up,u — Up) = a(u,u — mpu) — a(Up, u — Thu).
The fact that 7pu is also zero on 9f) and the Holder inequality gives us
(2.30) a(u,u — mpu) — a(Up, u — mpu) = /Q V(u—U) - V(u—mpu)de
<|u—Upli2.0lu—mhuli 20
Dividing this by |u — Up|1,2, leads to an estimate
(2.31) [u—Upli2,0 < |u—mhuli20-
Using Theorem 2.3 for H!(T) seminorm instead of a norm and the same arguments
as in the proof of Theorem 2.5 gives us the sought estimate. O
3. DISCRETE PROBLEM WITH NUMERICAL INTEGRATION

In practical computation, integrals in the definition of the forms are evaluated
by numerical integration. In this section, we are concerned with the analysis of the
effect of numerical integration.

Let us consider the reference triangle 7' with vertices (0,0), (1,0), (0,1). We
approximate an integral of a continuous function 12)\ over T using values at M different
points z, and M weights w,,, = 1,..., M. Considering that the area of T is 1/2,
we then have

. 1M
(3.1) /fwdm ~ Eﬂz::lwuw(xu).
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Any triangle T' can be obtained using an affine function Fp such that Frr (f) =T.
Then the nodes become z7,, = F(z,), p = 1,..., M and we obtain a quadrature
formula for a function 1 defined on T

M
(3.2) /dex ~ T wab(er,), T €T

p=1

Analogically, we introduce numerical integration over edges S on 0{2. As a refer-
ence element, we use the interval [0, 1] with m nodes z,, and weights 8, p = 1,...,m.
The quadrature formula on reference interval is

1 m
(3.3) /0 DdS =Y Bud(x,),
p=1

and the quadrature formula on edges is

(3.4) / 9dS ~ |83 Bud(s,), S € sn.
S

pn=1

The errors of integration are
M
(3.5) Br(v) = [ o= T3 wb(or,),
T e
Bs(9) = [ 945 = 1|3 Aud(es,.),
s Pyt

M
Ba(v) = [ wdo= 3 [T wplar,) = 3 Brl),

TETh p=1 TETh
Eaq(0) :/ 9dS = D 18> Bud(ws,) = Y Es(d).
oQ S€Esy, n=1 S€Esp,

The approximations of forms are defined as

(3.6) da(u,v) =k Y IS Bullul*uv)(zs,),

S€sp p=1

LI (w) = Y 151D Bulpv)(zsu),

S€sy

M
L) = D IT1) walfo)(zr,).

TeT p=1
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We assume that the form b will be evaluated exactly as its arguments will be poly-
nomials of degree < 2r — 2. Furthermore, we again define forms

(3.7 aq(u,v) = b(u,v) + dg(u,v), Lqg(v) = Lg(v) + Lgﬂ(v).

Definition 3.1. Let Er be the error of the numerical quadrature on a triangle
T € Tn. We say that a quadrature on triangles is exact for polynomials of degree
< Rif Ep(vp) =0 for any vy, € Pr(T), T € Th.

Let Eg be the error of numerical quadrature on an edge S € s,. We say that
a quadrature on edges is exact for polynomials of degree < R if Fg(vy) = 0 for any
Vp € PR(S), S € syp,.

We will use error estimates from Theorems 7.36 and 7.37 in [4].

Theorem 3.1. Let S € s,. Let the quadrature formula on edges be exact for
polynomials of degree < r+s; — 1. Let q,q" € [1,00] be such that 1/q+1/¢' =1 (we
set 1/oo = 0). Then there exists a constant ¢ > 0 such that for any ¢ € W*14(S),
vy, € Pr(S), we have:

(3.8) |Es(pvn)| < ¢S |@lsi.q.5vn]

0,q’,S-

Let T € Ty, where Tp, are shape regular triangulations, let the quadrature formula
on triangles be exact for polynomials of degree < r + so — 1 and let ¢,q¢' € [1,00]
be such that 1/q+ 1/q' = 1. Then there exists a constant ¢ > 0 such that for any
f e W2UT), v, € P.(T), we have:

(3.9) |Er(fon)| < b7 | flss.qrlvnllog -

On the basis of these estimates we prove the following theorem.

Theorem 3.2. Let the quadrature formula on edges be exact for polynomials of
degree < r+s; — 1 on each S € s, and let g € (1,00). Then there exists a constant
¢ > 0 such that for any ¢ € W*9(0Q), v, € H}, we have

(3.10) | Eaq(vn)| < ch®™|¢ls, q.00lvnll1,2,.0-

Let the quadrature formula on triangles be exact for polynomials of degree < r+so—1
on each T € Ty, where T, are shape regular and let ¢ € (1,00). Then there exists
a constant ¢ > 0 such that for any f € W*>4(Q), vy, € H},, we have:

(3.11) [Ea(fon)l < ch®|fls;.q.0lvnll1,2,0-
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Proof. By (3.8), we have
|Eoa(pun)l = > |Es(evn)| < ch™ > |¢la g.sllvnlloq.s-
Sesp, Sesp,

Applying the discrete Holder inequality with parameters ¢ and ¢’ such that 1/q +
1/¢' =1, we find that

> 1elraslivnllog.s < 1€ls goallvnloq.on.

Se€sy

Finally, applying trace embedding H'(2) — LY (092) on vy, we obtain the first error
estimate (3.10). Analogically, we also obtain

|Eo(fvn)l < ch™ > [ flegqrlon]

TETh

00,7 < ch®?|f|sy.q.0/vnll0.q,0

and we complete the proof of (3.11) by the embedding H' () — L7 (). O

4. APPROXIMATE SOLUTION

Definition 4.1. We call uj, € HJ, an approximate solution of problem (1.1)—(1.2)
if

(41) ad(uh,vh) = Ld(’l)h) Yoy, € Hg

In order to obtain error estimates of the approximate solution we need an analogy
to monotonicity results for the new form agy.

Theorem 4.1. Let the quadrature (3.4) have at least r+1 nodes and only positive
weights, i.e.

(4.2) m2r+1, B,>0, pu=1,...,m.

Then there exists a constant ¢ > 0 independent of h such that the following inequality
holds for every up, vy, € H}:

(4.3)  aq(un,un — vn) — ag(vn, un — va) = fun — vali o o + cllun — vnll§ 35 00-

Let sp1 C s, be a set of some boundary segments and G, = |J S. If
S€Esp

(4.4) lop| >e >0 on Gy
for some ¢ > 0, then the following inequality holds for ¢ > 0 independent of h:

(4.5)  aq(un, un —vp) = aa(ve, un — va) = |up = onli 2.0 + cllun — vnllg 2.6, -
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Proof. The proof can be carried out in a similar way as in [9], Lemma 4.31. O

Lemma 4.1. Let the assumptions of Theorem 4.1 hold. Then

(4.6) ad(un,un —vp) — aqg(vh, up —vp) = o(||un — vall1,2,0),
where
- C()dtaJrQ for 0 < t < ].,
(47) oy =1 "
C()dt for t 2 1.

If condition (4.4) holds, then we can redefine g as

(4.8) o(t) = Chat®.

Proof. The Holder inequality for

TR T B
2 a+2 \2 a+2
applied to the right-hand side of (4.3) gives us

lun —vnllo2,00 < llun — vallo,ar2,00l1ll0,(1/2-1/(a+2))-1,00
= lun — vnllo,a+2,00/00Q /2712,
Poincaré inequality (1.5) then yields (4.6) with ¢ defined in (4.7). Analogously (4.6)
with ¢ defined in (4.8) follows from (4.5). O

Uniform monotonicity of the form aq on the finite dimensional space H; guarantees
the existence and the uniqueness of the approximate solution u; given by (4.1).
Let us set

(4.9) R(t) = o(t)/t,
and let R~! be the inverse of R. Hence,

t 1/(a+1)
(—) for 0 <t < Cyq,
Cod

t
Coa

(4.10) R7Yt) =
for t > Cyq,

which can be replaced under condition (4.4) by
(4.11) R7Y(t) = —.
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Then we have the following abstract error estimate.

Theorem 4.2. Let u;, be the approximate solution of problem (4.1) and let u €
H'(Q) be the weak solution defined by (1.8). If v, € H}, then

(4.12)  fju — up|

12,0 < [lu —vnll120

+ B (Crllu = vl 21+ Julf 2.0+ lonll$2.0)
v sup la(vn, wn) — aa(vn, wa)| v sup |L(wn) —Ld(wh)|>.
0wy, € H, 1w l1,2,0 otwnery  llwnllizo

Proof. By (4.6),
o(Jlun —vrll1,2,0) < aq(un, ur, — vy) — aq(vn, up — vp).
Using the relations
ag(up, up, —vp) = La(up, —vp), L(up —vp) = a(u,up —vp),
and adding and subtracting the same terms, we get

agq(un, un —vp) — ag(vp, up —vp) = [La(un —vp) — L(up — vp)]

+ [a(u, up, — vp) — a(vp, up, — vp)] + [a(vn, up — vp) — ag(vn, up — vp))-

The first bracket on the right-hand side can be estimated directly using the inequality
from the definition of a norm of a linear operator:

L(wy) — Lg(w
\La(un —vn) — Lun —von)| < sup  Zm) —Lalwnlly o,

0#wn €H, [[wn|

1,2,9

The second bracket can be estimated using the continuity (1.14) of the form a:

|a(u, un = o) = a(vp, up —vp)| < Cr{L+ [[ullf 5.0 + [0nl[72,0)

X [[u = vnll12,0llun = valli 2.0
The third bracket can be estimated similarly to the first bracket:

la(vn, wn) — aq(vn, wp)
1,2,0

la(vn, un —v) — aq(vp, up —vp)| < sup | lun — vnll1,2,0-

0wy, € H, [|ws|
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Combining these estimates with the definition of R in (4.9) gives us

L - L
1,2,0) < sup [Luon) — Lawn)|
0w, €HY [wall12,0
+Cillu = vplli2,0 + [[ullf2.0 + vl 2,0)
L osw |a(vn, wp) — aq(vn, wh)]

0wy € HT wall1,2,0

(4.13) R(||up, — vn|

Using the triangle inequality ||u —us||1,2,0 < |lu—vnll1,2,0 +||un — vil|1,2,0, We arrive
at (4.12). O

Recall that
L(wp) — La(wn) = Eq(fwn) + Eaa(pwn)

represents the error of integration of terms derived from the right-hand sides of (1.1)
and (1.2). This error can be estimated using (3.11) and (3.10) from Theorem 3.2:

(4.14) \L(wn) = La(wn)| < c(h*[f]s;,9,0 + 17 @ls1,q,00) [ whl1,2,0.

The term

a(vp, wp) — aq(vy, wn) = Eaq(Jvn|“vhwn)

is the error of integration of the nonlinear term on the boundary 9f). It cannot be
estimated directly using (3.10), because the continuous piecewise polynomial function
vy, may have jumps in its derivatives at vertices of boundary triangles and some
derivatives of |vp|“v;, may become nonintegrable near the roots of vy in the case
of noninteger parameter «. Using (3.8) and repeating arguments from the proof of
Theorem 3.2 on separate parts of the boundary will lead to an estimate similar to
(3.10). But first, we shall need to prove boundedness of |vp|“vp, on the boundary 92
in a norm of some Sobolev space.

For the purpose of error estimation we need to choose v;, € Hj in such a way that
[u—wvnlli2.0 + lulf2.0+ valfe0) =0 for h—0.

Therefore, we will set v, = mpu, where 7, is the continuous piecewise Lagrange
interpolation operator.
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5. BOUNDEDNESS OF INTERPOLATED FUNCTIONS

In this section, we are concerned with estimating derivatives of functions on the
boundary of Q2. As we are aiming to use (3.8), it is sufficient to consider one segment
at a time. Let S € s, be a side of a boundary triangle Ts of a triangulation 7y,
let F' be an affine mapping of [0, |S]|] onto S (this guarantees that ||F'|| = 1). Set
v, = vy o F for a continuous piecewise polynomial function v, € Hj. Function vy, is
therefore a polynomial of degree r defined on an interval [0, |S|].

Let us begin by expressing the actual terms which appear after using chain rule
on derivatives of |vj,|*v,. We can proceed similarly as in the proof of Lemma 1.3
and get the following result.

Lemma 5.1. Let v, be a polynomial of degree < r on the interval [0,|S|]. Let
a >0 and g € N. Then
(on] o)

can be expressed as a finite sum of terms of the form

J
(5.1) clon| 7 sgnu”* [T o,

Jj=1

J
where J € Ng and~y; € N, j =1,...,J are such that ) v; = . Here, the constant ¢
j=1
is dependent on o, § and v;. If o +1 — J is a negative integer, then c = 0.

To estimate integrals of terms of expression (5.1), the most straightforward way
is to estimate most of its factors in L°°-norm and take them out of the integral. If
we assume that u € W"14(Q) with » € N, ¢ > 1, then the embeddings

(5.2) Wrth(Q) — Cc"(Q), ¢ >2,
H™H(Q) = ¢ (@), xeo,1),
WrHh(Q) < ¢ Q), g€ [1,2),

follow from (1.3). Then we can approach estimating of lower derivatives by consid-
erations applying to continuous functions rather than using properties of Sobolev

spaces.

Lemma 5.2. Let u € C"(Ts), let mpu be its Lagrange interpolation of degree r
using r + 1 nodes on the sides of Ts. Let F' be an affine mapping of I = [0,|5]]
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onto S. Let uw = uo F and mpu = (mpu) o F. Then for any i € {0,...,r} we have the
estimate

T
(5.3) |Thttlicor < ISP il 00,1-

j=i

Proof. We use the induction on ¢ from r downward to 0.

Let 4 = r. Our goal is to show that |Tau|rco,r < |U|r,00,r- Function 7pu is a poly-
nomial of degree r and its rth derivative is a constant. Therefore, it is sufficient to
prove that 7ru'") = u(")(t) for some t € I or that a continuous function (7hu — )"
has a root. The Lagrange interpolation is exact at all nodes and thus 7pu — @ has
at least r 4+ 1 roots in I. It follows from Rolle’s theorem that (7,u — @)’ has r roots
in I and repeating this argument r times gives us a root of (mpu — u)(") in I.

Let inequality (5.3) hold for 7 4+ 1. Take arbitrary ¢,¢p € I. Considering that
[to — t| < |I| =S|, we have

t .
[T (1) = |mra (to) + / D (1) dr| < [mra (to)| + ISRl i41,00,1-
to

Using (5.3) for ¢ + 1 and the definition of L>°(I)-norm, we have

|Trttli cor < |ﬁm@@mr+W|§j|Sv<””wuwz

J=i+1
= lmnu® (to)| + D 1SV [t
j=it1

To complete the induction step, it suffices to find some tg,t;7 € [ such that
XTI (to) = u™(t1). Take i 4+ 1 of the r + 1 nodes of interpolation. Construct
a polynomial v of degree at most ¢ such that %, Tpu and v are equal at these nodes.
Functions %—v and 7, u—v have i+1 roots in I and they both belong to a space C*(I).
By Rolle’s theorem, there are to and ¢, such that (mpu — v) (tg) = (@ — v)@ (t1) = 0.
This together with the fact that v(Y) is a constant completes the proof. O

The case when u € C"~1272/4(Tg) for q € (1,2) is almost identical.
Lemma 5.3. Let u € C"~'*(Ts), where A\ € (0,1), let m,u be its Lagrange

interpolation of order r using r + 1 nodes at the sides of Ts. Let F' be an affine
mapping of I = [0,|S|] onto S. Let & = wo F and mpu = (mpu) o F. Then there

exists a constant ¢ > 0 such that for any i € {0,...,r} we have the estimate
r—1

(54)  |mulices < el con gy + D ISE T il o0
j=i
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Proof. Again, we use induction on ¢ from r downward to 0. Let i = r. Our
goal is to show that

|m|r,oo,1 < C|S|71+A|a(ril) |Co,x([).

Let v be a Taylor polynomial of the function u of degree r — 1 at point 0, i.e., v is
a polynomial of degree < r — 1 and it has the same derivatives of orders up to r — 1
at the point 0 as u. Function @ — v has the same (r — 1)th derivative as & up to
a constant and also has the same seminorm (Hélder constant) |ﬂ(r71)|co,>\([). Its
interpolation 7pu — v has the rth derivative unchanged. We only need to show that

Tt — Voo < eS| @ — )"V o,

where (7 — v) satisfies (i — v))(0) = 0 for all j = 0,...,7 — 1.
It follows from (7 —v)("~1(0) = 0 and the definition of the Holder continuity that

[@ = l—1,00,0 <SPV i)

Since (a—v)("=2(0)=0 (if r >2), it follows that [& — v[,—2,00,1 <[ STV con(py-
Repeating this argument yields |2 — v]g,c0,1 < |S|’”’1+’\|ﬂ(“1)|co,x(1). Consider an
affine transformation of 4 — v and 7pu — v from I = [0,|S]|] onto [0,1]. Denote
the resulting functions by @ —v and mpu —v. The function @ — v is also bounded
in L*°(I)-norm by |S|T*1+)‘|ﬂ("’1)|co,xm. The interpolation 7pu —v of u— v is
therefore bounded by

|7t = 0]o,00,00,1] < | SI" ATV o ry.

where ¢ > 0 is a constant dependent only on the choice of nodes of interpolation on
the reference interval [0, 1]. The space of polynomials of degree < r on [0, 1] is a finite-
dimensional space. Every seminorm on a finite-dimensional space can be estimated
from above by any norm. Taking a seminorm ||, [0,1] and a norm ||-||o,oc,[0,1] thus
yields

[Tt =l o0.0,1) < €S| AT | co ),

where ¢ > 0 is again some constant dependent only on 7. Since affine transformation
from I onto [0, 1] multiplies the rth derivative by |S|", we have

|SI7 [t = vlroo.r = [Tt = 0lr,00,j0,1] < €lSI" @ gor )
This is (5.4) for i = r.
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Since functions in the space C"~1A(I) are also in C7(I) for j = 0,...,r — 1, the
whole induction step in the proof of the previous lemma works here too and we again

have
(5.5) [Tt 0,1 < [l 00,1 + [S][TRUli41,00,1-
Combining (5.5) and inequality (5.4) for ¢ + 1 gives (5.4) for i. d

To estimate the interpolation in a norm of Sobolev spaces we use a special case of
Theorem 3.1.5 in [3] (one-dimensional variant of Theorem 2.3).

Corollary 5.1. Let the piecewise Lagrange interpolation 7, preserve polynomials
of degree < r. Let the restriction of the interpolated function mpu on any side of a
triangle be given only by the values of u on that side (that is, let it have r + 1 nodes
on every side of a triangle). Let k € N, k > r, ¢ > 1. Then there exists a constant
C(m) > 0 such that

@ — Rl < Clilisr,gr Vae WHH(I),
and it follows from the triangle inequality that we also have

(5.6) Thtlkr1,q1 < (C+ Dfulisrgr Yae WHL(I),

When we use polynomials of degree r and consider only numerical quadrature
for boundary nonlinear terms satisfying (4.2), we expect the order of convergence
in H'-norm to be . But we need in addition to the regularity of the exact weak
solution u an upper bound for the rth derivative of (|mpu|*7pu). It is necessary to
have some upper estimate for the terms of the form

J J
(5.7) clmulo T sgnmu M [ mu, Y =i
j=1 j=1

If « is an integer, then all exponents o« + 1 — .J in powers of |7,u| are non-negative
(those that are negative are in terms multiplied by ¢ = 0) and we only need an upper
estimate of |m,u|. The lowest possible exponent is a+ 1 —r and therefore in the case
of a > r — 1, we also only need an upper estimate.

Lemma 5.4. Let u € W™T19(Q), where r € Ng, ¢ > 1. Let Ts be a boundary
triangle of the triangulation Ty, and I = [0,]S|]. Let m, be a continuous piecewise
Lagrange interpolation of order r that uses r + 1 nodes on the sides of triangles. Let
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F' be the affine transformation of I onto S and let mpu = (mpuls) o F'. Let i € N,
it < r, and let & > 0 be the constant from (1.2). Let either « € Ny or a > @ — 1.
Then |mpul®Thu € WH4(I) and there exists a constant ¢ = ¢ («,r,i,q) > 0 such that

(5.8) [Imnul*mnulig,r < cllullgellulliar

Proof. Due to the triangle inequality in Lebesgue spaces, we only need to
J

estimate the terms of the form given in (5.7) (with > ; = i) by the right-hand
j=1

side of (5.8). The assumption « > i — 1 or @ € Ny guarantees that the exponents
a+1—Jin (5.7) are non-negative for all terms that need to be estimated. Since we
have an embedding (5.2), all derivatives of orders up to r — 1 can be estimated in
L*°-norm by ||@]|x+1,4,0 due to (5.4) for g € (1,2] and all derivatives of orders up to
r due to (5.3) for ¢ € (2,00).

Let us take a term of the form (5.7):

ol

J J
_ T+ TT — (v .
|21 sgnmpu’t Hwhu(%), g v = 1.
Jj=1 Jj=1

Write the seminorm as an integral

J
|m|a+1f‘] H m(%)

Jj=1

J 1/q
- (/ |7?}‘m|(a+1ﬂ])q H |m(%)|q dS> )

I jaie

0,q,1

All terms that are continuous can be simply taken out of the integral and give us
some upper bound for the seminorm. Without loss of generality assume that v is
the largest order of derivative. Suppose for the moment that all other factors are
continuous and can be estimated in the following way:

(5.9) 720 0,00,1 < cllillor(ry < ellullom@n) < cllullriian

replacing the C"-norm by the C"~1*-norm if ¢ € (1,2]. Then we have an estimate

1/q
</|7rhu| (a+1— J)qH| (%)|qu> <CH Hii-"l_,lq, J)+(J— 1)</|N(’YJ |QdS> .

Using (5.6) gives an estimate of the last remaining part

1/q
( / m‘”vﬂwds) = [Tl a1 < il ar <

153



Combining these estimates yields

J
male T [T 7™ < ellulldy g0l
j=1 0,q,1

1,q,1-

(5) (v7)

J
The assumption that all factors in |7Tul*t1=7 [] mhu besides T, u can be

=1
estimated by (5.9) follows from (5.3) and (5.4) if]

>ys<r—1,

> vy =rand q> 2,

> s = (in this case J = 1 and there are no other factors with derivatives).

Since we have 7; < i < r, one of these cases always holds and we have in fact
completed the proof. O

If neither & € Ny nor @ > r — 1 and we are still trying to use estimate (3.8) of
order r, we need to obtain some positive lower bounds on 7,u. These estimates can
be derived with some aid from the Lebesgue constants if we include an assumption
that max || and mIin || are relatively close, see Chapter 3 in [22].

Let us consider a fixed Lagrange interpolation 7, of order r preserving polynomials
of degree < r on the boundary. More precisely, the nodes of interpolation on the
reference triangle T are in one fixed position for all triangles T € 7T, and there
are r + 1 nodes of interpolation on every side of this triangle. Take an arbitrary
function @ € C(I) such that ||@]/o,co,r < 1. Then there exists a constant A, such
that || mpul|c(ry < Ax for all such . It can be defined as

Ar= max |7pul
aec(I)
Ello, 00,1 <1

0,00,1

Taking into account that 7,u is given by a finite (r + 1)-amount of values of u and
the interpolation operator 7, is linear, the maximum in the definition of A, can
be found by taking functions which have either 1 or —1 at each node (that is 271
combinations). If we further consider that rescaling a function from one interval onto
another with a linear substitution will not change the function’s extremes, we see that
this constant A, is shared for all segments in s, for all triangulations {7}, },h > 0.

If we now take a function & € C(I) which is bounded by @ + b from above and by
a — b from below for some a € R and b > 0, it follows that the interpolated function
mhu € P,.(I) is bounded by a+ Ab from above and by a — A,b from below. Suppose
that the values of w are in [Cf,1] for some constant C;, € (0,1). Then we have
a= %(1 +Cp)and b= %(1 — CL), and 7hu is estimated from below by

A

S(C 1) = 51— ) = S(Culhr 1)~ (As — 1),
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which is zero for the choice Cr, = (A; — 1)/(Az + 1). Then, from the conditions

Ay —1 miny ||

1 = 1
(5.10) Cr T G € (Cr, 1),

> C

~| =
maxy |u|

follows the lower bound estimate
__ 1 -
mIin |Thul > a(Cl(Aw +1)— (A —1)) max .

Therefore, we have an estimate in L°°(I)-norm for a negative power of the interpo-
lated function

2 Yo
T 1@

(5.11) 7w~ oot < ( 0o >0,

If the triangulation is refined by dividing some triangles into smaller ones, the
maximum of |u| on any new segment is bounded from above by the old maximum
and the new minimum is bounded from below by the old minimum. Thus, the new
segment also satisfies conditions (5.10) and the constant C; might even be increased.

Choosing linearly transformed Chebyshev nodes for the interpolation 7, gives an
estimate for the Lebesgue constant

2 8 L
(5.12) Ar = ;(bg(r—l— 1) 4~y +log ;) +O(r=*),

where r is the degree of interpolation and v = 0.577215 is the Euler-Mascheroni
constant, see [11], [18]. Using the optimal Lebesgue constants for r < 4 (formulas
(3.3) and (7.4) in [23]) gives us some possible values for the constant Cp, in (5.10).
Constants A, and C}, are contained in Table 1 for r = 1,2, 3, 4.

T 1 2 3 4
A 1.000000 1.250000 1.422919 1.559490
Cr  0.000000 0.111111 0.174549 0.218594

Table 1. Values of Lebesgue constant for polynomials of degrees up to 4 and corresponding
constants C, for an optimal choice of nodes.

Lemma 5.5. Let u € WT14(Q), let S € s;, be a boundary segment such that u|g
is non-zero and does not change sign, and furthermore, let ming |u|/ maxg |u| > Cj.
Suppose that C; > Cp, where Cy, is defined above. Let u be the affine transfor-
mation of u|lg onto I = [0,|S]|] as defined above. Then there exists a constant
¢ =c(a,r,q) > 0 such that

(5.13) lmnul*mntlr g1 < el g0l
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Proof. We can proceed similarly as we did in the proof of Lemma 5.4. The only
new concern is that now the exponents a + 1 — J in the terms of the form

J J
clmu|*t 7 sgnmhu’ H u), nyj =7

can be negative. Whereas we previously used an estimate (5.9) for non-negative
a+1—J, we now use
(5.14)

2 - _ _
|H7Thu|a+1 JHOooI\( a+1—J a+1—J

arrme vy v I RV [ ok

for negative « + 1 — J < 0. This estimate leads to the inequality

J
ladl— — J)+(J—
Y [T <l el
j=1 0,q,1
It follows that inequality (5.13) holds. O

6. ERROR ESTIMATION

The purpose of this section is to estimate the error of quadrature on the boundary
08 denoted by Eaq(|mpu|*(mhu)ws). We can divide the boundary segments S € sp,
into three disjoint sets sp = spo U Sp1 U Spa.

> Spo contains segments S with u|s = 0. Then also 7,u|s = 0 and the quadrature
is exact there, i.e. Eg(|mpu|®(mpu)wy) = 0.

> Ifa+1>roraée Ny, then s, contains all segments not in spo. If a ¢ Ny and
a+1 < r, then sp; contains all segments not in spg satisfying ming |u|/ maxg |u| >
C}, where C is given by (5.10). Then combining (5.13) (or (5.8)) and (3.8) gives
us an error estimate of order 7.

> Sp2 contains the remaining segments, i.e. for o ¢ Ng and o + 1 < 7, sp2 contains
segments satisfying msin |u)/ max |u| < C; and w is not identically zero on S. Let us
set ho = max{|S|; S € sp2} (or he = 0 if there are no segments in sp3). Combining
(5.8) and (3.8) gives us an error estimate of order

(6.1) ro = o + 1.
Theorem 6.1. Let the weak solution u given in (1.8) belong to W™14(Q) and

let the right-hand side functions belong to spaces f € W™4(Q) and ¢ € W™1(0RQ).
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Let {Th}ne(o,ny) be a shape regular system of triangulations of ) according to (2.3).
Let its boundary segments sy, be divided according to the cases above for a piecewise
continuous Lagrange interpolation 7, of order r with r+1 nodes on the sides of trian-
gles. Let the approximate solution be given by (4.1). Let the quadrature formulas on
edges and on triangles be exact for polynomials of degree < 2r—1 and let the quadra-
ture formula on edges satisfy (4.2). Then there exist constants ¢; = c¢1(u,r,q,Q) > 0,
ca = co(u,m,q, Q) >0, c3 = c3(u,7,q,Q, ) >0, cg = ca(f, 0,7,Q, ) > 0 such that

(62)  flu—urli20 < cah 4 RN (eh™ 29 + ey (h” + hi?) + cah”))
if g € (1,2) and

(63) <ch" + Ril(CQhr + Cg(hr + h?) + C4hr)

if ¢ > 2, where R~ is defined in (4.10)—(4.11).

Proof. It follows from Theorem 4.2 that the error ||u — upl1,2,0 is bounded
from above by

= mnull 2.0+ B (ellu = mrull 2.0 ?20)
I |a(mpu, wr) — ag(Thu, wp)] v sup |L(wp) — Ld(wh)|>
0wy, €HT ozwneH;  llwnll2,0
Estimation of ||u — mpull1,2.0 by
< cfulrp,g0h"

for ¢ € (1,2) and by

|u = mhull12,0 < clulri,g,0h"

for ¢ > 2 was done in the proof of Theorem 2.5. Inequality

follows from (5.6) if we take into account that ||[|yyr.a(ry = [|[lwk.a(s)-
Since the quadrature formulas are exact for polynomials of degree < 2r — 1 and

L(wp) — La(wn) = Eq(fwnr) + Eaa(pwn),

it follows from Theorem 3.2 that

|L(wn) — La(wn)|

sup R (| flr,q.0 + [#lrq00)-

O#thH}:
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Finally, we have

la(mpu, wp) — ag(mhu, wp)| = Z Es(|mpu|®(mpu)ws).
Sesp,

Errors on the segments s;, = spg U sp1 U spo are estimated separately using Theo-
rem 3.1. Since u = mpu = 0 on segments S € sg, we have

Z Es(|mpul®(mpu)wy) = 0.
S€sno

On segments S € sp1, we can use the estimate
| Es(Imnul® (mnu)wn)| < ¢ SI"|[mnul*mhulrq,sllwnlloq.s
for 1/¢+1/q¢' =1, and then either (5.13) or (5.8), implying
lmnul®mhulrq.s < cllulli g ollullrg.s,

which yields

|Es (Imnul® (mnu)wn)| < e(w)h" |[ullrq,s]whllo,q,s-

Summing over all S € sp1, using the discrete Holder inequality and trace embedding,
we conclude that

> Es(fmnul®(maw)wn)| < Y (@) [ullrg,slwnlloq,s
S€sn1 S€sn1

C(u)hTHuHr,q,U Sh1 [|wn, ||0,q/7U Sh1

<
< c(u)h"||ullr+1,9,0llwn 2,0
On segments S € spo we can similarly use the estimate
|Es([mpul*mpuwn)| < e S ||mnul® mpulr, sl wnllo,q,s-

By (5.8) we have

lmnul®mntlr, g8 < cllullii g 0llullr.qs,

which leads to

> Es(fmnul®mnuws)| < c(u)hs?[|ullr11,q.0lwnl12.0
S€sna

Combining these estimates yields inequalities (6.2) and (6.3). O
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Note that the function R~! defined in (4.10)—(4.11) is linear if the exact solution u
is sufficiently distant from zero on a large part of the boundary 9. Our theoretical
estimates for the order of convergence in the H'-norm are divided by « + 1 only
if the exact solution is zero on most of the boundary. Similarly to the Galerkin
approximation, we can improve the estimate for the rate of convergence in H'-
seminorm by omitting the denominator o + 1 if the exact solution u is zero on the
whole boundary 0. In this case, we also need to assume that the right-hand side
integrals are evaluated exactly, that is

/fvh dz, / pup dS
Q oQ

can be evaluated exactly for the given functions f, ¢ from (1.1)—(1.2), and v, € Hj,
whereas

/ |vh|avhwh dS, Vp, WhH € H;;
o0

is evaluated using numerical quadrature. The argument is similar to Theorem 2.6.

Theorem 6.2. Let the weak solution u € W"+1:4(Q) given in (1.8) be zero on 9.
Let an approximate solution uy, € H} be given by

(64) ad(uh,vh) = L(’Uh) Yy € H}:,

where aq and L are defined in (3.7) and (1.7). Let the quadrature formula on edges
satisfy (4.2). Then

(6.5) lu — unl12.0 < clulrpr,g,0h™ 721 g€ (1,2),
. —UR|1,2,Q0 &
clulri1,9.0h", q € [2,00).

Proof. Neglecting the second term on the right-hand side of (4.3) gives us
|up — ﬂhuﬁ’zﬂ < ag(up, up — mpu) — ag(Thu, up — THY).
The definitions of solutions u; and u yield
ag(up, up, — wpu) = L(up — mpu) = a(u, up, — mhu).

Using the fact that u is zero on 92 and thus the integral of |u|*u(up — mpu) on the
boundary is evaluated exactly, we obtain

a(u, up, — mpu) = ag(u, up — THU).
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Taking again into account that u|sg = 0, by the above relations and the Holder
inequality we get

|up — whu|i2!ﬂ < aq(u, up, — mpu) — ag(mpu, up — THU)
— /Qv(u —mpu) - V(up, — mpu) do < |u — mpuli 2.0|un — Thuli 2.0
Dividing this inequality by |u, — mpul1,2,0 leads to the estimate
lup, — mhul,2,0 < |u— Thul12,0-
The triangle inequality further gives us
lu —upli 2,0 < |u—mhuli20+ [The — upli2,0 < 2lu — TRul 20

This relation and Theorem 2.3 yield estimate (6.5). O

7. NUMERICAL EXPERIMENTS

In this chapter we present two numerical examples computed using the FEniCS
software [1]. We explore the reduction of the order of convergence caused by the
nonlinearity, how it affects different norms, and whether this changes if the exact so-
lution of problem (1.1)—(1.2) is zero on the whole boundary 9. In both experiments
we discretize the problem by the FEM. We use uniform triangular meshes with ele-
ment diameters h; = ho/2!, 1 =0,1,...,5. The amount of degrees of freedom (DOF)
is therefore expected to increase about four times with each refinement. Denoting
the error of the discrete solution by e;, = u — up, we compute the experimental order
of convergence (EOC) by

logep,_, —logenp,
1og hl—l - log hl ’

(7.1) EOC = 1=1,2,...,5.

The discrete problems (2.6), (4.1) represent nonlinear systems for o > 0. We solved
these problems by a dampened Newton method with tolerance on the residual 1072,

7.1. Example 1—solution is zero on the boundary. In the first experiment
we consider problem (1.1)—(1.2) on a unit square domain Q = (0,1)2. The data f
and ¢ are chosen so that the exact solution is

(7.2) w(ry, z2) = 21(1 — x1)z2(1 — .1?2)(])% + x%)l/‘l.

This function belongs to W*4(Q), ¢ € (1, %), or H3>79(2), § > 0. Therefore, we
expect |en|1 2.0 & OR™PZ57)) and ||ey||o.0.0 ~ O(h™n(257)/(@+1)) " This function

is shown in Figure 1(a).
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1.0 0.1081 1.0 0.999
Y 0.0926 . 0.714
0.8 0.8
0.0772 0.428
0.6 0.0617 0.6 0.142
0.4 0.0462 04 ~0.143
0.0308 —0.429
0.2 .
0.0153 0.2 —0.714
0.0 —0.0001 . -1
00 02 04 06 08 1.0 0 00.0 02 04 06 08 1.0 000
x x
(a) Example 1—function, which is zero on (b) Example 2—smooth function, which is
the whole boundary nonzero on a part of the boundary

Figure 1. The exact weak solutions of the discretized problems.

We have discretized the problem by the FEM. For polynomials of degree r = 2
we have tried different values of nonlinearity parameter o = 0.5, 1.0, 1.5,2.0, and for
parameter & = 1.5 we have tried FEM with polynomials of degrees » = 1,2,3,4.
The results shown in Table 2 and Figures 2 and 3 also include the mesh element size
h = max hp, the number of degrees of freedom and the number of Newton iterations.

TETh

7 107t M
T
3 10_2: =3 3
] Z =4
1 1073F E
1 e T '
] 107 ;
] [

10-8 N T e E—

1072 10! 10° 1072 107! 10°
(a) error measured in |-|1 2.0 (b) error measured in ||| 2,0

Figure 2. Example 1—EOC of FEM for o = 1.5.

The H'-seminorm seems to behave as expected, i.e. the order of convergence
is min(2.5,7). The most significant part of the error measured in H!'-norm was
its L?-norm. Our estimates for the L2-norm give us the order of convergence
min(2.5,7)/(a+ 1), which would be 1/(a+1), 2/(a+1), 2.5/(a+ 1), 2.5/(a+ 1)
for r = 1,2, 3,4, respectively. The EOC, however, suggests 2/(a + 1), 2.5/(a + 1),
25/(a+1),25/(a+1) forr =1,2,3,4, respectively. The theoretical error estimate
is therefore suboptimal.
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(a) error of FEM
Figure 3. Example 1—EOC measured in ||-[|g,2,o for r = 2.

a=15,r=1
h DOF iter ||€| 0,2,Q EOC |6|1’27Q EOC ||€H1’27Q EOC
0.375 49 4 9.3448e-02 - 7.9119e-02 - 1.2244e-01 -

0.188 161 6 4.8018e-02 0.96 4.0634e-02 0.96 6.2904e-02 0.96
0.094 577 6 2.7109e-02 0.82 2.0042e-02 1.02 3.3713e-02 0.90
0.047 2177 6 1.5600e-02 0.80 9.8458e-03 1.03 1.8447e-02 0.87
0.023 8449 6 8.8992e-03 0.81 4.8780e-03 1.01 1.0148e-02 0.86
0.012 33281 6 5.0395e-03 0.82 2.4321e-03 1.00 5.5957e-03 0.86

a=15,r=2

h DOF iter Jellooa EOC  leli2a EOC Jeli2a EOC
0.375 161 3 2.6724e-02 -  8.6570e-03 -  2.8091e-02 -
1.2058e-02 1.15 2.2618e-03 1.94 1.2268e-02 1.20

0.188 577 6
0.094 2177 6 5.9243e-03 1.03 5.7373e-04 1.98 5.9520e-03 1.04
0.047 8449 6 2.9464e-03 1.01 1.4479e-04 1.99 2.9499e-03 1.01
0.023 33281 6 1.4700e-03 1.00 3.6421e-05 1.99 1.4704e-03 1.00
0.012 132097 6 7.3425e-04 1.00 9.1384e-06 1.99 7.3430e-04 1.00
a=15r=3

h DOF iter |leflo2,e EOC  lelioa  EOC  Je|i20 EOC
0.375 337 3 1.2840e-02 -  8.3916e-04 - 1.2867e-02 -
0.188 1249 6 4.9724e-03 1.37 1.2809e-04 2.71 4.9741e-03 1.37
0.094 4801 5 3.3908e-03 0.55 1.5021e-05 3.09 3.3908e-03 0.55
0.047 18817 6 1.6746e-03 1.02 2.0634e-06 2.86 1.6746e-03 1.02
0.023 74497 6 8.3301e-04 1.01 2.9962e-07 2.78 8.3301e-04 1.01

0.012 296449 3 4.1014e-04 1.02 4.7016e-08 2.67 4.1014e-04 1.02

Table 2. Example 1—number of DOF and Newton iterations, discretization errors and con-
vergence rates for r = 1,2,3,4 and o = 0.5,1.0,1.5,2.0 in FEM.
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a=15,r=4

h DOF iter HGHO’Q’Q EOC |€|172’Q EOC ||€| 1,2, EOC
0.375  d77 3  9.6870e-03 -~  1.4266e-04 —  9.6880e-03 -
0.188 2177 6 5.0551e-03 0.94 1.4161e-05 3.33 5.0551e-03 0.94
0.094 8449 6 2.5318e-03 1.00 2.3612e-06 2.58 2.5318e-03 1.00
0.047 33281 6 1.2653e-03 1.00 4.3600e-07 2.44 1.2653e-03 1.00
0.023 132097 6 6.3245e-04 1.00 8.1398e-08 2.42 6.3245e-04 1.00
0.012 526337 4 2.9917e-04 1.08 1.5154e-08 2.43 2.9917e-04 1.08
a=05,r=2

h DOF iter HGHO’Q’Q EOC |€|172’Q EOC ||€| 1,2, EOC
0.375 161 4 2.3779-03 -~  8.6544e-03 -~  8.9752e-03 -
0.188 577 5 6.3232e-04 191 2.2617e-03 1.94 2.3485e-03 1.93
0.094 2177 4 1.9356e-04 1.71 5.7372e-04 1.98 6.0550e-04 1.96
0.047 8449 3  6.0476e-05 1.68 1.4479e-04 1.99 1.5691e-04 1.95
0.023 33281 3 1.8977e-05 1.67 3.6421e-05 1.99 4.1069e-05 1.93
0.012 132097 3 6.0396e-06 1.65 9.1384e-06 1.99 1.0954e-05 1.91
a=10,r=2

h DOF iter Jellooa EOC leli2a EOC Jeli2a EOC
0.375 161 4 1.0793e-02 -  8.6566e-03 -  1.3835e-02 -
0.188 577 6 3.9942e-03 1.43 2.2618e-03 1.94 4.5901e-03 1.59
0.094 2177 6 1.6433e-03 1.28 5.7373e-04 1.98 1.7406e-03 1.40
0.047 8449 5 6.8640e-04 1.26 1.4479e-04 1.99 7.0150e-04 1.31
0.023 33281 4 2.8784e-04 1.25 3.6421e-05 1.99 2.9014e-04 1.27
0.012 132097 3 1.1988e-04 1.26 9.1384e-06 1.99 1.2023e-04 1.27
a=20,r=2

h DOF iter Jellopoa EOC  Jeli2a EOC Jeli2a EOC
0.375 161 3 4.8888e-02 -~  8.6572e-03 -  4.9648e-02 -
0.188 577 6 2.5182e-02 0.96 2.2618e-03 1.94 2.5284e-02 0.97
0.094 2177 6 1.3928e-02 0.85 5.7373e-04 1.98 1.3940e-02 0.86
0.047 8449 6 7.7818e-03 0.84 1.4479e-04 1.99 7.7831e-03 0.84
0.023 33281 6 4.3594e-03 0.84 3.6421e-05 1.99 4.3595e-03 0.84
0.012 132097 6 2.4446e-03 0.83 9.1384e-06 1.99 2.4446e-03 0.83

Table 2. Example 1—number of DOF and Newton iterations, discretization errors and con-
vergence rates for r =1,2,3,4 and o = 0.5,1.0,1.5,2.0 in FEM (continuation).
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7.2. Example 2—solution not identically zero on the boundary. In the
second experiment, we again consider problem (1.1)—(1.2) on a unit square domain
Q= (0,1)%. We prescribe the data f and ¢ in such a way that the exact solution is

(7.3) u(zy, ) = %(1 + x1)2 sin(2nz122),

shown in Figure 1(b).

This function was used in [17]. It is smooth, zero on boundary segments going
through points [0, 1], [0, 0], [1, 0] and nonzero on segments going through points [1, 0],
[1,1], [0,1]. The expected order of convergence is 7 in all norms and seminorms
considered and should not depend on the nonlinearity parameter . The computed
results are presented in Table 3 and Figure 4.

a=15,r=1
h DOF iter ||€| 0,2,Q EOC |€|1’27Q EOC HGHLQ’Q EOC
0.375 49 6 2.5883e-01 — 9.5881e-01 - 9.9314e-01 —

0.188 161 5  6.1723e-02 2.07 5.3381le-01 0.84 5.3736e-01 0.89
0.094 ST 4 1.5381e-02 2.00 2.8145e-01 0.92 2.8187e-01 0.93
0.047 2177 4 3.9289%-03 1.97 1.4421e-01 0.96 1.4426e-01 0.97
0.023 8449 3  9.9584e-04 1.98 7.2704e-02 0.99 7.2711e-02 0.99
0.012 33281 3  2.4986e-04 1.99 3.6390e-02 1.00 3.6391e-02 1.00
a=15,r=2

h DOF iter |le]ooo  EOC  |eli20 EOC  eli2a EOC
0.375 161 6 1.4730e-02 - 2.3514e-01 - 2.3560e-01 -
0.188 577 4  1.2493e-03 3.56 5.8813e-02 2.00 5.8826e-02 2.00
0.094 2177 3  1.3819e-04 3.18 1.5173e-02 1.95 1.5173e-02 1.95
0.047 8449 3  1.6986e-05 3.02 3.8676e-03 1.97 3.8676e-03 1.97
0.023 33281 2 2.1254e-06 3.00 9.7489e-04 1.99 9.7489e-04 1.99
0.012 132097 2 2.6587e-07 3.00 2.4425e-04 2.00 2.4425e-04 2.00
a=15r1=3

h DOF iter Jellooa EOC  Jeli2a0 EOC Jeli2a EOC
0.375 337 6 4.5914e-03 - 2.3116e-02 - 2.3568e-02 -
0.188 1249 2.4182e-04 4.25 3.4931e-03 2.73 3.5015e-03 2.75

3
0.094 4801 3 1.3800e-05 4.13 4.7873e-04 2.87 4.7893e-04 2.87
0.047 18817 2  8.5542e-07 4.01 6.2363e-05 2.94 6.2369e-05 2.94
0.023 74497 2 5.4140e-08 3.98 7.9229e-06 2.98 7.9231e-06 2.98
0.012 296449 2 3.4211e-09 3.98 9.9474e-07 2.99 9.9474e-07 2.99

Table 3. Example 2—number of DOF and Newton iterations, discretization errors and con-
vergence rates for r = 1,2,3,4 and a = 1.5,0.5 in FEM.
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a=15r=4
h DOF iter H€||072’Q EOC |€|1’27Q EOC HGHLQ’Q EOC
0.375 577 6 8.4789e-05 - 4.2824e-03 - 4.2832e-03 -

0.188 2177 3 3.2227e-06 4.72 3.2812e-04 3.71 3.2813e-04 3.71
0.094 8449 2 1.0740e-07 4.91 2.2035e-05 3.90 2.2036e-05 3.90
0.047 33281 2 3.4969e-09 4.94 1.4299e-06 3.95 1.4299e-06 3.95
0.023 132097 2 1.1140e-10 4.97 9.0809e-08 3.98 9.0809e-08 3.98
0.012 526337 2 3.5005e-12 4.99 5.6988e-09 3.99 5.6988e-09 3.99
a=0.5,r=2

h DOF iter H€||072’Q EOC |€|1’27Q EOC HGHLQ’Q EOC
0.375 161 6 1.4072e-02 - 2.3527e-01 - 2.3569e-01 -
0.188 577 1.2379e-03 3.51 5.8815e-02 2.00 5.8828e-02 2.00

0.047 8449 1.6989e-05 3.02 3.8676e-03 1.97 3.8676e-03 1.97
0.023 33281 2.1256e-06 3.00 9.7489e-04 1.99 9.7489%e-04 1.99
0.012 132097 2 2.6588e-07 3.00 2.4425e-04 2.00 2.4425e-04 2.00

4

0.094 2177 4 1.3806e-04 3.16 1.5173e-02 1.95 1.5173e-02 1.95
3
3

Table 3. Example 2—number of DOF and Newton iterations, discretization errors and con-
vergence rates for r = 1,2,3,4 and o = 1.5,0.5 in FEM (continuation).
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Figure 4. Example 2—EOC for a = 1.5.

In the discretization of this problem, we have chosen o = 1.5 and degrees of
polynomials r = 1, 2,3 for FEM. We have also tried »r = 4 and o = 0.5. The order
of convergence is not affected by boundary nonlinearity parameter «, which is in
agreement with theoretical results. The H'-seminorm converges with the predicted
order of convergence r, but the L?-norm converges faster with order r + 1. The
L2-norm error estimate is again suboptimal, but in this case, the error is dominated
by the H!-seminorm. Therefore the resulting order of convergence in H'-norm is
still r in accordance with the theoretical results.
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The numerical experiments confirmed that the theoretical error estimates in semi-
norms were optimal and that the order of convergence depends on whether the exact
solution is zero on the whole boundary. The numerical results, however, suggest that
the order of convergence in L?-norm is suboptimal. The theoretical results give us
the order of convergence r (or r/(a + 1)), but the EOCisr+1 (or (r +1)/(a 4+ 1)).
This improvement only appeared when the exact solution belonged to the space
H™2(Q).

8. CONCLUSION

We have shown theoretically that the use of numerical integration for evaluating
forms in the definition of the approximate solution does not decrease the order of
convergence, which was derived in Section 2. In the case of noninteger o > 0 and the
degree of used polynomials r > a+1, it might be necessary to refine the triangulation
Tr near the roots of the exact solution v on the boundary 02. These refined triangles
Ts, S € sp2, would require their size to be hry < ch/(leJ+1) | Tt is also possible to
say that the estimates in Section 2 only require the regularity of the solution, but the
estimates near the boundary edges are only possible under the regularity specified in
Section 1. Numerical experiments did not require this refinement to converge with
the derived order of convergence.

Combining Theorem 2.5, 91_1 given in (4.11), and Theorem 2.6 suggested that
the Galerkin approximation given in (2.6) should always converge to the exact weak
solution defined in (1.8) in the H'-seminorm with a rate of convergence of r. The
same conclusions can be drawn from Theorem 6.1, R~! given in (4.11) and Theo-
rem 6.2 in Section 6, which takes into account the effect of numerical integration.
This theoretical result is in agreement with the numerical experiments.
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