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Abstract. We present a review of known stability tests and new explicit exponential
stability conditions for the linear scalar neutral equation with two delays

&(t) — a(t)i(g(t)) + b(t)x(h(t)) =0,

where
la(t) <1, b(t) =0, h(t)<t, g(t)<t,

and for its generalizations, including equations with more than two delays, integro-
differential equations and equations with a distributed delay.

Keywords: neutral equation; exponential stability; solution estimate; integro-differential
equation; distributed delay
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1. INTRODUCTION

There are two different classes of neutral differential equations. The first one
includes the scalar linear equation

(1.1) (x(t) — a(t)z(g(1))" = —b()x(h(t)),

while the second class is represented by the equation

(1.2) @(t) —a(t)i(g(t)) = —b(t)z(h(t)).
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The aim of the paper is to consider explicit stability tests for equation (1.2) and its
generalizations, including integro-differential neutral equations and neutral equations
with a distributed delay. Equations (1.1) and (1.2) have different sets of solutions, so
a stability test for one of them can be applied to the other equation only if a(t) = a,
g(t) = t— o for some nonnegative constants a and o. Here we focus on (1.2) and only
cite some interesting stability tests for equation (1.1) to compare them with known
results for equation (1.2).

Stability theory for neutral equations of the second and higher order, systems and
vector equations, stochastic neutral equations, nonlinear equations and mathematical
models described by neutral equations are investigated in monographs [4], [11], [13],
[15], [19], [20], [24] and in numerous articles. However, such systems and equations
are not in the framework of the present paper.

The following methods were used in stability investigations: Lyapunov functions
and functionals, see [15], [19], [20], [24], fixed point methods, see [11], and application
of the Bohl-Perron theorem, see [4], [13]. To obtain new stability tests, we apply
the method based on the Bohl-Perron theorem together with a priori estimations
of solutions, integral inequalities for fundamental functions of linear delay equations
and various transformations of a given equation.

The paper is organized as follows. Section 2 contains a review of some known
stability tests and methods applied to explore stability. In Section 3 we present
some auxiliary statements which are later used to prove the main stability results
for equation (1.2) in Section 4. Section 5 involves extensions of these results to some
more general models, such as equations with several delayed terms of either neutral
or nonneutral types, integro-differential equations and equations with a distributed
delay. Section 6 presents a discussion of the results, illustrating examples, as well as
suggests some open problems and projects for future research.

2. REVIEW OF KNOWN STABILITY TESTS

In this section, we will give a review of most interesting results for equation (1.2)
and for its generalizations, which are the main objects of the present paper. However,
we start with stability results for (1.1) and its extensions, illustrating the state of
the arts in the stability investigations for this class of equations and applicable for
comparison with stability results for (1.2).

Proposition 2.1 ([1]). Consider the equation

(2.1) (x(t) + c(t)x(t — 7)) +pt)z(t) + q(t)x(t — o) =0,
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where ¢ > 7, ¢,p,q € C([tg,),[0,00)), and in addition, c¢ is differentiable with
a locally bounded derivative.
Assume that there exist constants p1,ps, g1, qo, 1, c2 such that

0<p1 <p(t)<p2, 0<a<qt) <q, 0<ct) <<, |dt)]<eo.

If at least one of the following conditions holds:

(@) p1+aq1 > (p2 + q@2)(c1 + q20),

(b) p1> g2 +c1(p2 + q2),
then every solution of (2.1) satisfies tlim x(t) = 0.
—00

Proposition 2.2 ([29]). Consider the equation
(2.2) (z(t) = P()z(t — 7)) + Q(t)x(t — o) = 0,

where 7,0 > 0, P,Q € C([tg,o0),R), Q(t) = 0.
If

[e%e] t
[ awds=ce, [POl<p<t timsw [ Q)ds< ;-2 ).
to t— t—o

o0

then equation (2.2) is asymptotically stable.

Proposition 2.2 is a nice result since for the nonneutral case P(t) = 0 it is reduced
to the best possible stability result with the constant %

There are several improvements and extension of Proposition 2.2, see [25], [26],
[27], [28]. In particular, the following result was obtained in [25].

Proposition 2.3 ([25]). Assume that j:;o Q(s)ds = oo, |P(t)] < p < 1 and at

least one of the following conditions hold:
t
(a) p< 1, limsup (s)ds < 3 —2p;

t—o00 t—o
t

(b) 1 <p< 3, limsup (s)ds < v/2(1 — 2p).

t—o0 t—o

Then equation (2.2) is asymptotically stable.

Stability tests for equation (1.2) will be classified according to the methods ap-
plied to obtain them. The method of Lyapunov functions and functionals is the most
popular tool in stability investigations for all classes of functional differential equa-
tions and in particular, for neutral equations. The following results were obtained
by this method.
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Proposition 2.4 ([15], Theorem 5.1.1). Consider the equation
m
(23) a0+ bilt—o +/3/ Ka(s)i(t — s) ds
j=1

—l—aoa:(t)—i—Zaja:(t +a/ Ki(s)x(t —s)ds =0,

where
ap >0, 7,20, 0;20, aj7;#0, bjo; #0,

/IKz-(s>|ds<oo, / s|Ki(s)|ds < oo.
0 0

Assume that

n 00

Zai—i—a/ Ki(s)ds >0,

i=0 0
m o0 n o0
Sttt + 18] [ IRa(s)lds + Y lairi+ fal [ K9] ds < 1.
j=1 0 i=1 0

Then all solutions of (2.3) satisfy tlim x(t) = 0.
oo

Equation (2.3) is autonomous. Many results for such models were obtained by
analyzing their characteristic equations (see [19], [21], the recent paper [12] and the
bibliography therein).

Proposition 2.5 ([15], Theorem 5.1.2). Consider the nonautonomous equation
(2.4) () + a(t)z(t — 1) + b(t)i(t — o) =0,

where a and b are continuous functions.
Assume that liminf a(t) > 0,
t—o00

|b(t)]
a(t+ 1)

t—o0

t
lim sup [/ [a(s +7) + a(s+ 27)]ds +
t—T1
t
+/ |b(5+T)|d8+4|b(t+0+T)|a(t+7’)} <o,
t—T
t
lim sup {4|b(t)b(t+a)| +/ a(s+7) ds] < 1.
t—o0 t—r

Then all solutions of (2.4) satisfy tlim x(t) = 0.
o)
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The following simple and nice test is a corollary of a stability result which was
obtained for systems of neutral equations.

Proposition 2.6 ([14]). Consider the equation
(2.5) &(t) = —a(t)z(t) + b(t)z(t — 1) + c(t)L(t — o),

where a, b are continuous functions, c is continuously differentiable. If a(t) > ag > 0,
le(t)] < o <1 and |b(t)| < ap, then equation (2.5) is asymptotically stable.

We suggest that Proposition 2.6 remains true if 7 and o are variable delays such
that lim (¢t — 7(¢)) = oo, lim (t — o(t)) = oo but this conjecture is still an open

t—o0 t— o0

problem.

The fixed point method was introduced to investigate stability by Burton and his
collaborators (see [11]) and then applied to many functional differential equations,

including neutral equations. The following proposition is a typical result obtained
by this method.

Proposition 2.7 ([23]). Consider the equation
(2.6) o' (t) = —a(t)x(t) — b(t)z(t — 7(t)) + c(t)z'(t — 7(2)),

where a,b are continuous functions, ¢ is differentiable, T is twice differentiable,
7/(t) #1, and [;° a(u)ds = oo. If there exists o € (0,1) such that

t
C(t) +/ e S a(u) du
1—7'(t) 0

then every solution of equation (2.6) with a small continuous initial function tends

[a(s)e(s) + (s)](1 = 7(s)) + e(s)7"(5) | 4
(1—-7'(s))?

b(s) + s < a,

to zero as t — oo.

Some other stability results for neutral equations obtained by the fixed point
method can be found in [3], [18], [22], [30].

In the recent monograph [13] Gil’ proved the Bohl-Perron theorem for many classes
of linear functional differential equations and obtained stability results for linear and
nonlinear vector equations. The developed method is very original and applies some
operator and matrix inequalities. Here we cite a result for scalar neutral equations.

Proposition 2.8 ([13], Chapter 8). Consider the equation

(2.7) y(t) —ay(t — o) +by(t —7) = [Fyl(1),
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where a,b are positive, while 0 > 0, 7 > 0, F' is a continuous causal mapping acting
from L?(to, 00) into L*(tg, 00) such that || Ful|12(y,00) < qllu]l £2(ty,00) for some g > 0.

Let the equation A = \e®*a + €"*b have a positive root and b > q. Then
equation (2.7) is L?-absolutely stable, i.e. any solution of this equation belongs
to L?(tg, 00).

Note that Proposition 2.8 is concerned with an asymptotic property of solutions
which is different from asymptotic stability.

The method based on the Bohl-Perron theorem was introduced in [5] and then ap-
plied to delay differential and impulsive equations (see, for example, [2], [4], [8], [16]).
The following stability tests for a neutral equation are cited from [4].

Consider the equation

m

(2.8) (t) — Z ai(t)&(9i(t) + Y pr(t)e(hi(t) =0,

k=1

where all the parameters of the equation are measurable functions, 0 < ¢ — hy(t) < 7,

0<t—gi(t) <8,0<po< . prlt).
k=1

Proposition 2.9 ([4], Test 2.6.2, page 78). If

and

n m -1
0 Y alt) < (14 sup 2l
i=1

t>to e Pr(t)
then equation (2.8) is exponentially stable.

Denote
pt) = _pe(t), at) =Y at), r(t)=p®)(1—qt)", 1) =rlg;®)/r),
k=1 i=1

t t o)

Th, () = / r(s)ds, T (t) = / r(s)ds, o(w)= / Zy,(s)ds,
hi () 9k (t) 0

where z,,, 0 < w < 1t/2 is the fundamental solution of the delay equation

&(t) + x(t —w) = 0.

It is known that o(w) =1if 0 < w < 1/e, and 111;1 o(w) = 0.
w—n/2—
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Proposition 2.10 ([4], Test 2.6.3, page 81). Assume that q(t) # 1 almost every-
where, liginfp(t)/(l —q(t)) >0, > |lgjrjll <1 and there exists w € [0,n/2) such
S =1
that

S it (13 bt ) [ (2SS it — 1+ 3 s
k=1 j=1 k=1 j=1
# Xl =rll) < o) (1= il )

Then equation (2.8) is exponentially stable.

Here ||-|| is the usual essential supremum norm in the space Lo [to, 00).
Corollary 2.11 ([4], Corollary 2.6.2, page 85). Consider the autonomous equation
(2.9) &(t) — q(t — &) + pr(t —7) =0,
where |q| < 1, p > 0. Assume that there exists w € [0, /2) such that

(1-la)*

(2.10) (1 —q)lpT + qw — w| +plg|d + |g|(1 — |q]) < o)

Then equation (2.9) is exponentially stable.
In particular, assuming w = 1/e in (2.10), we obtain the exponential stability

condition

plq|o
L —|ql

1—g¢q

<1-2|q|—
T4 l

1
—(1=¢g)=
T — ( (J)e

(2.11)

Every method used to investigate stability has its advantages and limitations.
Some results were obtained by deep analysis of concrete equations, like Proposi-
tions 2.2 and 2.3. Such results usually have conditions close to the best possible
ones, however this method can be applied only to a restricted class of equations.

The method of Lyapunov functions and functionals can be applied to all known
classes of functional differential equations including systems and nonlinear equations.
However, it is usually difficult to apply this method to equations with time-dependent
delays.

The fixed point method is also quite universal, but stability conditions obtained
by this method are sometimes rather restrictive (delay functions should be twice
differentiable) and far from the best known tests for partial classes of equations.
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The method proposed by Gil’ for vector delay differential equations gives new re-
sults even for ordinary differential equations by application of some matrix functions
like the logarithmic matrix norm (pg-norm).

The method based on the Bohl-Perron theorem leads to new stability tests for all
classes of linear functional differential equations. The advantage of this method is
that the stability problem is reduced to estimation of the norm or of the spectral
radius for some linear operators in functional spaces on the half-line. However, this
method is not applicable to nonlinear differential equations. New results in the
present paper are obtained using the Bohl-Perron theorem.

3. PRELIMINARIES

We consider scalar delay differential equation (1.2) under the following conditions:

(al) a, b, g, h are Lebesgue measurable essentially bounded functions on [0, c0);

(a2) esssupla(t)] < ag < 1 for some ty > 0, b(t) > 0;
t>to

(a3) g(t) < t, tlim g(t) = 0o, mesE = 0 = mesg ' (E) = 0, where mes F is the
o)
Lebesgue measure of the set E;
(ad) h(t) <t, lim h(t) = occ.
t—o0

Together with (1.2) we consider for each to > 0 an initial value problem

(3.1) (1) = a()i(g(t)) + b()x(h(t)) = f(t), t=>to,
(3.2) a(t) = o(t), t<to, @(t)=1(t), t<to,

where f, ¢ and v satisfy the assumption:

(ab) f: [to,00) — R is a Lebesgue measurable locally essentially bounded function,
v, (—o0,tp) — R are Borel measurable bounded functions.

In the main part of the paper we also assume that the delays are bounded:

(ab) t —g(t) < J,t—h(t) <7 for ¢t >ty and some § >0, 7 > 0 and ¢y > 0.

Definition 3.1. A function z: R — R is called a solution of problem (3.1), (3.2)
if it is absolutely continuous on each interval [to, ], satisfies equation (3.1) for almost
all ¢ € [to, 00) and equalities (3.2) for ¢ < to.

There exists one and only one solution of problem (3.1), (3.2), see [4].
Consider the initial value problem

(3.3) #(t) + b(B)a(h(t) = £(1), (t) =0, t < to,
where b(t), f(t) and h(t) < ¢ are Lebesgue measurable locally bounded functions.
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Definition 3.2. For each s > t; the solution X (¢, s) of the problem
(3.4) (t) +b(t)x(h(t)) =0, x(t) =0, (t) =0, t <s, z(s) =1

is called a fundamental function of equation (3.3).

We assume X (t,s) =0 for 0 <t <s.
The same definition will be used for other classes of linear functional differential
equations, including neutral equations.
Lemma 3.3 ([4]). The solution of problem (3.3) can be presented in the form
t

(3.5) xz(t)= | X(t 9)f(s)ds.

to

Definition 3.4. We will say that equation (1.2) is (uniformly) exponentially
stable if there exist positive numbers M and v such that the solution of prob-
lem (3.1), (3.2) has the estimate

(3.6) |z (t)| < Me () Sup ](Iw(t)|+|w(t)|)7 t > to,
te(—oo,to

where M and v do not depend on tg > 0, ¢ and 1. The fundamental function X (¢, s)
of equation (1.2) has an exponential estimate if it satisfies

X (t,8)] < Moe =9 t>5>1¢,

for some positive numbers My > 0 and o > 0.

The existence of an exponential estimate for the fundamental function is equiva-
lent [4] to the exponential stability for equations with bounded delays. The following
result is usually referred to as the Bohl-Perron principle.

Lemma 3.5 ([4], Theorem 4.7.1). Assume that (al)—(a4), (a6) hold and the so-
Iution of the problem

(3.7) @) — a(t)i(g(t)) + b()z(h(t)) = F(t), x(t) =0, t <to, @(t) =0, t < Lo

is bounded on [tg, 00) for any essentially bounded function f on [tg,o0). Then equa-
tion (1.2) is exponentially stable.
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Remark 3.6. The Bohl-Perron principle is stated above for equation (1.2) with
two delays, but it is valid for linear equations with an arbitrary number of delays,
for integro-differential equations, and for equations with a distributed delay.

Remark 3.7. In Lemma 3.5 we can consider boundedness of solutions not for
all essentially bounded functions f on [tp, 00) but only for essentially bounded func-
tions f on [t1,00) that vanish on [to, ¢1) for any fixed ¢; > to, see [8]. We further use
this fact in the paper without an additional reference.

Consider now a linear equation with a single delay and a nonnegative coefficient
(3.8) &(t) + a(t)x(ho(t)) =0, a(t) =20, 0<t—ho(t) <7
and denote by Xy(¢, s) its fundamental function.

Lemma 3.8 ([8]). Assume that Xo(t,s) > 0,t > s >1t9. Then

/t Xo(t,s)a(s)ds < 1.

o+T7o
Lemma 3.9 ([8], [17]). If for some ty >0
! 1
/ a(s)ds < =, t>=to,
h (§]

o(t)

then Xo(t,s) >0 fort > s > to.
If in addition a(t) > ag > 0, then equation (3.8) is exponentially stable.

To extend stability results obtained for equation (1.2) to other classes of equations,
we will need the following three “transformation” results reducing different classes
of delay equations to an equation with a single delay.

Lemma 3.10 ([7], Lemma 5). Assume that ai(t) > 0, hi(t) < t, k=1,...,m
are measurable, and y is continuous on [tg,00). Then there exists a measurable
function hg satisfying

ho(t) < t, mkin hk(t) < ho(t) < mgx hk (t)

such that
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Lemma 3.11 (][9], Corollary 9). Assume that B(t,s) is a measurable function
nondecreasing in s, h(t) < t is measurable, and y is continuous on [ty,00). Then
there exists a measurable function hg, h(t) < ho(t) < t such that

/ y(s)dsB(t,s)=< dsB(t,s))y(ho(t)).
h(t) h(t)

As a particular case of Lemma 3.11, we obtain the following result.

Lemma 3.12. Assume that A(t,s) > 0 is locally integrable, h(t) < t is measur-
able, and y is continuous on [ty,00). Then there exists a measurable function hy,
h(t) < ho(t) <t such that

4. MAIN RESULTS

Let us fix a bounded interval I = [tg,t1], t1 > to = 0, and for any essen-
tially bounded function on [tg,c0) denote |f|; = esssupl|f(t)| for I bounded and

£ l{to,00) = esssup|f(t)| for an unbounded interval. tel
¢

t=to

Consider now initial value problem (3.7) with || f||,,00) < 00. We have the follow-

ing a priori estimation.
Lemma 4.1. Suppose (al)—(ad) hold. The solution of (3.7) satisfies

Hf” [to,00)

1 —lallito,

Hb” [to,00)

|(E|]+M1, where I = [to,tl] t1 >t >0, My =
1- ”aH[to,oo)

|Z[1 <

Proof. Wehavefortel

[2()] < la(@)]|2(g(@))] + [b@[2(RE)] + [ f]l20.00

<
< lallo,00) 1211 + [10ll1t0,00) 121 + 1. Il £0,00)-

Hence |&|; < llallitg,00) %1 + [10llito,00)[%[1 + 1 fll[t6,00)- By (a2), llallftg,00) < 1, thus
the above inequality implies the estimate in the statement of the lemma. O
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Theorem 4.2. Assume that (al)—(a4), (a6) hold and there exists to > 0 such
that for t > tg,

D | =

t
0 < by < b(t), / b(s)ds <
h(t)
and

<1

[to OO

(4.1) T L

Then equation (1.2) is exponentially stable.
Proof. We will prove that the solution of (3.7) for any || f||z,,0c) < o0 is bounded
on [tg,00). Denote by Xi(t,s) the fundamental function of the delay differential

equation

(4.2) () + b(t)z(h(t)) = 0.

Since f;(t) b(s)ds < 1/e, by Lemma 3.9, X;(t,s) > 0 for any ¢ > s > to. The
condition b(t) > by > 0 and Lemma 3.9 imply that equation (4.2) is exponentially
stable and X (¢, s) has an exponential estimate.

For a solution of (3.7) written in the form

2(t) + b()x(h(t)) = a()i(g(t)) + f(t), () =0, t <to, &(t) =0, t <to,

we have by Lemma 3.3 the representation

/Xlts Ji(g(s)) ds + f1 (1),

where f1(?) ft X1(t,s)f(s)ds. Since X (t, s) has an exponential estimate and f is
bounded on [tg, 00), || f1llfte,00) < 00-
Denote I = [tg,t1]. By Lemma 3.8,

t
l2(t)] < | Xa(t, )b \b ?l slas+ 1ol < 5]

to

|$|I + [ f1ll 0,00
[to,00

Hence

a .
e < [[3], o il 100
0,00

Lemma 4.1 implies

||b||[t0 oo)
el ()
| b llit0,00) \ 1 — || 1000 2] 1) + 111l to,00)
a [1B1 26,00
Hb‘ [to,00) 1 — ||a||[t0 oo)l | 2 2 b (t0,00) 1 Hle[to, )

By (4.1) we have |z|; < M, where M does not depend on the interval I. Hence
|z(t)] < M for t > to. By Lemma 3.5, equation (1.2) is exponentially stable. O
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Corollary 4.3. Assume that (al)—(a4), (a6) hold and

1
b(t)=b>0, bTSg

1
oo < 5
Then equation (1.2) is exponentially stable.
Further, we denote u™ = max{u,0}.

Theorem 4.4. Assume that (al)—(ad), (a6) are satisfied, b(t) > 8 > 0 and at
least one of the following conditions holds

(a)

11611 0, 00) Hb ; bo}
0

<1,

[to,00)

a
13 5]
( ) bo ll[to,00) 1 — Ha’H[tmOO)

where by(t) = min{b(t),1/(re)};
(b)

#(e-r0- )|

”b”[to,oo)e

a
(44)  [bllp.0 (||| < 1= Jlalliz,00-

[to7<><>))

[to,00)
Then equation (1.2) is exponentially stable.

Proof. Assume that the condition in (a) holds and consider problem (3.7) with
£ l{tg,00) < 00. We have

1 }2,81 ::min{,@,%}>0.

S

bo(t) = min {b(t)7

Then f}f(t) bo(s)ds < 1/e and 0 < B1 < by(t) < b(t). Problem (3.7) can be rewrit-
ten as

(t) + bo(t)x(h(t)) = a(t)i(g(t)) — (b(t) — bo(t))z(h(t)) + f(1),
z(t) =0, t <to, @(t) =0, t < to.

Denote by Xa(t, s) the fundamental function of the equation
(4.5) Z(t) + bo(t)x(h(t)) = 0.

By Lemma 3.9, X5(¢,s) > 0 and equation (4.5) is exponentially stable.
Let I = [to,t1]. For the solution of (3.7) we have
t
z(t) = | Xa(t,s)[a(s)i(g(s)) — (b(s) — bo(s))z(h(s))]ds + f1(t),

to
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where f1(t) = ftto Xo(t,s)f(s)ds and [ f1]|t5,00) < 00. Then

0] < [ Xaft.so(o) 5

+ ”fl”[to,oo)-

(la(s)[[2(g(s))| + (b(s) = bo(s))|x(h(s))]) | ds

Hence, first by Lemma 3.8 and then by Lemma 4.1,
b— b() ‘
bo
161 26,00 H b—bo }
bo

|7 + H

a
ol < | 5| el + 1L f1l,00)

[t0,00) [to,00)

< (I

Condition (4.3) implies |z|; < M, where M does not depend on the interval I. Hence

)|x|f M.
[to,00) 1- Ha’H[to,OO) [to,00)

|1zl 1t6,00) < 00, and therefore by Lemma 3.5 equation (1.2) is exponentially stable.
(b) Denote

ho(t) = max{ A1), é}

- ”b”[to,oo)e
Then
‘ 1 1 +
/ b(s)ds < =, ho(t) = h(t) and |h(t) — ho(t)] = (t —h(t) — 7) .
ho(t) € ”b”[to,oo)e
Problem (3.7) can be rewritten as
ho(t)
B(6) (el (1) = a(tit(9(0) +3() [ L DI, 50 =) =0, 1<t

Denote by X35(t,s) the fundamental function of the equation

(4.6) &(t) + b(t)z(ho(t)) = 0.

By Lemma 3.9, X;5(¢,s) > 0 and equation (4.6) is exponentially stable.
Denote I = [tg,t1]. We have

ho(s)

o0 = [ 20,9000 g5 (atopstatn +6) [ 7

where f3(t) = fti) X3(t,5)f(s)ds and || f3][[zy,00) < 00. Therefore Lemma 4.1 yields
that

#(¢) dg)] ds+ fi(s),

a . .
alr < |2 llr + lIho = Bllpa cop il + 1l 00
[to,00)
1 + bl 1tg.00
510~ ) )
b ll{to,00) 101l 0,000/ Nto,00)/ 1 = [[all (£9,00)

Inequality (4.4) implies ||| [,,o0) < M, where M does not depend on the interval I,
thus ||7||{¢,,00) < 00, and therefore equation (1.2) is exponentially stable. O
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Corollary 4.5. Assume that (al)—(ad), (a6) are satisfied and at least one of the
following conditions holds for t > ty:

(a) b(t) = 1/(7e) and 7|bl|y,00) < 2/e(1 = |laljt,00));
(b) b(t) = B > 0, t = h(t) = 1/([Ibllo,000)s [1a/bllf0,00) 10l t0,00) + TlOllt0,00) <
1 + 1/6 — ||a||[t0,oo)-
Then equation (1.2) is exponentially stable.

Proof. Conditions in (a) of the corollary yield that bo(t) = 1/7e and
6 = bollitg,00) = llbll{tg,00) — 1/(7e). Hence, after some simple calculations, con-
dition (a) of the corollary implies (4.3) of Theorem 4.4.

Assume that 1

t—h(t)> ——.
HbH[to,oo)e
Then
1 + 1
t—ht—i) :Ht_ht_i
H( *) 16/l 1t0,00)€ 7 to.00) ®) 1181l (£o,00)€ to.o0)
1 1
= It = h(t)litg,00) = T—— < T — 75—
102 bl 00 Bl . c0e
The inequality
1 bl s 00
(Hg‘ e ) llto.c0) 4
b llito,00) [18l{t0,000€/ 1 = llallzo,00)
is equivalent to the last inequality in (b). O

Considering b(t) = b with the cases t — h(t) > 1/(eb) and b > 1/(7e) only, we get
the following result.

Corollary 4.6. Assume that (al)—(a4), (a6) are satisfied, b(t) = b > 0, and at
least one of the following conditions holds for t > ty:

(4.7)

| =

2
<br < g(l - HaH[tO,OO));

(4.8)

D |

1
<Ot = h(t) <br <1+ = = 2lallfr,00).

Then equation (1.2) is exponentially stable.

In the following theorem, for equation (1.2) we obtain integral stability conditions
which do not assume boundedness of delays. Denote for b(t) # 0 almost everywhere

(49) Afp) = LMW
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Theorem 4.7. Assume that (al)—(a4) hold, b(t) > 0, [°b(s)ds = oo, b(t) # 0
almost everywhere,

t
(4.10) 1imsup/ b(§) d¢ < oo
g

t—o00 (t)

and at least one of the following conditions holds for t > ty:

) f}f(t) b(g) d§ < 1/67 ||A||[to,oo) < %;
(b) 1/e < [ b(E)dE < 1+ 1/e = 2| A4y 00)-
Then equation (1.2) is asymptotically stable.

Proof. Lets= ft 7)dr, y(s) = x(t), where p(t) is a strictly increas-
ing function. Then we 1ntr0duce h( ) and g(s) as

Equation (1.2) can be rewritten in the form

(4.11) y(s) —a(s)y(g(s)) = —y(h(s)),

where a(s) = A(t), and A is defined in (4.9). By inequalities (4.10), equation (4.11)
involves bounded delays. If z(t) is a solution of (1.2), then y(s) = z(t) is a solution
of (4.9).

Corollary 4.3 and condition (a) of the theorem, Corollary 4.6 and condition (b) of
the theorem imply that equation (4.11) is exponentially stable. Hence, (1.2) is stable
and Slglolo y(s) = tlggo x(t) =0, i.e., (1.2) is asymptotically stable. O

Theorem 4.7 can be applied to derive stability conditions for pantograph-type
neutral equations with unbounded delays.
Consider the equation

b
(4.12)  @(t) — ax(pt) = —Ex()\t), t>1, la|<1, b>0, pe(0,1), Ae(0,1).

Here . .
b 1 b 1
—ds=bln—- < o0, / —ds=bln— < o0.
A " I

At S t S
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Corollary 4.8. Suppose that at least one of the following conditions holds:
(a) bIn(1/X) < 1/e, |a| < 3;
(b) 1/e <bIn(1/X) <1+ 1/e—2|al.

Then equation (4.12) is asymptotically stable.

5. GENERALIZATIONS OF MAIN RESULTS

5.1. Equations with several delays. We consider here an equation with several
neutral terms

l

(5.1) () = Y ax()d(gr(t)) = =b(t)a(h(1)),

k=1
as well as an equation with several delayed terms (not including the derivative)

m

(5.2) (1) — a(t)d(g(t)) = = bi(t)a(hu(t))

k=1

under the following conditions:
(bl) a, b, ag, bk, g, h, gk, hi are Lebesgue measurable essentially bounded functions
on [0, c0);
l
(b2) esssup|a(t)| < ao <1, > esssuplar(t)] < Ag < 1, b(t) = 0, b(t) =0, t > 1o

t=>to k=1 t=>to
for some tg > 0;

(3) 0 < t—g(t) < 6,0 < t—gr(t) < O, mesE = 0 = mesg '(E) = 0,
mes g, (E) = 0;
(b4) 0<t—h(t) <7, 0<t— hg(t) < 7%

Theorem 5.1. Suppose the conditions of Theorem 4.2 or at least one of the

conditions (a) or (b) of Theorem 4.4 hold, where the number ||al|(, ) is replaced

!
by > llarllite,0c)- Then equation (5.1) is exponentially stable.
k=1

The proof follows the scheme of the proofs of Theorems 4.2 and 4.4.

Theorem 5.2. Suppose bi(t) > 0, t > to > 0, conditions of Theorem 4.2 or at
least one of the conditions (a) or (b) of Theorem 4.4 hold, where b, h, T are replaced

by b, h, 7, b(t) := 3. bi(t), h(t) := mkin hi(t), T := max 7. Then equation (5.2) is
k=1

exponentially stable.
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Proof. Assume that the conditions of Theorem 4.2 hold, where b, h, T are
replaced by b, h, 7. Consider the initial value problem

(5:3)  @(t) —a(t)i(g(t)) = = D bu(B)e(hi(t)) + f(1), a(t) =i(t) =0, t > to
k=1

with || f||{ty,00) < 00, where z is a solution of (5.3). By Lemma 3.10, there exists ho(t),

h(t) < ho(t) <t such that Tzn: bi(t)z(hi(t)) = b(t)z(ho(t)). Hence, z is a solution of

the initial value problem "=!

(54) @) —ali(g(t)) = —bOw(ho(D) + (1), a(t) = i(t) = 0, ¢ < to.

Since h(t) < ho(t) and t —ho(t) < 7, all conditions of Theorem 4.2 hold, where b, h, T
are replaced by b, hg, 7. By Theorem 4.2, the equation

§(t) — a®)y(g(t)) = —b(t)y(ho(1))

is exponentially stable. Therefore the solution z of (5.4) is a bounded function. By
Lemma 3.5, equation (5.2) is exponentially stable.

The proof of the second part is similar. O

Theorem 5.2 uses the worst delay function h(t) < hg(t), k = 1,...,m. In the next
theorem, we obtain sharper results by using all the delays. Further, to simplify the
notation, we will write ||-|| instead of ||-||f+y,00)-

Theorem 5.3. Suppose there exist tg > 0, § > 0, and a set of indexes J C

{1,...,m} such that b(t) := > b(t) = B for t >ty and
keJ

55) (0 Sl ) Bzt + 15l <

Then equation (5.2) is exponentially stable.

Proof. Consider initial value problem (5.3) with || f|] < co. Equation (5.3) can
be rewritten in the form

E(t) + b(t)x(t) = )+ > bi(t) /h(t) (s)ds+ Y br(t)x + f ().

keJ k¢J
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Hence,

i) = [ O i (002 + Xne [ s

to s keJ hi(s)
+ S (i) [ as+ a0,
kdJ

where f1(t) ft e~ JIPO A £(6) ds, and || f1] < oo.
Denote I = [tg,t1]. Then

R (R ot ) I w L S

From (5.3), similarly to the proof of Lemma 4.1, we obtain an a priori estimate

e
o) NS TR

Therefore
e < [ (51 + 3 1) H=a+ S|t o

where M does not depend on the interval I. Inequality (5.5) implies ||z|| < oo, thus

by Lemma 3.5, equation (5.2) is exponentially stable. O
m
Corollary 5.4. Suppose for tyg > 0, b(t) := > bi(t) = by > 0 and
k=1
Ek 1 ||bk||
) (U5l Sl B!
b 1—|al

Then equation (5.2) is exponentially stable.

Proof. The statement of the corollary follows from Theorem 5.3 if we take
J={1,2,...,m}. U

Corollary 5.5. Suppose there exists tg > 0 and index i, 1 < i < m such that for
t > tg, bi(t) = f >0 and

a

) Sk Ll

= [lall

(5.8) (

Then equation (5.2) is exponentially stable.
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Proof. Wetake J = {i} C {1,2,...,m} and apply Theorem 5.3. O

In the next theorem we partially improve the results of the previous theorem.

Theorem 5.6. Suppose there exist tg = 0, bp > 0 and a set of indexes
J C{1,...,m} such that b(t Z bi(t) = by for t >ty and also
keJ

69 ([l Sl - 5ol) =g+ Sl <

where B = ) ||b||. Then equation (5.2) is exponentially stable.
keJ

Proof. Consider initial value problem (5.3) with || f|] < co. Equation (5.3) can
be rewritten in the form

(1) + bty (1 - Bi) — i)+ Y bk(t)/ i(s)ds

Denote by X(t,s) the fundamental function of the equation

(5.10) (1) + b(t)x(t - Bie) =0.

By Lemma 3.9, X (¢, s) > 0 and equation (5.10) is exponentially stable.
Hence, from (3.7)

) (A et + o) [ e ae
~/to <b(8) |: keJ /hk(s)
+Zbk })ds+f1(),
k¢J

where fi(t) = ftto X1(t,s)f(s)ds, and || f1]] < co. Denote I = [to,t1]. Then

e < ([ S - 0= gl i+ S i+

From (5.3), using a priori estimate (5.6), we obtain

< (1 Sl - B+

where M does not depend on the interval I. Inequality (5.9) implies ||z| < oo, thus
by Lemma 3.5, equation (5.2) is exponentially stable. O
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Corollary 5.7. Suppose there exists tg > 0 such that b(t) := Zbk (t) = by >0,
la(t)] < aog <1 fort > ty, and k=1

o ([l Sl - st B <

Then equation (5.2) is exponentially stable.

Corollary 5.8. Suppose there exists tg > 0 and index i,1 < i < m such that
bi(t) = by > 0 for t > to, and the following condition holds:

L NS Il
halt) |bz-||eH>

1= |la]|

(5.12) < b

Then equation (5.2) is exponentially stable.

Corollary 5.9. Suppose there exists tg > 0 such that

" 1
b(t) := br(t) = bg >0, t — hi(t) >
2 b ST Toelle
fort >tg, k=1,...,m, and
(5.13) (HbH 3w H) >l <1+ ZH || = ta
Then equation (5.2) is exponentially stable.
Proof. We have for t > ¢,
1 1 1
t—h(t) = | =t ) = T STk =
0 ST bl O S le <™ 7 S Tolle

Hence, (5.11) holds if

(5.14) {HbH ZH ] (e - ™ Hb ||e)] Z”b IF<1=llal.

Inequality (5.14) is equivalent to (5.13). O
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5.2. Equations with distributed delays and integro-differential equa-
tions. Consider a neutral equation with distributed delays

t

(5.15) (0) ~ alt)ig(t) + b(0) [ a(s)duB(t,5) =0,

h(t)

where a, b, g, h satisfy (al)—(ad), B(t, s) is measurable on [0,00) X [0,00), B(t,) is
a left continuous nondecreasing function for almost all ¢, B(-, s) is locally integrable
for any s, B(t,h(t)) =0, and B(t,t") = 1. Then f}f(t) dsB(t,s) = 1.

Theorem 5.10. Suppose there exists tog > 0 such that a(t) < ag < 1, b(t) >
bop > 0,t—g(t) <d,t—h(t) <7 fort >ty and at least one of the conditions of
Theorems 4.2 or 4.4 hold. Then equation (5.15) is exponentially stable.

Proof. Suppose that for ¢t > ¢y, x is a solution of the initial value problem

t

@w%W%WMMmm+MﬂL®M$¢Bw$—ﬂm 2(t) = i(t) = 0, ¢t <to,

where f is an essentially bounded function on [tg,00). By Lemma 3.11 there exists
a function ho(t), h(t) < ho(t) < t such that

t
[ alo)dB(t.) = alho(o)
h(t)
hence, x satisfies the equation

(5.17) &(t) — a(t)z(g(t)) + b(t)x(ho(t)) = f(1).

By either Theorem 4.2 or 4.4, equation (5.17) is exponentially stable. Hence, z is
a function bounded on [tg, o), therefore by Lemma 3.5, equation (5.15) is also ex-
ponentially stable. O

The integro-differential equation
t
(5.18) x(t) — a(t)z(g(t)) + / K(t,s)xz(s)ds =0,
h(t)

where K (t, s) is a Lebesgue measurable locally integrable function on [0, c0) x [0, 00),
K(t,s) > 0, is a particular case of (5.15). After denoting

t

b(t) = K(t,s)ds,
h(t)l .
_— K d b
B(t,s) = b(t) h(t) (t,¢)d¢, b(t) >0,
0 b(t) =0,

equation (5.18) has the form of (5.15). We assume that a, b, g, h satisfy (al)—(ad).

884



As a direct corollary of Theorem 5.10 we obtain the following result:

Theorem 5.11. Suppose there exists to > 0 such that a(t) > ag > 0, b(t) :=
fh(f) (t,s)ds = by >0,t—g(t) <J,t—h(t) <7 fort >ty and at least one of the
conditions of Theorems 4.2 or 4.4 hold. Then equation (5.18) is exponentially stable.

6. DISCUSSION AND OPEN PROBLEMS

In the present paper, we have not considered mixed neutral differential equa-
tions which include delay terms together with integro-differential or distributed delay
terms, for example, the equation

(6.1) z(t) —a(t)z(g(t)) + p(t / K(t,s)x(s)ds = 0.

However, if « is a solution of (6.1) and K (¢, s) > 0, then by Lemma 3.12 there exists
a function ho(t), h(t) < ho(t) < t such that x is also a solution of the equation

(6.2) @(t) — a(t)a(g(t)) + p)x(r(t)) + b(t)x(ho(t)) = 0,

where b(¢ fh( £ (t,s)ds. Hence, any stability test for equation (6.2) with three
delays 1mphes stablhty conditions for mixed neutral differential equation (6.1).
Another possible extension includes a distributed delay in the derivative part,

such as .

z(t) — /(t) i(s)dsA(t,s) or &(t)— /(t) A(t, s)a(s) ds.

To obtain exponential stability conditions for these equations, we can apply the
schemes of Theorems 4.2 or 4.4.

Theorem 4.7 allows us to obtain asymptotic stability conditions for equation (1.2)
with unbounded delays. The same approach can be applied to other neutral equations
considered in the paper.

Let us discuss now both known results and new stability tests presented in the
paper.

Proposition 2.1 has a simple form but involves several unnecessary restrictions,
such as ¢(t) > 0 and differentiability of c.

Propositions 2.2 and 2.3 in the nonneutral case p(t) = 0 are reduced to the best
possible asymptotic stability condition

t

lim sup Q(s)ds < g

t—o00 t—o
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For equation (1.2) such results are unknown. We recall that these three propositions
can only be applied to equation (1.2) if a(t) = a, g(t) =t — 0.

Proposition 2.4 gives explicit stability conditions for a general autonomous neu-
tral equation which coincide with known stability results for equations without the
neutral part.

Proposition 2.5 presents stability conditions in an integral form which is explicit
but a little bit artificial.

Proposition 2.6 is an extension of a well known stability result to neutral equations:
if the equation includes a nondelay term and this term dominates over the other
terms, this equation is asymptotically stable. In our opinion, Proposition 2.6 is
one of the best stability results for neutral equations. It is interesting whether the
statement remains true for equations with variable delays.

Most of previous results were obtained for equations with constant delays. The
fixed point method gives an opportunity to consider equations with variable delays.
One of such typical results is given in Proposition 2.7. However, this statement has
some unnecessary restrictions: the equation should include a nondelay term, the
delay function has to be twice differentiable, and the delays in the neutral and the
nonneutral parts coincide.

The result of Proposition 2.8, where the author studies an asymptotic property
different from the asymptotic stability, is interesting due to the method applied. In
particular, the author used estimates of the fundamental function for a nonoscillatory
equation.

In all stability results of Propositions 2.1-2.8, it was assumed that all parameters
of considered neutral equations are continuous functions, and the proofs were based
on this assumption. Hence, all the results are not available for equations with mea-
surable parameters. Equations with measurable parameters and with variable delays
were considered in Propositions 2.9-2.10. The method applied there was based on
the Bohl-Perron theorem. Proposition 2.9 has a simple form, but also includes some
restrictions on the coefficients that we omit in the results of the present paper. In par-
ticular, it is assumed that the sum of the coefficients of the neutral terms is nonnega-
tive. In Proposition 2.10, stability results depend on the delays in the neutral terms.

The stability tests obtained in the present paper are also based on the Bohl-Perron
theorem. However, we use a different approach applying a priori estimates of solu-
tions and integral inequalities for fundamental functions of nonoscillatory delay dif-
ferential equations. The results are also different from those in Propositions 2.9-2.10.
In particular, we do not assume that the sum of the coefficients of the neutral terms
is nonnegative as in Proposition 2.9. Our conditions do not depend on the delay
in the neutral terms as in Proposition 2.10. Thus, our conditions and conditions of
Propositions 2.9-2.10 are independent.
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Let us emphasize that Theorem 4.4 for the nonneutral case implies the best poss-
ible known stability condition 7|b||;¢, ) < 1+ 1/e for delay differential equations
with one delay and measurable parameters. Theorems 5.3 and 5.6 for neutral equa-
tions with several delays give a set of 2™ — 1 different stability conditions. Some of
these conditions are presented as corollaries to these theorems.

Example 6.1. Let us compare results considered in the paper, both previously
known and new. To this end consider the autonomous equation

1 1
(6.3) z(t) — gx(t —0)+ ga:(t -7)=0
and the nonautonomous equation

(6.4) z(t) — %x(g(t)) —+ %x(t —7)=0, 0<t—g(t) <o
We will find conditions on 7 > 0 such that for all o > 0, equation (6.3) is exponen-
tially stable. Since the equation must be exponentially stable for o = 0, we have the
necessary exponential stability condition 7 < %

Proposition 2.1 is not applicable, since the coefficient of the neutral term in (6.3)
is negative.

By Proposition 2.2, the inequality 7 < % implies exponential stability.

By Proposition 2.3, any 7 < v/6 ~ 2.45 is appropriate.

Propositions 2.4, 2.6, 2.7 do not work since the equations should include a nondelay
term.

By Proposition 2.5, 7 < % is sufficient.

Proposition 2.8 does not establish exponential stability.

By Proposition 2.9 we have 7 < 3/e.

Propositions 2.10 is not applicable to this equation, since it does not establish
exponential stability for any o in the neutral term.

By Corollary 4.3 and inequality (4.8) in Corollary 4.6, 7 < 3/e + 1 & 2.1 implies
exponential stability.

Thus, the best condition for autonomous equation (6.3) is due to Proposition 2.3.

For nonautonomous equation (6.4), the situation is more complicated, since only
Proposition 2.9, Corollary 4.3 and Corollary 4.6 are applicable.

By Proposition 2.9 we have 7 < 3/e. By Corollary 4.3, together with inequal-
ity (4.8) in Corollary 4.6, we obtain 7 < 1+ 3/e.

Example 6.2. Consider again equations (6.3) and (6.4) with a fixed o > 0,
g(t) =t — o and compare Proposition 2.10 and Corollary 4.6.
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By (2.11) in Corollary 2.11 of Proposition 2.10 we have the exponential stability
condition
3_1+£<T<1+3_2
e 2 e 2’
while by Corollaries 4.3 and 4.6 we obtain the condition

3
T<1+ -,
e

which is better than 7 <1+ 2/e — ¢ /2 for any ¢ > 0.

Let us outline some open problems and topics for future research.

(1) Is it possible in Corollaries 4.3 to improve the condition |||, o) < 3 to the
condition [|al|{t, ) < A, where A € (,1)? What is the best possible A in this
condition?

(2) Is it possible to apply the method reducing a neutral equation to an equation
with an infinite number of delays earlier used to study oscillation in [6]?

(3) Prove or disprove the following stability test. If

! 1
) <co <1, alt)>a0>0, [b(t) < ao, / a(s) ds <
ho(t)

for ¢ large enough, then the equation
&(t) = —a(t)z(ho(t)) + b(t)z(h(t)) + c(t)i(g(t))

is exponentially stable. By Proposition 2.6, this result is true for ho(t) = ¢,
hit)y=t—7,g9(t)=t—o.

(4) Prove or disprove the following statement. If |a(t)] < ag < 1, b(t) = by > 0
and equation (1.2) with bounded delays has a nonoscillatory solution, then this
equation is exponentially stable.

(5) Find exponential stability conditions for equation (1.2) which for the case
g(t) =t are reduced to the condition

t
/ ﬂ ds < §
h(t) 1-— CL(S) 2

(in the case of continuous parameters) and to the condition

¢
/ ﬂds<1+l
hty L —a(s) e

(in the case of measurable parameters).

888



(6) Find exponential stability conditions for equation (1.2) which for the case
a(t) = 0 are reduced to the condition | ;Z( £ b(s)ds < 2 (continuous parameters)
and to the condition f;(t) b(s)ds < 1+ 1/e (measurable parameters).

(7) Consider equation (5.2), where 0 < by < by (t) < by, t—hi(t) < 7, k=1,...,m.

Find exponential stability conditions for the equation which in the case a(t) =0

m
reduce to the condition Y br7, < 1, and in the case by (t) = by to the condi-
m k=1
tion > brTi < % (continuous parameters). If equation (5.2) has measurable
k=1

parameters, then % is replaced by 1+ 1/e.
(8) Consider the logistic type neutral equation

(6.5) &(t) —a(t)z(g(t)) = =b@)z(h(t))(1 + (1)),

where |a(t)] < ap < 1, b(t) = by > 0. Find global exponential stability condi-
tions for equation (6.5) which in the case g(t) =t become

t
/ ﬂ ds < §
h(t) 1-— CL(S) 2

for continuous parameters and

t
/ BUCEFRSSE
hty L —a(s) e

for measurable parameters. Similarly, establish global exponential stability con-
ditions for equation (6.5) which in the case a(t) = 0 reduce to

t
3
b(s)ds < -
h(t) 2

for continuous parameters and to
¢ 1
b(s)ds <1+ —
h(t) €

for measurable parameters. In general, can a theory similar to [10] be developed
in the neutral case?
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