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Abstract. We give the definition of f -biminimal submanifolds and derive the equation
for f -biminimal submanifolds. As an application, we give some examples of f -biminimal
manifolds. Finally, we consider f -minimal hypersurfaces in the product space Rn

× S
1(a)

and derive two rigidity theorems.
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1. Introduction

All objects in this paper, including manifolds, tensor fields and maps, are assumed

smooth unless stated otherwise.

Let ϕ : (Mm, g) → (Nn, g) be an isometric immersion between Riemannian mani-

folds and f ∈ C∞(N) a positive function on the ambient space. From the variational

formulas (see [2]), it follows that f -minimal submanifolds are the critical points for

the weighted volume functional Vf (x) =
∫
M e−f dσ where dσ is the volume element

of the induced metric, generalizing the fact that minimal submanifolds are the critical

points for the standard (i.e. nonweighted) volume functional V (x) =
∫
M dσ.

The f -mean curvature vector is ~Hf := −[ ~H + (∇f)⊥], where ~H is the mean

curvature vector of ϕ, ∇f denotes the gradient vector of f on N and (. . .)⊥ stands

for the orthogonal projection of the vector (. . .) to the normal bundle T⊥M of ϕ

in N . Further ϕ is called f -minimal if Hf = 0 or, equivalently

~Hf = −[ ~H + (∇f)⊥] = 0.
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In the context of biharmonic submanifolds, there has been a growing amount of

study on biharmonic submanifolds in space forms [1], [3], [4], [5], [6], [9], [12], [14]

in recent years. Some classifications of biharmonic submanifolds in conformally flat

spaces Sm × R and H
m × R have been given in [11], [18]. Lu in [2] introduced

f -biharmonic maps and calculated the first variation to obtain the f -biharmonic

map equation and the equation for the f -biharmonic conformal maps between the

same dimensional manifolds.

The f -biharmonic maps are critical points of the f -bienergy functional for maps

ϕ : (Mm, g) → (Nn, g) between Riemannian manifolds:

E2,f (ϕ) =
1

2

∫

M

f |τ(ϕ)|2Vg.

The Euler-Lagrange equation gives the f -biharmonic map equation (see [17])

τ2,f (ϕ) := fτ2(ϕ) + (∆f)τ(ϕ) + 2∇ϕ
∇f τ(ϕ) = 0,

where τ is name of a map.

An immersion ϕ : (Mm, g) → (Nn, g) between Riemannian manifolds, or its image,

is called biminimal, if it is a critical point of the bienergy functional E2 for variations

normal to the image ϕ(M) ⊂ N . Equivalently, there exists a constant λ ∈ R such

that ϕ is a critical point of the λ-bienergy E2,λ = E2(ϕ) + λE(ϕ) for any smooth

variation of the map ϕt : [−ε, ε], ϕ0 = ϕ, such that V = (d/dt)ϕt|t=0 is normal

to ϕ(M), where E(ϕ) = 1
2

∫
M

|dϕ|2Vg, E2(ϕ) =
1
2

∫
M

|τ(ϕ)|2Vg.

Although the research on f -minimal submanifolds has not exist for a very long

time, it has been already approached by many authors, especially in the hypersurface

case, see for example [7], [8], [15] and [16], and much efforts have been devoted to the

study of the rigidity or classification problems, curvature estimates and the discussion

of stability problems.

In this paper, we give the following definition:

Definition 1.1. Let (Mm, g) be an oriented compact Riemannian manifold with

boundary and let ϕ : (Mm, g) → (Nn, g) be an isometric immersion. If

F : M × (−ε, ε) → N

are variations normal to the image ϕ(M) ⊂ N with fixed energy and variational

vector field W and f ∈ C∞(N) is a positive function on the ambient space, then we

say ϕ is f -biminimal if ϕ is the critical point of

V f
2 (t) =

∫

M

e−fH2
t dVt.
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In Section 3, we derive the equation for f -biminimal submanifolds. As an applica-

tion, in Section 4, we give some examples of f -biminimal submanifolds. Our examples

include the hypersurfaces ϕ : (Mm, g) → (Nm+1, g), ϕ : Mm → R
n, ϕ : S

m(r) →
R

m+1 and ϕ : S
k(r1)× S

m−k(r2) → R
m+2. In Section 5, we study f -minimal hyper-

surfaces in the product space N = R
n × S

1(a). By introducing a globally defined

smooth function α, we derive two rigidity theorems.

2. Preliminary

First, we give some notation that will appear in our paper. We let ϕ : (Mm, g) →
(Nn, g) be an isometric immersion with the induced metric g = ϕ∗g on M . Unless

otherwise specified, we always use symbols with a bar to denote all quantities of the

ambient space (Nn, g). For instance, ∇, ∆ and∇f denote the Levi-Civita connection,

the Laplacian and the gradient of the induced metric g respectively, while ∇, ∆
and ∇f denote those of the metric g, accordingly.

For any vector fields X,Y ∈ X(M), the Gauss formula is given by

∇XY = ∇XY + h(X,Y ),

where h is the second fundamental form.

For any normal vector field ξ, the Weingarten map Aξ with respect to ξ is given by

∇Xξ = −AξX +∇⊥
Xξ,

where ∇⊥ stands for the normal connection of the normal bundle of M in N .

It is well known that

〈h(X,Y ), ξ〉 = 〈AξX,Y 〉,
and the mean curvature vector field ~H is defined by ~H = trh.

Definition 2.1. Let (Mm, g) be a compact Riemannian manifold with boundary

and let ϕ : (Mm, g) → (Nn, g) be a smooth immersion. Suppose

F : M × (−ε, ε) → N

satisfies the following conditions:

(1) ϕ0 = ϕ;

(2) ϕt|∂M = ϕ|∂M for all t ∈ (−ε, ε);

(3) for every ϕt : M → N is an immersion.

Then F is a variation to the immersion submanifold ϕ : (Mm, g) → (Nn, g), with

fixed boundary.
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3. f-biminimal maps between Riemannian manifolds

In this section, we derive the equation for the f -biminimal submanifolds. Suppose

that

F : M × (−ε, ε) → N

are variations normal to the image ϕ(M) ⊂ N , with fixed energy and variational

vector field W . It is obvious that

W |ϕ(∂M) = 0.

Theorem 3.1. Let (Mm, g) be an oriented compact Riemannian manifold with

boundary and let ϕ : (Mm, g) → (Nn, g) be an isometric immersion submanifold. If

F : M × (−ε, ε) → N

are variations normal to the image ϕ(M) ⊂ N with fixed energy and variational

vector field W and f ∈ C∞(N) is a positive function on the ambient space, then ϕ

is f -biminimal if and only if

(3.1) H2 ~Hf + 2[h ◦ ht( ~H) + Ric⊥( ~H) + ∆⊥
M

~H + (|∇f |2 −∆f) ~H − 2∇⊥
∇f

~H] = 0.

P r o o f. Choose a local frame field (U ;ui) in M , set

X̃i(p, t) = F∗(p,t)

( ∂

∂ui

)
= (ϕt)∗

( ∂

∂ui

)
, Xi = X̃i|t=0, 1 6 i 6 m,

W̃ (p, t) = F∗(p,t)

( ∂

∂t

)
,

then the variational vector field of ϕ is W = W̃ |t=0.

For every t, the component of the Riemannian induced metric gt = (ft)
∗g is

(gt)ij = 〈X̃i, X̃j〉.

~Ht is the mean curvature vector field of ϕt : M → N and is defined as

~Ht = (gt)
ijht

( ∂

∂ui
,

∂

∂uj

)
,

where gt = (ϕt)
∗g.

Denote Gt = det((gt)ij), then the volume element of (M, g) is

dVt =
√
Gt du

1 ∧ . . . ∧ dum.
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On the other hand, we set

Wj =
〈
W̃ , (ϕt)∗

( ∂

∂uj

)〉
, τt =

∑

i,j

gijt Wj
∂

∂ui
.

Therefore τt is a smooth vector field of M and we have τt|∂M = 0.

Suppose that ∇t is the Riemannian connection of the induced metric gt. It follows

from the fact that F is the normal variation that

〈W̃ , X̃i〉|t=0 = 0, 1 6 i 6 m;
〈
(ϕt)∗

(
∇t

∂/∂ui

∂

∂uj

)
, W̃

〉
|t=0 =

〈
(ϕt)∗

(
∇∂/∂ui

∂

∂uj

)
,W

〉
= 0.

Now we compute (V f
2 )′(t) as follows:

(3.2) (V f
2 )′(t) =

∫

M

∂(H2
t e

−f
√
Gt)

∂t
du1 . . . ∧ dum

=

∫

M

H2
t e

−f ∂
√
Gt

∂t
du1 . . . ∧ dum +

∫

M

(
e−f ∂H

2
t

∂t
+H2

t

∂e−f

∂t

)
dVt

=

∫

M

H2
t e

−f Ric τt dVt −
∫

M

H2
t e

−f
∑

i,j

gijt

〈
W̃ , ht

( ∂

∂ui
,

∂

∂uj

)〉
dVt

+

∫

M

2e−f 〈∇∂/∂t
~Ht, ~Ht〉dVt −

∫

M

H2
t e

−f ∂f

∂t
dVt

=

∫

M

H2
t Ric(e

−fτt) dVt −
∫

M

H2
t 〈∇e−f , τt〉dVt

−
∫

M

H2
t e

−f〈W̃ , ~Ht〉dVt +

∫

M

2e−f 〈∇∂/∂t
~Ht, ~Ht〉〉dVt

−
∫

M

H2
t e

−f〈∇f, W̃ 〉dVt =

∫

M

Ric(H2
t e

−fτt) dVt

−
∫

M

〈∇H2
t , e

−fτt〉dVt +

∫

M

H2
t 〈∇f, e−fτt〉dVt

−
∫

M

H2
t e

−f〈W̃ , ~Ht〉dVt +

∫

M

2e−f 〈∇∂/∂t
~Ht, ~Ht〉dVt

−
∫

M

H2
t e

−f〈∇f, W̃ 〉dVt = −
∫

M

〈∇H2
t , e

−fτt〉dVt

+

∫

M

H2
t 〈∇f, e−fτt〉dVt −

∫

M

H2
t e

−f 〈W̃ , ~Ht〉dVt

+

∫

M

2e−f 〈∇∂/∂t
~Ht, ~Ht〉dVt −

∫

M

H2
t e

−f 〈∇f, W̃ 〉dVt.

On the other hand, we deal with 〈∇∂/∂t
~Ht, ~Ht〉:
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(3.3) 〈∇∂/∂t
~Ht, ~Ht〉|t=0 =

〈 ∂

∂t
(gt)

ij
(
∇∂/∂uiX̃j − (ft)∗

(
∇t

∂/∂ui

∂

∂uj

))
, ~Ht

〉∣∣∣
t=0

+
〈
(gt)

ij∇∂/∂t

(
∇∂/∂uiX̃j − (ft)∗

(
∇t

∂/∂ui

∂

∂uj

))
, ~Ht

〉∣∣∣
t=0

=
〈
−(gt)

ik(gt)
jl ∂

∂t
(gt)kl〈∇∂/∂uiX̃j, ~Ht〉|t=0 − gij〈[∇⊥

∇∂/∂ui∂/∂ujW ]⊥〉|t=0, ~H
〉

+ gij
〈[

R(W,Xi)Xj − h
( ∂

∂ui
, AW

( ∂

∂uj

))
+∇⊥

∂/∂ui∇⊥
∂/∂ujW

]⊥
, ~H

〉

= 〈−(gt)
ik(gt)

jl(〈∇∂/∂tX̃k, X̃l〉+ 〈X̃k,∇∂/∂tX̃l〉)〈∇∂/∂uiX̃j , ~Ht〉|t=0

+ gij
〈[

R(W,Xi)Xj − h
( ∂

∂ui
, AW

( ∂

∂uj

))
+∇⊥

∂/∂ui∇⊥
∂/∂ujW

]⊥

− [∇⊥
∇∂/∂ui∂/∂ujW ]⊥|t=0, ~H

〉

= 2gikgjl
〈
ht

( ∂

∂uk
,
∂

∂ul

)
,W

〉
〈∇∂/∂uiX̃j , ~Ht〉|t=0

− gij〈[∇⊥
∇∂/∂ui∂/∂ujW ]⊥|t=0, ~H〉

+ gij
〈[

R(W,Xi)Xj − h
( ∂

∂ui
, AW

( ∂

∂uj

))
+∇⊥

∂/∂ui∇⊥
∂/∂ujW

]⊥
, ~H

〉

= 2gikgjl
〈
h
( ∂

∂uk
,
∂

∂ul

)
,W

〉〈
h
( ∂

∂ui
,

∂

∂uj

)
, ~H

〉

+ 〈Ric⊥(W ), ~H〉 − 〈h ◦ ht( ~H),W 〉+ 〈∆⊥
MW, ~H〉

= 〈h ◦ ht( ~H),W 〉+ 〈Ric⊥(W ), ~H〉+ 〈∆⊥
MW, ~H〉.

Next we deal with
∫
M

e−f 〈∆⊥
MW, ~H〉dVM denoting X = gij〈W,∇⊥

∂/∂uj
~H〉∂/∂ui.

∫

M

e−f 〈∆⊥
MW, ~H〉dVM(3.4)

=

∫

M

e−f 〈∆⊥
M

~H,W 〉dVM +

∫

M

e−f △M (〈W, ~H〉) dVM − 2

∫

M

e−f divX dVM

=

∫

M

e−f 〈∆⊥
M

~H,W 〉dVM +

∫

M

△M (e−f 〈W, ~H〉) dVM

− 2

∫

M

〈∇e−f ,∇(〈W, ~H〉)〉dVM −
∫

M

〈W, ~H〉∇e−f dVM

− 2

∫

M

div(e−fX) dVM + 2

∫

M

〈∇e−f , X〉dVM =

∫

M

e−f 〈∆⊥
M

~H,W 〉dVM

−
∫

∂M

~n(e−f 〈W, ~H〉) dVM +

∫

M

2〈W, ~H〉∆e−f dVM

+

∫

∂M

2〈W, ~H〉~n(e−f ) dV∂M −
∫

M

〈W, ~H〉∆e−f dVM + 2

∫

M

〈∇e−f , X〉dVM

=

∫

M

e−f 〈∆⊥
M

~H,W 〉dVM +

∫

M

〈W, ~H〉∆e−f dVM + 2

∫

M

〈∇e−f , X〉dVM
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=

∫

M

e−f 〈∆⊥
M

~H,W 〉dVM +

∫

M

〈W, ~H〉∆e−f dVM

+ 2

∫

M

gij
〈
∇e−f ,

∂

∂ui

〉
〈∇⊥

∂/∂uj
~H,W 〉dVM

=

∫

M

e−f 〈∆⊥
M

~H,W 〉dVM +

∫

M

〈W, ~H〉∆e−f dVM − 2

∫

M

e−f 〈∇⊥
∇f

~H,W 〉dVM .

From (3.3) and (3.4), we get the identity

(3.5)

∫

M

2e−f 〈∇∂/∂t
~Ht, ~Ht〉|t=0 dVM

=

∫

M

2e−f [〈h ◦ ht( ~H),W 〉+ 〈Ric⊥(W ), ~H〉+ 〈∆⊥
MW, ~H〉] dVM

=

∫

M

2e−f [〈h ◦ ht( ~H),W 〉+ 〈Ric⊥( ~H),W 〉+ 〈∆⊥
M

~H,W 〉] dVM

+

∫

M

2〈W, ~H〉∆e−f dVM − 4

∫

M

e−f 〈∇⊥
∇f

~H,W 〉dVM .

Substituting (3.5) into (3.2), we have

(3.6) (V f
2 )′(0) = −

∫

M

〈∇H2
t , e

−fτt〉|t=0 dVM +

∫

M

H2
t 〈∇f, e−fτt〉|t=0 dVM

−
∫

M

H2
t e

−f 〈W̃ , ~Ht〉|t=0 dVM −
∫

M

H2
t e

−f 〈∇f, W̃ 〉|t=0 dVM

+

∫

M

2e−f [〈h ◦ ht( ~H),W 〉+ 〈Ric⊥( ~H),W 〉+ 〈∆⊥
M

~H,W 〉] dVM

+

∫

M

2〈W, ~H〉∆e−f dVM − 4

∫

M

e−f 〈∇⊥
∇f

~H,W 〉dVM

=

∫

M

H2e−f 〈−∇f +∇f − ~H,W 〉dVM

+ 2

∫

M

e−f 〈W, ~H〉(|∇f |2 −∆f) dVM

+

∫

M

2e−f [〈h ◦ ht( ~H) + Ric⊥(W ) + ∆⊥
M

~H,W 〉] dVM

− 4

∫

M

e−f 〈∇⊥
∇f

~H,W 〉dVM

=

∫

M

e−f 〈H2 ~Hf + 2[h ◦ ht( ~H) + Ric⊥( ~H) + ∆⊥
M

~H

+ (|∇f |2 −∆f) ~H − 2∇⊥
∇f

~H ],W 〉dVM .

Then ϕ is f -biminimal if and only if

H2 ~Hf + 2[h ◦ ht( ~H) + Ric⊥( ~H) + ∆⊥
M

~H + (|∇f |2 −∆f) ~H − 2∇⊥
∇f

~H ] = 0.

It is clear that if ϕ is minimal, then it is f -biminimal.
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4. Some examples of f-biminimal submanifolds

In this section, we give some examples of f -biminimal submanifolds.

Example 4.1. Let us consider the hypersurface such that ϕ : (Mm, g) →
(Nm+1, g) is an isometric immersion of codimension one.

Let {e1, . . . , em, ξ} be an orthonormal frame adapted to the hypersurface ϕ :

(Mm, g) → (Nm+1, g) with ξ being the unit normal vector with respect to the

metric g. Now there exists λ ∈ C∞(M) such that W = λξ and λ|∂M = 0. Supposing

H = µξ and µ ∈ C∞(M) we derive

h ◦ ht( ~H) = h ◦ ht(µξ) = µh ◦ ht(ξ) = µΣi,j(hij)
2ξ = µ|h|2ξ,

Ric⊥( ~H) = Σi,j(R(µξ, f∗(ei))f∗(ej))
⊥ = µΣi,j(R(ξ, f∗(ei))f∗(ej))

⊥ = µRic(ξ)ξ,

∆⊥
M

~H = ∆⊥
Mµξ = (∆Mµ)ξ,

∇⊥
∇f

~H = ∇⊥
∇fµξ = (∇f)(µ)ξ + µ∇⊥

∇f ξ = (∇f)(µ)ξ.

It is obvious that

−µ2[µξ + ξ(f)ξ] + 2[µ|h|2ξ + µRic(ξ)ξ + (∇f)(µ)ξ + µ(|∇f |2 −∆f)ξ − 2(∇f)(µ)ξ]

= − µ2[µ+ ξ(f)]ξ + 2[µ|h|2 + µRic(ξ)

+ (∇f)(µ) + µ(|∇f |2 −∆f)− 2(∇f)(µ)]ξ = 0.

Consequently, we get the following Remark 4.1:

Remark 4.1. Let ϕ : (Mm, g) → (Nm+1, g) be an isometric immersion of codi-

mension one. Let f ∈ C∞(N) be a positive function on the ambient space and
~H = µξ, µ ∈ C∞(M). Then ϕ is f -biminimal if and only if

(4.1) −µ2[µ+ξ(f)]+2[µ|h|2+µRic(ξ)+(∇f)(µ)+µ(|∇f |2−∆f)−2(∇f)(µ)] = 0.

Example 4.2. ϕ : Mm → R
n, f : R

m+1 → R is defined by f(x) = 1
2x

2.

∇f = ∇x2

2
= x∇x =

n∑

α=m+1

xα
∂xα

∂xi

∂

∂xi
= x,

∇f = x⊤,

∆f = ∆
x2

2
= 〈x, xi〉,i = 〈xi, xi〉+ 〈x, xii〉 = m+ 〈x,H〉.

Substituting these identities into (3.1), we derive

H2 ~Hf + 2[h ◦ ht( ~H) + Ric⊥( ~H) + ∆⊥
M

~H + (|∇f |2 −∆f) ~H − 2∇⊥
∇f

~H ]

= H2[−x+ x⊤ − ~H] + 2[h ◦ ht( ~H) + ∆⊥
M

~H

+ (|x⊤|2 −m− 〈x, ~H〉) ~H − 2∇⊥
x⊤

~H ] = 0.
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Consequently, we get:

Remark 4.2. Suppose ϕ : Mm → R
n and f : R

m+1 → R is defined by

f(x) = 1
2x

2. Then ϕ is f -biminimal if and only if

(4.2) H2[−x+x⊤− ~H ]+2[h◦ht( ~H)+∆⊥
M

~H+(|x⊤|2−m−〈x, ~H〉) ~H−2∇⊥
x⊤

~H] = 0.

Example 4.3. ϕ : S
m(r) → R

m+1, f : R
m+1 → R is defined by f(x) = 1

2x
2.

Suppose ~H = µξ and µ ∈ C∞(M). Then we have µ = m/r, x = −rξ, ~H = m/rξ

and |h|2 = m/r2. Substituting these identities into (4.1), we derive

−µ2[µ+ ξ(f)] + 2[µ|h|2 + µRic(ξ) + (∇f)(µ) + µ(|∇f |2 −∆f)− 2(∇f)(µ)]

= −m2

r2

(m
r

− r
)
+ 2

m

r

m

r2
=

m2(2−m+ r2)

r3
= 0.

Then

2−m+ r2 = 0.

That is to say that r has the only value r =
√
m− 2 for m > 2. Therefore, we have:

Remark 4.3. Supposing ϕ : S
m(r) → R

m+1 and f : R
m+1 → R is defined by

f(x) = 1
2x

2, then ϕ is f -biminimal if and only if r =
√
m− 2 for m > 2.

Example 4.4. ϕ : S
k(r1) × S

m−k(r2) → R
m+2, f : R

m+2 → R is defined by

f(x) = 1
2x

2.

Let ξ1 and ξ2 be the unit normal vectors. We have

x = −r1ξ1 − r2ξ2, ~H =
k

r1
ξ1 +

m− k

r2
ξ2,

h ◦ ht( ~H) =
k

r1
h ◦ ht(ξ1) +

m− k

r2
h ◦ ht(ξ2) =

k2

r31
ξ1 +

(m− k)2

r32
ξ2.

Substituting these identities into (3.1), we derive:

H2 ~Hf + 2[h ◦ ht( ~H) + Ric⊥( ~H) + ∆⊥
M

~H + (|∇f |2 −∆f) ~H − 2∇⊥
∇f

~H]

=
(k2
r21

+
(m− k)2

r22

)(
r1ξ1 + r2ξ2 −

k

r1
ξ1 −

m− k

r2
ξ2

)

+ 2
[k2
r31

ξ1 +
(m− k)2

r32
ξ2

]
=

{[k2
r21

+
(m− k)2

r22

]r21 − k

r1
+

2k2

r31

}
ξ1

+
{[k2

r21
+

(m− k)2

r22

]r22 − (m− k)

r2
+

2(m− k)2

r32

}
ξ2.
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By virtue of (3.1), the following formulas hold:

[k2
r21

+
(m− k)2

r22

]r21 − k

r1
+

2k2

r31
= 0,(4.3)

[k2
r21

+
(m− k)2

r22

]r22 − (m− k)

r2
+

2(m− k)2

r32
= 0.(4.4)

According to (4.3) and (4.4), it follows that

[k2r22 + (m− k)2r21 ](2−m+ r21 + r22) = 0,

or equivalently

2−m+ r21 + r22 = 0.

This is to say that r1 and r2 satisfy

r21 + r22 = m− 2

for m > 2. Consequently, we get:

Remark 4.4. Let ϕ : S
k(r1) × S

m−k(r2) → R
m+2 and let f : R

m+2 → R be

defined by f(x) = 1
2x

2, then ϕ is f -biminimal if and only if r21 + r22 = m − 2

for m > 2.

5. f-minimal hypersurfaces in the product space N = R
n × S

1(a)

In this section, we aim at studying f -minimal hypersurfaces in the product space

N = R
n × S

1(a) for some positive function f ∈ C∞(Rn × S
1(a)). Let x : Mn →

R
n×S

1(a) be an immersed hypersurface with the induced metric g = x∗g onM . The

function on Rn×S
1(a) is defined by f(x) = 1

2 |x1|2 for any x = (x1, x2) ∈ R
n×S

1(a).

By choosing the natural frame {∂/∂xi}ni=1 on R
n, we obtain a local natural frame

field {∂/∂xi, ∂/∂s}ni=1 on N = R
n × S

1(a). Then the metric g has the form

g =
n∑

i=1

(dxi)2 + ds2.

Let x : Mn → R
n×S

1(a) be f -minimal, using the local orthonormal frame {ei}ni=1

onMn we have a frame field {eA}n+1
A=1 along x with ei = x∗ei and en+1 = v, the unit

normal vector of x. The angle function is defined by α = 〈v, ∂/∂s〉 and T = (∂/∂s)⊤.

In the case of f(x) = 1
2 |x1|2 = f(x) = 1

2 (|x|2 − a2), we have

∇f = Σi〈x, ei〉ei + 〈x, v〉v, ~H = −(∇f)⊥.
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or equivalently,

fi = 〈x, ei〉, i = 1, 2, . . . , n, fv = 〈x, v〉 = −H.

Then we state and prove our theorems.

Theorem 5.1. LetMn be an oriented compact Riemannian manifold with bound-

ary and let x : Mn → R
n × S

1(a) be an isometric immersion submanifold. If

F : Mn × (−ε, ε) → R
n × S

1(a)

are variations normal to the image x(Mn) ⊂ R
n × S

1(a), with fixed energy and

variational vector field W , x : Mn → R
n × S

1(a) is f -minimal and f ∈ C∞(N) is

defined by f(x) = 1
2 |x1|2, then x is f -biminimal if and only if

(2f − n+ 2)H − 2h(T, T )− fk

〈
ek,

∂

∂s

〉
α− fkflhlk = 0.

P r o o f. Similarly to the calculation of Theorem 3.1 in [15], we have the following

equations

h ◦ ht( ~H) = −〈x, v〉h ◦ ht(v) = −〈x, v〉|h|2v = |h|2 ~H.(5.1)

∆⊥
M

~H = (∆M
~H)(v) = H,iiv(5.2)

=

[
hii(1 + α2)− 2

∑

k

hik

〈
ei,

∂

∂s

〉〈
ei,

∂

∂s

〉
+
∑

k

fvh
2
ki

+
∑

k

fkhii,k

]
v

= [H(1 + α2)− 2h(T, T )−H |h|2 + fkH,k]v

=
[
H(1 + α2)− 2h(T, T )−H |h|2 + fk

〈
ek,

∂

∂s

〉
α+ fkflhlk

]
v.

|∇f |2 = 2f −H2.(5.3)

∆f = (eiei −∇eiei)f = [eiei −∇eiei + h(ei, ei)]f = n− 1 + α2 −H2.(5.4)

∇⊥
∇f

~H = ∇⊥
〈x,ei〉ei

(−〈x, v〉v) = −〈x, ei〉ei(〈x, v〉)v = 〈x, ei〉ei(H)v(5.5)

= 〈x, ei〉
(〈

ei,
∂

∂s

〉
α+ fkhki

)
v = fi

(〈
ei,

∂

∂s

〉
α+ fkhki

)
v.

Substituting (5.1)–(5.5) into (3.1), we get

(5.6) |h|2 ~H +
[
H(1 + α2)− 2h(T, T )−H |h|2 + fk

〈
ek,

∂

∂s

〉
α+ fkflhlk

]
v

+ [2f −H2 − (n− 1 + α2 −H2)]H − 2fi

(〈
ei,

∂

∂s

〉
α+ fkhki

)
v = 0,
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which implies

(2f − n+ 2)H − 2h(T, T )− fk

〈
ek,

∂

∂s

〉
α− fkflhlk = 0.

�

Now, from [15], Theorems 4.3–4.7, we have our rigidity theorems.

Theorem 5.2. Let x : Mn → R
n × S

1(a) be a complete and properly immersed

oriented f -minimal hypersurface. If one of the following four conditions is satisfied,

(1) the angle function α is constant, or

(2) the angle function α does not change its sign and |h|2 ∈ L2
f , or

(3) |h|2 6 1+α2 and there is a constant c, 0 < c < 1 such that 2|∇α|2 6 c|∇h|2 or
(4) 1

2 (1 − α2 − c) 6 |h|2 6 1
2 (1 − α2 + c), c =

√
(1− α2)(1− 9α2), then we have

either

(1) α = 1 and x is f -biminimal, or

(2) α = 0 and x is f -biminimal if and only if

(2f − n+ 2)H − 2h
( ∂

∂s
,
∂

∂s

)
− fkflhlk = 0.

Theorem 5.3. Let x : Mn → R
n × S

1(a) be a complete and properly immersed

oriented f -minimal hypersurface. If one of the following conditions is satisfied,

(1) |h|2| 6 2α2 and there is a constant c, 0 < c < 1 such that 2|∇α|2 6 c|∇h|2 or
(2) |h|2| 6 3α2 − 1, then we have h = 0 and x is f -biminimal.
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