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Abstract. The Wells map relates automorphisms with cohomology in the setting of exten-
sions of groups and Lie algebras. We construct the Wells map for some abelian extensions
0 A< L5 B — 0 of 3-Lie algebras to obtain obstruction classes in H*(B, A) for
a pair of automorphisms in Aut(A) x Aut(B) to be inducible from an automorphism of L.
Application to free nilpotent 3-Lie algebras is discussed.
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1. INTRODUCTION

Given an extension A — B — C of groups, the construction of automorphisms
of B by extending automorphisms of A and lifting automorphisms of C' is an impor-
tant problem which goes back to Baer [1]. In [13] Wells defined a map, known as
Wells map, from the set of compatible pairs to the second cohomology group of C
in A, to obtain obstruction classes of inducibility of compatible pairs. Recent studies
in this direction can be found in [6], [7], [9], [10]. In the setting of Lie algebras the
Wells map was constructed by Bardakov and Singh in [2] for abelian extensions of
Lie algebras.

In this paper we consider the analogous problem for abelian extensions of 3-Lie al-
gebras. n-Lie algebras introduced by Filippov (see [4]) form an important example of
n-ary algebras (n > 3), which has relations to generalized Nambu mechanics, see [11].

For any 3-Lie algebra g denote by Aut(g) the group of 3-Lie algebra automor-
phisms of g. Let 0 = A < L 5 B — 0 be an abelian extension of 3-Lie algebras.
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Consider the subgroup Aut (L) of Aut(L) consisting of automorphisms « such that
v(A) = A. As in the cases of groups and Lie algebras, there is a group homo-
morphism ®: Auta(L) — Aut(A) x Aut(B) which is defined via a section of ,
but does not depend on choices of sections. (For details see Section 3.) A pair
(o,7) € Aut(A) x Aut(B) is called inducible if (o,7) € im ®, that is, there is
ay € Auta(L) extending o and lifting 7. One may expect to construct the Wells
map to obtain obstruction classes in some cohomology groups of B in A defined by
Takhtajan, see [12]. However, drastically different from groups and Lie algebras, in
general there are no representations of B on A. (For the definition of representations
of 3-Lie algebras given by Kasymov see Definition 2.1 below.) Therefore we restrict
ourselves to the so-called good abelian extensions of 3-Lie algebras in the following
sense. (For a 3-Lie algebra g, its 3-Lie bracket is usually denoted by [-,-, ], and
when there is no confusion g may be suppressed.)

Definition 1.1. An abelian extension 0 — A < L = B — 0 of 3-Lie algebras
is called good if the map o: /\2 B — End(A) given by

(1.1) o(z1,z2)(a) = [s(x1), s(x2),alL, z€B,acA

does not depend on the choice of sections s of 7 and g is a representation of B on A.

Note that for abelian extensions of Lie algebras the conditions in the above defi-
nition hold automatically (see, for example, [5], Chapter 7). We will give a sufficient
and necessary condition on an abelian extension of 3-Lie algebras to be good in
Proposition 2.1 below. We give some nontrivial examples of good abelian extensions
in the next and the last sections. Note that a good abelian extension is not necessarily
split, while a split abelian extension is not necessarily a good abelian extension either.

For any good abelian extension 0 — A < L 5 B — 0 of 3-Lie algebras we have
the cochain complex due to Takhtajan [12] associated to the representation ¢ of B
on A. First we show that ker ® = Z(B, A) as abelian groups (see Theorem 4.1). To
define the Wells map (see (4.14)) we introduce a subgroup C§ 4 of Aut(A) x Aut(B)
consists of the so-called compatible pairs (see Definition 4.1). Then we show that
the Wells map fits into an exact sequence ending at H'(B, A). In particular, the
image of the Wells map are obstruction classes for compatible pairs to be inducible
(see Theorem 4.3). As a corollary, in the case of good split abelian extensions,
compatiblity and inducibility are equivalent (see Corollary 4.3). We also show that
in the case of good split abelian extensions the short exact sequence ending at im @ is
also split (see Theorem 4.4). It turns out that there is a left action of the group Cé A
on H!(B, A) such that the Wells map is an inner derivation (see Proposition 4.2).
In general, as in the cases of groups and Lie algebras, the Wells map given by good
abelian extensions of 3-Lie algebras is just a set map.
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Application is given to free nilpotent 3-Lie algebras. In this case we obtain a cri-
terion in terms of matrices and determinants for a pair of automorphisms to be in-
ducible (see Theorem 5.1), and in the case of free 2-step 3-Lie algebra Bs o (see (5.1),
where n = 3) we obtain a good abelian extension of 3-Lie algebras which is not split
while the corresponding short exact sequence of automorphism groups is split (see
Proposition 5.2 and Proposition 5.3). Note that in [2] Bardakov and Singh discussed
inducible automorphisms of free nilpotent Lie algebras.

The paper is organized as follows. In Section 2 we review basic definitions of 3-Lie
algebras, their representations and Takhtajan’s cochain complexes. We give a de-
scription of good abelian extensions of 3-Lie algebras and low dimensional cocycles.
In particular we obtain that w given by (2.7) is a 2-cocycle. In Section 3 we give
the definition of the group homomorphism ®: Auts(L) — Aut(4) x Aut(B) men-
tioned above following ideas in [2], [13] and give some auxiliary lemmas. In Section 4
we construct the Wells map for good abelian extensions of 3-Lie algebras and the
corresponding four-term exact sequence. Then we give some applications to good
split extensions of 3-Lie algebras. In this section we also study the action of the
group Cé 4 on HY(B, A) with respect to which the Wells map becomes an inner
derivation. In Section 5 we give an application to free nilpotent 3-Lie algebras and
construct an example of nonsplit good abelian extensions of 3-Lie algebras, showing
that the converse of Theorem 4.4 does not hold.

Throughout this paper all vector spaces are over a field F of characteristic 0.
Hom(—, —) and End(—) consist of all F-linear maps. We use c.p. to denote cyclic

permutations, for example,

0(z,y)a(z) + c.p. = O(z,y)a(z) + 0(y, 2)a(x) + 0(2, x)a(y).
v(1(z1))(f(22),0(a3)) + c.p. = v(7(21))(f(22), 0(a3)) + v(7(z2))(f(23),0(a1))
+v(7(23))(f(21), 0(a2)).

2. PRELIMINARIES

Due to Filippov [4], a vector space g with a 3-ary multilinear skew-symmetric

multiplication [-,-,-]: ®°g — g is a 3-Lie algebra if
(21) [.71'171‘2,[3337154,1‘5]] - [[.1')1,1‘2,1‘3]71;4,1‘5]
— 3, [21, X2, 24], 5] — [23, T4, [21, 22, 25]] = 0

for all 1, x2, x5, 24, x5 € g. The identity (2.1) is called the fundamental identity (FI).
Morphisms, subalgebras, ideals are defined in the usual way. A 3-Lie algebra g is
abelian if [z, y, z] =0 for any z,y, z € g.
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Notation 2.1. Asin [8], in the sequel we may denote the element x1 Aza A... A
xn € N" g by (21,22, ...,2,) for simplicity.

Definition 2.1 ([8]). A representation of a 3-Lie algebra g on a vector space V/
is a linear map 0: /\29 — End(V) such that for all 1, z2, 23,24 € g,

O(x1,x2)0(xs, x4) =0([x1, 22, 23], 24) + O(23, [T1, 22, 24]) + O(x3, 24)0(21, 22),

0(1/‘17 [.7)2, z3, .1'4]) :9(1"3) x4)0(l‘1,$2) - 0(1"27 .1}'4)0(1;17 .1}'3) + 0(1"27 .1}'3)9(1;17 .1'4).

We denote a representation 6 of g on a vector space V by (V;6).
By abuse of notation we will write, for any X =21 Axg € /\2 g, T3 €9,

(X, 23] := [z1, 22, 23] € g.
It is shown in [3] that /\2 g is a Leibniz algebra with the bilinear operation [-,|r
given by
2
(2:2) (X, Y]r = [X, 1] Az +u1 A X 0] € \ 0

forany X =x1 Axa, Y =y1 Aya.

Let (V;0) be a representation of g. Cohomogy groups of g with coeflicients in V'
are defined, see [12]. First, the space C?~1(g, V) of p-cochains is the set of multilinear
maps of the form

a: /\29®...®/\29®g—>‘/,

(p—1)

while the coboundary operator dg: CP~1(g,V) — CP(g,V) is given by

(2.3) do(a)(X1,...,X,,2)
= > Va(Xi, o X X, (X5, Xal P X, Xy, 2)
1<j<k<p
p . —
) (X, X, Xy, (X, 2])
j=1
p . —_
+ ()X )UK, X X 2)

=1

J
+_(__1)p+1(9(yp,z)a()(1;~~~7}(p71;xp)'+’9(Zyxp)oij(17...7}(p71,yp))
forall X; =z; ANy; € /\2 g and z € g. Then the pth cohomology group is
(2.4) H¥(g,V) = 2Z%(g,V)/B"(g,V),
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where ZP(g, V') or BP(g,V) is the space of (p + 1)-cocycles or (p + 1)-coboundaries,
respectively. One should notice that the upper indices in ZP(g,V), BP(g,V) and
H?(g,V) are different from those in the setting of Lie algebra cohomology.

By (2.3), fora € C%g,V), X1 =2 Ay € /\29 and z € g,

(2.5)  do(@)(X1,2) = —a([Xy,2]) +0(X1)a(z) +0(y, 2)a(z) +0(z, x)aly)
= - a([m, Y, Z]) + 9(%, y)a(z) + C.p-

and, for a € C(g, V), X1 = 21 A 22, X2 = 23 A4, T5 € g,

(2.6) do(a)(X71,Xo,x5)
= —a([X1, Xo]F, x5) — a(Xa, [ X1, x5]) + a( X1, [ X2, 25]) + 0(X1) (X2, x5)
—0(X2)a(X1,x5) — 0(x4, x5) (X1, 23) — 0(x5, x3) (X1, 24)
= —a([z1,x2, 23], 24, 5) — (x5, [T1, T2, 4], 25) — (T3, T4, [T1, T2, T5])
+ afz1, 22, [23, 24, x5]) + 0(21, 22) (23, 24, 25) — O(T3, T4) (21, T2, T5)
— O(zyq, x5) (21, T2, 23) — O(x5, T3)0(21, T2, T4),
where [, -]F is given by (2.2).
For any abelian extension 0 — A < L = B — 0 of 3-Lie algebras, recall that

a section s of w is an F-linear map from B to L such that ms = 1. Fix a section s
of 7. Define w: A*B — A and v: B — Hom(\” 4, A) by

(2.7) w(x1, 2, 23) = [s(z1), 8(22), s(x3)]L — s([x1, 22, 23] B),
(2.8) v(z)(a1,az) = [s(x),a1,a2]L

for all z,z1,22,23 € B, a1,a2 € A. Note that v does not depend on s since A is
abelian. We use w, v given by (2.7), (2.8) to characterize good abelian extensions of
3-Lie algebras (see Definition 1.1) in the following

Proposition 2.1. Let 0 - A < L = B — 0 be an abelian extension of 3-Lie
algebras. Then it is good if and only if the two identities

(2.9) v(@1)(f(22),a) = v(z2)(f (1), a),
(2.10) v(z1)(w(ze, x3,24),a) =0

hold for all f € Hom(B, A) and x1,22,z3,24 € B, a € A.

Proof. Suppose that the abelian extension is good. For any f € Hom(B, A),
define ¢'(x) = s(z) + f(z), € B. Note that s’: B — L is also a section of 7. Let ¢’
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and v’ be defined respectively by (1.1) and (2.8) corresponding to s’. Then for any
x1,x9 € B, a € A, we obtain
(1, 22)(a) = [s'(21), 8 (22), a1 = [s(21) + f(21), 5(22) + f(22),a]L
= Q(l‘l, mQ)(a) + V(xl)(f(xQ)a a) - V(xQ)(f(xl)a a)?

and one has v(z1)(f(z2),a) = v(z2)(f(z1), a) since p does not depend on the choice
of sections.
Moreover, for any z; € B, i =1,2,3,4 and a € A, by (FI) it follows that
(211) 0= [aa 8(1'1), [S(CL'Q), S(x?))a s(x4)]L]L - [[av S(xl)v S(xQ)]La 8(1'3), S(x‘l)]L
- [S(xQ)a [aa S(xl)v S((Eg)][” S(x4)]L - [S(CL'Q), S((Eg), [aa 8(1'1), S(x4)]L]La

by (1.1), (2.7) and (2.8), we obtain that (2.11) is equivalent to

(2.12) 0 =v(z1)(w(w2, 23, 24),a) + 0(1, [x2, 23, 24] B)(a) — 0(w3, ) 0(21, 72)(a)
+ o(w2, v4)o(x1, 73)(a) — o(22, ¥3)0(21, ¥4)(a).

Then we get v(z1) (w(x2,x3,24),a) = 0 since g is a representation of B.
Conversely, let s': B — L be any other section of 7w and let ¢’ and v’ be defined,
respectively by (1.1) and (2.8) corresponding to s’. Define f: B — A as f(x) =
s'(xz) — s(z), x € B. Then for any z,z1,22 € B, a € A, we deduce
(1, 22)(a) = [s'(21), 5 (22), a1 = [s(21) + f(21), s(22) + f(2),a]L
= [s(x1), s(22), a]r + v(z1)(f(22),a) — v(z2)(f(21), a)
= o(z1,22)(a) (by (2.9))
which implies that ¢ does not depend on the choice of sections.
Furthermore, for any z; € B, i =1,2,3,4 and a € A, by (FI) we have
(213) 0= [aa 8(1'1), [S(CL'Q), S(x?))a s(x4)]L]L - [[av S(xl)v S(xQ)]La 8(1'3), S(x‘l)]L
- [S(xQ)a [aa S(xl)v S((Eg)][” S(x4)]L - [S(CL'Q), S((Eg), [aa 8(1'1), S(x4)]L]La
and
(2.14) 0= s(z1),s(x2), [s(x3), s(za), alL]r — [[s(z1), 5(x2), s(3)]L, s(x4), a]L
— [s(x3), [s(z1), s(z2), s(xa)] 1, a1 — [s(x3), 8(xa), [s(21), 8(22), a]L] L.
By (1.1), (2.7) and (2.8) again we see that (2.13) and (2.14) are equivalent to
(2.15) 0 =v(z1)(w(z2,23,24), @) + o(z1, [22, 73, 74] B) (@) — 0(x3, T4)0(21, 72)(0)
+ o(x2, 1) 0(x1, w3)(a) — o(x2, 3)0(21, 74)(a)
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and

(216) 0= V((E4)(w($1, T2, x?))v a) - V(x3)(w(x1a T2, 1’4), a)
+ o(x1, 72)0(73, v4)(a) — o([z1, T2, 73] B, T4) (@)
— o(x3, [x1, 12,74 B)(a) — 0(x3, 24)0(21, 22)(a).

Then by (2.10) we obtain that (2.15) and (2.16) become

0= o(x1, [z2, 23, 24] B)(a) — (x5, z4)0(71, ¥2)(a)

+ o(w2, 24)0(71, 23)(a) — o(x2, z3)0(21, 74)(a)

and
0 = o(x1, w2)0(xs, v4)(a) — o([z1, 22, 3] B, 74)(a)
— o(xs, [r1, 22, 24]B)(a) — o(xs, x4)o(21, 22)(a).
Therefore, ¢ is a representation of B. The proof is completed. O

Example 2.1. Let 0 = A < L 55 B — 0 be an extension of 3-Lie algebras
with [A, A, L] = 0. Then this extension is good abelian since (2.9) and (2.10) hold
automatically for any section s of 7.

We give two examples to show that the notion of good abelian extensions and the
notion of split abelian extensions are not the same.

Example 2.2 ([14], Example 2.2). Let B be the 3-dimensional 3-Lie algebra with
a basis {21, x2,x3} given by [z1, z2, 23] = 21, and A the 2-dimensional abelian 3-Lie
algebra with a basis {a1,a2}. Set L = B @ A and consider the following uniquely
defined maps o: /\2 B — End(A) and v: B — Hom(/\2 A, A) given respectively by
(other actions are zero)

(217) o2, 5)(a1) = o2, 5)(a2) = a1 + 5as,
(2.18) v(za)(a1, a2) = v(zs)(ar,a2) = a1 + as.

Define a trilinear bracket operation on L as

(€14 v1,& + v, &3 +v3]L = [€1,62,83] B + 0(61,82)(v3) + c.p. + v(§1)(va, v3) + c.p.

for all §; € B and v; € A. By a direct check we obtain that (L, [-,-,-]5) is a 3-Lie
algebra and p is a representation of B on A. Hence we have an abelian extension
0 — AL 5 B — 0 of 3-Lie algebras, where p: L — B is the canonical projection.
Choose the section s: B — L given by s(xz) = z, x € B. Note that s is a 3-Lie
algebra homomorphism, hence this abelian extension is split.

On the other hand, let f € Hom(B, A) be given by f(x;) = a1, i = 1,2,3. Then
we have v(x1)(f(z2),a2) = 0 whereas v(z2)(f(21),a2) = a1 + az # 0. Therefore, by
Proposition 2.1, this abelian extension is not good.
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Example 2.3 ([14], Example 4.1). Let B and A be given by Example 2.2.
Set L = B @® A and consider the uniquely defined maps g: /\2 B — End(A) and
w: A® B — A given respectively by (other actions are zero)

1 1

o(z2,w3)(a1) = o(w2,v3)(az) = ! + 302

w(zi, zj, x) = sign(ijk)(ar — 2a2), (ijk) € S,

where S5 is the permutation group of {1,2,3}. Define a trilinear bracket operation
on L as

(€1 +v1,82 + 2,83 +v3]r = [§1,€2,&3]B + w(&1,82,83) + 0(&1,82) (vs) + c.p.

for all ¢ € B and v; € A. By a direct check we have that (L,[-,,-]r) is a 3-Lie
algebra and p is a representation of B on A. Moreover, we have an extension 0 —
AL % B — 0 of 3-Lic algebras with [A, A, L] = 0, hence this abelian extension is
good, where p: L — B is the canonical projection.

Next we show that this abelian extension is not split. Choose any section s of p.

3
Set s(xi) = Y ¢ijxj + dinar + digas, @ = 1,2,3. Since ps = 1p, we deduce that
j=1

s(z;) = x; + dirag + dizas. Thus we have

[s(x1), 5(22), 5(x3)]L — s([z1, 72, 73] B)
= [z1 + di1a1 + di2ag, T2 + do1a1 + da2as, 3 + dzi1a1 + ds2a2]r — s(21)

= [z1, 22, 23] B + w(@1, T2, x3) + 0(22, x3)(d11a1 + di2a2) — (21 + di1a1 + di2a2)

1 1 1 1
=21 + (a1 — 2a2) + (5611 + §a2)d11 + (5611 + 5612)6112 —x1 — diia1 — di2a2

1 1 1 1
= (1 - 5d11 + §d12)a1 + (—2 + §d11 - §d12)a2 #0

as required.

From now on till the end of this section we assume that 0 = A — L & B — 0
is a good abelian extension of 3-Lie algebras and fix a section s of 7. Then we have
the representation (g; A) of B. We give a description of low dimensional cocycles
associated to (g; A).

Lemma 2.1. Let f € Hom(B, A). Then f € Z°(B, A) if and only if

(2.19) o(z1,z2, f(x3)) + c.p. — f([x1,22,23]8) =0, z; € B.
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Proof. For any x1,x2,23 € B, by (2.5) it follows that
do(f)(z1,m2,23) = — f([21, 22, 3] B) + 0(21, 72, f(23)) + c.p.
as required. 0

Lemma 2.2. Let f € Hom(\® B, A) C Hom(A?> B ® B, A) = C*(B, A). Then
f € ZY(B; A) if and only if

x5, 23) f(T1, 02, T4)

T1, X2 )f($3,$4,$5)

(
(

(2.20) — o(xa, z5) f (21,22, 23) — 0
— o(w3,2a) f(z1, 22, 75) + 0

I
I

—~

[x17x27x3]37x4;x5) f x&;[xlva;xél]B;xS)

r3, T4, |21, T2, T5]B) + f(21, 22, [13, 24, 25]B)

for all z; € B.
Proof. It is straightforward due to (2.6). O

As an application we have

Proposition 2.2. w is a 2-cocycle: w € Z(B, A).
Proof. For any x; € B, 1 <1 < 5, by (FI) on 3-Lie algebra L we deduce that

0= [s(x1), s(2), [s(z3), s(za), s(ws)|L]L — [[s(21), s(x2), s(z3)]1, 5(x4), 5(25)] L
- [S((Eg), [s(xl),s(xg),s(x4)]L, S(xB)]L - [S((Eg), S(£E4), [s(xl)v S(xQ)v S(x5)]L]L'

Expanding the above formula, then by (FI) on B it yields that

(2'21) (134,.23 ) (1‘1, T2, 1‘3) - 9(1357333)&1(.231,332, 1‘4)
— o(xs, xa)w(x1, T2, ¥5) + 0(1, ¥2)w (23, T4, T5)
([xla z2, xJ]Bv Ty, $5) - W((E?,, [xla T2, IE4]B, IE5)
(

T3, 74, [T1, T2, T5]B) + w(T1, T2, (T3, T4, 5| B)-

Then by Lemma 2.2 we deduce that w is a 2-cocycle. O
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3. THE GROUP HOMOMORPHISM ¢

In this section we fix an abelian extension 0 — A < L 5 B — 0 of 3-Lie algebras,
which is not necessarily a good abelian extension. However, we still need to fix
a section s of 7. Set

(3.1) Auty (L) = {v € Aut(L): v(A) = A}.

Note that Aut4(L) is a subgroup of Aut(L). For any v € Aut4(L), as in the cases of
groups and Lie algebras (see [2], [13]), one may introduce F-linear maps v[4: A — A
and 5¥: B — B given by

(3-2) vlala) =7(a), a€ A, F(x) =m(y(s(2))), = € B,

respectively. We have

Lemma 3.1. For any v € Aut4(L),
(1) 7 does not depend on the choice of sections of r;
(2) v|a € Aut(A) and 7 € Aut(B).

Proof. (1) Let s1, s2 be two sections of 7 and 7; = 7ys;, ¢ = 1,2. For any
x € B, since w(s1(z)) — 7(s2(z)) = 0, we have si(x) — so(x) € A, and hence
~v(s1(z) — s2(x)) € A. So

(1 =72) (@) = 7(v(s1(2))) = 7(y(s2(2))) = 7(y(s1(2) = 52(2))) = 0

as required.

(2) The statement v|4 € Aut(A) is direct by definition.

First we show that 7: B — B is a bijection. For any x € B, since v € Aut4(L)
and L = s(B) @ A, there exist 1 € B, a; € A such that y(s(z1) +a1) = s(x). Then
we get

V(1) = 7(v(s(21))) = 7(s(x) = 7(a1)) = 7(s(x)) — 7(v(a1)) =,

which means that 7 is surjective.

Assume that « € B satisfies F(x) = (mys)(x) = 0. Then v(s(z)) = a € A. Since
v(A) = A and v: L — L is a bijection, s(z) € A, and hence s(z) € s(B) N A = {0}.
Since s: B — L is injective, = 0, which means that 7 is injective.
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Secondly, we show that 7 is a 3-Lie algebra homomorphism. Let z1,x3,23 € B.
Recalling the definition of w given by (2.7) we have

V([z1, 22, w3]B) = m(V(s([z1, 22, 23] B)))
= 7m(y([s(z1), s(x2), s(z3)]L — w(z1, 72, 73)))
=7(v([s(z1), s(x2), s(x3)]L)) (by w(z1,22,23) € A)
= [r(v(s(z1))), m(v(s(z2))), 7(v(s(x3)))] B
= [¥(z1),7(z2), 7¥(23)| B
as required. (I

Thus there is a map ®: Auta(L) — Aut(A) x Aut(B) given by

which is independent of the choice of sections of 7. We have

Lemma 3.2.
(1) @ is a group homomorphism;
(2) ker ® is an abelian subgroup of Aut(L).

Proof. (1) Let 71, 72 € Auta(L). It suffices to show that

(mr2)la =mlanela, 772 =7 72
As (m172)|a = 71]a 2|4 is clear, it remains to show that 7772 = 77 7. For any
x € B, since L = s(B) & A, there are z; € B, a; € A such that v;(s(x)) = s(z;) + a;,
i = 1,2. Since 7; € Auta(L), applying 7 to v;(s(z)) = s(z;) + a; we deduce that
7i(x) = ;. Then we have

M72)(2) = 7((1172)(s(2))) = m(11(12(s(2)))) = 7(11(s(x2) + a2))
=7(1(s(22))) = (1 (s(2(2)))) = (m7118)(V2(2)) =71 (2(2))
as required.
(2) By (1), ker ® is a subgroup of Aut(L). So it suffices to show that ker ® is

abelian. Let 71,72 € ker ®. For any « € B, a € A, by L = s(B) @ A, it suffices to
check that

(72)(s(z) + a) = (y2m1)(s(2) + a).
Since 7; = 1p, it follows that w(s(z)) = = %;(z) = 7(y:(s(x))), which implies that
vi(s(x)) —s(x) =a; € A, i =1,2. Then

(r172)(s(z) + a) = n(s(z) + a2 + a) = s(z) + a1 + a2 + a.
Similarly we deduce that (y2vy1)(s(x) + a) = s(z) + a2 + a1 + a. O
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As in [2] and [13] we make:

Definition 3.1. A pair of automorphisms (o,7) € Aut(A) x Aut(B) is called
inducible if there exists a v € Aut4(L) such that ®(v) = (o, 7).

We will discuss inducibility in the setting of good abelian extensions in the next
section. To close this section we give the following technical lemma for further use.

Lemma 3.3. Let (0,7) € Aut(A)x Aut(B) and g € Hom(B, A). If f e Hom(B, A)
satisfies (2.9) then, for x; € B, a; € A,

(34)  w(r(x1))(f(22), 9(x3)) + c.p. + v(7(21))(g(22), f(23)) + c.p. =0,
(3.5)  v(r(z1))(f(22),0(a3)) + c.p. + v(7(21))(0(a2), f(x3)) + c.p. =0,

where v is given by (2.8).

Proof. We show (3.4), while the proof of (3.5) is similar. For any x; € B we
have

(
)
(D) (@0)), (977 (1(w3))) + v(T(23))(fr7 1) (7(2)), (977 1) (7(21)))
) (7(2))) (by (2.9))

f(2), g(21)) + v(7(21))(f (23), 9(2))

as required. 0

In particular, substituting g = f and (o, 7) = (14, 1) into (3.4) and (3.5) one has:
Corollary 3.1. If f € Hom(B, A) satisfies (2.9) then, for x; € B, a; € A,

(3.6) v(z1)(f(22), f(z3)) +c.p. =0,
v(x1)(f(x2),a3) + c.p. + v(z1)(az, f(z3)) +c.p. = 0.
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4. THE WELLS MAP @

In this section we fix a good abelian extension 0 — A < L 5 B — 0 of 3-Lie
algebras with a fixed section s of 7. First we have:

Theorem 4.1. Let 0 - A — L 5 B — 0 be a good abelian extension of 3-Lie
algebras. Then Z°(B, A) = ker ® as groups.

Proof. For any f € Z°(B, A) define y¢: L — L by
v¢(s(x) +a) =s(z) + f(x)+a, xz€B, acA.

Note that L = s(B) @ A. Clearly ~; is F-linear and v7(A) = A. Suppose that
vf(s(x) + a) = 0. Then s(x) =0 and f(z) + @ = 0. Since s is injective, we obtain
that x = a = 0 and hence 7y is injective. For any s(z) +a € L, z € B, a € A,
we have v;(s(z) +a — f(z)) = s(z) + f(x) + a — f(z) = s(x) + a. Therefore, vy is
bijective.

Next we show that 7 is a 3-Lie algebra homomorphism. Indeed, for any s(z;) +
a; € L, r; € B, a; € A, we have

[vr(s(z1) +a1), vr(s(w2) + az), ¢ (s(x3) + a3)lL
= [s(z1) + fz1) + a1, 5(x2) + f(x2) + a2, s(x3) + f(x3) +as]L
= [s(21), s(22), s(23)]L + o(w1, 22)(f(23)) + c.p. + o(x1, 72)(a3) + c.p.
+ v(x1)(az,az) + c.p. (by (3.6) and (3.7))
= s([x1, 22, 23] B) + w(x1, 22, 23) + f([71, 22, 23]B) + 0(x1,22)(as) + c.p.
+ v(z1)(az,as) + c.p. (by Lemma 2.1)
= v (s([x1, z2, 23] B) + w(x1, T2, 23) + 0(x1, 22)(a3) + c.p. + v(z1)(az, a3) + c.p.)
=75([s(x1) + a1, s(x2) + az, s(z3) + as]L)

as required. Thus we have a map 1: Z°(B, A) — Aut(L) given by f +— 7s.

Since ®(y¢) = (14, 1p), v € ker ® and hence 7 is a map from Z°(B, A) to ker ®.
We show that n: Z°(B,A) — ker® is a group homomorphism. Indeed, for any
fi,fo € Z°B,A), x € B and a € A, we have

((fr + f2))(s(2) + @) = 7515, (s(2) + @) = s(z) + (/1 + f2)(2) + a
=71 (8(@) + fo(z) + @) = 75, (v, (5(2) + @) = ((f1)n(f2))(s(x) + @),

from which we get n(f1 + f2) = n(fi)n(fz2) since L = s(B) @ A. Suppose that
n(f) =~5 =0. Then for all z € B, 0 = v4(s(z)) = s(z) + f(z), and hence f(z) =0,
which implies that f = 0. So 7 is injective.
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Now we show that 7 is surjective. For any 7 € ker @, by (3.2) it follows that
for any x € B, x = F(z) = 7(y(s(z))) = w(s(z)), so we can define a linear map
f: B— Aby f(z) =~(s(x)) —s(z) € A, x € B. If f € Z°B, A) then

n(f)(s(x) +a) = 5(s(x) +a) = s(z) + f(2) + a = ~(s(z) +a)

and hence 7(f) = 7. So it remains to show that f € Z°(B, A). To this end we use
Lemma 2.1 as follows. In view of (3.6), we get

v(z1)(f(x2), f(z3)) +c.p. = 0.

Moreover, since v € ker @, y(a) = a, a € A. Then for any x;,x2,x3 € B we obtain

o(x1,22)(f(x3)) + c.p — f([21, 22, 73] B)
= ([s(21), s(22), 8(z3)]L + o(w1,22)(f(73)) + c.p. + v(z1)(f(22), f(23)) + c.p.)
— ([s(z1), s(x2), s(z3)] + f([x1, 22, 23]B))
= [s(z1) + f(21), s(z2) + f(22),8(x3) + f(23)]L
— (s([z1, 22, 3] B) + w(®1, 22, 23) + f([21, 22, 23] B))
=[(s
=[(s

1)), v(s(22)),v(s(x3))]L — v(s([z1, T2, 23] B) + w(®1, 72, 73))

(
(@1)),7(s(22)), (s(x3))]e = v([s(21), s(22), s(x3)]2) = 0.

Therefore, we deduce that f € Z°(B, A). O

Assume that ®(y) = (0,7), so ¥ = mys = 7. (Recall that s is a fixed section of 7
in the good abelian extension 0 — A < L 5> B — 0 of 3-Lie algebras.) It follows
that, for any « € B, F(z) = w(y(s(z))) = 7(x) = 7(s(r(x))), which means that
~v(s(x)) — s(7(z)) € A. So we get an F-linear map f € Hom(B, A) given by

(4.1) f(x) = ~(s(2)) = s(7(2)), x€B.
To obtain a condition for (o, 7) to be inducible we need the following:
Lemma 4.1. If &(v) = (0,7) then

= o(r(21),7(x2)), x1,72 € B,
(2) ov(z)o~! = v(r(z)), =€ B.

—
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Proof. For any 1,22 € B, a € A, by (4.1) it follows that

= o([s(21), s(22),07" (a)]1) (by (1.1))
= ([s(21), s(22),0" (@)]1)
[(s(21)),7(s(22)), 70~ ()]
= [s(r(z1)) + f(21), s(7(22)) + f(22), alr
= o(r(z1), 7(22))(a) + v(7(21))(f(22), @) — v(7(22))(f(21), a)
= o(r(21), 7(x2))(a) + v(r(21))(FT~)(7(22)), @) = v(1(22))((fT")(7(21)), )
= o(r(z1), 7(z2))(a), (by (2.9))

= v(r(x))(ar,a2) (by f(z) € A),
which means that (4.3) holds. The proof is finished. O

The following corollary is straightforward.

Corollary 4.1. If ®(y) = (0, 7) then
(1) o(e(z1,32)(as) + c.p.) = o(7(z1), 7(22))(o(as)) + c.p.,
(2) o(v(z1)(az,as) +c.p.) = v(7(z1))(0(az),0(asz)) + c.p.
Motivated by Lemma 4.1 we introduce:
Definition 4.1. A pair of automorphisms (o,7) € Aut(A) x Aut(B) is called

compatible if it satisfies (4.2) and (4.3). Denote by Cf , the set of all compatible
pairs.

Note that C; 4 is a subgroup of Aut(A) x Aut(B), and independent of the choice
of sections since 0 = A < L > B — 0 is a good abelian extension.

Similarly to the case of Lie algebras (see [2], Section 3), for any (o, 7) € Aut(A4) x
Aut(B) we introduce a trilinear map we - : A® B — A defined by

(44) wor(z1,22,23) = O’oJ(Til(il'l),Til(xQ),7'71(1'3)) —w(z1,22,23), x; € B.
We will show that w, , is a 2-cocycle if (o, 7) € C’éA. For this case we need:
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Notation 4.1. For any f € Hom(A\® B, A), we write the RHS of (2.20) as
S¢,o(x1,22,23,24,25). Hence if f = w, then by Proposition 2.2 one obtains

(4.5) Sw,o(T1, %2, 23, T4,25) =0

for all z; € B. Moreover, for any (o,7) € Aut(A4) x Aut(B), we write

Fow(r™ (z1), 7 (@2), [T (ws), 7 ( (z5)]B)
—ow(T ™ x3), 7 (), [T (@), 7 (@2), 7 (@5)] B)
—ow(T  xg), 7 xs), [T (@), 7 (@2), 7 (@3)]B)
—ow(T  xs), 7 (xs), [T (1), 77 H(@a), 7 H(24) ] B).

With the above notation, we have

Lemma 4.2. If (o,7) € Cé,A then S77 (71,2, 23,74, 75) = 0.

Proof. By (4.2) it follows that

(Swo(r7 (1), 7 (@), 77 (23), 7 (@), 7 (25)))

(0) (by (4.5)) =0

o, T
Sop(T1, 2,23, T4, 75) = 0
=0

as required. 0

Proposition 4.1. If (0,7) € Cf 4 then w, - is a 2-cocycle.

Proof. It suffices to show d,(w, ) = 0. For any z1, z2, x3, 4,25 € B, by a direct
calculation it follows that

do(Wo,r) (1, T2, 3, 24, T5) = S5 (T1, T2, 3, T4, T5) — Su,o(T1, T2, 3, T4, T5)

=0—-0 (by Lemma 4.2 and (4.5)) =0

as required. O

Now we give a criterion for (o,7) € Aut(A) x Aut(B) to be inducible in terms of
maps g, w and v (see (1.1), (2.7) and (2.8)).
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Theorem 4.2. Let 0 - A < L = B — 0 be a good abelian extension of 3-Lie
algebras. Then (o, T) is inducible if and only if the following conditions (1)—(3) hold:
(1) we,r Is a 2-coboundary,
(2) oo(x1,22)0 " = o(7(x1), T(22)) for all 1,22 € B,
(3) ov(z)o~t = v(r(x)) for all z € B.
Note that (2) and (3) are equivalent to saying that (o,7) € Cé’A.
Proof. Suppose that the pair (o, 7) is inducible, that is, there is a v € Aut(L)
such that ®(y) = (0,7). Then by Lemma 4.1 we obtain that (2) and (3) hold. Now

we show that (1) also holds.
Since ®(vy) = (o, 7), we have a map f € Hom(B, A) given by (4.1), that is,

f(x) =(s(x)) —s(r(2)), ze€B.
For any =; € B, a; € A, i =1,2,3, since v € Aut4(L), we have

(4.6)  [y(s(z1) +a1),v(s(z2) + a2),v(s(x3) + as)|L
=([s(z1) + a1, 5(x2) + az, s(x3) + as]L).

By (4.1), the LHS of (4.6) becomes

[(s(21)) + o(ar),7(s(22)) + o(a2), 7(s(z3)) + o(as)]L

= + f@1) + o(a1), s(7(x2)) + f(w2) + 0(az), s(7(23)) + f(x3) + o(az)]r
s(r

(T(z1)) 1) ( (
= [s(7(z1)), 8(7(22)), s(7(x3))|L + o(7(z1), 7(22))(f(x3)) + c.p.
+ o(t(z1),7(22))(0(as)) + c.p. + v(1(z1))(0(az),o(a3)) + c.p. (by Lemma 3.3).

7(z1)

Vo)

By |4 = ¢ and Corollary 4.1, the RHS of (4.6) equals

V([s(z1)

(z2),s(x3)]L + o(z1,22)(as) + c.p. + v(z1)(az, a3) + c.p.)

Y([s(z1), s(22), s(23)]L) + o(o(21, 22)(as) + c.p.) + o(v(z1)(az, a3) + c.p.)
V(s([z1, 22, 23] B)) + o(w(@1, 22, 23)) + 0(0(21, 72)(a3)) + C.p.

+ o(v(21)(az,a3) + c.p.)
(7(

)+
)+
T([x1, 2, 23]B)) + ([xl,xg,xg] )+ o(w(x1, z2,23))
2))
2)

Vo)

(o(az)) +c.p.

+ o(r(z1), 7(x
+ ( ,o(as)) + c.p. (by Corollary 4.1).

7(21))(o(a
By comparing the LHS and the RHS of (4.6) we obtain
(47) U(W((El,xg,xg)) _W(T(xl)vT(xQ)vT(x?)))
= —f([z1, 22, 23]B) + o(7(21), 7(22))(f (23)) + c.p.
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Replacing z; by 7 !(z;) in (4.7) we have that

(48) o (@), 7 (x2), 77 (23))) — w(an, w2, 73)

= —f(lr Na1), 7 Ha2), 7 Hwa)|B) + o(@1, 22)(f (77 (23))) + c.p.

By (4.4) and (2.5) we deduce that (4.8) is equivalent to w,, = d,(fr~!), which
implies that w, ~ is a 2-coboundary.
Conversely, since w, ; is a 2-coboundary, there exists an f € Hom(B, A) such that

(4.9) Wo,r (21,72, 73) = — f([71, 72, 73] B) + 0(71, T2)(f(¥3)) + c.p.

Define v: L — L by

(4.10) v(s(z) + a) = s(r(x)) + f(r(z)) + o(a), x € B, a€ A

Recall that L = s(B)@ A. Note that v is F-linear and y(a) = o(a), a € A. Moreover,
for any x € B, J(x) = w(y(s(x))) = w(s(7(z)) + f(r(x))) = 7(x). So, it suffices to
check that 7 is a 3-Lie algebra automorphism of L.

Suppose that v(s(z) + a) = s(7(z)) + f(7(x)) + o(a) =0, x € B, a € A. Since
f(r(z)) € A and s(B) N A = {0}, we have s(r(z)) = 0 and f(7(z)) + o(a) = 0.
Since s is injective and (o,7) € Aut(A) x Aut(B), x = 0 and hence a = 0, which
implies that ~ is injective.

For any s(z) +a € L, * € B, a € A, set 190 = 7 () € B and ap =
o~ 1(a— f(x)) € A. By (4.10) it follows that

V(s(x0) + ao) = s(r(x0)) + f(7(20)) + o(ao)
= s(r(r7(2))) + f(r(r7(2))) + o (0" (a — f(2)))
=s(2) + () +a— f(2) = 5(2) +a,

which means that ~y is surjective.
It remains to show that -« is a 3-Lie algebra homomorphism. For any s(z;)+a; € L,
x; € B,a; € A, 1 =1,2,3, by (4.10) one obtains

(411)  [y(s(z1) 4 a1),7(s(22) + a2),v(s(x3) + a3)]L
= [s(7(z1)) + f(7(21)) + o(ar), s(7(x2))
+ f(7(22)) +0(az), s(7(x3)) + f(r(z3)) +0o(as)]L
= [s(r(21)), s(7(x2)), s(7(ws))] + o(7(x1), 7(22))(f (7(3))) + c.p.
+ o(7(x1), 7(22)) (0 (az)) + c.p.
+ v(7r(x1))(o(az2),o0(as)) + c.p. (by Lemma 3.3)
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= s(7([z1, 22, 23]B)) + f(7([21, 2, 23] B))
+ o(w(z1, w2, 23)) + o(7(21), 7(22))(0(a3)) + c.p.
+ v(7(x1))(0(az),0(as)) + c.p. (by (4.9), replacing z; by 7(x;)).

By (2) it follows that

(4.12)  o(o(w1,72)(as) +c.p.) =o(e + o(z2, z3)(a1) + o(z3, z1)(az))
o(r (0(a3)) + o(7(x2), 7(x3))(0(a1))
+Q( ( 3), 7(21))(0(az))
o(r

(z1,7(22))(0(as)) + c.p.

and by (3) it follows that

(4.13)  o(v(z1)(az,a3) + c.p.) = o(v(z1)(az, as) + v(z2)(as, a1) + v(xz) (a1, az))
= v(r(21))(0(az),0(as)) + v(7(x2))(0(as), o(ar))
+ v(7(x3))(o(a1), o(az))

= v(r(z1))(0(az),0(a3)) + c.p.

Substituting (4.12) and (4.13) into (4.11) we have that

[v(s(z1) + a1),y(s(x2) + az),y(s(x3) + as)]L
= s(7([x1, 22, 23]B)) + f(7([21, 22, 23] B))
+ o(w(zy, 22, 73)) + o(0(21, 32)(as) + c.p.) + o(v(21)(az, a3) + c.p.)
s([x1, x2, 23] B) + w(x1, 22, 23) + 0(x1, 22)(as) + c.p. + v(z1)(az, as) + c.p.)
s(z1), s(x2), 5(ws)|B + e(x1,22)(as) + c.p. + v(z1)(az, as) + c.p.)
s(x1) + a1, s(x2) + az, s(x3) + as]r),

which completes the proof. O
By Theorem 4.2 and Definition 4.1 we have
Corollary 4.2. Let 0 - A< L 5 B — 0 be a good abelian extension of 3-Lie

algebras. Suppose that (o,7) € CéA. Then (o, ) is inducible if and only if wy ; is
a 2-coboundary.

By Proposition 4.1, we can define a map w: C’]’—;A — HY(B, A), called the Wells
map, by

(4.14) @ (0, 7) = [Wa,r)-
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Therefore, by Corollary 4.2, [w,.] € H'(B,A) is an obstruction to inducibility of
the pair (0,7) € Cf 4.
Combining Theorem 4.1 and Corollary 4.2, we obtain the main theorem of this

section as follows.

Theorem 4.3. Let 0 - A — L = B — 0 be a good abelian extension of 3-Lie
algebras. Then there is an exact sequence

(4.15) 0 — Z2°(B,A) = Auta(L) % Ck 4 S HY(B, A).

Applying this result to good split abelian extensions of 3-Lie algebras we get

Corollary 4.3. Let 0 - A — L = B — 0 be a good split abelian extension of
3-Lie algebras. Then every compatible pair is inducible.

Proof. It suffices to show that w is trivial. Since the extension is split, there
exists a section sg: B — L which is a 3-Lie algebra homomorphism. Let gg, wq, v
be given, respectively by (1.1), (2.7), (2.8) corresponding to sg. Define a linear map
f: B— Aas

f(z) =s(x) — so(x), =€ B.

Since s¢ is a 3-Lie algebra homomorphism, wg(z1,22,23) = 0, 2; € B. Then by
a direct computation we have

(4.16)  w(z1,22,23)
= [s(@1), s(22), s(x3)]L — s([z1, 22, 23] B)
= [so(z1) + f(21), s0(z2) + f(x2), s0(x3) + f(23)]1
— (so([z1, @2, 3] B) + f([z1,22,23]B))
= oo(x1, 2)(f(x3)) + c.p. — f([x1, T2, 23] B) + vo(z1)(f(x2), f(23)) + c.p.
= dyy (f) (21,22, 23) (by (2.5) and (3.6))
=do(f)(z1,22,23) (by Definition 1.1)

and similarly we obtain that

x1), 7 (22), 7 (w3))
T (@1)), s( (@2)), (7 (@)L — s([r Han), 7 H(a2), 7 (w3)]B)

= o(r7 (@1), 7 (@2)) (F (7 (23))) + c.p. = (7 ([o1, 22, 73] ).

Il
@
2~
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Since (o, 7) is compatible, in view of (4.3) one has

417)  o(w(r (@), 7 (22), 7 (23)))
= o(w1,z2)0(f(7 "} (x3))) +c.p. — o (f(r 7 ([w1, 22, 23]B)))

= dg(O'fT_l)(l‘l, X2, x3).

Combining (4.16) and (4.17), we deduce

Wor (71, T2, 73) = ow(T(z1), 7 (22), 77 (23)) — w(®1, T2, T3)

= dg(UfT_l — )1, 22, 23),

which completes the proof. O

We give another application of Theorem 4.3. By Theorem 4.1 we have the short
exact sequence

(4.18) 0— Z°(B, A) = Aut4(L) > im @ — 0.

Theorem 4.4. Let 0 - A — L = B — 0 be a good split abelian extension of
3-Lie algebras. Then the short exact sequence (4.18) is also split.

Proof. Since the good abelian extension 0 — A — L 5 B — 0 is split, there
is a section sg: B — L of m which is also a 3-Lie algebra homomorphism, and, in
view of Corollary 4.3, we obtain that w is trivial and hence im & = C{;A by (4.15).
Define f: B — A as

f(2) = 5(z) — so(x), @€ B.

Define ¥: im ® — End(L) as ¥ (o, 7) = v, where v € End(L) is defined as
(4.19)  A(s(x) +a) = s(7(x)) + o(f(2)) = f(7(x)) + o(a), z€B, acA

Note that y(A4) = A.
Since (0,7) € im®, w, . is a 2-coboundary. By the proof of Corollary 4.3 one

obtains

(4.20)  wo (71,72, 23) = do(afT " — f)(w1, 72, 73)
=dy(ofr ") (21, 22, 23) — dy(f) (21, T2, T3)
= o(w1,x2) (0 f771)(23)) + c.p. — (0 f77 ) ([21, 22, 73] )
— (o(z1, 22)(f(z3)) + c.p. — f([x1, 22, 73] B))
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for all z1,x9, x5 € B. Replacing x; by 7(x;) in (4.20) we have that

(4.21) o(w(x1,r2,23)) —w(r(z1), 7(22), T(23))
= o(7(z1), 7(22))((0 f)(2z3)) + c.p. — (0 f)([x1, 22, 23] B)
— (o(7(21), 7(22))((f7)(x3)) + c.p. — (f7)([21, 22, 23] B)).

Next we show that v is bijective. Suppose that v(s(z)+a) = 0, namely, s(7(x)) +
o(f(x))=f(7(x))+0(a) = 0. Then one has s(7(x)) = 0, o(f(z))— f(r(z))+0o(a) = 0.

Since s is injective and (o,7) € Aut(A) x Aut(B), we deduce x = 0 and hence

)
(

a = 0. To show v is surjective, let s(z) +a € L. Set 9 = 7 '(z) and ap =
o Ya—o(f(r7(z))) + f(z)). Then we obtain

(s(x0) + ao) = s(r(x0)) + o (f(x0)) = f(7(20)) + o(ao)
(

(
= s(r(r7(2))) + o (f(r7 (@) = f(r(r7"()))
+o(eHa—o(f(r7 () + f(x))
= s(z) +o(f(r7 (@) = f(2) +a—o(f(r7(2))) + f(x)
=s(z) +

Therefore, to show W is a map from im ® to Aut (L), it remains to show that ~ is
a 3-Lie algebra homomorphism. For any 1,22, z3 € B, a1,a2,a3 € A, we obtain

[v(s(z1) + a1),v(s(x2) + az),v(s(z3) + a3)|L
= [s(7(21)) + a(f(21)) = f(7(z1)) + o(ar), s(7(x2)) + o (f(22))
o( ]

— f(r(z2)) + o(az),s(r(x3)) + o(f(x3)) — f(7(23)) + o(as)|L
= s([r(21), 7(22), 7(23)]B) + w(T(21), 7(22), 7(23)) + 0(7(21), 7(22))(0(a3)) + c.p.
+ o(t(21), 7(22)) (0 f(x3)) + c.p. = (o(7(21), T(22))(fT(23)) + c.p.)
+ v(7(x1))(o(az),o(as)) + c.p. (by Lemma 3.3)
= s(7([x1, 22, 23]B)) + o(w(@1, 22, 23)) + (0 f)([21, 72, 23] ) — (f7)([21, 72, 23] B)
+ o(7(z1), 7(22))(0(as)) + c.p. + v(7(z1))(0(az), 0(as)) + c.p. (by (4.21))
=(s([z1, w2, 23]B) + w(z1, w2, 23) + 0(21, 22)(a3) + c.p.

Y
+ v(x1)(az,az) + c.p.) (by (4.19) and (o, 7) € C’B7A)
([s(z1) + a1, s(z2) + a2, s(x3) + as]L).

Moreover, we show that ¥ is a section of ®. For any (o, 7) € im ®, set U (o, 7) = 7,
where v is given by (4.19) associated to (o, 7) and hence 7 is bijective. Then for all
x € B and a € A we have

since y(a) = o(a) and 7(z) = 7(y(s(2))) = 7(s(7(2)) + o (f(2)) = f(7(2))) = ().
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Finally, we show that ¥ is a group homomorphism and hence
0— Z%B,A) - Auta(L) S im® — 0
is split. For any (01,71), (02,72) € im® and = € B, a € A, we deduce that

V(o1 71)(¥(02,72))(s(x) + a)
= W(o1,m1)(s(m2(2)) + 02(f(2)) — f(72(2)) + 02(a))
= s(1i(r2(2))) + 01(f(12(2))) — f(1(r2(2))) + 01 (02(f(2)) — f(72(2)) + 02(a))
= s(n1(r2(2))) + o1(02(f (2))) — f(71(72(2))) + o1 (02(a))
= U(o102, 1172)(s(x) + a)

as required. (I

Let 0 » A< L 5 B — 0 be a good abelian extension of 3-Lie algebras. Similarly
to the case of Lie algebras (see [2]), we show that there is a left action of Cé, 4 on
H'(B, A) such that w is an inner derivation.

Let (0,7) € Cf 4 and f € Z'(B, A). Define (*7) f € Hom(A\® B, A) as

(U’T)f(x17x27x3) = O—(f(’ril(xl)a 7—71(1’2)’ Tﬁl(x?))))v T1,T2,T3 € B.

By the proof of Lemma 4.2 we obtain that (©7) f € Z!(B, A). On the other hand,
if f € BY(B,A), ie., f = d,(g) for some g € Hom(B, A), then by the proof of
Corollary 4.3, one has (»7) f = d (o f7='). And hence [(*7) f] € H'(B, A). Note
that this defines a left action of CéA on H'(B, A) given by

O =171

Definition 4.2. Keep the notation as above. : CéA — HY(B, A) is called an
inner derivation if £(a,7) = [(©7) f] — [f] for some [f] € H'(B, A).
We have:

Proposition 4.2. Let 0 - A — L 5 B — 0 be a good abelian extension of 3-Lie

algebras. Then w given by (4.14) is an inner derivation with respect to the action
of Cf 4 on H'(B, A).

Proof. For any (o,7) € C'é’A, we deduce

Wo,r(X1,T2,T3) = O’oJ(Til(il,'l),Til({EQ), 7'71(11,’3)) —w(z1,x2,23)

— (UvT)w(x17$27$3) — w(xla $27$3)
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for all x1,x2,z3 € B. Thus
@(0,7) = o] = 77 = ] =7 fu] — o]

as required. O

5. INDUCIBLE AUTOMORPHISMS OF FREE NILPOTENT 3-LIE ALGEBRAS

In this section we apply the results of the last section to free nilpotent 3-Lie
algebras, and give an example to show that the converse of Theorem 4.4 does not
hold. Let B be the free 3-Lie algebra of rank n with generators {z1,...,2,}. A free
2-step nilpotent 3-Lie algebra By, » of rank n is defined by

(5'1) BH,Q = B/<[[xi7xj7xk]7xlvxm]>

for all z;, z;, T, x1, Tm € {x1,...,2n}. Since free 3-Lie algebras of rank n < 2 are
abelian, we assume that n > 3.

Let Bg% = ([zi,zj,xk]: 1 < k < j < i< n) be the derived subalgebra of B, 2
and Y = {yijx: Vijk = [xi,xj,x%] for 1 <k < j <i< n}. Then we have:

Lemma 5.1. BS% is an abelian 3-Lie algebra with a basis Y = {y;jr: 1 < k <
j<i<n}.

Proof. It suffices to show that BT(}% is abelian. For any i1, i2, i3, j1, jo2, J3, k1,
ko, k3 € {1,...,n}, set

I= [xilaxiz’xis]a J= [xjnszvxjé]v K= [mkuxkzaxkg]'
By (FI) this yields that

[I)J)xkl] = [xklaIaJ]
[[x]ﬂ?I? le]axjmxjs] + [lea [xk17l7 x]é]?xjs] + [leaxjm [xklalaxjs]]

0 (by 5.1).

Since y,, Tk,, Tk, are arbitrary, [I,J, x| = [I,J, zk,] = [, J,zk,] = 0. Thus we
have

[I,J,K] = [17.]7 [Ikukaxks]]
= [[I, J, xkl],kaxh] + [mku [L J, ku]axks] + [xklvka [Ia J, l‘k3]] =0

as required. ([
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Taking the lexicographic order on the basis Y given by

Y321 < Ya21 < Y431 < ... < Yn,n—1,n—2,

we see that

Aut(B()) = GL(W, [F).

With respect to the basis Y any o € Aut(B,(lly;) can be written as

(52) J(yijk) = Z bijk;l1lzl3yl1lzlsa 1 < k< .7 <1 < n,
1<ls<la<li<n

and we denote its matrix by
n(n —1)(n — 2)
o] € GL( . : [F).

Similarly, Bab, := Bmg/Bng = (T1,...,%Ty) is also an abelian 3-Lie algebra of
rank n with a basis {Z1,...,T,}, and Aut(Bgf’Q) >~ GL(n, F). With respect to this
basis any 7 € Aut(Bg2’,) can be written as

n
(53) T(Ez) = Zaijfj, 1 < 7 < n,
j=1

and we denote its matrix by [7] € GL(n, ).
By the definition of B") and Bat

.2 1.2, we have the abelian extension of 3-Lie algebras
0 B} < B,» % B, 0,

where p is the canonical projection. Note that the set

{xla X2y, Tn,Y321,Y421, - - -, yn,nfl,n72}

is a basis of By 2.
Keep the notation as above. By the proof of Lemma 5.1 we have

B9, Y

n,2’-n,2’

B, 2] =0,
and hence Example 2.1 yields:

Proposition 5.1. 0 — BS% <+ Bpo > B;‘L?Q — 0 is a good abelian extension of

3-Lie algebras.
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We will see that this good abelian extension is not split. Since [Bfll;, B,(lly;, Bn2] =0
for any section s of p, by the definition of p, v given by (1.1), (2.8), respectively, it
follows that o = 0, v = 0. So, to derive a criterion for (o, 7) € Aut(Bfi%) x Aut(Bgb,)
to be inducible it remains to compute the map w given by (2.7) for a section s of p.
We begin with:

Lemma 5.2. For any s € Hom(Bgf’Q, B, 2), s is a section of p if and only if s has

the form

.

(5.4) 8(T;) =z + Z dislylsls Yy ol 1 <
1<I3<a<li<n

<n

for some d;;1, 1,1, € F.

Proof. The “if” part is clear. Conversely, since {Z1,...,Z,} is a basis of Bgfg
and

{xla X2y, Tn,Y321,Y421, - -+, yn,nfl,n72}

is a basis of B, 2, any s € Hom(B%,, B, ») has the form

n,2»
n
s(T;) = E CijTj + g izl 115 Yy Lol -
j=1 1<ls<i2<li<n
So, if s is a section of p then
n 3
T = p(s(Ti)) = p(E cijTi+ ) di;111213y111213> =) ciT,
j=1 1<lz<la<li<n j=1

from which we deduce that c;; = d;5, that is,
s@)=zi+ Y dinbiYu

1<ls<lz2<li<n
as required. 0

The next result on w follows essentially by an exterior algebra argument.

n
Lemma 5.3. Fix any section s: BZ?Q — Bpo of p. LetZ; = Y aiyTr, 1 < i < n.
r=1

Then

aill ailz ail3
(5.5) w(Zi,Zj,2) = ) det | aji, aji, ajiy | Yilals
1<lz<iz2<li<n akll ale akl;}

for all 1 <1i,j,k < n.
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Proof. By linearity of w we have
n n n
w(Zi, Zj,2) = w( E i1, Tty E @515 %15, E akl3§l3>
=1 ly=1 ls=1

= E a’illa’jlzakhw(flnflzvfh)'
1<ly,l2,l3<n

Set I = {(l1,l2,13): 1 <l1,l2,l3 < n}. Then I is the disjoint union of I;, 1 < i < 6,
where

Il—{(ll,lg,lg) 1< én}, 12:{(l1,12,l3)2 1< gn
Ig—{(ll,lg,lg) 1<lh<ly <13<n}, I4:{U1,lg,l3)2 1<lhh<liz<ly gn},
Is = {(l1,l2,13): 1< s<nt, Isg={(l1,l2,03): 1< <n

and hence w(Z;,Z;, Zx) is the sum of six summands, each of which is summed over I;.

I3<la<ly

We only consider the summand corresponding to I, since the other summands can be
discussed by similar arguments. Let I} = lo, 5 =11, 5 = l3. Then by anti-symmetry
of w one obtains

E aillajlgaklgw(fh75127513) = § : aillzajlaakléw(fl/z’fl/l’flé)
1<ls<li <la<n 1E<iG <t <n

= E ail2aﬂlakl3w(flmfl17El3)
1<I3<l2<ii <n

= - E a’ilza’jllakhw(flnflzvfh)'
1<ls<la<li<n

By Lemma 5.2 and the definition of Y it follows that
[s(Ti), 5(T5), 5(Tk)B,, » = [wi> 25, Tk] B, » = Yish-
Moreover, since ng is abelian, one has [T3, T2, T1] gy, = 0. Thus we have

w(fiafjafk) = [s(fi)v S(fj)a s(fk)]Bn,z - S([f?nf%fl]Bzf’Q)

= [5(T:), s(%5), s(Tk)] By = Yishe-

Therefore,
w(Zi, Zj,2k) = E Qily Qjly Akl Yly Inls T Qily Gjla Okly Ylylols + Qils Qjly Okl Ylylols
1<ls<lza<ii<n
— Q41 Ajl3 Akl Ylplals — Gilz Ajly Okl Ylylals — Aily Gjly OklzYlq 1215
Qi1 Qily Gy
= > det [ an,  ai, iy | Yt
1<lz<l2<li<n Akl Ak, Aflg
as required. O
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By Theorem 4.2 and Lemma 5.3, we are now ready to prove the main result of
this section.

Theorem 5.1. Let (o,7) € Aut(B,(lly;) x Aut(B2,). Then (o,7) is inducible if
and only if
iy Qily  Qily
(5.6) det | aji,  aj,  ajiy | = bijhitaiats
Akl Okl Okly
foralll<k<j<i<nandl<l3<ly <l <n, where [0] = (bi,izig;j1jajs) and
[7] = (a;;) are matrices of o and T, respectively.
Proof. We may use the section s: Bgfg — B, 2 of 7 given by s(T;) = x;. Then
we have w(Z;,T;,Tk) = Yijx- By Theorem 4.2, (o, 7) is inducible if and only if

(5.7) o (w(Ti, Tj, Tp)) = w(7(Ti), 7(T5), 7(Tr))

for all 1 <4, j,k < n. We calculate the LHS and the RHS of (5.7) to deduce (5.6).
For any 1 < 4,7,k < n, by (5.2) we have

(5.8) o(W@i, T, Tk) = o(yije) = D bijkiibats Yoty
1<ls<lz2<li<n

and

(5.9) w(r(®@:),7(T;),7(Tk)) = W(Z WL T, Y AT, Y akzgfzs) (by (5.3))

11=1 lo=1 Is=1
i, @i, Qi
= E det [ aji, aji, Qjis | Yiiia15 (by Lemma 5.3).
1<ls<la<li<n akll aklz aklg

By comparing (5.8) and (5.9) we obtain that
i, Qil, Qg
(5.10) det | aji,  aj, aj, | = bijkials
Qkl,  Qkly, Qkls
holdsforall ISk <j<i<nand1<l3<ly <l <n. O

In the remaining part we consider the case n = 3. Note that B§12) is 1-dimensional

and any automorphism of B§12) is just a nonzero element ¢ in F. By Theorem 5.1 we
have:

Corollary 5.1. Let (¢,7) € Aut(BgQ)) x Aut(Bg%). Then (t,7) is inducible if and
only if t = det[7].
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We also have:

(1)

Proposition 5.2. The good abelian extension of 3-Lie algebras 0 — B3y —

B3 RS ng — 0 is not split.

Pro of Fix any section s’ : Bgf’Q — Bs 9. Then by Lemma 5.2, s'(T;) = x;+k;ys21
for 1 <i < 3 and some k; € F. It follows that

w(f?nf%fl) = [8/(53% S,(EQ)a S,(fl)]Bs,z - s,([f?nf%fl]ng)
= [x3 + k3ys21, T2 + kayso1, 1 + k1ys21]B,, — 0

= [x3,%2,%1]B, , = Y321 # O,

which means that s’ is not a 3-Lie algebra homomorphism, and hence the above
abelian extension is not split. O

(1)

For the good abelian extension 0 — B34 — B3 B§7b2 — 0 of 3-Lie algebras,

the short exact sequence given by (4.18) becomes
(5.11) 0— Z2°(BgY, BSY) — Aut o (Bs.2) % im® — 0.
3,2

Proposition 5.3. The short exact sequence (5.11) is split.

Proof. Let s: B§% — Bsg be the section of p given by s(F;) = ;. Define
U: im® — End(Bs2) as

(5.12) U(o,7) =

First we show that im ¥ C AutB(1> (Bs,2). Then we show V¥ is a section of ® and is

also a group homomorphism, which implies that (5.11) is split.

Note that ¢t # 0 and we obtain 7(B§12)) B§12) since BéQ) is 1-dimensional spanned

by ys21. We show that v € Aut 5, (Bs,2) as follows.
3,2

3 3
Suppose that 'y(z cijTy + kiy321) =0, ie., Z ¢ij8(T(T;)) + kitysar = 0. Set
3 3
7(T;) = Eaﬂxl for j=1,2,3. Then > cjja;x —I— k: ityser = 0. Since [7] = (aj) €
7,l=1
GL(3, ) we obtam c¢ij = 0 and k; = 0, which implies that - is injective. To show ~

is surjective, let Z CijTj + kiys21 € B3 2. Define
j=

(di1, dia, di3) = (ci1, ciay ciz)[7]™F and 7y == k;/t.
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Then we have

3 3
’Y<Z dijzj + 7%‘2/321) =Y dijajim + ritysn

=1 =1
= (di1, dia, diz) [7][z1, T2, 23]" + Kiyaa1

= (i1, Ciay Ci3)[7] Tl [w1, w2, 23] " + kiysar
3
= Zciﬂ?j + kiys21.

j=1

Therefore, 7y is bijective. We show that - is a 3-Lie algebra homomorphism. Indeed,

[7(1‘3)7 7(372)7 7(371)]33,2 = [5(7(53)% 8(7(52))7 S(T(fl))]Bsz

3 3 3
= [S<Z a3l@zl> ) S(Z azzﬁlz) ; S(Z a/ll3flg):|
B3 2

l1=1 lo=1 I3=1
3 3 3
= W( § as,, T, E a2,1,T15, § au@u)
l1=1 lo=1 I3=1

az3 a2 asy
=det | azs a2 a21 | yz21 (by Lemma 5.3)

La13 ai12 ai1 |

ail a2 ai3
=det | as1 age a3 | yso1 = tyser (by Corollary 5.1)

Las1 a3z a33 |
= 7([1.37 X2, xl]Bs,z)'

Then we have v € Aut ;1) (B3 2). By the definition of v, we obtain v(ys21) = o(y321)-
3,2
And for i = 1,2, 3, we deduce that

7(@i) = p(v(s(Ti))) = p(y(2:)) = p(s(r(73)) = (i),

therefore, ®(y) = (o, 7). Then for any (o, 7) € im ®, one obtains

which implies that ¥ given by (5.12) is a section of ®. Finally, we show that U is
a group homomorphism. For any (o1, 71), (02, 72) € im @, set [01] = t1, [02] = t2 and
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[T1] = (aij), [r2] = (aj;), respectively. Then for any k = 1,2,3 we have
3
U(o1,71)¥(02,72) (1) = U(o1,71)(s(r2(Tk))) = ¥(o1, 1) | 5| p_ aT
1 2, T2) (T, 1 2(Tk 11<<l§;kll)>
3 3
= (o) (Y b)) = s( (S ahm)
=1 =1

3 3
s( Z alma2l5m> = Z QT = (71 (72(Tk)))

l,m=1 I,m=1

= \I/(JlUg,Tng)(xk),
and we also have

U(o1,71)¥ (02, 72)(ys21) = U(o1, 71)(02(y321)) = 01(t2y321)

= titaysar = 01(02(ys21)) = V(o102, T172)(Y321)-
Since {x1, z2,%3,ys21} is a basis of Bz 2, we obtain that
\11(0'1,7'1)\1/(0'2,7'2) = \I’(Ulo'Q,TlTQ)

as required. 0
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