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Abstract. The changepoint estimation problem of a common change in panel means
for a very general panel data structure is considered. The observations within each panel
are allowed to be generally dependent and non-stationary. Simultaneously, the panels are
weakly dependent and non-stationary among each other. The follow up period can be
extremely short and the changepoint magnitudes may differ across the panels accounting
also for a specific situation that some magnitudes are equal to zero (thus, no jump is
present in such case). We introduce a novel changepoint estimator without a boundary
issue meaning that it can estimate the change close to the extremities of the studied time
interval. The consistency of the nuisance-parameter-free estimator is proved regardless
of the presence/absence of the change in panel means under relatively simple conditions.
Empirical properties of the proposed estimator are investigated through a simulation study.

Keywords: panel data; changepoint; change in means; estimation; dependence; non-
stationarity; call options; non-life insurance
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1. INTRODUCTION AND AIMS

A typical panel data structure in empirical economics usually assumes independent
panels, which are used to represent a set of multiple units (e.g. countries, companies,
or different financial markets). These units are a priori assumed to be indepen-
dent among each other. The main focus is placed either on detection of a possible
changepoint [5], [12], [2] or estimation of an unknown changepoint location [1], [13].
Sometimes, the assumption of independent units is not realistic. Dependence is then
traditionally modeled by additional stochastic terms, which are implemented in a lin-
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ear form that is common across all panels. The key interest is, again, to detect or to
estimate the potential changepoints [10], [6], [4], [8].

In more complex situations, however, the linear form of dependence across panels
is quite limiting and other approaches are needed to properly take into account the
complexity of the underlying mechanism, which generates the available data. Such
situations are common, for instance, for various financial markets, where individ-
ual panels represent financial values for some sort of commodity with an implicit
form of natural ordering. For example, a set of panels for time developments of the
intrinsic values of options with specific strikes—option values. Such scenario with
non-stationary panels is also considered in Maciak et al. [9], where the focus is on
the changepoint detection. In this paper, we consider the same structure of the un-
derlying model, although, the main interest is on the consistent estimation of the
unknown common changepoint without any prior knowledge whether a changepoint
is present in the panel data or not. On one hand, dependent and non-stationary
panels with possibly an extremely short follow-up period allow for huge flexibility of
the model. On the other hand, the presented estimation method is completely nui-
sance parameter free, which makes it effortlessly applicable. In addition, the model
formulation also allows for a situation, where only some of the panels are subject to
a change while there is no change in the remaining panels.

From the practical point of view, the proposed methodology can be applied to call
options, where the option intrinsic values Y; ; for a specific strike (panel) i =1,..., N
are observed repeatedly over several trading days t = 1,...,T. Thus, the panels are
naturally ordered by the corresponding options’ values. A standard approach with
linearly dependent panels is not appropriate as it cannot truly capture the underlying
panel complexity. Another application can be taken from non-life insurance, where
associations in many countries unite several insurance companies. Claim amounts
paid by every insurance company each year are collected into a common database.
The total (cumulative) claim amount Y; ; paid by insurance company ¢ (ordered with
respect to the received premium) in year ¢ can be viewed as panel data.

The changepoint model assumed for the scenarios described above is

(1.1) Y;,t:Hi+5iﬂ{t>T}+5i,t; i=1,....N, t=1,....T,

where u; € R are the panel-specific mean parameters, 7 € {1,..., 7T} is some common
changepoint time (same for all considered panels) with the corresponding jump mag-
nitudes ¢; € R. Thus, if there is some common changepoint in model (1.1) present at
the time 7 < T', then the corresponding panel-specific means change from p; before
the change to u; + §; after the change. This formulation also allows for a specific
case where §; = 0, meaning no jump is present for some given panel ;. The panel-
specific disturbances {¢;.}+ are general sequences of random errors. The length of
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the follow-up period, T, is supposed to be fixed and not depending on the number
of panels N.

2. CHANGEPOINT ESTIMATOR

Various consistent estimators of the changepoint in panel data are proposed in,

g. [10], [1], or [2], but all under the circumstances that the change occurred for
sure. Although in our case, we do not know whether a change has occurred or not.
Therefore, we propose the following idea: If the panel means change somewhere
inside {1,...,T — 1}, let the estimate select this break point; if there is no change
in panel means, the estimator points out the very last time point 7" with probability
going to one. In other words, the value of the changepoint estimator can be T,
meaning no change. This is in contrast to several previous works, where T is not
reachable. Pestova and Pesta [13] have already constructed a desirable changepoint
estimator applicable without the knowledge whether the change occurred for sure.
Their estimator indeed has not the boundary issue, but it assumes independence
across the panels as well as a form of stationarity within the panels. Our intention
here is to overcome such restrictive conditions.

The common changepoint 7 in panel data can be estimated as

2.1 TN =
(2.1) Ty = arg max Un(t),
where
1 N T
R T e
i=1 u=1v=t+1
(2.2) Un(t) = ) N T e
(T —1) Z Z Loot=T
=1 v=2 u:l
Assumption Al. The vectors &; = [g;1,...,6; 7] are zero mean a-mixing,

where the mixing coefficients satisfy Z{a( L) P/ < oo for some x > 0,
Vare;; = 02 > 0, and supE |¢; t|4+2X<oofor allt e {1,...,T}.
€N

Note that the panels of errors g; are neither independent nor identically dis-
tributed. Moreover, there is no prescribed form of stationarity assumed within the
panel. Such universal assumptions on the random errors strengthen our forthcom-
ing result. The sequence {;+};_; can be viewed as some complete fragment of
a non- stationary but homoscedastic process. Furthermore, non-stationarity across
the panels {e;}, is allowed as well.
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Assumption A2. Let sup|d;| < oo.

ieN
Assumption A3. Letg, = min Eeiucip and §; = max Ee;yu€i0-
- u,ve{l,...., T} w,weq{l,..., T}
For
N N
. 1 27(T — 1) 9 2 9
T | — ¢l = —— 0 — —— c_¢)| =
TN NH (T—l)Q};Z 7127 )| =0
and
N
2 _
For

A 71X
—_ ; 2 _=\_ - 2\
T=T, 1\}1_I>n Wi ( E (07 —%i) 5 1221 5i) = 00.

i=1
Assumptions A2 and A3 control trade-off between the size of breaks, the number
of panels, and the variability of errors. They may be considered as detectability
assumptions, because they basically specify the value of signal-noise ratio for finding
the consistent estimator.

Theorem 2.1 (Consistency). Under Assumptions A1-A3, Nlim Pty =7] =1.
—00

Proof. For t < T and with respect to Assumption Al, let us calculate

N t T
(2.3) EUy(t) Z S E(eiw+ 6 u> 1} — 10 — 6:1{v > 7})?
i=1 u=1v=t+1
N t T
ZZ > (B}, +Eel, —2Eciucin + ;v > 7 > u})
z:l u=1v=t+1

—220 — )+ A7 25,

where

T—71

t<T
AZT: T - and ci: Z Z Eeiugiv-

Z’ t>T1 )u 1 v=t+1

t
Similarly for ¢t = T we have

N N
2T 9 2r(T — 1) 9

(24) B () = =g (ot — )+ g 2%
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Let us define

t T

1
mz S (Viw—Yin)% t<T;

u=1v=t+1
T v—1
2

Tt o Wi =Yt t=T.

v=2u=1

X,L' =

Bradley [3], Theorem 5.2(a) provides a(Xo,i) < a(eo,i) and, thus by Assump-
tion Al,

(2.5) i }x/(2+x < Z{O‘ }x/ 24X) < 0.

Ift < T, then
(2.6) supE|Xi|2+X < ( Z Z sup E[(Yi,u — Yi0)?*TX
ieN u=1v=t+1 N
— ( Z Z SupE|€1,u 611})
u=1v=t+1 iEN
—2(eiu — 5“,)5 Ho>712>u}+ 620 v>7>up*tX
31+X t
AL S IR (LSRRI
u=1v=t+1 €N
+ 22 X gup |6;]2 X Sup Eleiu — &0 + sup |6; |4+2X} <0
ieN €N

by Assumptions Al, A2, and by Pesta [11], Lemma A.3. If ¢ = T, then

T v—-1
T \2+x
2.7 E|X; 2+X<( ) E|(Yiw — 24x
( )§g£|z| T_1 _1;;|zu )|
T1+X T v—1
= T 2 D Sl i)

—2(in — i) v >T = ul + 21 v > 7 > u} X
3T 1+X T v—1
—1) (T —1)3+x ZZ{SHPH Ei — Ei0) [ FHX

€N

+ 22X sup |6, 2T sup E |e;,0 — €4.0|>TX + sup |5i|4+2)<} < 0
ieN ieN ieN

again by Assumptions Al, A2, and by Pesta [11], Lemma A.3.
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Relations (2.5), (2.6) and (2.7) together with Lin and Lu [7], Lemma 1.2.4 imply

(2.8) |Cov (X, Xieai)| < TOX k2| Xl 2-x { (Ko, 1) X/ O

2/(2+x)
< 10(sup E[X25X) T fa(eo, i) /20

ieN

for all 4,k € N. The Jensen’s inequality yields E X? < [E | X;|?TX]?/(2+X) for all i € N.
According to (2.5), (2.6), (2.7) and (2.8), we get

N
(2.9) Var )" X; = ZVarX +ZZCOV X, X;)
i=1 i=1 j=1
J#i
9 2 2/(2+x) /(2+x)
< NsupE X; +10(supE|X| X) ZZ{Q (Xo, [t — g p/isrx
€N =1 j=1

J#i
2/(24x) &

2/(2+x)
< N(sup E |Xi|2+X) + 20N (sup E |Xi|2+x) Z{a L) P/ (20
ieN

ieN
< Andkﬁthﬁr%

where k(x,t,7,T) is a constant independent of N.

The Chebyshev inequality provides Un(t) — EUN(t) = Op(y/Varln(t)) as
N — oo. Since the index set {1,...,T} is finite and 7 is finite as well, then (2.9)
implies

max VarUn(t) < NK(x,T),
where K(x,T) is a constant not depending on N. Thus, we also have uniform
stochastic boundedness, i.e.,

max Uy (t) - EUn(t) = Op(VN), N — oo.

1<t

With respect to (2.3) and (2.4), one has

Un(T) —Un(t) = Un(T) — BEUN(T) — [Un(t) — EUN(D)] + EUN(T) — EUN(E)
> — 2 max |[Un(r) — EUN(r)| + EUN(T) — EUN(?)

1<r<T

= —2 max |Un(r) - BEUn(r)|

Ar =Tt <T—Ur < Tt =T} <, ,
1 ;(a G

N
+ [ﬂ{T <Ty— AT At < T} - %ﬂ{t - T}} >
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for each t € {1,...,T}. Particularly, previous inequality holds for 7y. Note that
T~ = argmax; Uy (t). Hence, Un(7) — Un(Tn) < 0. Therefore,

T (2ax U (r) — BUy(r)]

\/_<
Wr=Tin<Ty-Ur<T,7on=T} 1 &

5 2N N < 1}_1{ <T.7y }]\/_N;(J,Q—ci)
[H{T<T} AL WAy < T} - (( ))ﬂ{m T}}\/_Z(s%

Note that 0 < A7 < 1forallt,7 € {1,...,7 — 1} and Af, = 1 if and only if
t = 7. Moreover, 27(T — 7)/(T —1)> < 1 for all 7 € {1,...,T}. Firstly, if 7 < T,
then

L
2 1 &

> - 2 UHFv = _E 2 _ ¢

Z - T}\/NZ.:I(Uz )

N
+[1- A% 4ty <7y - T ey = 1] 2 Y

52]

N
+ﬂ{T<TN}[ﬂ{TN <TH1-AZ | \/%Z(sf

+ﬂ{?N=T}({ Q(TL}\/—ZQ —1x/_§:a_czﬂ

The left-hand side of (2.10) is Op(1) as N — oo. Thus, the right-hand side of (2.10)
and Assumption A3 give P[Ty = 7] — 1 as N — oco. Secondly, if 7 = T', then
(2.11)

N N
2 1 2

—— max |Un(r) — EUn(r)| = WTn <T}—<— E (02 —¢;) — E 5?)
VN 1<r<T VNA\T -1 — po

(2.10) [Un(r) — EUN(T)]

max
1<r<T

=1 > A} (- AL, (e < T

2 -
i1

Since expression in (2.11) is Op(1) as N — oo, we have P[Ty = 7] - 1 as N — o©
due to Assumption A3. O
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3. SIMULATION EXPERIMENT

For a common abrupt change in panel means, a simulation study is performed in
order to study the finite sample properties of the proposed consistent changepoint
estimator. Particularly, the estimator’s empirical distributions—visualized through
histograms—are of interest. A similar simulation scenario setup to PeStova and
Pesta [13] is chosen. Random samples of panel data (2000 each time) are generated
from the changepoint model (1.1). In order to demonstrate the performance of the
estimator in the case of small panel size, the panel length is set to 7" = 10. The
number of panels is N = 2,5, 10, 20, 50.

The random row error vectors are simulated in a non-stationary way as e, =
[€i1,---.€i7] =0.3g;1 Wi < N/2} +0.7¢;11{i > N/2} + e; with a burn-in period
of 50 row vectors (thrown away). Here, the row innovations &; = [g;1,...,&;,7| are
generated as three time series: iid, AR(1), and GARCH(1,1) sequences. The coef-
ficient of the considered AR(1) process is ¢ = 0.3. The GARCH(1,1) process has
coefficients g = 1, ¢y = 0.1 and By = 0.2. In all three sequences, the innovations
of €;4’s (i.e., innovations of elements of the row innovations) are obtained as iid
random variables from a standard normal N (0, 1) or Student ¢5 distribution multi-
plied by a suitable constant in order that the errors possess common variance for all
panels, i.e., o; = o for all i. For the AR(1) and GARCH(1,1), we throw away again
a burn-in period having length 50. All possible combinations of the above mentioned
settings are produced as Monte Carlo simulation scenarios. A selection of the results
is provided below.

At first, the impact of the dependence structure and the errors’ distribution on
the changepoint estimator is examined. Figure 1 contains six different structures of
model disturbances, where N = 20, 7 = 8 (depicted by the dotted vertical line),
o = 0.2, and 100% of the panels are subject to change of the size §; ~ U|0,2] (i.e.,
the breaks are uniformly and independently distributed on [0, 2]).

One may conclude that the precision of our changepoint estimator is satisfac-
tory even for relatively small number of panels regardless of the errors’ structure.
Innovations with lighter tails yield more precise estimators than innovations with
heavier tails (i.e., Subfigures la, lc, le vs. Subfigures 1b, 1d, 1f). It can be noticed
that the GARCH(1,1) errors’ model gives the worst estimator’s precision from three
dependence structures.

The proposed estimator works reasonably for various locations of the unknown
changepoint as demonstrated in Figure 2. Being particular, various values of
the changepoint (again depicted by the dotted vertical line) are chosen (r =
1,2,5,8,9,10). Now, N = 20, 0 = 0.2, 75% of the panels have a change of the
size d; ~ UJ[0,2], and the panel disturbances’ innovations are AR(1) with N(0,1)
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(a) iid, N(0,1) (b) iid, t5

1.0 : 1.0 ]

0.8 [ 0.8 |

0.6 : 0.6 :

0.4 i 0.4 i

0.2 ! 0.2 !
00 T T T T T T T : T 1 00 T T T T T T T : T 1
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1.0 | 1.0 |
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0.2 : 0.2 i
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1 2 3 45 6 7 8 9 10 123 45 6 7 8 9 10

(¢) GARCH(1,1), N(0,1) (f) GARCH(1,1), t5

Figure 1. Histograms of 7n—various panel disturbances’ distributions and structures
(r=8,T =10, N = 20, 0 = 0.2, 100% of the panels with the change size
0; ~ UJ[0,2]).

innovations. Let us recall that 7 = 10 corresponds to the ‘no change’ situation. And
indeed, the empirical distribution of the estimator coherently concentrates at the
last time point 7.

The impact of the number of panels (N = 2,5,10,20) is investigated in Figure 3
We set the panel disturbances’ innovations as AR(1) with ¢5 innovations, 7 = 9,
o = 0.2, and 50% of the panels have a change §; ~ U[0,2]. The precision of Tn
improves markedly as N increases. If a higher number of panels (i.e., N = 50)
is considered, then 100% precision is achieved. Longer panels were generated as
well (e.g. T = 25; not presented here). Then as expected, the estimator’s precision
increases as the panel size gets bigger.

The effect of panel variability on the estimator’s performance is shown in Fig-
ure 4. Various values of the variance parameter are taken into account (¢ =
0.1,0.2,0.5,1.0). Here, 7 = 1, N = 10, all of the panels have a change §;, ~ UJ0, 2],
and the panel disturbances’ innovations come from GARCH(1,1) with N(0,1) inno-
vations. It is noticeable that the more volatile observations, the less precise change-
point estimator. If the panel’s variability (under the assumed dependency) is too
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0.0 T T T T T T T T : 1 0.0 T T T T T T T T T :
1 2 3 4 6 7 8 9 10 1 2 3 45 6 7 8 9 10
(e)7=9 (f) =10

Figure 2. Histograms of T—various values of the changepoint 7 (7' = 10, N = 20, 0 = 0.2,
75% of the panels with the change size d; ~ U[0, 2], AR(1) errors with N(0,1)
innovations).

1.0 ! 1.0 :
0.8 . 0.8 :
0.6 : 0.6 :
0.4 ! 0.4 !
0.2 ! 0.2 !
00 ,TT‘ T T T T T T : 1 OO T T T T T T T T : 1
12 3 45 6 7 8 910 1 2 3 45 6 7 8 910
(a) N =2 (b)N=5
1.0 : 1.0 |
0.8 i 0.8 i
0.6 ! 0.6 !
0.4 i 0.4 i
0.2 ! 0.2 !
00 T T T T T T T T : 1 00 T T T T T T T T : 1
1 2 3 45 6 7 8 9 10 1 2 3 45 6 7 8 910
(c) N =10 (d) N =20

Figure 3. Histograms of 7y—various values of N (7 = 9, T = 10, o = 0.2, 50% of the
panels with the change size d; ~ U[0, 2], AR(1) errors with ¢5 innovations).
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0.84 |1 0.84 |1
0.64 [ 1 0641
044 |1 044 |1
0.24 ]! 0.24 ]!
oo b ool b —
123456 7 8 9 10 12345678 910
(a) 0 =0.1 (b) o =0.2
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0.84 |1 0.84 |
0641 0.6 [
0441 0441
0241 0241
oo b (R = s
123456789 10 12345678 910
(¢c)o=05 (d)o=1.0

Figure 4. Histograms of 7xy—various values of o (1 =1, T = 10, N = 10, 100% of the panels
with the change size §; ~ U[0, 2], GARCH(1,1) errors with N (0, 1) innovations).

high compared to the size of the change, then it would be rather difficult to estimate
a possible change.

At last, we elaborate how different portions of the panels with a change in mean
influence the estimator’s precision in Figure 5. Four cases were considered: 25%, 50%,
75%, and 100% of the panels have a change d; ~ U[0,2]. The panel disturbances’
innovations are GARCH(1,1) with ¢5 innovations, 7 = 5, and N = 20. If a relatively
high number of panels contain a change, then the changepoint estimator performs
reasonably in terms of precision.

1.0 | 1.0 |
0.8 i 0.8 i
0.6 : 0.6 :
0.4 ! 0.4 !
0.2 ! 0.2 !
00 T T T T : T T T T 1 00 T T T T : T T T T 1
12 3 45 6 7 8 910 12 3 45 6 7 8 910
(a) 25% (b) 50%
1.0 : 1.0 i
0.8 ! 0.8 |
0.6 E 0.6 E
0.4 ! 0.4 !
0.2 ! 0.2 !
00 T T T T : T T T T 1 00 T T T T : T T T T 1
1 23 45 6 7 8 9 10 1 2 3 45 6 7 8 910
(c) 75% (d) 100%

Figure 5. Histograms of Ty—various portion of the panels with the change size §; ~ U|0, 2]
(r=5,T =10, N = 20, GARCH(1,1) errors with ¢5 innovations).
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