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Abstract. This paper considers certain pseudometric structures on Ext-semigroups and
gives a unified characterization of several topologies on Ext-semigroups. It is demonstrated
that these Ext-semigroups are complete topological semigroups. To this end, it is proved
that a metric induces a pseudometric on a quotient space with respect to an equivalence
relation if it has certain invariance. We give some properties of this pseudometric space
and prove that the topology induced by the pseudometric coincides with the one induced
by the quotient map.
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1. INTRODUCTION

In 1973, in order to study quasidiagonality for operators and for C*-algebras,
Brown, Douglas and Fillmore recognized that it may be related to the topological
structure on Ext-groups, see [4]. They topologized the group Ext(X) by point-wise
convergence in the norm topology and announced that the closure of zero equaled
the quasidiagonal extensions, where X is a compact metric space. This result was
proved by Brown in 1980, see [3].

In [1] Arveson considered the point-norm topologies on completely positive linear
maps and extensions of a separable C*-algebra and proved that the set of completely
positive linear maps which is liftable is point-norm closed. He hence obtained the
fact that invertible extensions are point-norm closed for extensions of a separable
C*-algebra by the compact operators. In [10] Salinas generalized Brown’s investiga-
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tions to the case of extensions of separable nuclear C*-algebras by the compact oper-
ators, and subsequently to the case of relative quasidiagonal extensions in [11], [12].
In [6] Dadarlat defined a topology on the Kasparov group K K(A, B) in terms of
Cuntz pairs and approximate unitary equivalence for separable C*-algebras A and B.
Then he proved that this topology, the Pimsner topology, and the Brown-Salinas
topology coincide for separable C*-algebras A and B.

In [13], [14], [15] Schochet systematically studied topologies on the Kasparov
groups K K'(A, B). He particularly proved that the Brown-Salinas topology, the
Zekri topology, and the two Cuntz topologies are identical. He also verified that
KK(A, B) have a natural structure of pseudopolonais topological groups. One re-
markable result of his work is that the well-known UCT (see [9]) is an exact sequence
in the category of topological groups:

0 — Ext(K.(A), K.(B)) — KK*(A, B) — Hom(K,(A), K.(B)) — 0.

Notice that Schochet’s work mainly focused on stable Ext-groups for nonunital
extensions. It is known that the original BDF-theory is engaged in classifying unital
extensions. However, classifications of unital extensions are essentially different to
these of nonunital extensions, not only due to invariants but also due to methods,
since the classic Ext-groups and UCT only hold for the nonunital case. Motivated
by the references mentioned above, we aim to topologize Ext-semigroups and UCTs
for unital extensions, and give a unified characterization of several topologies on
Ext-semigroups.

For our purpose, we first study a pseudometric on a quotient space induced by
an equivalence relation in Section 2. It is natural that the pseudometric should be
compatible with the equivalence relation. It is investigated that this requirement is
related to a property analogous to certain invariance. We call this property minimal
invariance (see Definition 2.3). Subsequently, we consider the topological property
of this pseudometric quotient space. One of the results is that we prove that the
topology induced by the pseudometric coincides with the one induced by the quotient
map. In Section 3, by the results of Section 2, it is proved that these Ext-semigroups
are complete topological semigroups. In the subsequent paper we will apply these
topologies to topologizing UCTs for unital extensions of C*-algebras.

2. PSEUDOMETRICS ON QUOTIENT SPACES

In order to describe the topologies on Ext-groups uniformly, we consider pseudo-
metrics on quotient spaces in this section. We are concerned with the question when
a (pseudo)metric induces a pseudometric on a quotient space.
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Recall that a pseudometric on a space X is a function on X x X with values in

nonnegative real numbers and satisfies the following conditions for any x,y, z € X:
(i) d(z,y) = d(y,z);

(i) d(z,2) < d(z,y) + d(y, 2);

(iii) d(z,y)=0if z =y.

Suppose that (X,d) is a (pseudo)metric space with an equivalence relation ~.
Let X/~ be the quotient space consisting of the equivalence classes. For z € X,
we denote by T the equivalence class of . Let m: X — X/~ be the quotient map
defined by 7(z) = Z for any € X. Then d induces a function d on the space
(X/~) x (X/~) by

d(z,9) = inf{d(z',y): 2’ ~xz,y ~y}.
Obviously, for any 7,7 € X/~ we have d(Z,7) = d(§, %) and CT(E,@/) =0ifz=7.
Next, we consider the following questions:
(1) When is d a pseudometric on X/~?
(2) When does the topology induced by d coincide with the quotient topology?
(3) When is m open?
In fact, d is not a pseudometric in general. We need some restriction to make d
a pseudometric. Before answering the above questions, we need to give some proper-
ties of d. Firstly, we notice the following fundamental fact of the infimum. Though
it is known, we list it here for the sake of convenience.

Lemma 2.1. Suppose that A, B are two nonempty sets and f is a real function
on A x B. Then the following equalities hold:

inf inf = inf = inf inf )
ylgB;IElA (@) ze}axr,lyer(x’y) ;IelAyHele(:L',y)

Proposition 2.2. For (X, d) given above, the following statements are equivalent:

(1) inf d(a',y) = inf d(z,y’) for any z,y € X;

(2) ilr:fx d(z',y) = yi/r:fy d(z',yo) for any z,y € X and any yo ~ y;

(3) I/Nixnf/ d(x’,yz’)Ni inf d(a',y) for any z,y € X;

(4) :,:lzngl:z d(z',y') = ;‘Zfz d(z',yo) for any z,y € X and any yo ~ y.

Proof. (1)=(2) Suppose yo € X such that yo ~ y. By (1), we have
inf d(2',y0) = inf d(z,y”), inf d(2',y) = inf d(x,y").
T/~ Y~y !~z Y~y
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Since o ~ ¥, it follows that y” ~ yg if and only if 4" ~ y. Hence
inf d(z,y”) = inf d(z,y).
y''~yo Y~y
Therefore inf d(z',y) = inf d(z',yo).
(2)=-(3) By (2) and Lemma 2.1, we have

inf d(z',y") = inf inf d(2',y’) = inf inf d(2’,y) = inf d(2’,y).

z'~z,y' ~y Y~y ~x y'~y x~z x'~x

(3)=(1) By (3), it follows that

inf d(z',y) = inf d(2/,y") < inf d(x,y").

x/ ~x x/ ~xy ~y Yy ~y
This implies that inf d(2’,y) < inf d(z,y’) for any z,y. Hence,
z'~T y'~y
inf d(z,y') = inf d(y',z) < inf d(y,2’) = inf d(z',y).

Y~y y'~y z'~a z/
Therefore inf d(z',y) = inf d(z,y’).

z/~z Y~y
(2)=(4) Similarly to the proof of (2)=(3), for any z,y € X and any yo ~ y we

have

inf d(z',y') = inf inf d(2’,y’) = inf inf d(z,y0) = inf d(2’, o).
’ x’/ v

@'~y vy Y~y Yyl
(4)=(2) Since y’ ~ y, by (4) it follows that

inf d(z',y) < inf d(z/,y") = inf d(2’,yo).
T/~ T/~

x'~vwsy' vy
Hence,

inf d(z',y) < inf d(z',yo).

x/ ~x

Exchanging the positions of y and yg, we obtain
inf d(z’,y0) < inf d(2',y).
x/~x x/~x
Therefore (2) holds. U

Definition 2.3. We say that the metric d has the minimal invariance with re-
spect to the equivalence relation ~ if for any x,y € X,

inf{d(z',y): 2’ ~x} =inf{d(x,y"): v ~ y}.

Next, we prove that d becomes a pseudometric if d has the minimal invariance.

Theorem 2.4. If d has the minimal invariance, then (X/~,d) constitutes a pseu-
dometric space.
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Proof. We only need to prove the triangle inequality:

d(z,y) < d(@,2) + d(z,y)

for any z,y,z € X.

Suppose that 2’ ~ x, ¢y’ ~ y and 2’ ~ z. By the triangle inequality of d, we have

d(z',y") <d(a',2") +d(2',y').

It follows from Lemma 2.1 and Proposition 2.2 that

inf d(z',y") < inf inf (d(2',2") +d(2',y’)) = inf (inf d(z/,2") +d(', "))
T/ ~zy vy Yyl Y~y @~
= inf d(2,2') + inf d(2',7)
z/ Y~y

= inf d(@,Z)+ inf  d(z",y)

!~z 2!~z y'~y, 2!~z

inf d(2',2")+ inf  d(z",y).

xl~x, 2 oz Y~y 2~z

Therefore d(Z,y) < d(7,2) + d(Z, ).

O

Corollary 2.5. Suppose that {Z,} is a sequence in X/~ and Ty € X/~. If d has

the minimal invariance, then {Z,} converges to Ty under d if and only if there is

a sequence {y,} in X such that y, ~ x,, for all n and {y,} converges to xo under d.

Proof. (<) Suppose that there exists {y,} in X such that y, ~ x, for all n

and {y,} converges to xo under d. Since J(fn,fo) < d(yn, o), then T, LN 0.

(=) Suppose that Z,, 4 7. By Proposition 2.2, we have

d(ZTpn,To) = inf d(y,xo).

Y~Tn

Hence, for every n there is y,, € X such that y,, ~ z,, and

d(yn, o) < d(ZTpn,To) + 1/n.

Therefore {y,} converges to xy as n tends to infinity.

O

There are many examples that the quotient spaces are pseudometric spaces, espe-

cially when the metrics have certain translation invariance. The following example

is a typical case.
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Example 2.6. Let X be a normed linear space and let M be a linear subspace
of X. Define an equivalence relation on X by z ~y < z —y € M. Set d(x,y) =
[l — y||. Then d induces the function

dz,7) = inf |z

z/~a,y vy

=Y.

One can easily check that inf d(z’',y) = inf d(x,y’) for any xz,y € X. That is to
T/~ y'~y

say that d has the minimal invariance with respect to the above equivalence relation.

Hence, dis a pseudometric on X /~.
Define ||Z|| = d(&,0). Then by Proposition 2.2,

|Z|| = inf d(2',0) = inf ||2'].
x/~x T/ ~T

This is the usual quotient seminorm on quotient spaces of normed linear spaces.
Moreover, if M is a closed subspace, then ||Z|| is a norm on X/~.

Example 2.7. Let B be a C*-algebra with an ideal I. Suppose that A is a sep-
arable C*-algebra. Denote by CP(A, B) and CP(A, B/I) completely positive linear
maps from A into B and B/I, respectively. For any ¢ and ¢ in CP(A, B), we

say they are equivalent if they induce the same map from A into the quotient al-
[ee]

gebra B/I. Define a metric on CP(A, B) by d(¢,v¥) = > 27"||¢(an) — ¢¥(an)ll,

where {a,} is a dense sequence in the unit ball of A. Then by [1], Lemma 3.1, the
metric d has the minimal invariance with respect to the equivalence relation. It fol-
lows that the induced map disa pseudometric on C'P(A, B)/~, which is a complete
metric subspace of CP(A, B/I) by [1], Theorem 6.

In the following, we assume that (X,d) is a (pseudo)metric space and d has the
minimal invariance with respect to an equivalence relation ~ on X. Let A be a subset
of X and x € X. Set R(A) = {zr € X: & ~ a for some a € A} and O.(z) =
{ye X: d(y,z) < e} for e > 0.

Lemma 2.8. Suppose that z,2’ € X such that x ~ z'. Then R(O.(x)) =
R(O.(z")) for any € > 0.

Proof. Let z € R(Oc(x)). Then there exists y € O.(z) such that z ~ y. Since
d(z,y) < e, inf d(z”,y) < . By the minimal invariance, we have inf d(z,y’) < e.
7 Y~y
Since ¢’ ~ x, inf d(a’,y") < € by Proposition 2.2. Hence, there is y; € X such

Y~y
that y; ~ y and d(2',y1) < e. Since z ~ y ~ y; and y; € O.(2), it follows that
z € R(Oc(2')). Therefore R(O.(x)) C R(O:(z")).
By the symmetry of 2 and 2/, we obtain R(O.(z')) C R(O¢(z)). So the conclusion
holds. (]

440



Lemma 2.9. Let G be an open subset of X. Then R(G) is open.

Proof. For any yo € R(G), there is 2y € G such that yo ~ xg. Since G is open,
there is € > 0 such that O.(xzg) C G. Then yg € R(O:(x¢)) and R(Oc(x0)) C R(G).
In the following, we prove that R(O.(z¢)) is open and hence R(G) is open.
Let z € R(O:(xg)). Then there is € X such that  ~ z and d(z,z¢) < . Hence,
we have
inf d(2',20) = inf d(z,2") <e.

x/~x x!' ~xg

Since x ~ z, by Proposition 2.2 we have

inf d(z,2")= inf d(z,2")<e.

2!~z 2!~z

Hence, there is 1 € X such that z1 ~ x¢ and d(z,z1) < e. So z € O(z1) for some
T, ~ Xo.

On the other hand, by Lemma 2.8, R(O.(x¢)) = R(O-(x1)). Note that O.(z1) C
R(Oc(x1)). This implies that

S Og(xl) C R(OE({E()))

Therefore R(O.(x0)) is open. O

Recall that the quotient topology on X/~ induced by the map 7 is the family
{Uc X/~: 7~ Y(U) is open in (X, d)}

of subsets of X/~, where m: X — X/~ is the quotient map.
It should be noted that when X/~ is equipped with the quotient topology, 7 is
open if and only if R(G) is open for any open subset G of X.

Theorem 2.10. The topology on X/~ induced by d coincides with the quotient
topology on X /r~.

Proof. Let 74 be the topology induced by d on X. Suppose that o is the
quotient topology on X/~ and 7 is the topology induced by d on X/r.

Since d(Z, ) < d(z,y), the quotient map m: X — X/~ is continuous. Hence T is
weaker than o.

For the inverse direction, we first prove that
O:(z) = m(R(Oc(x))
for any z € X and any ¢ > 0.
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Suppose that y € X such that d(z,y) < e. Then inf d(2',y) < € and hence
there is £/ € X such that 2"/ ~ 2’ and d(z”,y) < e. Sgigncz 2" ~ x, it follows that
y € R(O¢(z). Furthermore, y € m(R(O¢(z)). So O.(Z) C 7(R(O¢(x)).

Conversely, let z € R(O.(z)). Then there is zg € O.(x) such that z ~ z5. The
fact that d(zo,z) < ¢ implies that d(Z,%) < e. Since z ~ z, we have d(Z, %) < e.
Therefore z € O, ().

Now we prove that o is weaker than 7. For any F € o, then 7 }(F) € 74. Assume
that o € F and then zg € 7! (F). Hence there is ¢ > 0 such that O.(z) C 71 (F).
Moreover, R(O.(x)) C R(m~1(F)). Note that R(m~*(F)) = m~*(F). Therefore
m(R(Oc(x0)) C F. By the above proof, we have

T(R(O:(x0)) = O:(Zp) € 7.
Hence, F' € 7. This implies that o C 7. ]

Theorem 2.11. The quotient map w: (X,d) — (X/~, d) is open.

Proof. Note that for any subset G of X, 7~ 1(n(G)) = R(G). Hence, by
Lemma 2.9, 7: (X,d) — (X/~,0) is open, where o is the quotient topology on X/~
induced by the quotient map w. By Theorem 2.10, (X/ N,J) is homeomorphic to
(X/~,0). Therefore w: (X,d) — (X/N,J) is open. O

Suppose that X has a binary operation, denoted by ¢, which preserves the equiv-
alence relation, i.e. aoc~bod if a ~ b and ¢ ~ d. Then there is an operation (still
denoted by ¢) defined by: 7 ¢y = ¥ Sy in the quotient space. On the relation of
continuity of the two operations we have the proposition below.

Proposition 2.12. If (X,d) has a continuous binary operation preserving the
equivalence relation, then the induced binary operation on the quotient space

(X/~,d) is also continuous.

Proof. Suppose that {z,} and {y,} converge to {Zop} and {7} in (X/~,d),
respectively. By Corollary 2.5, there are 2], and y/, in X such that

/ / ; d ;) d
Ty ~ Tp, Yn ™~ Yn, Xy, > X0, Yn > Yo.

d
Hence ], 0y, ~ Tn © yp, and x,, 0yl — o © Yo.

Since T, 0, = T S Yn = 2, © ¢/, by Corollary 2.5 again, it follows that Z, o7, 4,
T © yJo. Therefore, the induced binary operation is continuous. O
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For the completeness of the quotient space, one can check the following proposition.

Proposition 2.13. If (X,d) is a complete metric space, then (X/N,CT) is also
complete.

3. TOPOLOGIES ON EXT-SEMIGROUPS

In this section, we try to topologize several Ext-semigroups uniformly, espe-
cially the Ext-semigroups of unital extensions. From this, these Ext-semigroups are
equipped with complete topological structures.

Firstly, we need to recall some definitions and notations of C*-algebra extension.
One can see [2], [16], [17], [18], [19], [20], [21], [22] for more details.

Let A and B be C*-algebras. An extension of A by B is a short exact sequence

e:0—B-E o450

Denote this extension by e or (F, a, §) and the set of all such extensions by Ext(A, B).

The extension (F,«, ) is called trivial if the above sequence splits, i.e., if there
is a homomorphism v: A — E such that So~v = ida. We call (F,«q, ) essential if
a(A) is an essential ideal in FE.

Let 0 — B -5 E 4 A — 0 be an extension of A by B. Then there is a unique
homomorphism o: E — M(B) such that o o a = ¢, where M (B) is the multiplier
algebra of B, and ¢ is the inclusion map from B into M (B).

The Busby invariant of (E, «, ) is a homomorphism 7 from A into the corona
algebra Q(B) = M(B)/B defined by 7(a) = n(c(b)) for a € A, where 7: M(B) —
Q(B) is the quotient map, and b € E such that 3(b) = a. Note that an extension is
essential if and only if its Busby invariant 7 is an injective homomorphism.

If A is unital and the Busby invariant is unital, then (F, «, 8) is called unital.

Suppose that A and B are C*-algebras. There are several equivalence relations
of extensions of A by B. Let ¢;: 0 = B — E; — A — 0 be an extension with the
Busby invariant 7; for i = 1, 2.

Two extensions e; and ey are called (strongly) unitarily equivalent, denoted by
e1 % eg, if there exists a unitary u € M(B) such that m5(a) = 7(u)7 (a)7(u)* for all
a € A. Denote by Ext(A, B) or Ext (A, B) the set of (strong) unitary equivalence
classes of extensions of A by B. If A is unital, we denote by Ext} (A, B) the set of
unitary equivalence classes of unital essential extensions of A by B.

Two extensions e; and es are called weakly unitarily equivalent, denoted by ey ~ es,
if there exists a unitary v € Q(B) such that m2(a) = vy (a)v* for all a € A. Denote by
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Ext,, (A, B) [Ext), (A, B) when A is unital] the set of equivalence classes of extensions
[unital extensions| of A by B under weak unitary equivalence.

Similarly, we denote essential extensions by adding a superscript “e” on these sets.
Then there are several analogs, e.g. Ext®(4, B), Ext{"(A, B), Ext;, (A, B) etc.

Let H be a separable infinite-dimensional Hilbert space and K the ideal of compact
operators in B(H). If B is a stable C*-algebra (i.e. B ® K = B), then the sum of
two extensions 71 and 7, is defined to be the homomorphism 7 @ 7o, where

1P A— Q(B)® Q(B) C M2(9Q(B)) = Q(B)

and the isomorphism M>(Q(B)) = Q(B) is induced by an inner isomorphism from
Ms(M(B)) onto M(B).

The above sets of equivalence classes of extensions are commutative semigroups
with respect to this addition when B is stable. One can similarly define these semi-
groups replacing B by B ® K if B is not stable.

A trivial extension 7 is called strongly unital if there exists a unital homomorphism
from A to M (B) lifting .

Denote by Ext(A, B) the quotient of Exts(A, B) by the subsemigroup of trivial
extensions. If A is unital, Ext!(A, B) [or Extl (A, B)] is the quotient of Ext"(A, B)
[or Ext;, (A, B)] by the subsemigroup of strong unital trivial extensions. Denote by
[7] [or [7]s, [T]w] the equivalence class of 7 in Ext(A, B) [or ExtY (A, B), Extl (A, B)].

Let e,e2 € Ext(A,B). If e; and ey are equal in Ext(A, B) [or Extl(A,B),
Extl (A, B)], then e; and es are called stably unitarily equivalent, denoted by ey Xes.

Let e be an extension of A by B with the Busby invariant 7. Then e is called
absorbing [unital-absorbing when A is unital] if 7 is unitarily equivalent to 7 @ o for
any trivial [strong unital trivial] extension o.

Suppose that A and D are C*-algebras and let Hom(A, D) be the set of homo-
morphisms form A to D. There are three topologies on Hom(A, D) as follows:

(1) The topology of pointwise convergence;
(2) The compact-open topology;
(3) The topology of uniform convergence on compact sets.

By [13], Proposition 2.1, the above topologies on Hom(A, D) coincide and are
induced by the metric if A is separable:

ZHf 9 az |
2lasll

where {a;} is a dense sequence consisting of nonzero elements in A. These topologies
are the same as the one given by [1], also see Example 2.7. For these topologies, one
can check the following properties.
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Proposition 3.1. Suppose that A and D are two C*-algebras with A separa-
ble. Then Hom(A, D) is a complete metric space under the metric defined above.
Furthermore,

(1) Hom'(A, D) = {f € Hom(A, D): f is injective} is closed;

(2) Hom"(A,D) = {f € Hom(A,D): f is unital} is closed when A and D are
unital;

(3) Hom™(A, D) = {f € Hom(A, D): f is injective and unital} is closed when A
and D are unital.

In the following, we assume that A and B are C*-algebras with A separable and B
stable. Similarly to the addition of extensions, one can define a binary operation on
Hom(A, Q(B)) via an inner isomorphism. To be specific, take two isometries s1, 5o
in M(B® K) with s1s} + sgs3 = 1 and then the binary operation is defined by

(f @ g)(a) =m(s1)f(a)m(sy) @ m(s2)g(a)m(s3)

for any f, g in Hom(A,Q(B)) and a in A, where 7 is the quotient map from
M (B ® K) into Q(B). Notice that Hom(A, Q(B)) is not an abelian semigroup under
this operation in general.

Proposition 3.2. Suppose that @ is the above binary operation defined on the
metric space Hom(A, Q(B)) equipped with the preceding metric d. Then
(1) the operation @ is continuous in the metric;
(2) the metric d has the properties

d(f ©o,g®0) <d(f,g)+d(e,0), d(f®h,g®h)=d(fg)

for any f, g, h, o, 0 in Hom(A, Q(B)).

Proof. It suffices to show that (2) holds since continuity of the operation follows
from the inequality in (2).
Note that (f@®g)(a) = V(f(a)®g(a))V* for every a in A, where V = (7(s1), 7(s2))
implements that inner isomorphism. Then it follows that:
I(f @ 0)(a) = (g @ o) (a)]| = [[VI(f(a) — g(a)) & (e(a) — o(a)) V7|
= max{||f(a) = g(a)[l, [le(a) = o(a)|}
< |lf(a) = gla)ll + lle(a) = a(a)]-

The above discussion also implies that

1(f @ h)(a) = (g & h)(a)]| = [f(a) — g(a)]].
As a result, the metric d has the properties mentioned above. (I
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In fact, Hom(A, Q(B)) is the set of extensions of A by B under strong isomorphism
(see [2], Section 15.4). In the same way, Hom'(A, Q(B)) [or Hom™ (A, Q(B))] is the
set of essential [or unital essential] extensions of A by B. They are complete metric
spaces under the above metric d.

Since the metric d has minimal invariance on each of the preceding metric
spaces with respect to the unitary equivalence and the weak unitary equiva-
lence, respectively, d induces pseudometric structures on these spaces. By Proposi-
tions 2.12, 2.13, 3.1, and 3.2, we have the following conclusion.

Theorem 3.3. Equipped with the induced pseudometrics (still denoted by d),
these semigroups Ext.(A, B), ExtS(A, B), Ext{"(A, B), where x = s, or w, consti-
tute complete topological semigroups.

Next, we will consider how to topologize the Ext-groups, that is Ext(A, B),
Ext¥(A, B), and Extl (A, B). But we do not intend to show that the metrics have
minimal invariance with respect to the stable unitary equivalence of extensions. Here
we will achieve the goal with the aid of absorbing extensions.

For the sake of convenience, we let

E*(A,B) = {r € Hom(A, Q(B)): 7 is absorbing},
E"*(A,B) = {Tr € Hom"(4, Q(B)): 7 is unital-absorbing}.

Recall [7] that an extension e: 0 - B — E — A — 0 is called purely large if for
every € E'\ B, the C*-algebra 2 Bx* contains a subalgebra which is stable and is
full in B.

By [7], [8], there is a characterization of absorbing extensions and purely large
extensions in the following.

Lemma 3.4. Let A and B be separable C*-algebras with A nuclear. Suppose that
e:0—B—E-"A-—0

is a nonunital essential extension. Then the following statements are equivalent:
(1) The extension e is absorbing.
(2) The extension e is purely large.
(3) For everye >0,z € E*\ B and b € BT with ||¢(z)| = 1 and ||b|| = 1, there
exists r € B such that ||r|| =1 and |[rar* —b| < e.

Theorem 3.5. Assume that A and B satisfy the conditions in Lemma 3.4.
Equipped with the above metric d, E*(A, B) and E"®(A, B) are complete metric
spaces.
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Proof. Suppose that {7,} is a sequence of absorbing extensions with limit 7
in E(A, B). Let m be the quotient homomorphism form M (B) into Q(B) and

en: 0>B—FE,—A—0

the standard extension of 7,,, where E,, = 7~ !(7,,(A)) and ¢, = 7,, ! ow. Then there
is a commutative diagram:

0 B B, —2 s A 0
0 B M(B) "= Q(B) —=0

Similarly, for the extension 7 there is an exact short sequence e: 0 - B — E —
A — 0 such that the following diagram is commutative:

0 B E— 2 0
|
0 B M(B) Q(B) —=0,

where £ = 77 1(7(A4)) and ¢ =77 ' om.
For every ¢ > 0, z € ET\ B and b € B* with ||¢(z)| = 1 and [|b]| = 1, we set
a = (x). Then a € A" and 7(a) = w(x). Since {7,(a)} converges to 7(a), there
is n such that ||7,(a) — 7(a)|| < €/2. Choose y € M(B)* such that 7,(a) = 7(y).
Then y € E;" and
7@l = lImn(a)ll = [lall = 1.

Hence,
Im(z =)l = inf llz = (y+ )| < /2

It follows that there is 29 € BT such that |z — (y + 20)|| < £/2 and ||7(y + 20)|| = 1.
Since e,, is purely large, for y + 2o € E;f, b € BT and € > 0, by Lemma 3.4 there
exists r € B such that ||r]| =1 and ||7(y + 2z0)r* — b|| < £/2. Hence,

rar” = r(y+ 200" + 1y + 20)r" = b]

[[rar™ — bl <|
<z =+ 20+ lIr(y + 20" = bl <e/2+¢/2 <e.

By Lemma 3.4 again, e is purely large. Therefore E%(A, B) is complete.
For unital-absorbing extensions, there is an analogue of Lemma 3.4 and hence by
a similar argument of the above we conclude that E"?(A, B) is complete. O
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If there is a trivial absorbing [unital-absorbing] extension, by [2] we have the
following isomorphisms:

Ext(A,B) = E*(A,B)/X, Ext!(A,B) = E"(A,B)/X
Ext! (A, B) = E"*(A, B)/~.

Let 7, ms and m,, denote the tree quotient maps, respectively.

Equipped with the metric d, F*(A, B) and E"#(A, B) are metric spaces and d
has minimal invariance with respect to the unitary equivalence and the weak uni-
tary equivalence, respectively. Hence, it induces three pseudometrics d dg, dw on
Ext(A, B), ExtY(A, B) and Ext} (A, B), respectively.

With the help of Theorems 2.10, 2.11, Propositions 2.12, 2.13, 3.1, 3.2 and The-
orem 3.5, we summarize the topological properties of these quotient semigroups in
the following.

Theorem 3.6. Suppose that A and B are C*-algebras with A separable. Assume

that there is a trivial absorbing [or unital-absorbing] extension of A by B. Then:

(1) Ext(A, B), Ext¥(A, B) and Extl (A, B) are topological semigroups.

(2) The topologies induced by c?, Js, Jw coincide with the quotient topologies in-
duced by 7, s and 7, on Ext(A, B), ExtY(A, B) and Extl, (A, B), respectively.
In addition, these topologies satisfy the first axiom of countability.

(3) The quotient maps 7, s and 7, are open in the three situations.

(4) If A is nuclear and B is also separable, then Ext(A,B), ExtY(A,B) and
Extl (A, B) are complete.

Remark 3.7. Special cases of the above semigroups also appeared in [3], [4],
[5], [6], [10], [11], [12], [13] and they are topologized in several ways. Here they are
equipped with topologies uniformly.

It is obvious that the completeness of the above topological semigroups comes from
Theorem 3.5. One may notice that this theorem requires that B is separable. Since
whether an absorbing extension can be lifted to an absorbing completely positive
map into the multiplier algebra is unknown, one can not use the completeness of
completely positive maps to show that the set of absorbing extensions is complete.
But without the help of the separability of B, we can also directly show that the
three topological groups are complete.

Theorem 3.8. Let A be a separable nuclear C*-algebra and B a o-unital
C*-algebra. Suppose that Ext(A,B), ExtY(A, B) and Ext! (A, B) are endowed
with the pseudometrics d, ds, d.,, respectively. Then they are complete topological
groups.
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Proof. By [2], Corollary 15.8.4, the assumption implies that these semigroups
become abelian groups. It suffices to show that the conclusion holds for the case of
(ExtY(A, B), ds) because the proofs of the others are similar.

Suppose that {[7,]s} is a Cauchy sequence in Ext!(A, B). By passing to a sub-
sequence, if necessary, one can assume that dy([7n]s, [fn41]s) < 1/2771. By the
definition of d, and the mathematical induction, we can choose o,, € E*(A, B) one

by one such that [7,]s = [0,]s and

dS([Un]s; [Un-',-l]s) < 1/2™.

Then {o,} is a Cauchy sequence in E*"(A, B).

By the completeness of E*(A, B), there is an essential unital extension o such that
on 4 5in E“(A, B). By the Kasparov absorbing theorem, there is an absorbing
unital trivial extension og. Then

d
on © 0o +> 0 D oyp.

Hence it follows that

ds([Tnls, [0 © 00ls) = ds([on @ 00]s, [0 D o0]s) < d(oy, B oo, 0 Dog) =0

in Ext¥(A, B) as n — oo. Therefore Extl(A, B) is complete.
As regards the invariance under translation, by Proposition 3.2 and similar argu-
ment in [11], Lemma 5.1, one have

de([ri)s & [o1]s, [12]s @ [o2]s) < @([n]s,@s) + ds([o1]s, [02]s),
dS([Tl]s S2] [U]Sv [7'2]3 S2] U]S) = dS([Tl]Sa [7'2]8)

for any 7, 0;, o in Hom(A, Q(B)). This implies that the pseudometric Js is trans-
lation invariant for the additive operation in ExtY(A, B).

Finally, from the translation invariance, it follows that the inverse operation is
also continuous. Therefore Ext!(A, B) is a topological group. O

Remark 3.9. As for the separability of these topological Ext-groups, it should
be pointed out that the above Ext-groups may not be separable in general even if A
is separable and B is o-unital. The following is a counterexample. But when B is
separable, these topological Ext-groups are separable (see [13]).

Example 3.10. Let A be the C*-algebra Cy(0,1) consisting of all continuous

functions on the open interval (0, 1) which vanish on the end points. Let B = @ K,
aEA
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where K is the C*-algebra of compact operators on a separable infinite-dimensional
Hilbert space and A is an index set with cardinality uncountable. Then A is separable
and B is o-unital. By the Kasparov theorem and [13], there are isomorphisms of
topological groups:

Ext(A,B) = KK'(A,B) = KK(C, B).
Using the UCT, one can compute that

KK(C, B) = Hom(K(C), Ko(B)) = Hom<z, &b z).
acA

Since the topological group Hom(Z, é Z) is discrete and uncountable, KK (C, B)

. A
is not separable. ac

References

[1] W. Arveson: Notes on extensions of C*-algebras. Duke Math. J. 44 (1977), 329-355.

[2] B. Blackadar: K-Theory for Operator Algebras. Mathematical Sciences Research Insti-
tute Publications 5, Cambridge University Press, Cambridge, 1998.

[3] L. G. Brown: The universal coefficient theorem for Ext and quasidiagonality. Operator
Algebras and Group Representations, Vol. I. Monographs and Studies in Mathemat-
ics 17, Pitman, Boston, 1984, pp. 60-64.

[4] L. G. Brown, R.G. Douglas, P. A. Fillmore: Extensions of C*-algebras, operators with
compact self-commutators, and K-homology. Bull. Am. Math. Soc. 79 (1973), 973-978.

[6] L. G. Brown, R. G. Douglas, P. A. Fillmore: Extensions of C*-algebras and K-homology.
Ann. Math. (2) 105 (1977), 265-324.

[6] M. Dadarlat: On the topology of the Kasparov groups and its applications. J. Func.
Anal. 228 (2005), 394-418.

[7] G.A. Elliott, D. Kucerovsky: An abstract Voiculescu-Brown-Douglas-Fillmore absorp-
tion theorem. Pac. J. Math. 198 (2001), 385-409.

[8] D. Kucerovsky, P. W. Ng: The corona factorization property and approximate unitary
equivalence. Houston J. Math. 82 (2006), 531-550.

[9] J. Rosenberg, C.Schochet: The Kiinneth theorem and the universal coefficient theorem
for Kasparov’s generalized K-functor. Duke Math. J. 55 (1987), 431-474.

[10] N. Salinas: Homotopy invariance of Ext(.A). Duke Math. J. 44 (1977), 777-794.

[11] N. Salinas: Quasitriangular extensions of C*-algebras and problems on joint quasitrian-
gularity of operators. J. Oper. Theory 10 (1983), 167-205.

[12] N. Salinas: Relative quasidiagonality and K K-theory. Houston J. Math. 18 (1992),
97-116.

[13] C. L. Schochet. The fine structure of the Kasparov groups I: Continuity of the
K K-pairing. J. Func. Anal. 186 (2001), 25-61.

[14] C. L. Schochet: The fine structure of the Kasparov groups II: Topologizing the UCT. J.
Func. Anal. 194 (2002), 263-287.

[15] C. L. Schochet: The fine structure of the Kasparov groups III: Relative quasidiagonality.
J. Oper. Theory 53 (2005), 91-117.

450

ZbIMR]doi
2bIJMR

ZbIMR
zblMRfdoi]
zblMRfdoi]
2l MRfdoi]
2l MRfdoi]
2bI MR

zbI[MRfdoi|
b MR|do]

2bIMK
ZbIMR
zblMRfdoi]
zblMRfdoi]
zbIMR


https://zbmath.org/?q=an:0368.46052
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0438137
http://dx.doi.org/10.1215/S0012-7094-77-04414-3
https://zbmath.org/?q=an:0913.46054
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1656031
https://zbmath.org/?q=an:0548.46055
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0731763
https://zbmath.org/?q=an:0277.46052
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0346540
http://dx.doi.org/10.1090/S0002-9904-1973-13284-7
https://zbmath.org/?q=an:0376.46036
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0458196
http://dx.doi.org/10.2307/1970999
https://zbmath.org/?q=an:1088.46042
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2175412
http://dx.doi.org/10.1016/j.jfa.2005.02.015
https://zbmath.org/?q=an:1058.46041
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1835515
http://dx.doi.org/10.2140/pjm.2001.198.385
https://zbmath.org/?q=an:1111.46050
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2219330
https://zbmath.org/?q=an:0644.46051
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0894590
http://dx.doi.org/10.1215/S0012-7094-87-05524-4
https://zbmath.org/?q=an:0391.46057
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0512388
http://dx.doi.org/10.1215/S0012-7094-77-04435-0
https://zbmath.org/?q=an:0539.47011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0715566
https://zbmath.org/?q=an:0772.46039
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1159442
https://zbmath.org/?q=an:0990.19003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1863291
http://dx.doi.org/10.1006/jfan.2001.3784
https://zbmath.org/?q=an:1029.19004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1934604
http://dx.doi.org/10.1006/jfan.2002.3949
https://zbmath.org/?q=an:1119.19006
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2132689

[16] C. Wei: Universal coefficient theorems for the stable Ext-groups. J. Funct. Anal. 258

(2010), 650-664. MR
[17] C. Wei: Classification of extensions of AT-algebras. Int. J. Math. 22 (2011), 1187-1208. IMR]

[18] C. Wei: On the classification of certain unital extensions of C*-algebras. Houston J.
Math. 41 (2015), 965-991. zbl MR
[19] C. Wei, S. Liu: On the structure of multiplier algebras. Rocky Mt. J. Math. 47 (2017),

997-1012. MR

[20] C. Wei, L. Wang: Hereditary C*-subalgebras and comparison of positive elements. Sci.

China, Math. 53 (2010), 1565-1570. MR

[21] C. Wei, L. Wang: Isomorphism of extensions of C(T2). Sci. China, Math. 54 (2011),

281-286. MR

[22] R. Xing, C. Wei, S. Liu: Quotient semigroups and extension semigroups. Proc. Indian

Acad. Sci., Math. Sci. 122 (2012), 339-350. | zblJMR] doi

Authors’ addresses: Changguo Wei (corresponding author), Xiangmei Zhao,
School of Mathematical Sciences, Ocean University of China, 238 Songling Road, Qing-
dao, 266100, P. R. China, e-mail: weicgqd@163.com, 1661337829@qq.com; Shudong Liu,
School of Mathematical Sciences, Qufu Normal University, 57 Jingxuan West Road, Qufu,
Shandong, 273165, P. R. China, e-mail: 1shd008@163. com.

451


https://zbmath.org/?q=an:1194.46103
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2557950
http://dx.doi.org/10.1016/j.jfa.2009.10.009
https://zbmath.org/?q=an:1232.46059
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2826560
http://dx.doi.org/10.1142/S0129167X11007227
https://zbmath.org/?q=an:1344.46050
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3423693
https://zbmath.org/?q=an:1380.46042
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3682159
http://dx.doi.org/10.1216/RMJ-2017-47-3-997
https://zbmath.org/?q=an:1200.46050
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2658613
http://dx.doi.org/10.1007/s11425-010-4011-x
https://zbmath.org/?q=an:1225.46051
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2771204
http://dx.doi.org/10.1007/s11425-010-4132-2
https://zbmath.org/?q=an:1264.46052
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2972657
http://dx.doi.org/10.1007/s12044-012-0086-3

		webmaster@dml.cz
	2020-11-18T11:27:54+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




