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Abstract. In this paper we study the incompressible inviscid limit of the full magnetohy-
drodynamic flows on expanding domains with general initial data. By applying the relative
energy method and carrying out detailed analysis on the oscillation part of the velocity,
we prove rigorously that the gradient part of the weak solutions of the full magnetohydro-
dynamic flows converges to the strong solution of the incompressible Euler system in the
whole space, as the Mach number, viscosity as well as the heat conductivity go to zero and
the domains expand to the whole space. Furthermore, we obtain the convergence rate.

Keywords: full magnetohydrodynamic flows; inviscid limit; expanding domain; incom-
pressible limit
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1. Introduction

Magnetohydrodynamic flows arise in science and engineering in a variety of prac-

tical applications such as in plasma confinement, liquid-metal cooling of nuclear

reactors, and electromagnetic casting. The fundamental concept behind MHD is

that magnetic fields can induce currents in a moving conductive fluid, which in turn

polarizes the fluid and reciprocally changes the magnetic field itself. The set of equa-

tions that describe MHD are a combination of the Navier-Stokes equations of fluid

dynamics and Maxwell’s equations of electromagnetism. These differential equations

must be solved simultaneously, either analytically or numerically. The compressible

magnetohydrodynamic flows appears in a variety of engineering and physical prob-

lems. We consider the motion of viscous compressible fluids in a family of domains

ΩM ⊂ R3, M → ∞, verifying the following properties:
The work of the author was partially supported by NRF-2019H1D3A2A01101128 and
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⊲ ΩM are simply connected, bounded and C2 domains, uniformly for M → ∞.
⊲ there exists ω > 0 such that

(1.1) {x ∈ R
3 ; |x| < ωM} ⊂ ΩM ,

⊲ there exists β > 0 such that

(1.2) |∂ΩM |2 6 βM2,

where |·| is the surface measure.
A typical family of ΩM is MΩ with Ω a fixed simply connected C2 bounded domain

including B1, the unit ball in R3. The evolution of the fluids in ΩM is governed by

the scaled complete compressible magnetohydrodynamic flows:

∂t̺+ div(̺u) = 0,(1.3)

∂t(̺u+ div(̺u⊗ u)) +
1

ε2
∇P (̺, ϑ) = εa div S(ϑ,∇u) + (H · ∇)H− 1

2
∇|H|2,(1.4)

∂t(̺s(̺, ϑ)) + div(̺s(̺, ϑ)u) + εb div
(q(ϑ,∇ϑ)

ϑ

)
(1.5)

=
1

ϑ

(
ε2+a

S(ϑ,∇u) : ∇u− εb
q(ϑ,∇ϑ) · ∇ϑ

ϑ

)
,

∂tH+ (divu)H+ (u · ∇)H− (H · ∇)u = εcν∆H.(1.6)

Here the density ̺ = ̺(t, x), the velocity u = u(t, x), and the absolute temperature

ϑ = ϑ(t, x) are three typical macroscopic quantities describing the motion of the

fluids, while p = p(̺, ϑ) is the pressure, s = s(̺, ϑ) the specific entropy and S(ϑ,∇u)

denotes the viscous stress tensor satisfying Newton’s rheological law,

(1.7) S(ϑ,∇u) = µ(ϑ,H)
(
∇u+∇tu− 2

3
divuI

)
.

According to Fourier’s law, the heat flux q = q(ϑ,∇ϑ) is of the form

(1.8) q(ϑ,∇ϑ) = −κ(ϑ,H)∇ϑ.

Here the quantities µ > 0, η > 0, κ > 0 are temperature dependent dissipative

coefficients and in the following we assume η ≡ 0 for simplicity. Note that the

system contains a small parameter ε related to different nondimensional numbers

following from the scale analysis: Mach number ε, Reynolds number ε−a and Péclet

number ε−b with suitable a, b > 0 to be chosen later. We supplement the system

with boundary conditions

(1.9) u|∂ΩM = 0, H|∂ΩM = 0, ∇ϑ · n|∂ΩM = 0,
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where n is the unit outward normal to ∂ΩM , together with the initial data

̺(0, ·) = ̺0,ε(x) = ̺+ ε̺
(1)
0,ε(x), ϑ(0, x) = ϑ0,ε(x) = ϑ+ εϑ

(1)
0,ε(x),(1.10)

u(0, x) = u0,ε(x), H(0, x) = H0,ε(x),

where ̺ > 0, ϑ > 0 is the anticipated constant density and temperature enforced by

the incompressible limit.

The goal of this paper is to rigorously investigate the limit

̺ε → ̺,
ϑε − ϑ

ε
→ T , uε → u, Hε → H

in some suitable sense as ε tends to 0 andM goes to infinity such that the given limit

(u,H, T ) represents the unique strong solution of the incompressible ideal MHD-

Boussinesq system in the whole space R3:

∂tu+ (u · ∇)u+∇Π = (H · ∇)H− 1

2
∇|H|2, divu = 0,(1.11)

∂tH+ (u · ∇)H− (H · ∇)u = 0, divH = 0,(1.12)

∂tT + u · ∇T = 0,(1.13)

with suitable initial data. Note that the transport equation of T is decoupled from
the Euler equations (1.11).

We first notice that the global-in-time existence solutions for system (1.3)–(1.6),

supplemented with physically relevant constitutive relations, has been studied by Hu,

Wang [6]. For the incompressible limit problems, there are many recent works by

Lions, Masmoudi [10] for isentropic Navier-Stokes equations with constant viscosity

and by Feireisl, Novotný [3], [5] for the Navier-Stokes-Fourier systems. There are also

works on the inviscid incompressible limit problems by Masmoudi [11] for isentropic

compressible Navier-Stokes equations and by Feireisl, Novotný [5] for Navier-Stokes

Fourier systems. The models of compressible magnetohydrodynamic flows have been

also studied by Jiang, Ju, and Li [8], [9].

In a recent paper [2], Feireisl, Nečasová, and Sun have studied the incompressible

inviscid limit problem on expanding domains for isentropic Navier-Stokes equations

(1.3)–(1.6). In this paper, we study the inviscid incompressible limit of the com-

pressible magnetohydrodynamic flows (1.3)–(1.6) on the expanding domain when

the Mach number is very small and we use the ill-prepared initial data. Our contri-

bution of this paper is physically to derive a rigorous equations (1.11)–(1.13) from

compressible magnetohydrodynamic flows based on the relative entropy method and

we obtain the convergence rate. This paper is more a developed result than the result
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mentioned in [2] and the difficulty is to investigate the convergence of magnetic field

with the weight even though there is no oscillation of magnetic field.

The rest of this paper is organized as follows. Section 2 is devoted to introducing

the preliminaries and the notion of weak solutions of (1.3)–(1.6). In Section 3 we

present the main result. In Section 3 we give the rigorous proof of the inviscid

incompressible limit of weak solutions of compressible magnetohydrodynamic flows

(1.3)–(1.6).

2. Preliminaries

In this section we introduce some preliminary results necessary to perform the

singular limit.

2.1. Structural restrictions imposed on constitutive relations. We study

the singular limit problem under certain physically motivated restrictions imposed

on constitutive equations. Although they might be slightly relaxed if only the con-

vergence towards the target system is studied, we list them in the form presented

in [4], Chapter 3, where the interested reader may find more information concerning

the physical background.

The pressure p = p(̺, ϑ) is given by the formula

(2.1) p(̺, ϑ) = ϑ5/2P
( ̺

ϑ3/2

)
+

a

3
ϑ4, a > 0;

the specific internal energy e = e(̺, ϑ) and the specific entropy s = s(̺, ϑ) read

e(̺, ϑ) =
3

2
ϑ
ϑ3/2

̺
P
( ̺

ϑ3/2

)
+ aϑ4,(2.2)

s(̺, ϑ) = S
( ̺

ϑ3/2

)
+

4a

3

ϑ3

̺
,(2.3)

where

P ∈ C1[0,∞) ∩ C3(0,∞), P (0) = 0, P ′(Z) > 0 ∀Z > 0,(2.4)

lim
Z→∞

P (Z)

Z5/3
= P∞ > 0,(2.5)

0 <
5
3P (Z)− P ′(Z)Z

Z
< c ∀Z > 0,(2.6)

and

(2.7) S′(Z) = −3

2

5
3P (Z)− P ′(Z)Z

Z2
, lim

Z→∞
S(Z) = 0.
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Relation (2.6) expresses positivity and uniform boundedness of the specific heat at

constant volume.

Integrating (2.7) and employing bound (2.6) we verify that

0 < S(Z) 6 c(1 + |logZ|).

Consequently, by virtue of (2.3),

(2.8) ̺|s(̺, ϑ)| 6 c(̺+ ϑ3 + ̺|log ̺|+ ̺[logϑ]+).

This estimate will be needed later.

The transport coefficients µ and κ are effective functions of the temperature, µ, η ∈
C1[0,∞) are globally Lipschitz in [0,∞), verifying |µ′(ϑ,H)| 6 M,

0 < µ(1 + ϑα) 6 µ(ϑ,H) 6 µ(1 + ϑα) ∀ϑ > 0,(2.9)

κ ∈ C1[0,∞), 0 < κ(1 + ϑ3) 6 κ(̺, ϑ,H) 6 κ(1 + ϑ3) ∀ϑ > 0.(2.10)

0 < ν(1 + ϑ) 6 ν(̺, ϑ,H) 6 ν(1 + ϑ3) ∀ϑ > 0,(2.11)

where 1 6 α < 3.

2.2. Energy and dispersive estimates for the acoustic system. To continue

we now need to introduce some notations. Let

(2.12) α =
1

̺

∂p(̺, ϑ)

∂̺
, β =

1

̺

∂p(̺, ϑ)

∂ϑ
, δ = ̺

∂s(̺, ϑ)

∂ϑ
, ω = ̺

(
α+

β2

δ

)
.

Let (Rε, Tε,Φε) solve the acoustic equation

ε∂t(αRε + βTε) + ω∆Φε = 0,(2.13)

ε∂t∇Φε +∇(αRε + βTε) = 0(2.14)

with the initial data

(2.15) Rε(0, ·) = χδ ∗[θδ̺(1)0 ], Tε(0, ·) = χδ∗[θδϑ(1)
0 ], Φ0,ε = χδ ∗[θδ∆−1 div[u0]],

and

α =
1

̺

∂p(̺, ϑ)

∂̺
, β =

1

̺

∂p(̺, ϑ)

∂ϑ
, ω = ̺

(
α+

β2

δ

)
,

where {χδ}δ>0 is a family of regularizing kernels, and θδ ∈ C∞
c (R3) are the standard

cut-off functions θδ ր 1. From now on we assume ω = 1. Indeed, since αR0,ε+βT0,ε
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and ∆Φ0,ε have the compact support together with the property of wave equation,

we have

(2.16) (αRε + βTε)(t, x) = 0, ∆Φε(t, x) = 0 for |x| > C +
√
ω
t

ε
.

From now on we remove δ in order to proceed in the most convenient way. Then we

have the Strichartz’s estimates:

Theorem 2.1 ([1]). Let (sε, qε) be the solution of system (2.13)–(2.14)with initial

data (sε,0, qε,0) given in (2.15). Then, one has

‖∇Φε(t, ·)‖2Wk,2(R3;R3) + ‖(αRε + βTε)(t, ·)‖2Wk,2(R3)(2.17)

6 ‖∇Φ0,ε(t, ·)‖2Wk,2(R3;R3) + ‖(αR0,ε + βT0,ε)(t, ·)‖2Wk,2(R3)

‖∇Φε‖Ll(R;Wk,p(R3;R3)) + ‖(αRε + βTε)(t, ·)‖Ll(R;Wk,p(R3;R3)(2.18)

6 Cε1/l(‖∇Φ0,ε‖Hk+2(R3;R3) + ‖(αR0,ε + βT0,ε)(t, ·)‖Hk+2(R3;R3))

with

2 < p, l 6 ∞,
1

p
+

1

l
=

1

2
, k = 0, 1, 2, . . .

Furthermore, we have

(2.19) ‖∇Φε(t, ·)‖2Wk,2(ΩM ;R3) + ‖(αRε + βTε)(t, ·)‖2Wk,2(ΩM )

6 ‖∇Φ0,ε(t, ·)‖2Wk,2(ΩM ;R3) + ‖(αR0,ε + βT0,ε)(t, ·)‖2Wk,2(ΩM ).

Let us consider the transport equation. It is a linearized version of the entropy

equation (1.5),

(2.20) ∂t(δTε − βRε) + (u+∇Φε) · ∇(δTε − βRε) + (δTε − βRε)∆Φε = 0

with

δ = ̺
∂s(̺, ϑ)

∂ϑ
.

Then we have

(2.21) sup
t∈[0,T ]

‖δTε−βRε‖W 1,q(ΩM ) 6 C(δ, T )‖δT0,ε−βR0,ε‖W 1,q(ΩM ), 1 6 q 6 ∞.

In virtue of (2.16), we get

(2.22) ∇Φε|∂ΩM = ∇Φ0,ε|∂ΩM ∀ t ∈ (0, T ).
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We introduce the cut-off functions

(2.23) wε
M = −ηMu− ηM∇Φ0,ε,

where

ηM ∈ C∞
C (R3), 0 6 ηM 6 1, ηM |∂ΩM = 1, ηM |∂ΩM = 0 for dist[x, ∂ΩM ] > 1.

It also has the boundary

(2.24) wε
M |∂ΩM = −(u+∇Φε)|∂ΩM .

Following the property of boundary of wε
M in (4.7), we get

(2.25) ‖∂twε
M (τ, ·)‖Lp(ΩM ;R3) + ‖wε

M (τ, ·)‖W 2,p(ΩM ;R3) 6 M2(1/p−1), 1 6 p 6 ∞,

for any τ ∈ (0, T ).

2.3. Weak solutions. We say that a family of functions {̺, ϑ,u,H} represents
a dissipative weak solution of the Navier-Stokes-Fourier system (1.3)–(1.5) in (0, T )×
ΩM if:

⊲ ̺ > 0, ϑ > 0 a.e. in (0, T )× ΩM ,

̺ ∈ L∞(0, T ;L2 + L5/3(ΩM )), ϑ ∈ L∞(0, T ;L2 + L4(ΩM )),

∇ϑ, ∇ log(ϑ) ∈ L2(0, T ;L2(ΩM ;R3)),

u ∈ L2(0, T ;W 1,2(ΩM ;R3)), u|∂ΩM = 0;

⊲ the density ̺ ∈ Cweak([0, T ];L
1(ΩM ) and the equation of continuity (1.3) holds as

a family of integral identities

(2.26)

∫

ΩM

[̺(τ, ·)ϕ(τ, ·) − ̺0,εϕ(0, ·)] dx =

∫ τ

0

∫

ΩM

(̺∂tϕ+ ̺u · ∇ϕ) dxdt

for any τ ∈ [0, T ] and any test function ϕ ∈ C∞
c ([0, T ]× ΩM );

⊲ the linear momentum ̺u ∈ Cweak([0, T ];L
1(ΩM ;R3)) and the momentum equa-

tion (1.4), together with the initial condition (1.10), are satisfied in the sense of

distributions,

(2.27)

∫

ΩM

[
̺u(τ, ·) · ϕ(τ, ·) − ̺0,εu0,εϕ(0, ·)

]
dx

=

∫ τ

0

∫

ΩM

(
̺u · ∂tϕ+ ̺u⊗ u : ∇ϕ

1

ε2
p(̺, ϑ) divϕ

+−εaS(ϑ,∇u) : ∇ϕ+
[
(H · ∇)H− 1

2
∇|H|2

]
· ~ϕ

)
dxdt

for any τ ∈ [0, T ], and any ϕ ∈ C∞
c ([0, T ]× ΩM ;R3), ϕ|∂ΩM = 0;
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⊲ the entropy production equation (1.5) is relaxed to the entropy inequality

(2.28)

∫

ΩM

[̺0,εs(̺0,ε, ϑ0,ε)ϕ(0, ·)− ̺s(̺, ϑ)(τ, ·)ϕ(τ, ·)] dx

+

∫ τ

0

∫

ΩM

1

ϑ

(
ε2+a

S(ϑ,∇u) : ∇u− εb
q(ϑ,∇ϑ) · ∇ϑ

ϑ

)
ϕdxdt

6 −
∫ τ

0

∫

ΩM

(
̺s(̺, ϑ)∂tϕ+ ̺s(̺, ϑ)u · ∇ϕ+ εb

q(ϑ,∇ϑ)

ϑ
· ∇ϕ

)
dxdt

for a.e. τ ∈ [0, T ] and any test function ϕ ∈ C∞
c ([0, T ]× ΩM ), ϕ > 0;

⊲ the Maxwell equation verifies

∫

ΩM

H · ~ϕ(τ, ·) dx−
∫

Ω

(H)0 · ~ϕ(0, ·) dx(2.29)

=

∫ T

0

∫

ΩM

B · ∂t~ϕdxdt+

∫ τ

0

∫

Ω

(−εcν∇H : ∇~ϕ+ (H · ∇)u · ~ϕ

− (u · ∇)H · ~ϕ− (H · ~ϕ) divu) dxdt,
∫ T

0

∫

ΩM

B · ∇φdxdt = 0,

for all ~ϕ ∈ [D([0, T )× ΩM )]3, and φ ∈ D([0, T )× ΩM ).

3. Main result

In this section we introduce the main result.

Proposition 3.1 ([12]). Let Ω = R3. Assume that the initial datum u0(x),Φ0(x)

satisfies

(3.1) u(x, 0) = u0(x) ∈ Hs, T (x, 0) = Φ0(x) ∈ Hs, divu0 = 0, s > 5/2.

Then there exist a T ∗ ∈ (0,∞) and a unique solution u to the incompressible Navier-

Stokes equations

(3.2) ∂tu+ (u · ∇)u+∇Π = (H · ∇)H− 1

2
∇|H|2, divu = 0,

∂tH+ (u · ∇)H− (H · ∇)u = 0,

∂tT + u · ∇T = 0,
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satisfying the following estimate:

(3.3) sup
0<t6T

(‖u‖Hs + ‖∂tu‖Hs−2 + ‖∂t∇T ‖Hs

+ ‖∇T ‖Hs + ‖H‖Hs−2 + ‖∂tH‖Hs−2) 6 C(T )

with C(T ) > 0 a constant for 0 < T < T ∗.

Theorem 3.1. Let the thermodynamic functions p, e, s, and the transport coef-

ficients µ, η, κ satisfy the hypotheses (2.7), (2.9), (2.10), (2.11) and {ΩM}M>0 be

a family of uniformly C2 domains in R3 such that (4.6) and (4.7) hold forM = M(ε),

(3.4) εM(ε) → ∞

as ε tends to 0. Let the exponents a, b satisfy

(3.5) 0 < a <
4

3
, 0 < b, 0 < c <

5

4
.

Let the initial data (1.10) be chosen in such a way that

(3.6) α(ε) = ‖̺(1)0,ε − ̺
(1)
0 ‖2L2 + ‖ϑ(1)

0,ε − ϑ
(1)
0 ‖2L2 + ‖u0,ε − ũ0‖2L2 + ‖H0,ε −H0‖2L2 ,

where

̺
(1)
0 , ϑ

(1)
0 ∈ C∞(R3),(3.7)

P[ũ0] = u0 ∈ C∞(R3;R3), H0 ∈ C∞(R3;R3)

for a certain k > 3, where supp[u0], supp[̺
(1)
0 ], supp[ϑ

(1)
0 ] are compact subsets

in R3. Finally, let {̺ε, ϑε,uε,Hε} be a dissipative weak solution of the MHD system
(1.3)–(1.6) in (0, T )× R3.

Then we have

(3.8)
∥∥√̺ε

(
uε −∇Ψε − u

)
(τ, ·)

∥∥
L2(ΩM ;R3)

+
∥∥∥
(̺ε − ̺

ε

)
(τ, ·)−R(τ, ·)

∥∥∥
L2+L5/3(ΩM )

+ ‖Hε −H‖L2(ΩM ;R3) +
∥∥∥
(ϑε − ϑ

ε

)
(τ, ·)− T (τ, ·)

∥∥∥
Lq(ΩM )

6 C
[
εθ + α(ε) +

1

εM(ε)

]1/2
,
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where τ ∈ [0, T ], 0 < a < 1, 1 6 q < 2 and 0 < ε < ε0 verifying

(3.9) θ = min
{2− a

2
,
2− a− c

2
,
a

2
,
b

2
,
4− 3a

6
,
1

4

}
,

and (u,H, T ) verifies the ideal MHD system (1.11)–(1.13).

Furthermore, the velocity u, magnetic field H, and temperature T have the initial

data

(3.10) u0 = H[ũ0], H0, T0 = ̺
∂s(̺, ϑ)

∂ϑ
ϑ
(1)
0 − 1

̺

∂p(̺, ϑ)

∂ϑ
̺
(1)
0 .

To get the target space, we need the convergence of densities, velocity and magnetic

field on any compact set of R3 and so we can easily show the following corollary.

Corollary 3.1. Assume that α(ε) → 0 as ε → 0 under the same assumption as

in Theorem 3.6, we get, for any T < T∗, that the weak solution (̺ε, ϑε,uε,Hε) of

system (1.3)–(1.6) satisfies

‖√̺ε − 1‖L∞(0,T ;L2(K)) → 0,(3.11)

‖ϑε − 1‖L∞(0,T ;Lp(K)) → 0,(3.12)

‖√̺εuε − u‖Lr(0,T ;L2(K)) → 0,(3.13)

‖Hε −H‖L∞(0,T ;L2(K)) → 0(3.14)

with 1 6 p < 2 as ε tends to 0 for all 2 < r < ∞ and any compact K ⊂ R3 and

(u,H, T ) verifying the ideal MHD system (1.11)–(1.13).

The rest of the paper is devoted to the proof of Theorem 3.1.

4. Proof of Theorem 3.1

In this section, we focus on the proof of Theorem 3.1 based on the relative entropy

together with the dispersive estimate (2.18).

4.1. Energy bounds. We derive uniform bounds on the family of dissipative

weak solutions [̺ε,uε,Hε, ϑε] independent of the scaling parameter ε → 0. For

̺ : (0, T ) × ΩM 7→ (0,∞), r,Θ, ϑ : (0, T ) × ΩM 7→ (0,∞) and u,U,H,B : (0, T ) ×
ΩM 7→ R3, we define the relative energy functional

(4.1) Eε(τ) =
∫

ΩM

[1
2
̺|u−U|2 + 1

ε2
E(̺, ϑ | r,Θ) +

1

2
|H−B|2

]
dx,
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where

E(̺, ϑ | r,Θ) = HΘ(̺, ϑ)−
∂HΘ(r,Θ)

∂̺
(̺− r) −HΘ(r,Θ),(4.2)

HΘ(̺, ϑ) = ̺(e(̺, ϑ)−Θs(̺, ϑ))

are the relative energy function and the Helmholtz function, respectively. In virtue

of [7], we have the relative energy inequality

(4.3) Eε(τ) +
∫ τ

0

∫

ΩM

[Θ
ϑ

(
εaS(ϑ,∇u) : ∇u− εb−2q(ϑ,∇ϑ) · ∇ϑ

ϑ

)
+ εc|∇H|2

]
dxdt

6 Eε(0) +
7∑

j=1

Aj
ε,

where

(4.4) A1
ε =

∫ τ

0

∫

ΩM

(
εaS(ϑ,∇u) : ∇U− εb−2q(ϑ,∇ϑ)

ϑ
· ∇Θ

)
dxdt,

A2
ε =

∫ τ

0

∫

ΩM

(̺(∂tU+ u · ∇U) · (U− u)) dxdt,

A3
ε =

1

ε2

∫ τ

0

∫

ΩM

r − ̺

r
U · ∇p(r,Θ)dxdt

+
1

ε2

∫ τ

0

∫

ΩM

(
̺
∇p(r,Θ)

r
· (U − u) + (p(r,Θ)− p(̺, ϑ))divU

)
dxdt,

A4
ε = − 1

ε2

∫ τ

0

∫

ΩM

(̺(s(̺, ϑ)− s(r,Θ))∂tΘ+ ̺(s(̺, ϑ)− s(r,Θ))u · ∇Θ)dxdt,

A5
ε =

1

ε2

∫ τ

0

∫

ΩM

r − ̺

r
∂tp(r,Θ)dxdt,

A6
ε = −

∫ τ

0

∫

ΩM

((
(H · ∇)H− 1

2
∇|H|2

)
·U

)
dxdt,

A7
ε = −

∫

ΩM

(
H ·B−H0,ε ·B0 −

1

2
|B|2 + 1

2
|B0|2

)
dx

holds for a.e. τ ∈ (0, T ) and for any trio of continuously differentiable test functions

(r,Θ,U) defined on [0, T ]× ΩM , such that

r > 0, Θ > 0, r, Θ compactly supported in ΩM ,

U,B ∈ C([0, T ];W k,2(ΩM ;R3)), ∂tU ∈ C([0, T ];W k−1,2(ΩM ;R3)), k > 3,

with U|∂ΩM = 0, B|∂ΩM = 0.
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Taking r = ̺, Θ = ϑ, U = 0, B = 0 as test functions in the relative entropy

inequality (4.3), we obtain

(4.5)

∫

ΩM

[1
2
̺ε|uε|2 +

1

ε2
E(̺ε, ϑε|̺, ϑ) +

1

2
|Hε|2

]
dx

+ ϑ

∫ τ

0

∫

ΩM

[ 1

ϑε

(
εaS(ϑε,∇uε) :

∇uε − εb−2q(ϑε,∇ϑε) · ∇ϑε

ϑ

)
+ εc|∇Hε|2

]
dxdt

6

∫

ΩM

[1
2
̺0,ε|u0,ε|2 +

1

ε2
E(̺0,ε, ϑ0,ε|̺, ϑ) +

1

2
|H0,ε|2

]
dx

for a.e. τ ∈ (0, T ).

In accordance with the structural properties of the thermodynamic functions im-

posed through (2.7)–(2.11), the relative energy function enjoys the following prop-

erties: For any compacts N ⊂ N ′ ⊂ (0,∞)2 there exists a strictly positive constant

c = c(N ,N ′), depending only on N , N ′ and the structural properties of P , such

that for any (r,Θ) ∈ N

E(̺, ϑ|r,Θ) > c(|̺− r|2 + |ϑ−Θ|2) if (̺, ϑ) ∈ N ′,(4.6)

E(̺, ϑ|r,Θ) > c(1 + ̺γ + ϑ4) if (̺, ϑ) ∈ (0,∞)2 \ N ′.(4.7)

Similarly to [4], Chapter 4.7, we introduce a decomposition of a function h:

h = [h]ess + [h]res for a measurable function h,

where

[h]ess = h 1{̺/2<̺ε<2̺;ϑ/2<ϑε<2ϑ}, [h]res = h− hess.

Thanks to the hypothesis (3.6), the first integral including initial data on the

right-hand side of (4.5) remains bounded uniformly for ε → 0.

Combining (4.5), (4.6), (4.7) with the hypothesis (2.10)–(2.11), we deduce the

following estimates:

ess sup
t∈(0,T )

‖√̺εuε(t, ·)‖[L2(ΩM )]3 6 C,(4.8)

ess sup
t∈(0,T )

∥∥∥
[̺ε − ̺

ε
(t, ·)

]

ess

∥∥∥
L2(ΩM )

+ ess sup
t∈(0,T )

∥∥∥
[ϑε − ϑ

ε
(t, ·)

]

ess

∥∥∥
L2(ΩM )

6 C,(4.9)

ess sup
t∈(0,T )

∫

ΩM

([
̺5/3ε (t, ·)

]5/3
res

+ [ϑε(t, ·)]4res + 1res(t, ·)
)
dx 6 ε2C,(4.10)
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ess sup
t∈(0,T )

‖Hε(t)‖L2(ΩM ) 6 C, ‖∇Hε‖L2((0,T )×ΩM ) 6 Cε−c/2,(4.11)

∥∥∥∥ε
a/2

√
µ(ϑ,H)

ϑ

(
∇uε +∇tuε −

2

3
divuε

)∥∥∥∥
L2(0,T ;[L2(ΩM )]3)

6 C,(4.12)

‖εa/2uε‖L2(0,T ;[W 1,2(Ω)]3) 6 c, ‖ε(b−2)/2(ϑε − ϑ)‖L2(0,T ;W 1,2(ΩM )) 6 C,(4.13)

‖ε(b−2)/2(log(ϑε)− log(ϑ))‖L2(0,T ;W 1,2(ΩM )) 6 C,(4.14)

where the symbol C stands for a generic constant independent of ε.

We remark that (4.11) follows from the generalized Korn’s inequality

‖∇w‖L2 6 C

(∫

ΩM

̺ε|w|2 dx
)1/2

+ C
∥∥∥∇w +∇tw− 2

3
divwI

∥∥∥
L2

for w ∈ W 1,2(ΩM ;R3), combined with the estimates (4.8), (4.10), (4.12), and the

Poincaré type inequality (4.16).

In order to get the second estimate of (4.13) and (4.14), we deduce from (4.5),

(1.8), (2.10),

(4.15) ε(b−2)/2(‖∇ϑε‖L2(0,T ;[W 1,2(ΩM )]3) + ‖∇ logϑε‖L2(0,T ;[W 1,2(ΩM )]3)) 6 c.

Now, the bound (4.12) involving ϑε − ϑ follows immediately from (4.15) and (4.9),

(4.10). To get (4.12) involving logϑε − logϑ we report the following Poincaré type

inequality on the layer ΩM : For any M > 0 there exists C = C(M,ΩM ) > 0 such

that for all ω ∈ W 1,2(ΩM ) and all V ⊂ ΩM , |V | < M it holds that

(4.16) ‖ξ‖2L2(ΩM ) 6 C

(
‖∇ξ‖2L2(ΩM ;R3) +

∫

ΩM\V

ξ2 dx

)
,

see e.g. Lemma 3.1 in [7]. To conclude, we take in (4.16), ξ = logϑε − logϑ, V =

{ϑε 6 ϑ/2} and the desired bound follows by virtue of (4.15), (4.9), (4.10).

4.2. Computation of relative entropy. Our aim is to employ the relative

energy inequality (4.3) to prove the convergence of the sequence of weak solutions

(̺ε, ϑε,uε,Hε) to the target system. To this end, we take

̺ = ̺ε, ϑ = ϑε, u = uε, H = Hε

and choose the test functions {r,Θ,U} in the following way:

(4.17) r = rε,η = ̺+ εRε, Θ = Θε = ϑ+ εTε, U = Uε = u+∇Φε +wε
M , B = H.
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This will be carried over in several steps. We omit the subscript η whenever no

confusion arises.

Step I. In virtue of the second estimate of (4.13), we first estimate the dissipation

term of A1
ε:

(4.18) εa
∫ τ

0

∫

ΩM

S(ϑε,∇uε) : ∇Uε dxdt

6 Cεa/2
∫ τ

0

∫

ΩM

εa/2µ(ϑε,Hε)

ϑε

∣∣∣∇uε +∇Tuε −
2

3
divuεI

∣∣∣
2

dxdt

+ Cεa/2
∫ τ

0

∫

ΩM

[µ(ϑε,Hε)ϑε]ess|∇Uε|2 dxdt

+ Cεa/2
∫ τ

0

∫

ΩM

[µ(ϑε,Hε)ϑε]res|∇Uε|2 dxdt

6 Cεa/2
∫ τ

0

∫

ΩM

([1]res + [ϑε]
4
res) dxdt+ Cεa/2 6 Cεa/2 + Cεa/2+2,

where we have used (2.9). We also have

(4.19) −εb−2

∫ τ

0

∫

ΩM

q(ϑε,∇ϑε) · ∇Θε

ϑε
dxdt

= εb/2
∫ τ

0

∫

ΩM

[
ε(b−2)/2κ(̺ε, ϑε,Hε)

ϑε
∇(ϑε − ϑ)

]

ess
· ∇Tε dxdt

+ εb/2
∫ τ

0

∫

ΩM

[
ε(b−2)/2κ(̺ε, ϑε,Hε)

ϑε
∇(ϑε − ϑ)

]

res
· ∇Tε dxdt 6 Cεb/2

while (4.15) implies that

εb/2
∫ τ

0

∫

ΩM

[
ε(b−2)/2κ(̺ε, ϑε,Hε)

ϑε
∇(ϑε − ϑ)

]

ess
· ∇Tε dxdt 6 Cεb/2

and

εb/2
∫ τ

0

∫

ΩM

[
ε(b−2)/2κ(̺ε, ϑε,Hε)

ϑε
∇(ϑε − ϑ)

]

res
· ∇Tε dxdt

6 εb/2
∫ τ

0

∫

ΩM

|ε(b−2)/2∇(ln ϑε − lnϑ)|‖∇Tε‖L∞ dxdt

+ εb/2
∫ τ

0

∫

ΩM

|ε(b−2)/2∇(ϑε − ϑ)|‖∇Tε‖L∞ dxdt 6 Cεb/2,

where we have used the estimates in (2.19) and (2.21).
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Step II. We next control Aε
2. For the first term of it, we have

∫ τ

0

∫

ΩM

̺ε(∂tUε + uε · ∇Uε)(Uε − uε) dxdt

=

∫ τ

0

∫

ΩM

̺ε(Uε − uε)⊗ (Uε − uε) : ∇Uε dxdt

+

∫ τ

0

∫

ΩM

(̺ε(Uε − uε) · ∂tUε + ̺ε(Uε − uε) : ∇Uε) dxdt

6 C

∫ τ

0

Eε(t) dt+
5∑

k=1

Jε
k ,

where

Jε
1 =

∫ τ

0

∫

ΩM

̺ε(Uε − uε) · (∂tu+ u · ∇u) dxdt,

Jε
2 =

∫ τ

0

∫

ΩM

̺ε(Uε − uε) · ∂t(∇Φε +wε
M ) dxdt,

Jε
3 =

∫ τ

0

∫

ΩM

̺ε(Uε − uε)⊗ (∇Φε +wε
M ) : ∇u dxdt,

Jε
4 =

∫ τ

0

∫

ΩM

̺ε(Uε − uε)⊗ u : (∇2Φε +∇wε
M ) dxdt,

Jε
5 =

1

2

∫ τ

0

∫

ΩM

̺ε(Uε − uε) · ∇|∇Φε +wε
M |2 dxdt.

For Jε
1 we have

(4.20) |Jε
1 | 6

∣∣∣∣
∫ τ

0

∫

ΩM

̺ε(Uε − uε) · (∂tu+ u · ∇u) dxdt

∣∣∣∣

6

∣∣∣∣
∫ τ

0

∫

ΩM

(̺ε − ̺)Uε · ∇Πdxdt

∣∣∣∣+
∣∣∣∣
∫ τ

0

∫

Ω

(∇Φε +wε
M ) · ∇Πdxdt

∣∣∣∣

+

∣∣∣∣
∫ τ

0

∫

ΩM

̺εuε · ∇Πdxdt

∣∣∣∣.

For the first term of the right-hand side of (4.20), we use estimates (4.9) and (4.10)

to obtain that

∣∣∣∣
∫ τ

0

∫

ΩM

(̺ε − ̺)Uε · (∇Π − (∇×H)×H) dxdt

∣∣∣∣

6 C‖(̺ε − 1)1|̺ε−̺|61/2‖L2L2‖∇Π− (∇×H)×H‖L2L2

+ C

∫ τ

0

∫

ΩM

([1]res + [̺ε]
5/3
res )‖Uε − (∇×H)×H‖L∞L∞‖∇Π‖L∞L∞ dxdt

6 C(ε+ ε2).
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The second term of the right-hand side of (4.20), using equation (2.13) and the

dispersive regularity (2.1), can be estimated as follows:

∣∣∣∣
∫ τ

0

∫

ΩM

(∇Φε +wε
M ) · ∇Πdxdt

∣∣∣∣ 6 ε

[∫

ΩM

|sε||Π| dx
]τ

0

+ ε

∫ τ

0

∫

Ω

|sε||∂tΠ| dxdt

6 ε
(
‖sε‖L∞L2‖Π‖L∞L2 + ‖s0,ε‖L∞L2‖Π0‖L∞L2

+ ‖sε‖L2L2‖∂tΠ‖L2L2

)
+ C‖wε

M‖W 1,∞ 6 C
(
ε+

1

M2

)
,

where we have used divu = 0 and Uε = 0 on ∂ΩM . Similarly, we obtain

∣∣∣∣
∫ τ

0

∫

ΩM

(∇Φε +wε
M ) · (∇×H)×H dxdt

∣∣∣∣ 6 C
(
ε+

1

M2

)
.

Furthermore, we here denote sε by sε := αRε + βTε.

Third term of the right-hand side of (4.20), using the continuity equation (1.3),

(4.9) and (4.10), can be bounded as follows:

∣∣∣∣
∫ τ

0

∫

ΩM

̺εuε · ∇Πdxdt

∣∣∣∣ =
∣∣∣∣
∫ τ

0

∫

ΩM

(̺ε − ̺) · ∂tΠdxdt

∣∣∣∣

6 Cε
∥∥∥
[̺ε − ̺

ε

]

ess

∥∥∥
L2L2

‖∂tΠ‖L2L2

+ C

∫ τ

0

∫

ΩM

([1]res + [̺ε]
5/3
res )‖Uε‖L∞L∞‖∂tΠ‖L∞L∞ dxdt

6 C(ε+ ε2).

Thus, we get

|Jε
1 | 6 C

(
ε+

1

M2

)

for small number 0 < ε < 1.

Next, we have

(4.21)

Jε
2 = −

∫ τ

0

∫

ΩM

̺εuε · ∂t(∇Φε +wε
M ) dxdt+

∫ τ

0

∫

ΩM

̺εu · ∂t(∇Φε +wε
M ) dxdt

−
∫ τ

0

∫

ΩM

̺εuε · [(∇×H)×H] dxdt+
1

2

∫ τ

0

∫

ΩM

̺ε∂t|∇Φε +wε
M |2 dxdt.

Using estimate (2.25) together with (4.8), (4.9) and (4.10), it is easy to show

−
∫ τ

0

∫

ΩM

̺εuε · ∂twε
M dxdt+

∫ τ

0

∫

ΩM

̺εv · ∂twε
M dxdt

+

∫ τ

0

∫

ΩM

̺ε∇Φε · ∂twε
M dxdt+

1

2

∫ τ

0

∫

ΩM

̺ε∂t|wε
M |2 dxdt 6 C

( 1

M
+

1

M2

)
.
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In virtue of (2.1), (4.9), and (4.10), we get

∣∣∣∣
∫ τ

0

∫

ΩM

̺εu · ∂t∇Φε dxdt

∣∣∣∣

6

∣∣∣∣
∫ τ

0

∫

ΩM

̺ε − ̺

ε
u · ∇sε dxdt

∣∣∣∣+
∣∣∣∣
∫ τ

0

∫

∂ΩM

u · n ∂t∇Φ0,ε dxdt

∣∣∣∣

6

∥∥∥
[̺ε − ̺

ε

]

ess

∥∥∥
L∞(0,T ;L2(ΩM ))

‖u‖L4/3(0,T ;L4(ΩM ))‖∇sε‖L4(0,T ;L4(ΩM ))

+
C

ε
‖[1]res + [̺ε]

5/3
res ‖L∞(0,T ;L1(ΩM )) 6 C(ε1/4 + ε),

where we have used (2.22) for large M ≫ 1/ε. Similarly, we have

1

2

∫ τ

0

∫

ΩM

̺ε∂t|∇Φε|2 dxdt 6
̺

2

[∫

ΩM

|∇Φε|2 dx
]τ

0

+ C(ε1/4 + ε).

Thus, the term Jε
2 is also bounded by:

Jε
2 =

∫ τ

0

∫

ΩM

̺ε(U− uε) · ∂t∇Φε dxdt 6
̺

2

[∫

ΩM

|∇Φε|2 dx
]τ

0

−
∫ τ

0

∫

ΩM

̺εuε · ∂t∇Φε dxdt+ C
(
ε1/4 + ε+

1

M
+

1

M2

)
.

Using the regularity (3.3), the dispersive regularity (2.18), (4.8), (4.9), and (2.25),

the term Jε
3 can be estimated as:

Jε
3 =

∫ τ

0

∫

ΩM

(̺ε − ̺)U⊗ (∇Φε +wε
M ) : ∇u dxdt

+

∫ τ

0

∫

ΩM

U⊗ (∇Φε +wε
M ) : ∇u dxdt

+

∫ τ

0

∫

ΩM

(
√
̺ε −

√
̺)
√
̺εuε ⊗ (∇Φε +wε

M ) : ∇v dxdt

+

∫ τ

0

∫

ΩM

√
̺εuε ⊗ (∇Φε +wε

M ) : ∇v dxdt

6 C
(
ε1/4 + ε+

1

M2

)
.

Similarly, we get

Jε
4 + Jε

5 6 C
(
ε1/4 + ε+

1

M2

)
.

499



So, the term Aε
1 can be estimated as follows:

Aε
2 6

̺

2

[∫

ΩM

|∇Φε|2 dx
]τ

0

−
∫ τ

0

∫

ΩM

̺εuε · ∂t∇Φε dxdt

−
∫ τ

0

∫

ΩM

̺εuε · [(∇×H)×H] dxdt

+ C

∫ τ

0

Eε(t) dt+ C
(
ε1/4 + ε+

1

M
+

1

M2

)
.

Step III. In this part, we handle the pressure A3
ε.

Notice that

A3
ε = −

∫ τ

0

∫

ΩM

(p(̺ε, ϑε)− p(̺, ϑ))∆Φε dxdt−
∫ τ

0

∫

ΩM

p(̺ε, ϑε) divw
ε
M dxdt

−
∫ τ

0

∫

ΩM

̺ε
rε

uε · ∇p(rε,Θε) dxdt :=

3∑

j=1

Aε
3,j

for big M ≫ 1/ε.

We now estimate Aε
3,2. Using the estimate of (4.9), it follows that

(4.22) Aε
2,2 = −

∫ τ

0

∫

ΩM

[p(̺ε, ϑε)− p(̺, ϑ)]ess divw
ε
M dxdt

−
∫ τ

0

∫

ΩM

[p(̺ε, ϑε)− p(̺, ϑ)]res divw
ε
M dxdt

−
∫ τ

0

∫

ΩM

p(̺, ϑ) divwε
M dxdt

6
C

M
+ C‖wε

M‖W 1,∞(ΩM )

∫ τ

0

∫

ΩM

([̺ε]
5/3
res + [ϑε]

4
res + [1]res) dxdt

6 C
( 1

M
+

1

M2

)

for small number ε < 1, while the divergence Theorem implies that

∫ τ

0

∫

ΩM

p(̺, ϑ) divwε
M dxdt =

∫ τ

0

∫

∂ΩM

p(̺, ϑ)∇Φε · n dSx

=

∫ τ

0

∫

∂ΩM

p(̺, ϑ)∇Φ0,ε · n dxdt =

∫ τ

0

∫

ΩM

p(̺, ϑ) divu0,ε dxdt

=

∫ τ

0

∫

∂ΩM

p(̺, ϑ)u0 · n dxdt = 0,

where we have used (3.6) and u0 ∈ C∞
c (R3).
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Finally, it remains to estimate Aε
3,3. Note that

Aε
3,3 = − 1

ε2
̺εuε ·

1

rε
∇p(rε,Θε) = −1

ε
̺εuε ·

( ̺

rε
− 1

)
∇sε −

1

ε
̺εuε · ∇sε

−1

ε
̺εuε ·

1

rε

[(∂p(rε,Θε)

∂̺
− ∂p(̺, ϑ)

∂̺

)
∇Rε +

(∂p(rε,Θε)

∂ϑ
− ∂p(̺, ϑ)

∂ϑ

)
∇Tε

]

:=
3∑

j=1

Bε
j .

For Bε
1 , we can compute the estimate
∫ τ

0

∫

ΩM

Bε
1 dxdt

=

∫ τ

0

∫

ΩM

(̺ε − ̺)uε
Rε

̺+ εRε
∇sε dxdt+

∫ τ

0

∫

ΩM

̺uε
Rε

̺+ εRε
∇sε dxdt

6 Cε−a/2‖[̺ε − ̺]ess‖L∞L2‖εa/2uε‖L2L6‖∇sε‖L2L3

+ Cε−a/2(‖[̺ε]res‖L∞L5/3 + ‖[1]res‖L∞L5/3)‖εa/2uε‖L2L6‖∇sε‖L2L30/7

+ Cε−a/2‖εa/2uε‖L2L6‖Rε‖L∞L2‖∇sε‖L2L3

6 Cε(1−a)/2

for small number ε < 1, where we have used estimates (4.8), (4.9), (4.10), and (2.18).

Following (2.14), the term of Bε
2 is the same as

Bε
2 = ̺εuε · ∂t∇Φε,

which adding the second term of A2
ε and Bε

2 vanishes. Using the Taylor expansion,

we get
∫ τ

0

∫

ΩM

Bε
3 dxdt 6

∫ τ

0

∫

ΩM

̺εuε · (ω1∇R2
ε + ω2∇(RεTε) + ω3∇T 2

ε ) dxdt+ Cε

= −
∫ τ

0

∫

ΩM

(̺ε − ̺) · ∂t
(
ω1∇R2

ε + ω2∇(RεTε) + ω3∇T 2
ε

)
dxdt+ Cε

6 C(ε+ ε2)

with

ω1 =
1

2

∂2p(̺, ϑ)

∂̺2
, ω2 =

∂2p(̺, ϑ)

∂̺∂ϑ
, ω3 =

1

2

∂2p(̺, ϑ)

∂ϑ2
,

where we have used estimates (4.9), (4.10), (2.17), and transport equations (2.20),

(2.21). Consequently, we get

(4.23) Aε
3 6 Aε

3,1 + C
(
ε+

1

M

)

for small 0 < ε < 1 and M > 1.
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Step IV. In this part, we estimate Aε
4. Our intention in this section is to “re-

place” uε by Uε in the remaining (last) convective term in Aε
4. To this end, we

write ∫ τ

0

∫

ΩM

̺ε
s(̺ε, ϑε)− s(rε,Θε)

ε
uε · ∇Tε dxdt

=

∫ τ

0

∫

ΩM

̺ε
s(̺ε, ϑε)− s(rε,Θε)

ε
Uε · ∇Tε dxdt

+

∫ τ

0

∫

ΩM

̺ε
s(̺ε, ϑε)− s(rε,Θε)

ε
(uε −Uε) · ∇Tε dxdt,

while the estimates of (4.6) and (4.9) together with Taylor expansion provide

∣∣∣∣
∫ τ

0

∫

ΩM

̺ε

[s(̺ε, ϑε)− s(rε,Θε)

ε

]

ess
(uε −Uε) · ∇Tε dxdt

∣∣∣∣

6 C

∫ τ

0

‖∇Tε‖L∞(Ω)

∫

ΩM

(
̺ε|uε −Uε|2 +

∣∣∣
[̺ε − rε

ε

]

ess

∣∣∣
2

+
∣∣∣
[ϑε −Θε

ε

]

ess

∣∣∣
2)

dt dx

6 C

∫ τ

0

Eε(t) dt

and by using (2.8), (4.9), and (4.11), it follows that

∫ τ

0

∫

ΩM

̺ε

[s(̺ε, ϑε)− s(rε,Θε)

ε

]

res
(uε −Uε) · ∇Tε dxdt 6 C(ε2/3−a/2 + ε),

where

1

ε
‖[̺ε|s(̺ε, ϑε)]res‖L1(0,τ ;L1(ΩM ) −

1

ε
‖[̺ε|s(rε,Θε)]res‖L1(0,τ ;L1(ΩM )

6
C

ε

∫ τ

0

∫

ΩM

([ϑ4
ε]res + [̺5/3ε ]res + [1]res) dxdt 6 Cε

and

(4.24)
1

ε
‖[̺ε|s(̺ε, ϑε)]resuε‖L1(0,τ ;L1(ΩM ) −

1

ε
‖[̺ε|s(rε,Θε)|]resuε‖L1(0,τ ;L1(ΩM )

6 Cε(−2−a)/2(‖[ϑ3
ε]res‖L6/5(ΩM ) + ‖[̺ε ln ̺ε]res‖L6/5(ΩM )

+ ‖[̺ε lnϑε]res‖L6/5(ΩM ) + ‖[1]res‖L6/5(ΩM ))‖εa/2uε‖W 1,2(ΩM ;R3)

6 Cε2/3−a/2.

Indeed, for (4.24), we can choose δ > 0 such that

̺ε|ln ̺ε| 6 C̺1+δ
ε 6 C̺25/18ε
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for ̺ε > 2̺ and so we get

‖[̺ε ln ̺ε]res‖L6/5(ΩM ) 6 C‖[̺5/3ε ]res‖5/6L1(ΩM ) 6 Cε5/3.

Furthermore, we can estimate the term of [̺ε lnϑε]res as follows:

‖[̺ε ln ̺ε]res‖L6/5(ΩM ) 6 C‖[̺5/3ε ]res‖5/6L1(ΩM ) + C‖[ϑ4
ε]res‖5/6L1(ΩM ) 6 Cε5/3

for ̺ε > 2̺, ϑε > 2ϑ, where we have used Young’s inequality. Thus, we have

(4.25) Aε
4 6 C

∫ τ

0

Eε(t) dt+
∫ τ

0

∫

ΩM

̺ε
s(̺ε, ϑε)− s(rε,Θε)

ε
Uε · ∇Tε dxdt

− 1

ε

∫ τ

0

∫

ΩM

̺ε(s(̺ε, ϑε)− s(rε,Θε))∂tTε dxdt+ C(ε(2/3−a/2) + ε).

Step V.We first handle the residual part of the remaining integrals. To this end, we

employ estimates (3.3), (2.18) together with the system of equations (2.13), (2.14),

and (2.20), to deduce

sup
t∈(0,T )

ε‖∂tRε(t, ·)‖L∞(ΩM ), sup
t∈(0,T )

ε‖∂tTε(t, ·)‖L∞(ΩM ) 6 C,(4.26)

ε‖∂tRε‖L∞(ΩM ) → 0, ε‖∂tTε‖L∞(ΩM ) → 0 in Lp(0, T ), 1 6 p < ∞.(4.27)

Using the same method as in Step III and Step IV, we finally get the desired result,

namely

(4.28) − 1

ε

∫ τ

0

∫

ΩM

[̺ε(s(̺ε, ϑε)− s(rε,Θε))∂tTε]res dxdt

− 1

ε

∫ τ

0

∫

ΩM

[̺ε(s(̺ε, ϑε)− s(rε,Θε))Uε · ∇Tε]res dxdt 6 Cε

and

(4.29) − 1

ε2

∫ τ

0

∫

ΩM

[̺ε − rε
rε

∂tp(rε,Θε)
]

res
dxdt

− 1

ε2

∫ τ

0

∫

ΩM

[(p(̺ε, ϑε)− p(̺, ϑ))divUε]res dxdt 6 Cε.

In view of the preceding section, we have to handle solely the essential part of

the integral of the pressure and the entropy part whose integrands can be, roughly

speaking, replaced by their linearization. We now handle the remaining terms of

Aε
2, . . . , A

5
ε. We start with the following observations that can be obtained by using
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Taylor formula and Definition (4.17) as many times as needed—to express Rε and Tε

as a linear combination of αRε + βTε and Zε = δTε − βRε, together with estimates

(3.3), (4.9), (4.10), (2.18), (2.21), (2.25), together with using equations (2.20), (2.13),

and (2.14).

⊲ First,

(4.30)
1

ε2

∫ τ

0

∫

ΩM

rε − ̺ε
rε

∂tp(rε,Θε) dxdt

6

∫ τ

0

∫

ΩM

(
Rε −

̺ε − ̺

ε

)
∂t(αRε + βTε) dxdt+ Cε

=
δ

β2 + αδ

∫ τ

0

∫

ΩM

(αRε + βTε)∂t(αRε + βTε) dxdt

− β

β2 + αδ

∫ τ

0

∫

ΩM

(δTε − βRε)∂t(αRε + βTε) dxdt

−
∫ τ

0

∫

ΩM

̺ε − ̺

ε
∂t(αRε + βTε) dxdt+ Cε.

⊲ Second,

(4.31)
1

ε2

∫ τ

0

∫

ΩM

(p(rε,Θε)− p(̺, ϑ))∆Φε dxdt

6
δ

β2 + αδ

∫ τ

0

∫

ΩM

(
α
̺ε − ̺

ε
+ β

ϑε − ϑ

ε

)
∂t(αRε + βTε) dxdt+ Cε.

⊲ Third,

(4.32)
1

ε2

∫ τ

0

∫

ΩM

̺ε(s(rε,Θε)− s(̺ε, ϑε))(∂tΘε +Uε · ∇Θε) dxdt

6

∫ τ

0

∫

ΩM

(
δTε − βRε + β

̺ε − ̺

ε
− δ

ϑε − ϑ

ε

)
(∂tTε +Uε · ∇Tε) dxdt+ Cε

=
β

β2 + αδ

∫ τ

0

∫

ΩM

(
δTε − βRε + β

̺ε − ̺

ε
− δ

ϑε − ϑ

ε

)
(∂t(αRε + βTε)

+Uε · ∇(αRε + βTε)) dxdt

6
β

β2 + αδ

∫ τ

0

∫

ΩM

(
δTε − βRε + β

̺ε − ̺

ε
− δ

ϑε − ϑ

ε

)
∂t(αRε + βTε) dxdt

+ C
(
ε1/4 +

1

M2

)
.
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Summing together formulas (4.30)–(4.32), we get

(4.33)
1

ε2

∫ τ

0

∫

ΩM

(rε − ̺ε
rε

∂tp(rε,Θε) + (p(rε,Θε)− p(̺ε, ϑε))divUε dx
)
dxdt

+
1

ε2

∫ τ

0

∫

ΩM

̺ε(s(rε,Θε)− s(̺ε, ϑε))(∂tΘε +Uε · ∇Θε) dxdt

6 C
(
ε1/4 + ε+

1

εM
+

1

M
+

1

M2

)
+

δ

2(β2 + αδ)

[∫

ΩM

|αRε + βTε|2 dx
]τ

0

.

Step VI. In this section we will handle the magnetic field terms Aε
6, A

7
ε. We first

compute the first part of Aε
6. Applying integration by parts yields that

(4.34)

∫ τ

0

∫

ΩM

[
−(Hε · ∇)Hε +

1

2
∇|Hε|2

]
·Udxdt

=

∫ τ

0

∫

ΩM

[
−(Hε · ∇)Hε · u− 1

2
|Hε|2 divu

]
dxdt

+

∫ τ

0

∫

ΩM

[
(Hε · ∇)∇Φε ·Hε −

1

2
|Hε|2∆Φε

]
dxdt

+

∫ τ

0

∫

ΩM

[
(Hε · ∇)wε

M ·Hε −
1

2
|Hε|2 divwε

M

]
dxdt

6 −
∫ τ

0

∫

ΩM

(Hε · ∇)Hε · u dxdt+ C
(
ε1/4 +

1

M2

)
,

where we have used the dispersive regularity (2.18) and (2.25).

Adapting H as a test function to equation (1.5), we obtain that

(4.35) −
∫ τ

0

∫

ΩM

(Hε ·H−H0,ε ·H0) dxdt

=

∫ τ

0

∫

ΩM

(Hε · [(u · ∇)H− (H · ∇)u] + εcν∇Hε · ∇H) dxdt

+

∫ τ

0

∫

ΩM

H · [divuε Hε + (uε · ∇)Hε − (Hε · ∇)uε] dxdt,

while

(4.36)

∫ τ

0

∫

ΩM

εcν∇Hε · ∇H dxdt 6
εcν

2

∫ τ

0

∫

ΩM

|∇Hε|2 dxdt+ Cεc.
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Applying integration by parts and using divHε = 0, divH = 0, we get

(4.37) A6
ε + A7

ε −
∫ τ

0

∫

ΩM

̺εuε · [(∇×H)×H] dxdt

6

∫ τ

0

∫

ΩM

(̺− ̺ε)uε · (H · ∇)H dxdt+
1

2

∫ τ

0

∫

ΩM

(̺ε − ̺)uε · ∇|H|2 dxdt

+

∫ τ

0

∫

ΩM

̺(Hε −H) · ∇u · (Hε −H) dxdt

+

∫ τ

0

∫

ΩM

̺(Hε −H) · ∇H · (uε − u) dxdt

−
∫ τ

0

∫

ΩM

̺(uε − u) · ∇H · (Hε −H) dxdt+

∫ τ

0

∫

ΩM

̺(u · ∇)H ·H dxdt

+ C

∫ τ

0

Eε(t) dt+ C
(
εθ +

1

εM

)

:=
6∑

j=1

Dj + C

∫ τ

0

Eε(t) dt+ C
(
εθ +

1

εM

)
,

where we have used

(∇×H)×H = (H · ∇)H− 1
2∇|H|2.

For D3, we can easily show

D3 6 C

∫ τ

0

Eε(t) dt.

For the term D4, from (2.17), (2.18), (3.3), (4.9), (4.11), and (4.13) together with

the Sobolev embedding and Hölder’s inequality, it follows that

(4.38)

∫ τ

0

∫

ΩM

(Hε −H) · ∇H · (uε − u) dxdt

=

∫ τ

0

∫

ΩM

(Hε −H) · ∇H · √̺ε(uε −U) dxdt

+

∫ τ

0

∫

ΩM

(√
̺−√

̺ε
)
(Hε −H) · ∇H · (uε − u) dxdt

+

∫ τ

0

∫

ΩM

(Hε −H) · ∇H ·
(√

̺ε −
√
̺
)
(∇Φε +wε

M ) dxdt

+

∫ τ

0

∫

ΩM

√
̺(Hε −H) · ∇H · (∇Φε +wε

M ) dxdt :=
4∑

j=1

Kj
ε .

It is easy to show

K1
ε +K4

ε 6 C

∫ τ

0

Eε(t) dt+ C
(
ε1/2 +

1

M2

)
.
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We use the Sobolev imbedding theorem and interpolation of the Lebesgue integral

to obtain the estimate of K2
ε :

K2
ε =

∫ τ

0

∫

ΩM

(
√
̺−√

̺ε)(Hε −H) · ∇H · (uε − u) dxdt

6

∫ τ

0

‖
√
̺−√

̺ε‖L2‖Hε‖L6‖∇H‖L6‖uε‖L6 dt

+ C

∫ τ

0

‖
√
̺−√

̺ε‖L2‖Hε‖L2 dt+ C

∫ τ

0

‖
√
̺−√

̺ε‖L2‖H‖L2 dt

+ C

∫ τ

0

‖
√
̺−√

̺ε‖L2‖H‖L6‖∇H‖L6‖uε‖L6 dt

6 C‖
√
̺−√

̺ε‖L∞L2‖∇Hε‖L2L2‖∇uε‖L2L2

+ C‖
√
̺−√

̺ε‖L∞L2‖∇uε‖L2L2 + C‖
√
̺−√

̺ε‖L∞L2

6 C(ε1−(a+c)/2 + ε1−a/2 + ε).

For the term of K3
ε , we can also use interpolation of the Lebesgue integral and the

dispersive estimate (2.18):

K3
ε 6 C

(
ε1/2 +

1

M2

)
.

Thus, we get

D4 6 C

∫ τ

0

Eε(t) dt+ C
(
ε1−(a+c)/2 + ε1−a/2 + ε1/2 +

1

M2

)
.

Similarly, the term D5 can also be controlled by

(4.39) D5 6 C

∫ τ

0

Eε(t) dt+ C
(
ε1−(a+c)/2 + ε1−a/2 + ε1/2 +

1

M2

)
.

Finally, we estimate D1 and can also bound D2 with the same method. From esti-

mates (4.8), (4.9), (4.10) and (4.13), we get

(4.40) D1 6 C‖√̺ε −
√
̺‖L∞(0,T ;L2)‖uε‖L2(0,T ;L2) 6 Cε1−a/2.

So, we prove that

(4.41) A6
ε +A7

ε −
∫ τ

0

∫

ΩM

̺εuε · [(∇×H)×H] dxdt

6 C

∫ τ

0

Eε(t) dt+ C
(
ε1−(a+c)/2 + ε1−a/2 + ε1/2 +

1

M2

)

6 C

∫ τ

0

Eε(t) dt+ C
(
εθ +

1

εM

)
.
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Consequently, we get the following relative entropy:

(4.42)

Eε(τ) +
∫ τ

0

∫

ΩM

[Θ
ϑ

(
εaS(ϑ,∇u) : ∇u− εb−2q(ϑ,∇ϑ) · ∇ϑ

ϑ

)
+ εc|∇H|2

]
dxdt

6 C

∫ τ

0

Eε(t) dt+ C
(
εθ +

1

εM

)
.

Step VII. From (3.6), the initial data part of Aε
1 can be handled as follows:

∥∥√̺0,ε
(
u0,ε − u0 −∇Φ0,ε −w

0,ε
M

)∥∥2
L2(ΩM

6 C
∥∥(√̺0,ε −

√
̺
)
(u0,ε − u0 −∇Φ0,ε −w

0,ε
M )

∥∥2
L2(ΩM )

+ C‖u0,ε − ũ0‖2L2(ΩM ) + C‖∇Φ0,ε − χδ ∗ ∇Φ0,ε‖L2(ΩM ) + C‖w0,ε
M ‖2L2(ΩM )

6 C
(
ε2 + α(ε) +

1

M2

)
+ χ(δ)

with

(4.43) lim
δ→0

χ(δ) = 0,
∫

ΩM

[ 1

ε2
E(̺, ϑ | r,Θ)

]
dx

6 C‖̺(1)0,ε −R0,ε‖2L2(ΩM ) + C‖ϑ(1)
0,ε − T0,ε‖2L2(ΩM )

6 Cα(ε) + χ(δ),

and

‖H0,ε −H0‖2L2(ΩM ) 6 α(ε).

Let us apply Gronwall’s inequality to (4.36) in order to obtain

(4.44) Eε(τ) 6 C
(
εθ + α(ε) +

1

εM(ε)

)

for any τ ∈ (0, T∗], where the number θ is defined in (3.9). The constant depends on

‖∇Φ0,ε‖Hk+2(Ω;R3) + ‖s0,ε‖Hk+2(Ω;R3)

and it is uniformly bounded by a constant number when δ → 0. This completes the

proof of Theorem 3.1. �
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