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Abstract. In this note, we study formal deformations of derived representations of the
principal series representations of SL(2, R). In particular, we recover all the representations
of the derived principal series by deforming one of them. Similar results are also obtained
for SL(2,C).
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1. INTRODUCTION

Deformations appear in a natural way in physics: for instance, relativistic me-
chanics can be considered as a deformation of Galilean mechanics, the deformation
parameter being 1/¢, the inverse of the velocity of light.

In mathematics, deformations of Lie algebra structures have been extensively stud-
ied since the fundamental works of Gerstenhaber, see [13], Nijenhuis and Richardson,
see [24], [26] and are still objects of current research, see, in particular, [9], [10], [11].

In this note, we focus on the problem of deforming Lie algebra representations
which has been investigated by various authors, see [16], [21], [22], [23], [25].

Let g be a (real or complex) Lie algebra and let m be a representation of g on
a vector space V. It is well-known that the existence and classification problems
for the formal deformations of m depend on the Chevalley-Eilenberg cohomology
spaces H'(g, W) and H?(g, W), where W is some subalgebra of End(V'), which are
generally difficult to compute, see, for instance, [4] and [23].

As noticed in [7], if we suppose that 7 has nontrivial formal deformations then,
taking for the deformation parameter a real or complex number, we can expect to
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obtain a one-parameter family of representations of g and, conversely, such a one-
parameter family (7,) (indexed by R or C) being given, we can expect to recover it
by deforming the representation 7 := 7.

Then we see that deforming representations is a way to produce many represen-
tations of g from a few ones and we can hope for the applications of deformations to
the classification of representations of g and also to the description of unitary duals
of Lie groups.

For instance, in [7], we recovered the discrete series representations of SU(1,n)
starting from a single minimal realization of sl(n 4+ 1,C), see [18]. We also refer
to [4], [23] for other interesting examples of deformations, especially of representa-
tions of the Poincaré group.

Here we continue to study representations of semisimple Lie algebras in the light
of deformation theory and consider the family (ox)xer of representations of sl(2, R)
on C°°(R) which is obtained by differentiating the so-called principal series repre-
sentations of SL(2, R), see [20]. Then we show that the deformation process when
applied to oy gives the representations p, and only them. This is done by comput-
ing the cohomology spaces H!(sl(2,R), D(R)) and H?(sl(2,R), D(R)), where D(R)
denotes the algebra of differential operators on R. In fact, the computations are
simplified by the use of the Weyl correspondence and the Moyal associative product
which allow us to replace operators by functions as in [1], [2], [4] and [7]. Similar
results are also obtained for the differentials of the principal series representations
of SL(2,C).

Naturally, we could hope to extend our results to principal series representations
of general semisimple Lie groups but even in the case of SL(n,R) and SL(n,C) (for
arbitrary n) the computations seem to be difficult.

This note is organized as follows. We start with some generalities about formal
deformations of Lie algebra homomorphisms (see Section 2) and about the Weyl cor-
respondence and the Moyal product (see Section 3). Then we introduce the principal
series representations of SL(2,R) and their differentials oy, A € R (see Section 4).
The problem of deforming gy is considered in Section 5 and, in Sections 6 and 7
we treat similarly the case of the differentials of the principal series representations
of SL(2,C) which is a little more complicated to calculate.

2. SOME GENERALITIES ON DEFORMATIONS

Here we recall some definitions and results of deformation theory. The material of
this section is taken from [14], [16], [23], [25] and the exposition essentially follows [4]
and [7].
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Let g be a Lie algebra over K = R, C and let A be an associative algebra over K with
the unit element 1. Then A is also a Lie algebra for the commutator [a, b] := ab— ba.
Let ¢: g — A be a Lie algebra homomorphism.

Definition 2.1.

(1) A formal deformation of ¢ is a formal series ® = _ t*®;, where ®; = ¢ and,
k>0
for each k£ > 1, ¥y, is a linear map from g to A such that

(2.1) (X, Y]) = [2(X), 2(Y)]

for any X and Y in g. Here we have extended the bracket of A to the formal
series by bilinearity.

(2) Two formal deformations ® and ¥ of ¢ are said to be equivalent if there exists
a series a = 1 +taj + t%az + ... € A[[t]] such that for any X € g, we have

(2.2) a1 ®(X)a = U(X).

Now we can introduce the structure of a g-module on A defined by X -a = [p(X), a]
for X € g and a € A and the Chevalley-Eilenberg cohomology of g with values in A.
Recall that the differential 9v of the p-cochain v is the (p 4+ 1)-cochain given by

n

(X1, X2,y .o, Xpy1) = Z(— )X (X, X s Xpt1)

+ Z 1+_],¢ XzaX]X17"'7Xia"'a*§(\vja"'aXp+l)
1<i<j<p+1
for Xy, Xo,... ,Xp+1 €g.
Then we immediately see that equation (2.1) is equivalent to the fact that for each
n > 0 and any X,Y € g, we have

=
2
=)
2
>
s
=
|
&
3.
B
=

(8(I)n)[X7 Y] = [@(X)

= =D _[®r(X), ®ni(Y)].
k=1
In particular, we see that if such a deformation ® exists then ®; is a 1-cocycle.
We have the following result, see, for instance, [16], Section III and [23], Section I.

Proposition 2.1.
(1) If H?(g,A) = (0) then for every l-cocycle a: g — A, there exists a formal
deformation ® such that ®, = «.
(2) If H'(g, A) = (0) then every formal deformation ® of ¢ is equivalent to .
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In [4], we proved the following result.

Proposition 2.2. Assume that H'(g, A) is one-dimensional and that there exists
a formal deformation ® of  such that the cohomology class of ® generates H'(g, A).

For each sequence ¢ = (cx)r>1 of K, consider the formal series S.(t) := > cxth and
k>1
the formal deformation ®° of ¢ defined by ®¢(X) = > S.(t)"®,(X) for every X € g.
r>0

Then the map ¢ — ®° is a bijection from the set of all sequences ¢ = (cx)g>1 of K
onto the set of all equivalence classes of formal deformations of .

We need to adapt Proposition 2.3 to the special cases that will be considered in
this note.

Proposition 2.3.

(1) Assume that there exists a formal deformation ® of ¢ of the form ® = ¢ 4 t®;
such that the cohomology class of ®; generates H'(g, A). Then every formal
deformation of ¢ is equivalent to a deformation of the form ¢ + ( > )\ktk)fbl,
where \;, € K for each k > 1. k=1

(2) Assume that H'(g, A) has dimension 2 and that there exist two 1-cocycles @1, ¢
whose cohomology classes generate H'(g, A) and such that for every A\, X' € K,
o+ t(Ap1 + N )) is a formal deformation of ¢. Then every formal deformation
of ¢ is equivalent to a deformation of the form

Y+ <Z Aktk>sﬁ1 + (Z Aktk)ﬁ'p
k>1 k>1

where A\, X, € K for each k > 1.

Proof. Statement (1) is a particular case of Proposition 2.3. The proof of state-
ment (2) is standard and similar to that of Proposition 2.3, see [4]. Let us sketch
it briefly. Let ¥ be a formal deformation of ¢. The idea is to show the following
property by induction: for each integer p > 1, there exist a;,a9,...,a, € A and
AL, A2y Ap, AL A, ..o, AL € K such that the formal deformations WP and ®P of ¢
given by

UP(X) := exp(tPay) .. .exp(tar)¥(X) exp(—taq) . ..exp(—tPap)
and

PP(X) = p(X) + (é /\ktk) ©1+ (é /\Ztk) ¥

coincide at order p, that is, we have U} = ®} for each k =1,2,...,p.
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Indeed, for p = 1, since ¥, is a 1-cocycle, there exist A1, \] € K and a; € A such
that W1 = A1p1 + A} + da1, where (9a1)(X) = [¢(X),a1]. Then

UH(X) = exp(ta;)¥(X) exp(—tay)

and
' = o+ t(Aer + Aeh)

are formal deformations of ¢ that coincide at order 1, since we have that ¥} =
Arp1 + Al

Now, assume that the property is true for p and prove it for p+ 1. Equation (2.1)
for UP gives

(O, (X, Y) = = D [UR(X), ¥, (V)] == [®L(X), @0, (V)]
k=1 k=1

= (0%5,1)(X,Y)

since U? and @ coincide at order p. Then there exist \,11, ), ; € K and a1 € A
such that

P =0+ A1 + N + dapia
and we can easily verify that UP*1 and ®P*! coincide at order p + 1. O

Note that (2) of Proposition 2.4 can be extended to the case, where Dim(H! (g, A))
is arbitrary without notable modification.

Note also that the preceding definitions and results can be applied to the particular
case of a representation ¢ of g in a real or complex vector space V, since ¢ is also
a Lie algebra homomorphism from g to End(V'), or, more generally, to a subalgebra A
of End(V).

3. WEYL CORRESPONDENCE AND MOYAL PRODUCT

Here we first recall the Weyl correspondence on R?". In fact, we just need in this
note the cases n =1 and n = 2.

The Weyl correspondence on R?" can be defined as follows, see [8], [12], [17]. For
every f in the Schwartz space S(R?"), we define the operator W (f) acting on the
Hilbert space L?(R™) by

WD) = @0 [ @ f(y+ 5.)oly + ) dedz,
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It is well-known that the Weyl calculus can be extended to much larger classes
of symbols (see, for instance, [17]). In particular, W induces a linear isomorphism
from the space P(R?") of C*°-functions f(y,z) on R?", which are polynomials with
respect to the variables z1, 29, ..., 25, onto the space D(R™) of differential operators
on R™ with coefficients in C>°(R"™).

More precisely, if f(y, z) = v(y)z®, where v € C>°(R"), then we have

WNRw) = (i2) " (v(y+ L)ty +)

)
z=0
see, for instance, [27]. Here we use the multi-index notation a = (o, g, . . ., o) EN™.

In particular, if f(y, ) = v(y) then (W(f)9)(y) = v(y)p(y) and it £(y, 2) = v(y)2
then

(3.1) W (f)e)(y) =i(30v(y) e(y) + v(y)Oke(y)).

Now, let us introduce the associative product * on P(R?"), called the Moyal
product, which corresponds via W to the composition of differential operators, that
is, for every fi, fo € P(R?"), we have W (f1 * f2) = W(f1)W(f2).

Then an expansion of * can be obtained as follows, see [12]. Take coordinates
(y,z) on R?" =2 R™ x R™ and let x = (y, z). Then one has z; = y; for 1 <i < n and
T; = zi—p forn+1<17< 2n.

Let A = (A¥) be the (2n x 2n)-matrix whose only nonzero entries are A%*" = 1
and AT = —1 for 1 < i < n. For fi, f2 € P(R?"), let P°(fy, f2) := fifas

PUfife)i= Y AU0, 10, fo = Z(%% _ %%)

1<igen — Oyi Oz, Ozy Oyi
(the usual Poisson brackets) and, more generally, for [ > 2,

Pl(fla f2) = Z Ai1j1Ai2j2 cee Ailjl&iil...xil fl 8;27'1...;8“ f2'

1<, et J1,- 0 1Sn

Then for every fi, fo € P(R?*"), we have

i)t
Jixfa= Z (2113 Pl(fl;fz)-
1>0 ’

We also need the Moyal brackets given by

—i 21
1 ol i=i(frx fa— fax i) =) %PQHI(JEE).
1>0 ’

In Sections 5 and 7, the Moyal product will be used to simplify the computations
of some cohomology spaces.
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4. PRINCIPAL SERIES REPRESENTATIONS OF SL(2,R)

When G is a general connected semisimple Lie group with finite center the principal
series of G can be introduced as follows, see [20], [28]. Let G = K AN be an Iwasawa
decomposition of G (see [15], [28]) and let M be the centralizer of A in K. Then, for
any unitary irreducible representation o of M and any unitary character y of A, we
can consider the representation , , which is obtained by unitary induction to G of
the representation o ® x ® 1x of M AN. Hence these representations 7y, form the
principal series of G.

Here we consider the case G = SL(2, R) and we can take K = SO(2),

A R SR (B I

Then M = (£Id) has two characters o, € = 0,1, defined by o.(—Id) = (—1). This
implies that the principal series of SL(2, R) is indexed by pairs (v, ¢), where ¢ = 0,1
and v € R. More precisely, we can easily verify that m, . can be realized in the
Hilbert space L?(R) as

_ _ el —1—iv ay — ¢
(e (9))(y) = sgn(=by -+ d)F|=by + ™ u( S5,

where g = (‘Z 2) € SL(2,R), u € L?(R) and y € R, see [20].

This is the ‘noncompact’ realization of 7, .. Note that all these representations
except mp,1 are irreducible and that m, . is unitarily equivalent to m_, ¢, see [20],
Chapter II.

By a simple computation, we can verify that for any X = (: 75) € sl(2,R),
u € C§°(R) and y € R, we have

(dmye (X )u)(y) = (1 + 1) (By + a)uly) + By + 2ay — y)u'(y).

For every v € R, let us denote by g, the representation of sl(2, R) in P(R) defined
by the same formula as dm, .:

(o (X)u)(y) = (1 +iv)(By + a)uly) + (By® + 2ay — )u’ (y).

Let (e1,e2,e3) be the basis of g given by

/01 [f00\ (1 0
a7 o o) 27 \1 0)7 " \0o 1)
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Note that we have the following result, as a particular case of [3], Proposition 6.
We define the trace form on sl(2,R) (which is a multiple of the Killing form) by
(X,Y) =Tr(XY).

Proposition 4.1.

(1) The map
1

o (2

vy —y*z yz—iv
is a diffeomorphism from R? onto the set of all matrices of the form Ad(g)(5ves),

where g = (Z Z) € SL(2,R) with a # 0, which is a dense open subset of the

orbit of 1ves under the adjoint action of SL(2, R).
(2) Let W be the Weyl correspondence on R?, see Section 3. Then, for any X €
sl(2,R) and (y, z) € R2, we have

W o (X)) (y, 2) = (¥ (y, 2) , X).

Proof. (1) Simple computation.
(2) Write X = (: 75) Then, from equation (3.1), we obtain

(4.1) W0 (X))(y, 2) = w(By + a) — i(By* + 2ay — 7).

The result follows. |

In other words, the map X — —iW ~1(g,(X))(y, 2) is a parametrization of a dense
open subset of the orbit. In the terminology of [3], we say that W is an adapted Weyl
correspondence, see also [5] and [6]. Since m, . is associated with the adjoint orbit
of fves by the Kostant-Kirillov method of orbits, see [3], [19], we can see that W
provides another way to connect 7, . to the orbit.

5. DEFORMATIONS OF gp

Here we aim to study the formal deformations of gg in D(R). We start with the
following proposition.

Proposition 5.1.
(1) The map ®g: X — —iW 1(go(X)) is a Lie algebra homomorphism from g =
sl(2, R) to P(R?).

(2) We have that ¢ := oo+ Y t* g}, is a formal deformation of gy in D(R) if and only
E>1
ifFO(X) = &o(X)—id t*W1(gr(X)) is a formal deformation of ®y in P(R?).
k>1
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Proof. (1) For any X,Y € g, we have

[©0(X), Ro(Y)]« = i(Po(X) * Po(Y) = o(Y) * Po(X))
= —i(W™ (eo(X)) * W™ (eo(Y)) = W™ (eo(Y)) * W™ (0(Y)))
= —iW ™ (eo(X)eo(Y) — 00(Y)eo(X))
= —iW  (eo([X,Y])) = o ([X, Y)).

(2) Easy to verify. O

In other words, the problem of deforming g is equivalent to that of deforming @
which is more accessible to calculation. The reason is that it is simpler to compute
f*g (for f,g € P(R?)) than W (f)W (g) since the terms that cancel in the expansion
of f * g can be easily identified.

Note that by equation (4.1), we have

Do(e1)(y,2) = —y’z; Polea)(y,2) =23 Doles)(y,z) = —2yz.
As explained in Section 2, we need to compute H'!(g, P(R?)).

Proposition 5.2. The space H'(g, P(R?)) is one-dimensional, generated by the
class of the 1-cocycle ¢o: g — P(R?) defined by wo(e1)(y,z) =y, pole2)(y,z) =0
and @o(e3)(y, 2) = 1.

Proof. Let p: g — P(R?) be a 1-cocycle. Then, for any X,Y € g, we have
(5.1) [@0(X), ()]« + [0(X), Po (V)] — o([X,Y]) = 0.

The idea of the proof is to transform ¢ gradually to a multiple of ¢y by adding
1-coboundaries.
First, let us put

(5.2) F(y.2) = / " oolen)(y/, 2) dyf

and consider the 1-cocycle v1: X — o(X) + [Po(X), f]« which is equivalent to ¢.
Then we have

p1(e2) = p(e2) + [z, fls = @(e2) — Oy f = 0.

Now, applying equation (5.1) to ¢1, X = e2 and Y = e3, we get [z, ¢1(e3)]« = 0.
This implies that o;(e3) is a polynomial p(z). Moreover, writing equation (5.1)
for X = e; and Y = eq, we find that [z,¢1(e1)]« — p(z) = 0. Hence there exists
a polynomial ¢(z) such that p1(e1) = p(2)y + q(2).
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Then we can choose a polynomial r(z) such that p(z) — p(0) — 220,r = 0 and
consider the 1-cocycle p2: X — ¢1(X) + [Po(X), r(z)]+ which is equivalent to o1
and hence to . Thus we have not only p2(e2) = 0 but also

pa(es) = p(2) + [-2yz,7(2)]« = p(2) — 220,7 = p(0).

Hence ¢3(e3) is the constant A := p(0) and we have

pa(e1) = pi(er) — [Pz, 7(2)]s = p(2)y + q(2) — 2y20.r = Ay + q(2).

Finally, applying equation (5.1) to p2 and X = ey, ¥ = ea, we get 2(0.q) +
q(z) = 0, hence ¢(z) = 0 and p(e1) = Ay, ¢(e2) = 0 and ¢(ez) = A. Since we can
easily verify that ¢g is not a 1-coboundary, this ends the proof. O

Although it is not essential for our purposes, we compute the space H?(g, P(R?)),
too.

Proposition 5.3. We have H?(g, P(R?)) = (0).

Proof. Let 3: gxg— P(R?) be a 2-cocycle. Then we have (93)(e1, ea,e3) = 0,
hence

(53) [_yQZa 6(627 63)]* + [_Zyza 6(617 62)]* + [27,8(63, 61)]* =0.

We can choose a linear map ¢1: g — P(R?) such that ¢;(e2) = 0 and 9y (e3) =
B(ez,e3). Then the 2-cocycle 51 := 5 + J¢1 is equivalent to [ and satisfies
51(62, 63) =0.

Similarly we can take p2: g — P(R?) such that pa(es) = 0, pa(e3) = 0 and
Oyp2(e1) = Bi(er, e2). Then By := B1 — Oy is a 2-cocycle which is also equivalent
to § and we have fa(eg, e3) = Ba(e1,e2) = 0. Thus equation (5.3) for 82 implies that
OyP2(e1,e3) = 0, hence there exists a polynomial P(z) such that Ss(ei, e3) = P(2).

Now, let

1t
Qz) = —/ P(tz)dt
2 Jo
and let p3: g — P(R?) be the linear map defined by p3(e1) = Q(2), ¢s(e2) =
¢3(e3) = 0. Then we see easily that Q(z) + 2(9.Q) = 3 P(z) and, consequently, we
have

(Op3)(e1,e3) = [ps(er), —2yz]x + 2¢3(e1) = 22(0.Q) + 2Q(2) = P(z) = PBa2(e1, e3)

and also

(8303)(62, 63) =0= 52(62, 63) and (8303)(61, 62) = 83/303(61) =0= ,62(61, 62).

Finally we have 85 = Ops. The result then follows. O
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Proposition 5.4. Let ¢y be as in Proposition 5.2. Then the map ®: X —
Do (X) + tpo(X) is a formal deformation of ®.

Proof. Recall that ®;: g — P(R?) is a Lie algebra homomorphism and that ¢
is a 1-cocycle. Moreover, note that for any X,Y € g, we have [¢po(X), ¢o(Y)]« = 0.
Then, for any XY € g, we have
[©(X), (V)]s = [Po(X), Po(Y)]s + £([Po(X), po(Y)]« + [p0(X), Po(Y)]+)
— B ([X, Y]) + o ([X, Y]) = @(X, V]).
O

Then we can apply Proposition 2.4 and obtain a description of all formal defor-
mations of &y (hence of gg). Moreover, we can also recover the representations g,
as shown by the following proposition.

Proposition 5.5. For any v € R and any X € g, we have 9,(X) = go(X) +
W (o (X)).
Proof. This is immediate by equation (4.1). O

Note that we do not need to continue the deformation process further. Indeed,
let us fix ¥ € R and consider the problem of deforming g, or, equivalently, the Lie
algebra homomorphism ®,: g — P(R?) defined by ®,(X) = —iW (g, (X)). Then,
denoting by H!(g, P(R?)) the first cohomology space corresponding to the g-module
structure defined on P(R?) by X - f := [®,(X), f]., we have the following result that
implies that deforming g, (for a given v) produces nothing but the series (9,/) again.

Proposition 5.6. The space H!(g, P(R?)) is one-dimensional and generated by
the cohomology class of g defined at Proposition 5.2.

Proof. Similar to that of Proposition 5.2. O

6. PRINCIPAL SERIES REPRESENTATIONS OF SL(2,C)

In this and the next section we take G = SL(2,C), g = sl(2,C). Let K = SU(2),

(AR S (H )

Then we have 0
M:{(u _):ue@,|u|:1}.
0 u
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The principal series of G is then indexed by pairs (v,n), where v € R determines

the character y, : (g 1(/)(1) — a” of A and the integer n determines the character

X (g g) — u™ of M. We can then verify that 7, := Ind$; 4y (X, @ x» ® 1) can

be realized in L?(C) as

_(_ n|_ —2—iv—nm ay — ¢
(mun(9)u) () = (=by -+ )" |=by | > S0 ),
where g = (‘Z 2) € SL(2,C), u € L?(C) and y € C, see [20], [28].
By differentiating the preceding equation, we can also verify that for any X =
(a B) €g=sl(2,C), u e C§°(C) and y € C, we have

¥ T«

(A (X)) (y) = (1 +15 ) (By + By + o+ @u(y)

+ 58y = By + a = @uly) + (By” + 20y — 7)dyu
+ (BY* + 20 — 7).

In order to use the Weyl correspondence, it is convenient to consider the equivalent
representation g, , which is obtained by transferring dm,,,, to functions on R? taking
into account the identification C =2 R? given by (y1,v2) — y1 + iy2, (y1,%2) € R%
More precisely, for any X = (a 75) € s1(2,C), u € C°(R?) and (y1,y2) € R?, we

~
have

(8 (O (w1, 32) = (1415 ) (B + i) + Blyn — iy2) + @+ @)y, y2)

+ g(ﬁ(yl +iy2) — B(yr — iy2) + o — @)u(y1, y2)
+ %(5(91 +iy2)® + 2a(y1 + iy2) — 7)(Oy,u — 10y, u)
4 5 (Blur — i92)” 4+ 23051 — i92) — 7) (O +10,1).

We denote by g, the representation of g = sl(2,C) on P(R?) defined by the same
formula as gy,

Let us introduce the scalar product on g by (X,Y) = RTr(XY). We give now
a result that is analogous to Proposition 4.1.

Proposition 6.1.
(1) The map

" (y,z)_><%(l/—in)—y2 z )

v—in)y —y*z yz—i(v—in
( W —yZ yz—3
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is a diffeomorphism from C? to the set of all matrices of the form

(v~ in)Ad(g) ( : _(1’) 7

where g = (‘Z Z) € SL(2,C) with a # 0, which is a dense open subset of the

orbit of (v — in) ((1) 7(1)) under the adjoint action of G.

(2) Let W be the Weyl correspondence on R*, see Section 3. Then, for any X € g
and (y1,y2,21,%2) € R?, we have

Wﬁl(Qv,n(X))(yla Y2, 21, 32) = i<¢/(y7 Z)? X>a

where y = y1 + iye and z = z1 + izs.
Proof. Statement (1) can be verified easily. To prove statement (2), let

X = (:75) € g. Write a = a; +iag, 8 = 1 +1if2 and v = 71 + iy2 with

a1, a2, 1, B2,71, 72 € R. Then, using equation (3.1), we find

_iW_l(Qu,n(X))(yhyz, 21, 22) = v(B1yr — Bay2 + aa) + n(Boy1 + By + a2)
— (B1y} — 2Bot1y2 — Brys + 200y1 — 200y2 — 71)21
— (Boyi + 2B141Y2 — Boys + 2a2y1 + 2012 — 72)22.

The result follows. O

7. DEFORMATIONS OF 00,0

In this section, we study the formal deformations of ggo in D(R?) by following
the same lines as in Section 5. As already explained, it is equivalent to studying the
formal deformations of the Lie algebra homomorphism Wg: g — P(R?*) defined by

To(X) = —iW " (00,0(X)).

More precisely, let us introduce the following basis of g = sl(2,C) (considered as
a real Lie algebra)
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Then, by using the expression for W ~!(gg ¢(X)) given in the proof of Proposition 6.1,
we get

Wo(er) = (—y +¥3)21 — 2y1y222; Wol(f1) = 2y1y221 — (7 — v5)z2;
Uo(ez) = 215 Wolfa) = 225 Woles) = —2(y121 +y222); Wolf3) = 2(y2z1 — y122)-

Proposition 7.1. The space H'(g, P(R*)) is of dimension 2 and consists of the
classes of 1-cocycles ¥ ,: g — P(R?*) defined by

Uapler) = Ayr + pyas au(fi) = pyr — Aye;
w)\,u(eQ) = w/\,u(fQ) =0; 1P>\,u(63) = )\§ w/\,u(fé) =M

for A\, p € R.

Proof. The proof follows the same lines as that of Proposition 5.2 and thus we
only sketch it.
Let v: g — P(R*) be a 1-cocycle. Then, for any X,Y € g, we have

(7.1) [Wo(X), (V)] + [(X), Wo (V)]s — ¢([X,Y]) = 0.

Step 1. We first apply equation (7.1) to X = e and Y = f;. Then we get
Dy, th(e2) = Oy, (f2). Thus, by Poincaré’s Lemma, there exists u € P(R?*) such that
Oy, u = Y(e2) and Jy,u = ¥(f2). Hence, replacing 1 by the equivalent 1-cocycle
¥+ [Po(:), u]« we can assume that (e2) = (f2) = 0.

Step 2. By successively applying equation (7.1) to (ea,es), (f2,e3), (f2, f3) and
(e2, f3) we verify that 1(es) and ¥(f3) do not depend on yi, y2. Then there exist
two polynomials v(z1, 22) and w(z1, z2) such that ¥(e3) = v and ¥(f3) = w.

Step 3. Now we apply equation (7.1) successively to the cases (X,Y) =
(e1,e2), (e1, f2), (€2, f1) and (f1, f2). Then we get

Oy p(er) =v; Oytbler) =w; Oy, ¥(f1) =w; Oy (f1) = —v.
This implies that there exist two polynomials s(z1, 22) and r(z1, 22) such that
Y(er) = vy +wy2 +55 Y(f1) = wyr —vy2 + 1
Step 4. We choose a polynomial h(z1, z2) such that

2(21821}1 + 22822 h) = ’U(Zl, 22) - U(Oa 0)
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and replace 1 by the equivalent 1-cocycle v + [¥q(-), hl.. This does not modify the
equalities ¥(e2) = ¥(f2) = 0 and, moreover, we have

¥(es) + [Woles), bl = v(0,0).

We see that one can assume that WUg(es3) = v is a constant .
Step 5. We write equation (7.1) for (X,Y’) = (e1,e3). Then, on the one hand, we
get
2105, w + 220,,w =0

and, since w is a polynomial, we see that w is a constant u.
On the other hand, we also obtain

2103, 8 + 220,58 + s = 0.

Then, since s is a polynomial, we find that s = 0.

Finally, by writing equation (7.1) for (X,Y") = (e1, f3), we also obtain that r = 0.

Step 6. It remains to show that, for any A, u € R such that (A, ) # (0,0), ¥x,, is
not a l-coboundary.

Assume that (), 1) # (0,0) and that there exists F' € P(R*) such that for any
X € g, we have ¢y ,(X) = [o(X), F]s. Then by taking X = es and X = fo, we
get [z1, F« = [22, F]. = 0 and we see that F' does not depend on yi, y2. Moreover,
by taking X = e3, we obtain

—2210,, F — 2200, F = A

Since F(z1,z22) is a polynomial this gives A = 0 and F' constant. But then we get
Ua,u(f3) = [Yo(fs), Fl« = 0 and hence p = 0. This contradicts (A, 1) # (0,0) and
then the proof is finished. O

As in Section 5, we can verify that for any (\, ) € R?, the map ¥: X — Wo(X)+
thx u(x) is a formal deformation of ¥y on P(R*) and we obtain a description of all
formal deformations of ¥y on P(R*) — hence of all formal deformations of 00,0 —
by using Proposition 2.4. Moreover, we can also recover the representations g, , of
Section 6 by considering the maps X — g9,0(X) + iW (3,5, (X)).

Note that the direct computation of H?(g, P(R*)) is rather complicated and here
we have not succeeded in performing it.

As in the case of sl(2, R), we can verify that the deformation process when applied
to a given representation g, , does not produce ‘more’ representations. Indeed, the
problem of deforming o, ,, is equivalent to that of deforming the homomorphism ¥, , :
g — P(R*) defined by ¥, ,(X) = —iW (0,,,(X)). Then we can endow P(R*)

949



with the g-module structure defined by X - F' := [¥, ,(X), F]. and we denote by
H l} (9, P(R*)) the corresponding first cohomology space. Thus we have the following

result.

Proposition 7.2. The space Hl}’u(g,’P([R‘l)) is generated by classes of the

1-cocycles ¢' and ? defined by

Pre) =y YN(A) = —yas V'(ex) =9(f2) =¥ (f3) = 0; Yl(es) = 1;
Per) =2 V(A1) =y ¥P(e2) =07(f2) = ¥7(es) = 0; P(f3) = 1.

Proof. The proof is analogous to that of Proposition 5.2. O
Acknowledgement. I would like to thank the referee for numerous pertinent
remarks.
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