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Abstract. This paper studies the compression of a kth-order slant Toeplitz operator on
the Hardy space H2(Tn) for integers k > 2 and n > 1. It also provides a characterization of
the compression of a kth-order slant Toeplitz operator on H

2(Tn). Finally, the paper high-
lights certain properties, namely isometry, eigenvalues, eigenvectors, spectrum and spectral
radius of the compression of kth-order slant Toeplitz operator on the Hardy space H2(Tn)
of n-dimensional torus Tn.
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1. Introduction

Throughout the paper, the set of all complex numbers, the open unit disc and

the unit circle in the complex plane are denoted by C, D and T, respectively. The

theory of slant Toeplitz operators on L2(T) was developed by Ho (see [5], [7]), who

investigated several features of the slant Toeplitz operators on L2(T), such as norms,

spectrum and eigen spaces etc. Arora and Batra in [1] and [2] extended this concept

to the kth-order slant Toeplitz operators on L2(T) and its compression on H2(T).

Ding, Sun and Zheng studied Toeplitz operators and their commutativity on the

bi-disk in [4]. Lu and Zhang discussed the notion of commuting Hankel and Toeplitz

operators on the Hardy space of the bi-disk, see [8]. The study of the Toeplitz

operator is generalized to a n-dimensional structure in [9]. For the fundamental
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terminologies and concepts of Toeplitz and Hankel operators, one is referred to [10].

Enlightened from the work of Ho (see [5], [7]), slant Toeplitz operators are considered

on L2(Tn) in [3]. This paper extends the study of the compression of kth-order slant

Toeplitz operators to H2(Tn), where the set Tn ⊂ C
n, the distinguished boundary

of open unit polydisc Dn in C
n, denotes the Cartesian product of n copies of the

unit circle T ⊂ C.

Throughout the paper, the space of all Lebesgue measurable complex valued func-

tions defined on T
n, which satisfies

∫

Tn

|f |2 dσ <∞,

where dσ is a normalized Lebesgue Haar measure, is denoted by L2(Tn). The

space L∞(Tn) represents the space of all essentially bounded measurable functions

on Tn. By the use of multiple Fourier series on Tn from the Chapter VII of [11], the

space L2(Tn) can be expressed as

L2(Tn) =

{
f : f(z1, z2, . . . , zn) =

∑

(m1,m2,...,mn)∈Zn

fm1,m2,...,mn
zm1

1 zm2

2 . . . zmn

n ,

∑

(m1,m2,...,mn)∈Zn

|fm1,m2,...,mn
|2 <∞

}
.

In the similar way, the space H2(Tn) of n-dimensional torus Tn is given by

H2(Tn) =

{
f : f(z1, z2, . . . , zn) =

∑

(m1,m2,...,mn)∈Zn
+

fm1,m2,...,mn
zm1

1 zm2

2 . . . zmn

n ,

∑

(m1,m2,...,mn)∈Zn
+

|fm1,m2,...,mn
|2 <∞

}
,

where Z and Z+ indicate the set of all integers and the set of all non-negative integers,

respectively. The space H2(Tn) is the Hilbert space with the norm induced by the

inner product given by

〈f, g〉 = 1

(2π)n

∫ 2π

0

∫ 2π

0

. . .

∫ 2π

0︸ ︷︷ ︸
n-times

f(eiθ1 , eiθ2 , . . . , eiθn)g(eiθ1 , eiθ2 , . . . , eiθn) dθ1 dθ2 . . . dθn.

The collection

{em1,m2,...,mn
: (m1,m2, . . . ,mn) ∈ Z

n
+},
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where

em1,m2,...,mn
(z1, z2, . . . , zn) = zm1

1 zm2

2 . . . zmn

n ,

forms an orthonormal basis for the space H2(Tn). The basis elements are usually

written as zm1

1 zm2

2 . . . zmn
n instead of em1,m2,...,mn

whenever there is no confusion.

This space can also be viewed as the closed subspace of L2(Tn) consisting of all

those elements f of L2(Tn) for which 〈f, em1,m2,...,mn
〉 = 0, whenever mj < 0 for at

least one j = 1, 2, . . . , n (see [6]).

For n > 1, let Dn denote the open unit polydisc in C
n. The Hardy space H2(Dn)

over Dn is the Hilbert space of all holomorphic functions on D
n such that

‖f‖ :=

(
sup

06r<1

∫

Tn

|f(reiθ1 , reiθ2 , . . . , reiθn)|2 dθ1 dθ2 . . . dθn
)1/2

<∞,

where dθ1 dθ2 . . . dθn indicates the normalized Lebesgue measure on the torus T
n.

One can see the identification between the Hardy space H2(Dn) and H2(Tn) via

the radial limits of functions in H2(Dn) (see [9] and the references therein). From

now onwards, by the analytic function in L2(Tn) we mean that a function with

Fourier coefficients fm1,m2,...,mn
= 0, whenever mj < 0 for at least one j, 1 6 j 6 n.

A function g ∈ L2(Tn) is co-analytic if g is analytic in the above sense. Also, we

denote the standard basis of Rn by Bn, i.e.

Bn = {(1, 0, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, 0, 0, . . . , 1)}.

Throughout the paper, k and n are chosen as integers such that k > 2 and n > 1.

2. Characterization of the compression of kth-order

slant Toeplitz operator

We begin the section by recalling a few definitions and basic information related

with kth-order slant Toeplitz operator.

Definition 2.1 ([9]). Let ϕ ∈ L∞(Tn); then the Toeplitz operator Tϕ,n, induced

by symbol ϕ, on H2(Tn) is defined as

Tϕ,n(f) = PMϕ(f) for all f ∈ H2(Tn),

where Mϕ is the multiplication operator, induced by ϕ, and P is the orthogonal

projection from the space L2(Tn) onto the space H2(Tn).
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Definition 2.2 ([3]). For ϕ ∈ L∞(Tn), the kth-order slant Toeplitz opera-

tor Aϕ,k,n on L
2(Tn) is given by

Aϕ,k,n(f) = Ek,nMϕ(f) for all f ∈ L2(Tn),

where Ek,n is a bounded operator on L
2(Tn) for a fixed integer k > 2, given by

Ek,n(z
i1
1 z

i2
2 . . . zinn ) =





z
i1/k
1 z

i2/k
2 . . . z

in/k
n if each ij ∈ Z is a multiple of k,

1 6 j 6 n,

0 otherwise.

Now we are in a position to define the compression of kth-order slant Toeplitz

operator on the Hardy space H2(Tn).

Definition 2.3. Let ϕ be an element of the space L∞(Tn). Then the compres-

sion Vϕ,k,n of kth-order slant Toeplitz operator Aϕ,k,n to the Hardy space H
2(Tn) is

defined as

Vϕ,k,n(f) = PAϕ,k,n(f) for all f ∈ H2(Tn),

where P is the orthogonal projection from the space L2(Tn) onto the space H2(Tn).

Equivalently, Vϕ,k,n = PAϕ,k,n|H2(Tn).

Let

ϕ(z1, z2, . . . , zn) =
∑

(m1,m2,...,mn)∈Zn

ϕm1,m2,...,mn
zm1

1 zm2

2 . . . zmn

n ∈ L∞(Tn).

In order to know the Toeplitz operator Tϕ,n, we see that for (i1, i2, . . . , in) ∈ Z
n
+,

Tϕ,n(z
i1
1 z

i2
2 . . . zinn ) =

∑

(m1,m2,...,mn)∈Zn
+

ϕm1−i1,m2−i2,...,mn−inz
m1

1 zm2

2 . . . zmn

n .

A simple calculation yields that T ∗
ϕ,n = PM∗

ϕ

∣∣
H2(Tn)

. Similarly, the action of the

compression Vϕ,k,n of the kth-order slant Toeplitz operator on basis elements can be

seen as

Vϕ,k,n(z
i1
1 z

i2
2 . . . zinn ) =

∑

(m1,m2,...,mn)∈Zn
+

ϕkm1−i1,km2−i2,...,kmn−inz
m1

1 zm2

2 . . . zmn

n .

On taking the adjoint in the definition of Vϕ,k,n, we get that V
∗
ϕ,k,n = PA∗

ϕ,k,n

∣∣
H2(Tn)

.

Again, simple computation yields that

V ∗
ϕ,k,n(z

i1
1 z

i2
2 . . . zinn ) =

∑

(m1,m2,...,mn)∈Zn
+

ϕ̄ki1−m1,ki2−m2,...,kin−mn
zm1

1 zm2

2 . . . zmn

n
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for each (i1, i2, . . . , in) ∈ Z
n
+. With the help of Proposition 2.9 of the paper [3], the

compression of Aϕ,k,n to the space H
2(Tn) can be expressed as

Vϕ,k,n = PAϕ,k,n
∣∣
H2(Tn)

= PEk,nMϕ

∣∣
H2(Tn)

= Ek,nPMϕ

∣∣
H2(Tn)

= Ek,nTϕ,n,

where Tϕ,n is the Toeplitz operator on H
2(Tn). Also, we observe that

Tϕ,nEk,n
∣∣
H2(Tn)

= PEk,nMϕ(zk
1
,zk

2
,...,zkn)

∣∣
H2(Tn)

= Vϕ(zk
1
,zk

2
,...,zkn),k,n

.

The linearity of the mapping ϕ 7→ Vϕ,k,n follows from the linearity of Aϕ,k,n and P .

Further, we prove the following.

Theorem 2.4. The linear correspondence ϕ 7→ Vϕ,k,n is an injective mapping

from the space L∞(Tn) to B(H2(Tn)), the space of all bounded operators onH2(Tn).

P r o o f. In order to prove the injectivity, assume that Vϕ,k,n = 0. Then, for

(i1, i2, . . . , in), (j1, j2, . . . , jn) ∈ Z
n
+, we have

(2.1) 0 = 〈Vϕ,k,n(zi11 zi22 . . . zinn ), zj11 z
j2
2 . . . zjnn 〉

=

〈 ∑

(m1,...,mn)∈Zn
+

ϕkm1−i1,km2−i2,...,kmn−inz
m1

1 zm2

2 . . . zmn

n , zj11 z
j2
2 . . . zjnn

〉

= ϕkj1−i1,kj2−i2,...,kjn−in .

Now, for an arbitrary n-tuple (p1, p2, . . . , pn) ∈ Z
n, the substitution jt = |pt| and

the replacement [k − sgn(pt)]|pt| in place of it for each integer t such that 1 6 t 6 n

in the above expression give that

ϕk|p1|−[k−sgn(p1)]|p1|,...,k|pn|−[k−sgn(pn)]|pn| = 0.

The function sgn(p), appearing in the above expression, is the sign or signum func-

tion. This reduces to ϕsgn(p1)|p1|,sgn(p2)|p2|,...,sgn(pn)|pn| = 0 for all (p1, p2, . . . , pn)∈Z
n.

It yields that ϕp1,p2,...,pn = 0 for all (p1, p2, . . . , pn) ∈ Z
n and hence ϕ = 0. In the

view of the above observation, the injectivity of the correspondence follows. �

An immediate corollary that follows from the above theorem is the following.

Corollary 2.5. The operator Vϕ,k,n is the zero operator if and only if ϕ = 0.

Primarily, we intend to have a necessary condition for a bounded operator

on H2(Tn) to be the compression of kth-order slant Toeplitz operator. Secondly, we

provide a characterization for the compression of kth-order slant Toeplitz operator

on H2(Tn) for a special kind of inducing function.

1001



Theorem 2.6. Let V ∈ B(H2(Tn)) be a compression of kth-order slant Toeplitz

operator on the space H2(Tn). Then, it satisfies

(2.2) V = T ∗
z
p1
1
z
p2
2
...zpnn ,n

V T
z
kp1
1

z
kp2
2

...zkpn
n ,n

for each (p1, p2, . . . , pn) ∈ Z
n
+.

P r o o f. Let V be a compression of kth-order slant Toeplitz operator, that is,

V = Vϕ,k,n for some ϕ ∈ L∞(Tn) given by

ϕ(z1, z2, . . . , zn) =
∑

(m1,m2,...,mn)∈Zn

ϕm1,m2,...,mn
zm1

1 zm2

2 . . . zmn
n .

Now, for (i1, i2, . . . , in), (p1, p2, . . . , pn) ∈ Z
n
+, we get

T ∗
z
p1
1
z
p2
2
...zpnn ,nV Tzkp1

1
z
kp2
2

...zkpn
n ,n

(zi11 z
i2
2 . . . zinn )

= T ∗
z
p1
1
z
p2
2
...zpnn ,n

[ ∑

(m1,m2,...,mn)∈Zn
+

ϕkm1−i1−kp1,...,kmn−in−kpnz
m1

1 zm2

2 . . . zmn

n

]

= P

[ ∑

(m1,m2,...,mn)∈Zn
+

ϕkm1−i1−kp1,...,kmn−in−kpnz
m1−p1
1 zm2−p2

2 . . . zmn−pn
n

]
.

On replacing mj by mj + pj for each integer j, 1 6 j 6 n, we obtain that

T ∗
z
p1
1
z
p2
2
...zpnn ,nV Tzkp1

1
z
kp2
2

...zkpn
n ,n

(zi11 z
i2
2 . . . zinn )

= P

[ ∞∑

mj=−pj ,16j6n

ϕkm1−i1,km2−i2,...,kmn−inz
m1

1 zm2

2 . . . zmn

n

]

=
∑

(m1,m2,...,mn)∈Zn
+

ϕkm1−i1,km2−i2,...,kmn−inz
m1

1 zm2

2 . . . zmn

n

= Vϕ,k,n(z
i1
1 z

i2
2 . . . zinn ) = V (zi11 z

i2
2 . . . zinn ),

which furnishes the desired result. �

Now, we look for a condition which not only acts as a necessary condition but also

as a sufficient condition for a bounded operator on H2(Tn) to be the compression

of Aϕ,k,n for some specific ϕ ∈ L∞(Tn). The following result uses the fact that

Ek,n[f(z
k
1 , . . . , z

k
n)g] = f [Ek,n(g)] for f, g ∈ L2(Tn) satisfying fg ∈ L2(Tn), which is

derived in Proposition 2.2 of [3].

Theorem 2.7. A necessary and sufficient condition for a bounded operator V

on H2(Tn) to be the compression of kth-order slant Toeplitz operator induced by
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the symbol

(2.3) ϕ(z1, z2, . . . , zn) =

∞∑

mj=−(k−1),16j6n

ϕm1,m2...,mn
zm1

1 zm2

2 . . . zmn

n ∈ L∞(Tn),

is that Tzp1
1
z
p2
2
...zpnn ,nV = V T

z
kp1
1

z
kp2
2

...zkpn
n ,n

for each (p1, p2, . . . , pn) ∈ Bn.

P r o o f. Let V (= Vϕ,k,n) be the compression of a kth-order slant Toeplitz oper-

ator induced by ϕ ∈ L∞(Tn), given by

ϕ(z1, z2, . . . , zn) =

∞∑

mj=−(k−1),16j6n

ϕm1,m2...,mn
zm1

1 zm2

2 . . . zmn

n .

The above expression of ϕ can be rewritten as

ϕ(z1, z2, . . . , zn) =
∑

(m1,m2,...,mn)∈Zn

ϕm1,m2...,mn
zm1

1 zm2

2 . . . zmn

n

with the condition that ϕm1,m2,...,mn
= 0 if mj 6 −k for some integer j, 1 6 j 6 n.

Now, for each (i1, i2, . . . , in) ∈ Z
n
+ and (0, 0, . . . , 0) 6= (p1, p2, . . . , pn) ∈ Z

n
+, the above

form of ϕ yields that

(2.4) V T
z
kp1
1

z
kp2
2

...zkpn
n ,n

(zi11 z
i2
2 . . . zinn ) = Vϕ,k,n(z

i1+kp1
1 zi2+kp22 . . . zin+kpnn )

=
∑

(m1,m2,...,mn)∈Zn
+

ϕkm1−i1−kp1,...,kmn−in−kpnz
m1

1 zm2

2 . . . zmn

n

=

∞∑

mj=pj ,16j6n

ϕkm1−i1−kp1,...,kmn−in−kpnz
m1

1 zm2

2 . . . zmn

n

+
∑

(m1,...,mn)∈Z
n
+,

at least one mj0
6pj0−1,

16j06n for which pj0 6=0

ϕkm1−i1−kp1,...,kmn−in−kpnz
m1

1 . . . zmn

n

=

∞∑

mj=pj ,16j6n

ϕkm1−i1−kp1,...,kmn−in−kpnz
m1

1 zm2

2 . . . zmn

n .

Again, for (i1, i2, . . . , in) ∈ Z
n
+ and (p1, p2, . . . , pn) ∈ Z

n
+, we get

Tzp1
1
...zpnn ,nV (zi11 z

i2
2 . . . zinn ) = Tzp1

1
...zpnn ,nVϕ,k,n(z

i1
1 z

i2
2 . . . zinn )

= Tzp1
1
...zpnn ,n

[ ∑

(m1,...,mn)∈Zn
+

ϕkm1−i1,...,kmn−inz
m1

1 . . . zmn

n

]

=
∑

(m1,...,mn)∈Zn
+

ϕkm1−i1,...,kmn−inz
m1+p1
1 zm2+p2

2 . . . zmn+pn
n .
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Replacing mj by mj − pj for 1 6 j 6 n in the above expression, we get

(2.5) Tzp1
1
z
p2
2
...zpnn ,nV (zi11 z

i2
2 . . . zinn )

=

∞∑

mj=pj ,16j6n

ϕkm1−i1−kp1,...,kmn−in−kpnz
m1

1 zm2

2 . . . zmn

n .

The equations (2.5) and (2.4) apparently provide that

Tzp1
1
z
p2
2
...zpnn ,nV = V T

z
kp1
1

z
kp2
2

...zkpn
n ,n

for each (0, . . . , 0) 6= (p1, p2, . . . , pn) ∈ Z
n
+. Also, for (p1, . . . , pn) = (0, . . . , 0), the

preceding relation is vacuously satisfied. Hence, Tzp1
1
z
p2
2
...zpnn ,nV = V T

z
kp1
1

z
kp2
2

...zkpn
n ,n

for each (p1, p2, . . . , pn) ∈ Z
n
+ and in particular for (p1, p2, . . . , pn) ∈ Bn.

Conversely, suppose that V is an operator on H2(Tn) which satisfies

Tzp1
1
z
p2
2
...zpnn ,nV = V T

z
kp1
1

z
kp2
2

...zkpn
n ,n

for all (p1, p2, . . . , pn) ∈ Bn. It is easy to verify that the preceding condition also

holds for all (p1, p2, . . . , pn) ∈ Z
n
+. Let f ∈ H2(Tn) be of the form

f(z1, z2, . . . , zn) =
∑

(m1,m2,...,mn)∈Zn
+

fm1,m2,...,mn
zm1

1 zm2

2 . . . zmn

n

=
∑

(m1,m2,...,mn)∈Zn
+

fm1,m2,...,mn
Tzm1

1
z
m2
2

...zmn
n

(1)(z1, z2, . . . , zn).

For each ij ∈ {0, 1, 2, . . . , k − 1}, 1 6 j 6 n and f ∈ H2(Tn), the condition

Tzp1
1
z
p2
2
...zpnn ,nV = V T

z
kp1
1

z
kp2
2

...zkpn
n ,n

helps to conclude that

(2.6) V [zi11 z
i2
2 . . . zinn f(z

k
1 , z

k
2 , . . . , z

k
n)](z1, z2, . . . , zn)

= V

[ ∑

(m1,...,mn)∈Zn
+

fm1,...,mn
T
z
km1+i1
1

z
km2+i2
2

...zkmn+in
n

(1)

]
(z1, . . . , zn)

=
∑

(m1,...,mn)∈Zn
+

fm1,...,mn
[Tzm1

1
z
m2
2

...zmn
n
V (zi11 z

i2
2 . . . zinn )](z1, . . . , zn)

=
∑

(m1,...,mn)∈Zn
+

fm1,...,mn
zm1

1 zm2

2 . . . zmn

n [V (zi11 z
i2
2 . . . zinn )](z1, . . . , zn)

= f(z1, z2, . . . , zn)V [zi11 z
i2
2 . . . zinn ](z1, z2, . . . , zn).

Let ϕi1,i2,...,in represent the function V (zi11 z
i2
2 . . . zinn ) for each ij ∈ {0, 1, 2, . . . , k−1},

1 6 j 6 n. Ultimately, we intend to prove that each function ϕi1,i2,...,in belongs

to L∞(Tn). Further, equation (2.6) gives that

V (zi11 z
i2
2 . . . zinn · h) = f · V (zi11 z

i2
2 . . . zinn ) = f · ϕi1,i2,...,in ,
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where h(z1, z2, . . . , zn) = f(zk1 , z
k
2 , . . . , z

k
n). The above expression provides that

‖f · ϕi1,i2,...,in‖22 = ‖V (zi11 z
i2
2 . . . zinn · h)‖22 6 ‖V ‖2‖f‖22 <∞,

which implies that f ·ϕi1,i2,...,in ∈ H2(Tn). Therefore, by the above observation and

the solution of Problems 50 and 53 of [6], each function ϕi1,i2,...,in belongs to the

space L∞(Tn) for all ij ∈ {0, 1, 2, . . . , k − 1} and 1 6 j 6 n.

Now we aim to construct a function ϕ using these functions ϕi1,i2,...,in so that

ϕ ∈ L∞(Tn) and V = Vϕ,k,n. For this, consider the function

ϕ =
k−1∑

i1,i2,...,in=0

ei1,i2,...,ingi1,i2,...,in ,

where

ei1,i2,...,in(z1, . . . , zn) = zi11 z
i2
2 . . . z

in
n

and

gi1,...,in(z1, . . . , zn) = ϕi1,i2,...,in(z
k
1 , . . . , z

k
n).

Thus, it yields the desired form of ϕ as

ϕ(z1, z2, . . . , zn) =

k−1∑

i1,i2,...,in=0

zi11 z
i2
2 . . . z

in
n ϕi1,i2,...,in(z

k
1 , z

k
2 , . . . , z

k
n),

which is an element of the space L∞(Tn).

Now we are left to prove that V = Vϕ,k,n. For, let f be an arbitrary element

of H2(Tn) given by

f(z1, z2, . . . , zn) =
∑

(m1,m2,...,mn)∈Zn
+

fm1,m2,...,mn
zm1

1 zm2

2 . . . zmn

n .

We express f as

f(z1, z2, . . . , zn) =

k−1∑

i1,i2,...,in=0

zi11 z
i2
2 . . . zinn f̃i1,i2,...,in(z

k
1 , z

k
2 , . . . , z

k
n),

where

hi1,...,in(z1, . . . , zn) = f̃i1,...,in(z
k
1 , . . . , z

k
n)

=
∑

(m1,...,mn)∈Zn
+

fkm1+i1,...,kmn+inz
km1

1 . . . zkmn

n .
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These expressions of f and ϕ along with Proposition 2.2 of [3] and relation (2.6)

provide that

Vϕ,k,nf(z1, z2, . . . , zn) = PEk,nMϕf(z1, z2, . . . , zn)

= PEk,n{ϕ · f}(z1, z2, . . . , zn)

= PEk,n

[ k−1∑

i1,i2,...,in=0

gi1,i2,...,in · hi1,i2...,in

+

{
other terms which cannot be generated by the set

{zkm1

1 . . . zkmn
n or ekm1,...,kmn

: (m1,m2, . . . ,mn) ∈ Z
n
+}

]
(z1, z2 . . . , zn)

= P

[ k−1∑

i1,i2,...,in=0

f̃i1,i2,...,in · ϕi1,i2,...,in
]
(z1, z2, . . . , zn)

=

k−1∑

i1,i2,...,in=0

f̃i1,i2,...,in(z1, z2, . . . , zn)V [zi11 z
i2
2 . . . zinn ](z1, z2, . . . , zn)

=
k−1∑

i1,i2,...,in=0

(V {f̃i1,...,in(zk1 , zk2 , . . . , zkn)zi11 zi22 . . . zinn })(z1, z2 . . . , zn)

= V

[ k−1∑

i1,i2,...,in=0

zi11 z
i2
2 . . . zinn f̃i1,...,in(z

k
1 , z

k
2 , . . . , z

k
n)

]
(z1, z2 . . . , zn)

= V f(z1, z2 . . . , zn).

Thus, we have V = Vϕ,k,n for ϕ ∈ L∞(Tn). This completes the proof. �

The proof of the above theorem suggests the following without any extra effort.

Theorem 2.8. A bounded operator V on H2(Tn) is the compression of kth-order

slant Toeplitz operator with symbol ϕ given in (2.3) if and only if it satisfies

(2.7) Tzp1
1
z
p2
2
...zpnn ,nV = V T

z
kp1
1

z
kp2
2

...zkpn
n ,n

for each (p1, p2, . . . , pn) ∈ Z
n
+.

It is important to note that the characterizations provided in Theorems 2.7 and 2.8

are valid only for the compression of kth-order slant Toeplitz operators that are in-

duced by symbols given in (2.3). We can see that the compressions may fail to satisfy

the characterizations given in above theorems. For choose ϕ = z−k1 and V = Vϕ,k,n.

Then ϕ ∈ L∞(Tn) but is not of the form given in (2.3). Clearly V is a bounded

operator on H2(Tn) and is the compression of kth-order slant Toeplitz operator with

symbol ϕ. For (p1, p2, . . . , pn) = (1, 0, 0, . . . , 0), the expressions V T
z
kp1
1

...zkpn
n ,n

and
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Tzp1
1
z
p2
2
...zpnn ,nV are given by

Vz−k
1
,k,nTzk1 ,n(z

i1
1 z

i2
2 . . . zinn ) =






z
i1/k
1 z

i2/k
2 . . . z

in/k
n if each ij is a multiple of k,

1 6 j 6 n,

0 otherwise

and

Tz1,nVz−k
1
,k,n(z

i1
1 z

i2
2 . . . zinn ) = Tz1,nP





z
i1/k−1
1 z

i2/k
2 . . . z

in/k
n if each ij is a multiple

of k,

0 otherwise.

In particular, for i1 = 0, i2 = k, i3 = i4 = . . . = in = 0, the above expressions

show that

Tz1,nVz−k
1
,k,n(z

i1
1 . . . zinn ) = 0 6= z2 = Vz−k

1
,k,nTzk1 ,n(z

i1
1 z

i2
2 . . . zinn ).

This justifies that the operator V fails to satisfy the characterizations obtained in

Theorems 2.7 and 2.8.

Remark 2.9. It is evident to see that any bounded operator V on H2(Tn)

satisfying (2.7) satisfies (2.2). However, the above example proves that the converse

is not true.

It can be shown that a Toeplitz operator Tϕ,n on H
2(Tn) is compact if and only

if ϕ = 0. In order to prove this, consider f ∈ H2(Tn), which is given by

f(z1, z2, . . . , zn) =
∑

(m1,m2,...,mn)∈Zn
+

〈f, em1,m2,...,mn
〉em1,m2,...,mn

(z1, . . . , zn)

and satisfies
∑

(m1,...,mn)∈Zn
+

|〈f, em1,m2,...,mn
〉|2 <∞. As a consequence of the absolute

convergence of the preceding series, one can conclude that for each f ∈ H2(Tn),

〈f, em1,m2,...,mn
〉 converges to 0 as each mi → ∞ for 1 6 i 6 n. This means that

the sequence {em1,m2,...,mn
} converges to 0 weakly as each mi → ∞ for 1 6 i 6 n.

Since Tϕ,n is compact, it follows that Tϕ,n(em1,m2,...,mn
) → 0 strongly as all mi’s

approach to ∞. Now, for given (i1, i2, . . . , in) ∈ Z
n, we construct two n-tuples

(p1, p2, . . . , pn), (q1, q2, . . . , qn) ∈ Z
n
+ such that

pj =

{
0 if ij > 0,

−ij if ij < 0
and qj =

{
ij if ij > 0,

0 if ij < 0
for 1 6 j 6 n.
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Clearly, we have ij = qj − pj for 1 6 j 6 n. Now,

|ϕq1−p1,q2−p2,...,qn−pn | = |〈Tϕ,n(zp1+m1 zp2+m2 . . . zpn+mn ), zq1+m1 zq2+m2 zqn+mn 〉|
6 ‖Tϕ,n(ep1+m,p2+m,...,pn+m)‖ → 0 as m→ ∞.

It shows that ϕi1,i2,...,in = 0 and hence ϕ = 0.

Now we investigate the connections between the compression of kth-order slant

Toeplitz operators and Toeplitz operators. Further, we also extract the inducing

function ϕ ∈ L∞(Tn) for Vϕ,k,n to be a compact operator. The following theorem

uses a relation Ek,nMϕE
∗
k,n = MEk,n(ϕ), which can be seen by applying operators

on basis elements and is shown in [3].

Theorem 2.10. For ϕ ∈ L∞(Tn), the following conclusion can be made:

(1) Ek,nV
∗
ϕ,k,n = TEk,n(ϕ̄),n.

(2) If ϕ is co-analytic then Vϕ,k,nV
∗
ϕ,k,n = TEk,n(|ϕ|2),n.

(3) Vϕ,k,n is compact if and only if ϕ = 0.

P r o o f. (1) For ϕ ∈ L∞(Tn), in the view of proof of the Lemma 3.12 of [3], one

can observe that

Ek,nV
∗
ϕ,k,n = Ek,nPA

∗
ϕ,k,n|H2(Tn) = PEk,nMϕ̄E

∗
k,n|H2(Tn)

= PMEk,n(ϕ̄)|H2(Tn) = TEk,n(ϕ̄),n.

(2) Suppose that ϕ is co-analytic. Then, again by the Lemma 3.12 of [3], we obtain

that

Vϕ,k,nV
∗
ϕ,k,n = PAϕ,k,nPA

∗
ϕ,k,n|H2(Tn) = PEk,nMϕPMϕ̄E

∗
k,n|H2(Tn)

= PEk,nM|ϕ|2E
∗
k,n|H2(Tn) = TEk,n(|ϕ|2),n.

(3) Assume that Vϕ,k,n is a compact operator for ϕ ∈ L∞(Tn), given by

ϕ(z1, z2, . . . , zn) =
∑

(m1,m2,...,mn)∈Zn

ϕm1,m2,...,mn
zm1

1 zm2

2 . . . zmn

n .

Then this implies that Ek,n(Vϕ,k,nTzp1
1
z
p2
2
...zpnn ,n)

∗ is also compact operator for

pj ∈ {0, 1, 2, . . . , k − 1} with 1 6 j 6 n. Now, by using the part (1) of the theorem,

we get that

Ek,n(Vϕ,k,nTzp1
1
z
p2
2
...zpnn ,n)

∗ = Ek,nV
∗
(z

p1
1
z
p2
2
...zpnn ϕ),k,n = T

Ek,n(z
p1
1
z
p2
2
...zpnn ϕ),n

.

The preceding expression provides that T
Ek,n(z

p1
1
z
p2
2
...zpnn ϕ)

is compact operator and

hence Ek,n(z
p1
1 z

p2
2 . . . zpnn ϕ) = 0, for all pj ∈ {0, 1, 2, . . . , k − 1} with 1 6 j 6 n
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because of the observation made on the above proposition. Consequently, we obtain

that ∑

(m1,m2,...,mn)∈Zn

ϕ̄km1−p1,km2−p2,...,kmn−pnz
m1

1 zm2

2 . . . zmn

n = 0,

which implies that ϕ̄km1−p1,km2−p2,...,kmn−pn = 0 for each integer pj such that

0 6 pj 6 k − 1, 1 6 j 6 n. Hence, we get ϕ = 0. �

The following theorem points out the condition on inducing function so that the

product of the Toeplitz operator and compression of kth-order slant Toeplitz operator

is again a compression of kth-order slant Toeplitz operator.

Theorem 2.11. Let ϕ and ψ be two elements of the space L∞(Tn). Then the

following statements are true.

(1) If either ϕ̄ or ψ is analytic then Vϕ,k,nTψ,n = Vϕψ,k,n.

(2) If either ψ or ϕ is analytic then Tψ,nVϕ,k,n = Vψ(zk
1
,zk

2
,...,zkn)ϕ,k,n

.

P r o o f. In order to prove part (1), we initially claim that Tϕ,nTψ,n = Tϕψ,n when-

ever either ϕ̄ or ψ is analytic. We also know that Tϕ,nTψ,n = PMϕPMψ|H2(Tn). If ψ

is analytic, then the preceding expression reduces to Tϕ,nTψ,n = PMϕMψ|H2(Tn) =

Tϕψ,n. Again, if ϕ̄ is analytic, then we can observe that

(Tϕ,nTψ,n)
∗ = PMψPMϕ̄

∣∣
H2(Tn)

= PMψMϕ̄

∣∣
H2(Tn)

= T ∗
ϕψ,n.

From the above observation, we get the claim. Now, consider the expression

Vϕ,k,nTψ,n = Ek,nTϕ,nTψ,n = Vϕψ,k,n,

which implies the desired result.

(2) Since either ψ or ϕ is analytic. Therefore, from the observation made in

part (1), we get that

Tψ,nVϕ,k,n = Tψ,nEk,nTϕ,n = Ek,nTψ(zk
1
,zk

2
,...,zkn)ϕ,n

= Vψ(zk
1
,zk

2
,...,zkn)ϕ,k,n

.

Hence, the result follows. �

The next theorem provides a necessary and sufficient condition for V ∗
ϕ,k,n to be an

isometry.

Theorem 2.12. The adjoint V ∗
ϕ,k,n of Vϕ,k,n is an isometry if and only if ϕ is

co-analytic and Ek,n(|ϕ|2) = 1.
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P r o o f. Assume that ϕ is co-analytic and Ek,n(|ϕ|2) = 1. Then, by Theo-

rem 2.10, we get that

Vϕ,k,nV
∗
ϕ,k,n = TEk,n(|ϕ|2),n = I,

which implies that V ∗
ϕ,k,n is an isometry.

Conversely, suppose that V ∗
ϕ,k,n is an isometry for ϕ ∈ L∞(Tn), given by

ϕ(z1, z2, . . . , zn) =
∑

(m1,m2,...,mn)∈Zn

ϕm1,m2,...,mn
zm1

1 zm2

2 . . . zmn

n .

Then we have ‖V ∗
ϕ,k,n(f)‖2 = ‖f‖2 for all f ∈ H2(Tn). In particular, if we choose

f(z1, z2, . . . , zn) = zi11 z
i2
2 . . . zinn for (i1, i2, . . . , in) ∈ Z

n
+, we get

(2.8) 1 = ‖f‖22 =
∥∥∥∥

∑

(m1,m2,...,mn)∈Zn
+

ϕ̄ki1−m1,ki2−m2,...,kin−mn
zm1

1 zm2

2 . . . zmn

n

∥∥∥∥
2

2

=
∑

(m1,m2,...,mn)∈Zn
+

|ϕ̄ki1−m1,ki2−m2,...,kin−mn
|2.

On substituting ij = 0 for each integer 1 6 j 6 n, relation (2.8) reduces to

(2.9) 1 =
∑

(m1,m2,...,mn)∈Zn
+

|ϕ̄−m1,−m2,...,−mn
|2.

Again, for ij > 1, 1 6 j 6 n, relation (2.8) can be rewritten as

(2.10) 1 =
∑

at least for one j,
06mj6kij−1,

(m1,m2,...,mn)∈Z
n
+

|ϕ̄ki1−m1,ki2−m2,...,kin−mn
|2

+

∞∑

mj=kij ,16j6n

|ϕ̄ki1−m1,ki2−m2,...,kin−mn
|2.

On observing relations (2.9) and (2.10), one can conclude that

∑

at least for one j,
06mj6kij−1,

(m1,m2,...,mn)∈Z
n
+

|ϕ̄ki1−m1,ki2−m2,...,kin−mn
|2 = 0

for all integers ij > 1, 1 6 j 6 n. Consequently, this gives that

(2.11) ϕ̄ki1−m1,ki2−m2,...,kin−mn
= 0
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for all integers ij > 1 and for each (m1,m2, . . . ,mn) ∈ Z
n
+ provided that there is

at least one t, 1 6 t 6 n such that 0 6 mt 6 kit − 1. Therefore, equation (2.11)

provides that

ϕm1,m2,...,mn
= 0 for each (m1,m2, . . . ,mn) ∈ Z

n such that at least one mj > 1.

Thus, we get that ϕ is co-analytic. Again, using the Theorem 2.10, we get

Vϕ,k,nV
∗
ϕ,k,n = TEk,n(|ϕ|2),n = I,

which implies that Ek,n(|ϕ|2) = 1. This completes the proof. �

Now, we provide an illustration in support of the preceding theorem.

Example 2.13. Let ϕ(z1, z2, . . . , zn) = (z1z2 . . . zn + 1)/
√
2. Then, obviously, it

is a co-analytic function in the space L∞(Tn) and

|ϕ(z1, z2, . . . , zn)|2 =
z1z2 . . . zn + z1z2 . . . zn + 2

2
,

which yields that Ek,n(|ϕ(z1, z2, . . . , zn)|2) = 1 and hence Vϕ,k,nV
∗
ϕ,k,n = I. This

points out that V ∗
ϕ,k,n is an isometry. Thus, the Theorem 2.12 is satisfied for

ϕ(z1, z2, . . . , zn) = (z1z2 . . . zn + 1)/
√
2.

3. Spectrum of Vϕ,k,n

In this section, we focus on the investigation of the spectrum and spectral radius

of the compression of kth-order slant Toeplitz operator. In order to attain our results

in an n-dimensional structure, we adopt the methodology provided in [2], [5]. We

shall show that the spectral radius of Vϕ,k,n is same as that of Aϕ,k,n for analytic

or co-analytic ϕ ∈ L∞(Tn). Prior to the main theorem, initially we investigate

a few prerequisites for the accomplishment of the main results and certain other

consequences.

Lemma 3.1. The operator (I − P )M q
z1z2...zn converges to 0 strongly as q → ∞,

where Mz1z2...zn is the multiplication operator induced by z1z2 . . . zn ∈ L∞(Tn)

and P is the orthogonal projection from the space L2(Tn) onto H2(Tn).

P r o o f. Let f be a function of the space L2(Tn), given by

f(z1, z2, . . . , zn) =
∑

(m1,m2,...,mn)∈Zn

fm1,m2,...,mn
zm1

1 zm2

2 . . . zmn

n .
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Then, we observe that

‖(I − P )M q
z1z2...zn(f)‖2 =

∥∥∥∥(I − P )

( ∑

(m1,...,mn)∈Zn

fm1,m2,...,mn
zm1+q
1 zm2+q

2 . . . zmn+q
n

)∥∥∥∥
2

=

−1∑

mj=−∞,16j6n

|fm1−q,m2−q,...,mn−q|2 =

−q−1∑

mj=−∞,16j6n

|fm1,...,mn
|2.

Being f in L2(Tn),

0∑

mj=−∞,16j6n

|fm1,m2,...,mn
|2 6

∞∑

mj=−∞,16j6n

|fm1,m2,...,mn
|2 <∞.

Therefore, by the definition of convergence of series, we can conclude that

‖(I − P )M q
z1z2...zn(f)‖ → 0 as q → ∞ for all f ∈ L2(Tn).

Hence, the result follows. �

The next outcome utilizes a theorem proved in [3], which states that a bounded

operator A is the kth-order slant Toeplitz operator if and only if A = M∗
z
p1
1
z
p2
2
...zpnn

AM
z
kp1
1

z
kp2
2

...zkpn
n
for all (p1, p2, . . . , pn) ∈ Z

n.

Lemma 3.2. The operator M q
z1z2...znVϕ,k,nPM

kq
z1z2...zn converges to Aϕ,k,n as

q → ∞ in the strong operator topology.

P r o o f. Initially, from the Lemma 3.1, we know that (I −P )M q
z1z2...zn converges

to 0 as q → ∞ in the strong operator topology. Therefore,M q
z1z2...zn(I−P )M q

z1z2...zn

also converges to 0 strongly as q → ∞. Consequently, we obtained that M q
z1z2...zn

PM q
z1z2...zn → I strongly as q → ∞. Now, we see that

M q
z1z2...znVϕ,k,nPM

kq
z1z2...zn =M q

z1z2...znPAϕ,k,nPM
kq
z1z2...zn

= (M q
z1z2...znPM

q
z1z2...zn)(M

q
z1z2...znAϕ,k,nM

kq
z1z2...zn)(M

kq
z1z2...znPM

kq
z1z2...zn).

By the use of above observations and the characterization of the kth-order slant

Toeplitz operator given in [3], the desired result follows. �

The following theorem derives the norm of Vϕ,k,n in term of inducing function.

Moreover, it shows that the norms of Vϕ,k,n and Aϕ,k,n are equal. In order to prove

this, we require Lemma 3.12 of [3], which proves that ‖Amϕ,k,n‖ = ‖ψm‖1/2∞ , where

ψm is given by

(3.1) ψm = Ek,n(|ϕ|2Ek,n(|ϕ|2Ek,n(. . . Ek,n︸ ︷︷ ︸
m-times

(|ϕ|2) . . .))).
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Theorem 3.3. Let Vϕ,k,n be a compression of the kth-order slant Toeplitz oper-

ator Aϕ,k,n. Then, ‖Vϕ,k,n‖ = ‖Aϕ,k,n‖ = ‖Ek,n(|ϕ|2)‖1/2∞ .

P r o o f. For each q ∈ Z+ \{0}, we have ‖M q
z1z2...znVϕ,k,nPM

kq
z1z2...zn‖ 6 ‖Vϕ,k,n‖.

On the basis of Lemma 3.2 and the above expression, we conclude that ‖Aϕ,k,n‖ 6

‖Vϕ,k,n‖. Since Vϕ,k,n is a compression of kth-order slant Toeplitz operator Aϕ,k,n,
we get that ‖Vϕ,k,n‖ 6 ‖Aϕ,k,n‖. Finally, in the view of Lemma 3.12 of the paper [3],
this implies that ‖Vϕ,k,n‖ = ‖Aϕ,k,n‖ = ‖Ek,n(|ϕ|2)‖1/2∞ . �

The next theorem shows that the spectral radius r(Vϕ,k,n) of Vϕ,k,n is same as

that of Aϕ,k,n for co-analytic inducing function. But, subsequently, we shall prove

that the following result is also true for analytic ϕ ∈ L∞(Tn).

Theorem 3.4. If ϕ ∈ L∞(Tn) is co-analytic then r(Vϕ,k,n) = r(Aϕ,k,n).

P r o o f. Let ϕ ∈ L∞(Tn) be a co-analytic function. Primarily, with the help

of the principle of mathematical induction on “m”, we prove that the relation

V mϕ,k,nV
∗m
ϕ,k,n = Tψm,n, where ψm is same as defined in (3.1). For m = 1, we have

already proved the desired relation in part (2) of the Theorem 2.10. Now, assume

that the relation is true for all j 6 m − 1. Again, in the view of assumption and

Theorem 2.10, we have

V mϕ,k,nV
∗m
ϕ,k,n = Vϕ,k,nV

(m−1)
ϕ,k,n V

∗(m−1)
ϕ,k,n V ∗

ϕ,k,n = Vϕ,k,nTψm−1,nV
∗
ϕ,k,n

= Ek,nT|ϕ|2ψm−1,nE
∗
k,n = Ek,nV

∗
|ϕ|2ψm−1

= Tψm,n.

The above expression gives that ‖V mϕ,k,n‖ = ‖V mϕ,k,nV ∗m
ϕ,k,n‖1/2 = ‖ψm‖1/2∞ . With the

help of Gelfand’s formula and the Lemma 3.12 of the paper [3], the result follows. �

The following example illustrates the preceding theorem.

Example 3.5. For the function ϕ(z1, z2, . . . , zn) = zk1z
k
2 . . . z

k
n + 1, the opera-

tor Vϕ,k,n satisfies the conclusion of Theorem 3.4. Also, for this function ϕ, Vϕ,k,n is

not a normaloid.

P r o o f. The given function ϕ is of the form ϕ(z1, z2, . . . , zn) = zk1z
k
2 . . . z

k
n + 1,

for a fixed integer k > 2. Clearly, ϕ ∈ L∞(Tn) and ϕ is co-analytic. Now, consider

|ϕ(z1, z2, . . . , zn)|2 = zk1z
k
2 . . . z

k
n + zk1z

k
2 . . . z

k
n + 2, which gives that

Ek,n(|ϕ|2) = z1z2 . . . zn + z1z2 . . . zn + 2.

Again, consider the following expression:

|ϕ|2Ek,n(|ϕ|2) = 2(zk1z
k
2 . . . z

k
n + zk1z

k
2 . . . z

k
n + 2) +






other terms which cannot be
generated by terms having
exponent in the multiple of k.
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Subsequently, the above expression provides that

Ek,n(|ϕ|2Ek,n(|ϕ|2)) = 2(z1z2 . . . zn + z1z2 . . . zn + 2).

Similarly, one can obtain that

ψm = Ek,n(|ϕ|2Ek,n(|ϕ|2Ek,n(. . . Ek,n︸ ︷︷ ︸
m-times

(|ϕ|2) . . .)))

= 2m−1(z1z2 . . . zn + z1z2 . . . zn + 2),

which yields that ‖ψm‖∞ = 2m+1.

By the use of Gelfand’s formula for spectral radius, we get that

(3.2) r(Vϕ,k,n) = r(Aϕ,k,n) = lim
m→∞

‖ψm‖1/2m∞ = lim
m→∞

2(m+1)/2m =
√
2.

Now, the norm of Vϕ,k,n is given by

‖Vϕ,k,n‖ = ‖ψ1‖1/2∞ = ‖z1z2 . . . zn + z1z2 . . . zn + 2‖1/2∞ = 2,

which implies that r(Vϕ,k,n) 6= ‖Vϕ,k,n‖. Thus, we can conclude that the opera-
tor Vϕ,k,n may not be a normaloid in general. �

Theorem 3.6. If ϕ ∈ L∞(Tn) is analytic then r(Vϕ,k,n) = r(Aϕ,k,n).

P r o o f. We know that ‖Amϕ,k,n‖ = sup
‖f‖=1

‖Amϕ,k,n(f)‖, so for every ε > 0, we have

(3.3) ‖Amϕ,k,n‖ −
ε

2
6 ‖Amϕ,k,n(f)‖ for some f ∈ L2(Tn) and ‖f‖ = 1.

Also, the operator Aϕ,k,n satisfies the operator equation

M q
z1z2...znAϕ,k,n = Aϕ,k,nM

kq
z1z2...zn .

Using it repeatedly, we get the following:

M q
z1z2...znA

m
ϕ,k,n = Amϕ,k,nM

kmq
z1z2...zn .

From the Lemma 3.1, we know that (I − P )Mkmq
z1z2...zn converges to 0 strongly as

q → ∞. Consequently, Amϕ,k,n(I−P )Mkmq
z1z2...zn converges to 0 as q → ∞ in the strong
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operator topology. Using the invertibility of M q
z1z2...zn , the above observation brings

out that
∣∣‖Amϕ,k,n(f)‖ − ‖Amϕ,k,nPMkmq

z1z2...zn(f)‖
∣∣

=
∣∣‖M q

z1z2...znA
m
ϕ,k,n(f)‖ − ‖Amϕ,k,nPMkmq

z1z2...zn(f)‖
∣∣

=
∣∣‖Amϕ,k,nMkmq

z1z2...zn(f)‖ − ‖Amϕ,k,nPMkmq
z1z2...zn(f)‖

∣∣

6 ‖Amϕ,k,nMkmq
z1z2...zn(f)−Amϕ,k,nPM

kmq
z1z2...zn(f)‖ → 0,

as q → ∞. With the help of the ε − δ definition of the limit, the above expression

yields that

‖Amϕ,k,n(f)‖− ‖Amϕ,k,nPMkmq
z1z2...zn(f)‖ 6

∣∣‖Amϕ,k,n(f)‖− ‖Amϕ,k,nPMkmq
z1z2...zn(f)‖

∣∣ < ε

2

for sufficiently large value of q. Equivalently, for sufficiently larger value of q, we

have

(3.4) ‖Amϕ,k,n(f)‖ < ‖Amϕ,k,nPMkmq
z1z2...zn(f)‖+

ε

2
.

Let g = PMkmq
z1z2...zn(f), clearly g ∈ H2(Tn) and ‖g‖ 6 1. In the view of (3.4) and ϕ

being analytic, relation (3.3) reduces to

‖Amϕ,k,n‖ < ‖Amϕ,k,nPMkmq
z1z2...zn(f)‖+ ε = ‖Vmϕ,k,n(g)‖+ ε 6 ‖V mϕ,k,n‖+ ε.

Since ε > 0 is arbitrary, so ‖Amϕ,k,n‖ 6 ‖Vmϕ,k,n‖ for each integer m > 0. Also, the

reverse inequality is trivial. Therefore, we get that ‖Amϕ,k,n‖ = ‖Vmϕ,k,n‖ and hence
r(Vϕ,k,n) = r(Aϕ,k,n). This completes the proof. �

The subsequent example is to illustrate the preceding theorem.

Example 3.7. For the function ϕ(z1, z2, . . . , zn) = 1 + zk−1
1 zk−1

2 . . . zk−1
n for

a fixed integer k > 2, the corresponding Vϕ,k,n verifies the conclusion of the Theo-

rem 3.6. Moreover, for the given ϕ, Vϕ,k,n is a normaloid.

P r o o f. Given that ϕ(z1, z2, . . . , zn) = 1 + zk−1
1 zk−1

2 . . . zk−1
n for a fixed integer

k > 2. Now, we get |ϕ|2 = 2+zk−1
1 zk−1

2 . . . zk−1
n +z

(k−1)
1 z

(k−1)
2 . . . z

(k−1)
n , which gives

that Ek,n(|ϕ|2) = 2. Similarly, one can have

ψm = Ek,n(|ϕ|2Ek,n(|ϕ|2Ek,n(. . . Ek,n︸ ︷︷ ︸
m-times

(|ϕ|2) . . .))) = 2m.

Then, the spectral radius r(Vϕ,k,n) of Vϕ,k,n is given by

r(Vϕ,k,n) = lim
m→∞

‖ψm‖1/2m∞ =
√
2 = ‖Vϕ,k,n‖.

This shows that Vϕ,k,n is normaloid for the function ϕ defined above. �
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The next result establishes the relationship between the point spectrums of com-

pression of kth-order slant Toeplitz operators.

Lemma 3.8. Let ϕ be a function in the space L∞(Tn). If Tϕ,n is invertible, then

σp(Vϕ,k,n) = σp(Vϕ(zk
1
,zk

2
,...,zkn),k,n

). In fact, in this case 0 ∈ σp(Vϕ,k,n).

P r o o f. Suppose that λ is a nonzero element in σp(Vϕ,k,n), the point spectrum

of Vϕ,k,n. Then, there exists a nonzero vector f in H
2(Tn) such that Vϕ,k,nf = λf ,

i.e., Ek,nTϕ,n(f) = λf . Since Tϕ,n is invertible and f 6= 0, therefore we have

Tϕ,nf 6= 0. Again, consider Tϕ,nEk,nTϕ,n(f) = λTϕ,n(f), which can be rewritten as

Vϕ(zk
1
,zk

2
,...,zkn),k,n

(Tϕ,n(f)) = λTϕ,n(f).

Thus, the above expression provides that λ ∈ σp(Vϕ(zk
1
,zk

2
,...,zkn),k,n

).

Conversely, assume that 0 6= λ ∈ σp(Vϕ(zk
1
,zk

2
,...,zkn),k,n

). Then, there exists

a nonzero element g ∈ H2(Tn) such that Vϕ(zk
1
,zk

2
,...,zkn),k,n

(g) = λg. Equivalently,

Tϕ,nEk,n(g) = λg. Since Tϕ,n is invertible, this implies that Ek,ng 6= 0. Further, we

get that

Ek,nTϕ,n(Ek,n(g)) = λEk,ng,

which yields that λ ∈ σp(Vϕ, k, n). Ultimately, we observe that

Vϕ(zk
1
,zk

2
,...,zkn),k,n

(z1z2 . . . zn) = PEk,n(z1z2 . . . znϕ(z
k
1 , z

k
2 , . . . , z

k
n)) = 0

and

Vϕ,k,n[T
−1
ϕ,n(z1z2 . . . zn)] = Ek,n[Tϕ,nT

−1
ϕ,n(z1z2 . . . zn)] = 0.

From the preceding expressions, we can deduce that 0 ∈ σp(Vϕ(zk
1
,zk

2
,...,zkn),k,n

) and

0 ∈ σp(Vϕ,k,n). This completes the proof. �

Now we investigate the spectrum of the compression of kth-order slant Toeplitz

operator. More precisely, we show that a closed disc lies inside the spectrum of Vϕ,k,n,

whenever Tϕ,n is invertible.

Theorem 3.9. Let the Toeplitz operator Tϕ,n, ϕ ∈ L∞(Tn), be invertible. Then

a closed disc is contained in the spectrum of Vϕ,k,n, the compression of kth-order

slant Toeplitz operator and the interior of the disc consists of eigenvalues with infinite

multiplicity.

P r o o f. Let λ be a nonzero complex number and the operator (E∗
k,nT

−1
ϕ,n − λI)

is onto. Then, for any h ∈ H2(Tn), we get

(E∗
k,nT

−1
ϕ,n − λI)h = (E∗

k,nT
−1
ϕ,n − λPk)(h)− λ(I − Pk)(h),
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where Pk is the projection of the spaceH
2(Tn) onto the closed subspace generated by

the set {zkm1

1 zkm2

2 . . . zkmn
n : mi ∈ Z+, 1 6 i 6 n}. Let P̃k express I −Pk. By the as-

sumption, for 0 6= g ∈ P̃k(H
2(Tn)), there exists a nonzero function f ∈ H2(Tn) such

that (E∗
k,nT

−1
ϕ,n − λI)(f) = g. Again, employing the fact that 0 6= g ∈ P̃k(H

2(Tn)),

one can see that (E∗
k,nT

−1
ϕ,n − λPk)(f) = 0. Equivalently, we obtain that

(3.5) λE∗
k,nT

−1
ϕ,n(λ

−1 − Tϕ,nEk,n)(f) = 0.

Given that Tϕ,n is invertible and λ 6= 0. Also, we know that E∗
k,n is an isometry and

Tϕ,nEk,n = Vϕ(zk
1
,zk

2
,...,zkn),k,n

. From (3.5), we conclude that

(λ−1 − Vϕ(zk
1
,zk

2
,...,zkn),k,n

)(f) = 0,

which gives that λ−1 ∈ σp(Vϕ(zk
1
,zk

2
,...,zkn),k,n

).

Now, let λ ∈ ̺(E∗
k,nT

−1
ϕ,n), the resolvent of the operator (E

∗
k,nT

−1
ϕ,n). Then, the

operator (E∗
k,nT

−1
ϕ,n − λI) is invertible and hence onto. Therefore, in the view of the

above discussion, we get that

D = {λ−1 : λ ∈ ̺(E∗
k,nT

−1
ϕ,n)} ⊂ σp(Vϕ(zk

1
,zk

2
,...,zkn),k,n

).

With the help of preceding Lemma 3.8, we obtain that D ⊂ σp(Vϕ,k,n). The resol-

vent and the spectrum of a bounded operator are respectively open and compact

subsets of the complex plane. Therefore, D is open and contains a open disc. By

the compactness of spectrum, one can conclude that the spectrum of Vϕ,k,n con-

tains a closed disc. From the above discussion, it follows that for a fixed λ ∈ D,

i.e., (λ−1 ∈ ̺(E∗
k,nT

−1
ϕ,n)) and for nonzero g ∈ P̃kH

2(Tn), there exists nonzero

f ∈ H2(Tn) such that (λ−Vϕ(zk
1
,zk

2
,...,zkn),k,n

)(f) = 0. It means that f is an eigenvec-

tor of Vϕ(zk
1
,zk

2
,...,zkn),k,n

corresponding to eigenvalue λ. Hence, taking the invertibility

of Tϕ,n into consideration, the observation made in Lemma 3.8 yields that Ek,n(f) is

an eigenvector of Vϕ,k,n corresponding to eigenvalue λ. Since dim[P̃k(H
2(Tn))] = ∞

and σp(Vϕ,k,n) = σp(Vϕ(zk
1
,zk

2
,...,zkn),k,n

), we can conclude that each λ ∈ D is an eigen-

value of Vϕ,k,n with infinite multiplicity. �

Remark 3.10. The radius of the closed disc contained in the spectrum σ(Vϕ,k,n)

is equal to [r(E∗
k,nT

−1
ϕ,n)]

−1 if Tϕ,n is invertible.

P r o o f. Let

D0 = {0} ∪ {λ−1 : λ ∈ ̺(E∗
k,nT

−1
ϕ,n)} ⊇ {0} ∪ {λ−1 : |λ| > r(E∗

k,nT
−1
ϕ,n)}.

Let r0 = [r(E∗
k,nT

−1
ϕ,n)]

−1. Then, clearlyD0 ⊇ B(0, r0), where B(0, r0) is the open ball

in C. Also, we know that D0 ⊂ σp(Vϕ,k,n) ⊂ σ(Vϕ,k,n). Therefore, the radius of the

closed disc which is contained in the spectrum σ(Vϕ,k,n), is equal to [r(E
∗
k,nT

−1
ϕ,n)]

−1.

Moreover, r(Vϕ,k,n) > [r(E∗
k,nT

−1
ϕ,n)]

−1. �
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Corollary 3.11. If ϕ is unimodular, then r(Vϕ,k,n) = r(Vϕ−1,k,n) = 1. In partic-

ular, if ϕ is an inner function, then r(Vϕ,k,n) = r(Vϕ−1,k,n) = 1.
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