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Abstract. A virus dynamics model with two state-dependent delays and logistic growth
term is investigated. A general class of nonlinear incidence rates is considered. The model
describes the in-host interplay between viral infection and CTL (cytotoxic T lymphocytes)
and antibody immune responses. The wellposedness of the model proposed and Lyapunov
stability properties of interior infection equilibria which describe the cases of a chronic
disease are studied. We choose a space of merely continuous initial functions which is
appropriate for therapy, including drug administration.
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1. INTRODUCTION

At the present time, such virus infections as human immunodeficiency virus (HIV),
hepatitis B virus (HBV), hepatitis C virus (HCV) and others are referred to global
health problems. From Global hepatitis report (WHO, April 2017, see [5]) we know
that “a large number of people (about 325 million worldwide in 2015) are carriers of
hepatitis B or C virus infections, which can remain asymptomatic for decades,” and
“yiral hepatitis caused 1.34 million deaths in 2015, a number comparable to deaths
caused by tuberculosis and higher than those caused by HIV. However, the number
of deaths due to viral hepatitis is increasing over time, while mortality caused by
tuberculosis and HIV is declining.”

By considering biologically-based mathematical models there is a chance to pre-
dict whether infections disease would disappear or infectious agent would remain.
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The investigation of different mathematical models can be helpful in understand-
ing pathogenesis, the dynamics of the immune responses and effectiveness of drug
treatment. The basic viral infection model was formulated by Perelson and Nelson
(see [16]) as

d

(1.1) ST = A= dT() = BTV (1),
d * _ *
1) =BTV () — aT™(t),
d *
V() = aNT*(t) = kV (1),

where T'(t), T*(t), V (t) represent the concentration (or total number) of non-infected
host cells, infected cells and free virions, respectively. The non-infected cells are
produced at rate A, die at rate d and become infected at rate 8. Infected cells die at
rate a. Free virus is produced by infected cells at rate a N and die at rate k. N is
the general count of new virus particles which each infected cell produces during life
(the average life span is 1/a).

Huang (see [9]) proposed the virus dynamics model with the DeAngelis-Beddington

functional response

(1.2) S1(t) = A~ (1)~ FT0), V1),
%T*(t) = f(T(),V(t)) —aT™(t),
%V(t) = aNT*(t) — kV(t),

where f(T,V) = BTV(1 +mT +nV)~L, B,m > 0, n > 0, T,V € R. The next
step towards extension of the system was the consideration of immune response
which works against virus infection. Antibodies, natural killer cells and T cells are
essential components of a normal immune response to virus. Nowak and Bangham
in [15] formulated the following model of virus dynamics

d
&
S (1) = ATV (1) — aT* (1) — ¥ (T (1),
%V(t) — aNT*(t) — KV (%),

d *
Y () =T ()Y (1) - Y (2),

(1.3) T(t) = A — dT(t) — BTV (2),
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where Y (¢) is the concentration of CTL cells which died at rate b. Wodarz in [29]
summarized this model by adding antibody response,

(1.4) %T(t) =X —dT(t) = BT(t)V (1),
%T*(t) = BTV () — aT™(t) — oY ()T (1),
%V(t) = aNT*(t) — kV (t) — qA(t)V (1),
%y@) = WT*(t)Y (1) - bY (t),

% A(t) = gA@R)V () — b A(t),

where A(t) is the concentration of antibodies which died at rate b’ and produced by
immune cells (proportional to the concentration of viral particles). There are many
viral infection models with and without delays (see, e.g., [11], [6], [35], [33], [32], [27],
[28], [34], [14], [17], [10] and references therein). The ones that include time delays
describe the complicated (non-instant) biological processes more realistically. For
the classical theory of (constant) delay equations, see, e.g., monographs [7], [3], [12].
Wang and Liu in [27] considered the viral infection model with one constant delay,

(1.5) %T(t) — A —dT(t) — %,
d . _ BTt—7)V(t—T1)e " . .
%V(t) =aNT*(t) — kV(t) — qA(t)V (1),
d *
SY(B) =T (Y (1) — Y (1),
d

&A(t) =gA@t)V(t) — b A(1).

Here 7 is the period of time after which the infected cells start to produce new virions.
We mention that there is no biological reason why the delay(s) should be constant.
In such a case, the extension to the state-dependent delay model is quite natural.
In our article, we study a virus infection model with logistic growth term, nonlinear
incidence rate and two state-dependent delays. State-dependent delays in the model
represent a reasonable part of biological models because of more realistic modelling
in the systems whose delays may change in accordance with the internal effects of
the system. It is important to emphasise that a state-dependent delay system is
always nonlinear by its nature. It is well understood that the presence of discrete
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state-dependent delays makes the mathematical analysis of a model quite different
from the constant delay cases (see the review on this subject [8]).

To formulate the main system under consideration, we remind an important stan-
dard notation. As usual in a delay system with (maximal) delay h > 0, for a function
v(t), t € [a,b] C R, b > a + h, we denote the history segment (the state at time t)
by vi = v(0) = v(t +6), § € [—h,0]. We denote the space of continuous func-
tions equipped with the sup-norm by C = C([—h,0]; R?). In the above notation,
we use u(t) = (T'(¢), T*(t),V(t),Y(t), A(t)) and consider two continuous function-
als (state dependent delays) n,a: C' — [0, h]. Let us consider the system with two
state-dependent delays,

d
dt
d
dt

%V(t) = aNT*(t — a(u;)) — KV (t) — AtV (1),
%y(t) = WT*(1)Y () — bY (1),

%A(t) = gA@)V(t) — b A(2).

T(t)
T(t) = rT(t)(l -

K

(1.6) ) = dT(t) = J(T(1), V),

T*(t) = e f(T(t = n(ue)), V(E = n(ur))) — aT™(t) — oY ()T (1),

The logistic growth term (in the first equation of (1.6)) helps us to describe the situa-
tion when new target cells are not produced at a constant rate, but created by the pro-
liferation of existing cells which is described by a logistic function r7'(¢)(1-T'(t)/Tk).
In (1.6), r is the proliferation rate and Tk is the maximum capacity of cell prolifer-
ation.

We consider system (1.6) with the initial conditions

(1.7) p=uo=(T(),T"(),V(),Y(),A(-) € C = C([=h,0};R?).

In [34] the authors study the model with one constant delay (n = h, & = 0) and
a particular form of the incidence rate (DeAngelis-Beddington functional response
F(T,V) = KTV (1 + k1T + koV) ™1, where k, k1,ks > 0 are constants, see [1], [2]).
The Lyapunov asymptotic stability (see [13]) of points of equilibrium is studied.

For more details on the general theory of ordinary state-dependent delay equa-
tions see, e.g., [4], [8]. To the best of our knowledge the first results on viral infection
models with state-dependent delays are presented in [22], [23]. Our study is a natural
continuation and an extention of the approach proposed in [22], [23]. In the current
study we choose a space of merely continuous initial functions which could be ap-
propriate for therapy, including drug administration (see discussions and references
in [22]).
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The difference between the current study and [22], [23] is not only in the presence of
the second state-dependent delay, but also in the presence of the logistic nonlinearity
in the first equation. This logistic term is more natural in cases of HCV, HBV
infections (cf. [24]). We also notice that the introduction of one more state-dependent
delay in the model is not just a technical extension of the previous results. The
possibility to treat the new state-dependent delay essentially depends not only on
the properties of the delay itself, but also on the term where it appears. To the best
of our knowledge viral infection models with multiple state-dependent delays have
not been considered before.

The structure of the paper is the following. Section 2 includes basic results on the
wellposedness of the corresponding initial-value problem and study of the stationary
solutions. Section 3 contains the main stability results using The Lyapunov stability
theory.

2. PRELIMINARIES AND BASIC PROPERTIES

Due to biological motivations we consider our system with the non-negative initial

conditions
(21) ug = = (TQ,TJ,VE),YE),AQ) S C+ = C+[—h;0],

where Ry = [0;00], Cy = C[—h; 0] = C([—h;0];RS).
We introduce the set

(22) Qc = {gp = (T(),To, VE),A(),Y()) S C+ = C+[—h,0], 0< To(g) < Thax,

e T hax e T ax N

0<T5(9)<7a ; 0<Vo(9)<7k )
0 e " T max
< To(0) + £Yy(h) g ———Fmax
0<To®)+ w 0(®) min{a, b}
q e M T nax N
< _A g T - 1 11 - ) ?
0 Va(6) +Ao(O) S s, 0 el ho]}

where Thax = $7Txd ™.
We assume that the nonlinearity in (1.6) is a function f: R? — R, which satisfies
(H1y) f is a Lipschitz function; f(0,V) = f(T,0) = 0; f is strictly increasing in
both coordinates and |f(T, V)| < p|T| for all T € R and all V € R.
Our main assumptions on the state-dependent delays n and a are the following
(see [18]):
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(Hi},,) exists 7ign > 0 such that 7 “ignores” the values of ¢(6) for 6 € (—nign,0],
ie. exists Mign > 0: for all p',p? € C: forall 6 € [—h, —nign] = ¢'(0) =

©*(0) = n(e") = n(¥?).

exists ajgn > 0 such that o “ignores” the values of ¢(8) for 6 € (—aygn,0],

i.e. exists qign > 0: for all ¢!, p? € C: forall 0 € [—h, —aign] = ©*(0) =

P*(0) = a(p') = a(p?).

For more details and discussion on this type of assumptions see [18], [20].

(Hign)

2.1. The wellposedness and the invariance of the set Q¢. We start with
the wellposedness of the initial value problem (1.6), (1.7).

Theorem 2.1. Let n: C — [0,h] and a: C — [0,h] (state-dependent delays)
and f be continuous functionals. Then

(1) for any initial function ¢ € C there exist continuous solutions of the system
(1.6), (1.7);

(2) if additionally 1) satisfies (H,,) and o satisfies (Hfy,,) and f satisfies (H1y), then
for any initial function p = (Th1,Ty,V1,Y1, A1) € Q¢ , the system has a unique
solution. The solution depends continuously on the initial function and satisfies
w = (T, T}, Vi, Yy, Ay) € Qc, t > 0.

Remark 2.2. It is well-known that differential equations with state-dependent
delay may possess multiple solutions starting at a continuous initial function, see
examples in [4]. There are two ways to get a well-posed initial value problem. The
first one (see [26], [8], [19]) is to restrict the space of initial functions to Lipschitz (or
more smooth) in-time ones. The second way (see [18], [20]) is to use assumptions of
the type (Hj,,) to remain in the space C' (merely continuous in-time functions). In

the current study we apply the second approach (see [18]).

Proof of Theorem 2.1. (1) The existence of continuous solutions is guaranteed
by the continuity of the right-hand side of the system (1.6) and classical results on
the delay equations (see [7], [3]).

(2) For the well-posedness, we use the corresponding extension to the state-
dependent delay case which relies on the assumptions (Hj,,) and (Hg,,) (see [18]).
This approach makes the proof simpler and provides the uniqueness and continuous
dependence on initial data. Discussing the invariance of the set ¢, we first check
that all coordinates of solution w(t) = (T'(¢),T*(t),V(t),Y (t), A(t)) of our system
are non-negative provided such are the initial values. We use the quasi-positivity
property of the right-hand side of (1.6) (cf. [25], Theorem 2.1, page 81). We empha-
size that in the presence of the state-dependent delay we cannot directly apply [25],
Theorem 2.1, page 81 because it relies on the Lipschitz property of the right-hand
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side of a system, which we do not have in case of (1.6). Instead, we use the corre-
sponding extension to the state-dependent delay case (see [21]) which relies on the
assumptions (Hj,,) and (Hg,).

Now we prove the upper bounds given in (2.2) (see the definition of the set Q¢).

We need the following simple property.

Lemma 2.3 ([23]). Let | € C'[a,b) and satisfies %l(t) < ¢ —el(t), t € [a,b).
Then from the fact that I(a) < cic; ' it follows that I(t) < cicy ' for all t € [a,b). In
the case b= oo for all e > 0 exists t. > a: I(t) < clcgl 4¢ forallt > t..

The proof of Lemma 2.3 is simple and can be found in [23].
Since f is a non-negative function for non-negative arguments, we obtain the

estimate 7T'(t) < rT'(t)(1 — T(t)/Tk) — dT(t) (see the first equation in (1.6)). The

graph of the function rT'(1 — T/Tk) is a parabola which reaches its maximum at

the vertex (%TK, irTK). So we can use Lemma 2.3 with ¢; = %rTK and ¢ = d.
From the inequality 7'(0) < irTKd_l we obtain that T'(¢) < irTKd_l for t > 0.
We use this inequality to estimate the second coordinate T*(t). We also note that
|f(T, V)| < p|T| < pTmax. Therefore, ST (t) < e ™ pTiax—aT™(t) and Lemma 2.3
gives the necessary upper bound in (2.2).

From the boundedness of T™*(¢) and the third equation of the system we have

%V(t) S aNT*(t — afur)) — kV(t) < e T max N — EV ().

Lemma 2.3 proves the estimate for V' in (2.2). Next, we use the second and fourth
equation to obtain

L)+~ Y (O) <e™ (T = n(u)), V(E—n(ur))) — aT™(¢) ~ %by(t)

N

e i Thnax — min{a, b} (T*(t) + EY(t))-

Lemma 2.3 proves the boundedness for T*(t) + pw ™'Y (¢) in (2.2). Similarly, using
the third and fifth equations of the system, we get

%V(t) + g% (t) < aNT*(t — a(ug)) — kV(t) — gb’A(t)

< e yTinax N — min{k, b'} (V(t) + gA(t)>.

The last estimate in (2.2) follows from Lemma 2.3. It gives the invariance of the
set Q¢. All the solutions are global (defined for all ¢ > —h) due to the boundedness
(the invariance of Q¢). O
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2.2. Stationary solutions. Now we pay attention to stationary solutions of (1.6).
We denote the coordinates of a stationary solution by v* = (71, Ty, V1, Y1, A1). Since
the stationary solutions of the system do not depend on the type of delay (state-
dependent or constant), then we have

T

(2.3) Ty (1 - ﬁ) —dTy — f(T1, V1) =0,

e T f(T1, Vi) — oIy — NN TT =0,
aNT} — kVi — qALVi =0,

WTIY) — bY = 0,

gA Vi — b A =0.

Our interest is in the stationary solutions with all positive coordinates (inner equi-
libria). From the last two equations it follows that T} = b/w, V4 =’ /g. Then from
the third equation we see that A; = (aNbg — kwb')/qwl’. Positivity of A; follows
from the assumption that the constants of the system satisfy the inequality

(H2) aNbg > kwb'.
Substituting V; = b’/g in the first equation of (2.3), we obtain

(2.4) rTy (1 - g—;) —dIh = f(Th %/)7

r
Tk

/

, B b
(2.5) T2 4 (r —d)T) = f(Tl, 5)'

Our next assumption is

r—d b/ TK
H3 ( T ,—) <K a2
(H3) (5T S ) < et - a)
As a kind of motivation, we mention some important examples of nonlinearities f,
which satisfy (H3).

Lemma 2.4. The DeAngelis-Beddington functional response f(T,V) = BTV/
(14+pT+~V) and the functional response of Crowley-Martin type (see [31]) f(T,V) =
BTV/(1+ pT)(1+~V) both satisty (H3).

Proof of Lemma 2.4. We start with the DeAngelis-Beddington functional re-
sponse. One has
BTib'g~!

r
T 14Ty +Abg

T T + (r —d)Ty

98



We assume that the concentration of non-infected cells is positive (for the obvious
biological reason). Hence

_TLTl(l +pdh + vb—/) +(r— d)(l + pTh +7%) 6T11;/

—T—“T1 + Tl(—T—<1 + 71;') +op(r— d)) +(r— d)(l + 7%) T Yo,
D= (TK (1 +'ybl) + p(r — d))2 - % %l,
T — rT!(14797") — ulr —d)
—ZTMTI;I
\/(TT;?l(l + W g) + p(r — d))? — drpT ' Bbg !
* —QT/Llel '

We deal with 77 > %TK(l —d/r) to study the stability of the stationary solution.
For this case the assumption on the parameters is

T (1 +Ab' g™ — u(r — d)

—27“/.LTI;1
VT L+ 40g=Y) + pu(r — d))? — drpTy Brg ! > LK (1 d).
—2rpTyt 2 r/)’
Ty v 2 drp W b’
i 1 —d ——p—>1 —;
b Tk v
20r —d)(1+~v—) + —p(r —d)* — 48— > 0;
(r )( +vg)+ —h(r —d) b5 >0
b Tk v Bb’ r—d
2r —d)(1+ 7=~ + = pu(r —d)) > 48— = < :
(r )( +7g + 2r ulr )) ﬁg g+ spug(r — dyr—1Tx + b’ 2

By substituting the form of the functional response in (H3) we get

2= Ty T o
L+pt(r—dyr—'Tg +bg=t ~ 4r ’
Bb’ r—d
< .

g+ sug(r —dyr T +¥ 2

Hence the DeAngelis-Beddington functional response satisfies (H3).
Now we continue with the Crowley-Martin functional response. One has

BTib gt
(1 +pT)(1 +Abg™t)

— T r = )T =
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As before, we assume T # 0. Then

/ /

b b b
~ ) (1490 )+ = 1+ D) (1497 ) =

_%O—i—’y%’)Tf—l—Tl(—LK(l—i—'y%) +u(r—d)(1+'y%/))
b b
Fr=d(1497) =80 =0
D= (é(l—i—'y%/) +u(r—d)(1+v%))2 - %(14—7%’)6%’;

7y = T LA™Y = plr = d)(1+ g DTr(1+ b9 ")
—2rpTi (1 + b g=1)
N \/(rTgl(l +b g + pu(r —d)(1 + ’yb’g—l))2 — drpTi (1 +4b'g—1)Bb g1
—ZTMTI;l(l +bg—1) '

Since T} > 3Tk (1 — d/r), to satisfy (H3), one needs the following condition on
the parameters of the system

1T (L 4Abg™h) — p(r — d) (1 +4b'g™ )T (1 +4b'g™")
—2ruTi (1 +~b'g=1)

. \/(TT;?(l g1+ plr — d) (1 +Ag))* — drpTc (1 +4big=1)Bbg L
—2rpuTi (1 +Ab'g~1)

LTy 4y,
2 r

TK\/(TT;?(l +bgY) + plr — d)(1 +ybg=))” — ArpT (1 +Abg=) B g~ -
r(l+9b'g) ~

T g
2(r — d)ﬂ(l + 2_1;(7" - d)ﬂ) - 45W 2 0;
Ty v B g1 r—d
2r—d)(1+ —(r—d >4 < .
(r )( + o (r )N) ﬁg(l FAbg D) = 1 +N%(T — d)r—1Tx)Txk 2

We substitute the form of Crowley-Martin functional response into (H3) to get

PO Ty T
(L+ Lp(r —d)yr'Tg)(L+Abg~t) — 4r
or a simpler inequality
bg~1 —d
(2.6) b =4

<
1+ gu(r = dyrTx)(L+9bg=t) 2
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Hence, we see that the Crowley-Martin functional response satisfies the prop-
erty (H3), provided (2.6) is valid.
The proof of Lemma 2.4 is complete. (I

Now we return to the general case. Since f(-,b'g 1) is strictly increasing in the first
coordinate, continuous and f (0, b’gfl) = 0, by assumption (H3), the equation (2.5)
has the unique positive root satisfying

o e[S 2)me(1-4))

Remark 2.5. It is important to mention that, in the general case, there could
be other positive roots (even multiple) of (2.5), satisfying Ty < 3Tk (1 —d/r). In the
current study we are interested in the unique root, satisfying (2.7). This case reflects
the situation when more than half of the target organ constitutes of healthy cells.
We believe that this equilibrium is the most interesting from the biological point of

view.

The first two equations in (2.3) give (recall that T} is already known)

Y = ﬁ(e‘m (rTl (1 - IT,—;) — dTl) — ag).

The positivity of Y7 follows from the assumption

b Ty
H4 2 < T(l——)—dT,
(H4) ag <rhil- 7 1
where T} is the positive root of (2.5) (under the assumption (H3)). We summarise

the above estimates in the following

Proposition 2.6. Suppose that the assumptions (H2), (H3), (H4) are satisfied
and f satisfies (H1y). Then the system (2.3) has a solution (T1,Ty,V1,Y1, A1) (the
stationary solution of the system) with the unique T satisfying (2.7). All the co-
ordinates are positive, Ty is the positive root of (2.5), (2.7) and the coordinates

satisfy
b v alNbg — kwb’
2.8 T =~ Vi=— A =-—"
( ) 1 W’ 1 g ) 1 qub’ )
T,
_ *_at;\—1 s T _ *_aTy
Yi = (o7 e™™) ((rT1(1 _TK) dTl) T e ™,

T,
aNTy = (k+qA )V, Ty (1 — i) —dT, = f(T1, V1),
e"™(a+ oY1)T7 = f(T1,V1).
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We use these equations connecting the coordinates of the stationary solution in
the study of stability.

3. STABILITY PROPERTIES

Consider the following (non-negative) Volterra function v(z) = 2 — 1 — In(x):

(0,00) — Ry, which plays an important role in the construction of the Lyapunov
function for the system. An important property is (see, e.g., [23])
(2= 1)° (z = 1)°
- 7 g < —
s+ SU@ <57y
As before, we denote by u(t) = (T'(t),T*(t),V(t),Y (), A(t)) and ¢* = (11,15, V1,
Y1, A1) the stationary solution of the system, described in Proposition 2.6.

(3.1) V5 e (0,1), Vo e (1—6,1+0).

We also assume that f satisfies the inequality

(V f(T,V)>(f(T,V1)

Vi f(TV)/\F(T,V)

in some neighbourhood U, (T1, V1) of (T3, V4) for all (T, V) € U, (11, V4).
The following assumptions (proposed in [22]) on the state-dependent functionals 7

(H2y)

—1)<0

and « are based on the properties (Hj ) and (Hg,). For 7 we consider an arbitrary

¢ € C and its arbitrary extension ¢®'(s), s € [—h,nign|, with a constant 7ig, > 0
defined in (H{ ). Due to the property (H;!

he itn) We could define an auxiliary function

n?(t) = n(e§**), t € [0,7ign]. Since both n and ¢ are continuous we see that n¥ €

C10, 1ign]. We are interested in the (right) derivative of % at zero and its properties.

Now we are ready to formulate our next local assumption on 7, which was proposed

in [22].

(H2,) There is a p-neighborhood of the stationary point ¢ such that (for any ¢ € C
satisfying ||¢ — ¢||c¢ < u) the following two properties hold:

(a) exists 1, (¢) = lim 771 (n(eF) —n(p)) = lim 771 (% (7) = n(p)) € R;

(b) 7/, (-) is continuous at ™.
Remark 3.1. Since 7/ (¢™) = 0, then (b) means that |7/, (p)| < 6. with . — 0
as e — 0 for [ — ™| < e.

We assume that the similar property (H2,) holds for the delay .
Our main stability result follows.

Theorem 3.2. Suppose that the assumptions (H2), (H3) and (H4) are satisfied.
Assume that the nonlinearity f satisfies (H1;) and (H2y). Suppose that the state-
dependent delay n: C — [0, h] satisfies (Hj,) and (H2,) and a: C — [0, h] satisfies
(He,) and (H2,).

ign
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Then the stationary solution ¢* = (Ty,Ty,V1,Y1, A1) of the system is locally
asymptotically stable.

Proof of Theorem 3.2. We introduce the following Lyapunov function with two
state-dependent delays along a solution of the system (1.6), (1.7),

Usd(t) = e (T(t) ~-T - / AT d0> + va(T*(t))

r,  f(0,V) Ty
() + e (50 + i (4 ) e (50)
t
+(a+QYI)T1*~/77(uf) ( ?((191:“;1 )dg

+ (a + oY1) T*/ (T*(e)

a(ut)

We calculate the time derivative (along a solution) of the last two integrals

LNy 1EO.V0))

At Jigy © F(T1L V)
_(f(T®), V(1) F(T( = n(u)), V(E—n(u))) d
_”( 7T, V1) ) ”( 7T, V) )(1_& (“t))’

i ) () a0 = () — o (FgE ) (1= e

Comparing this to the derivative of the Lyapunov function for the system with no
state-dependent delays, we can see a difference in the appearance of two terms:

Sde(t) — _,U(f(T(t — 77(’“'75))7 V(t — W(Ut)))) d n(ut);

f(T1, V1) dt
< T*(t — aug))y d
S = _“( Ty )Ea(“t)

For the form of the above terms S%19 and $%944, see Remark 3.3 below.
Note that the class of non-linear functions f is wider than the type of DeAngelis-
Beddington. It is

Sty = e (1- 711]2(5&)‘/‘2)) (o) (1 - %’?) T (1)~ (). V(1)

(1= Y T ), V0= )
— aT*(t) — oY (t)T*(t))
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F (e VV&))(‘W T*(t = a(w)) = KV (1) = AV (1))

+ 21 ) T OV () = Y (1)
Qyi Ay ’

oy (50 (- 4 ) wAov e - vaw)
+ eI (F(T(E), V(1) = F(T(t = n(u)), V(E—1(uw))))
ST (= (), V(t = n(ur)))

FT(0), V(D)
T TH(t—o(w) Tt a(u)
R e ) )
+ (a+ oY1)y ($44(t) + §49(r)).

+ (a+ oY1)T; In

+(a+ov)Ti(

Substitute the following terms into the expression above

T b
Ty (1 - ) —dTy = f(Ty,V1); aNT} = (k+qA)Va; Tp = —;
TK w

v, = b_/; A = M.
g qub/
We have
d S| __ . —am f(T ,V) T(t) Tl
&U dd(t) =€ (1 — f(T(lt%‘l/l)) (TT(ﬁ)(l — ﬁ) — dT(t) — TTl (1 — ﬁ)
Ty

AT+ ST ) = S0, V0) + (1= )

X (e (T (t = nue)), V(¢ —n(ur))) — aT™(t) — oY ()T (1))

+ L (1= ) @N T (¢ = o)) = RV (E) = AV (1)

0 Y .
+2 (1- WE))(“T (Y (1) — bY (1))
+ N (1 + 9—Yl) (1 - %)(gA(t)V(t) )

+e T(f(T@), V(1) = f(T({t—n(ue)), V(E—n(ur))))
J(T(t —nlu)), V(t—nl(u)))
f(T(t), V(L))
T*(t)  alu) T*(t — a(ut))
Tr  Tp tho 0) )
+ (a+ QYl)Tl*(Sde(t) + Sded(t)).

+ (a+ oY1) In

+ (o + oV)Ty
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By simplifying, we get

rT(t)(l - TTL;)) —dT(t) — T} (1 - YT,—;) +dTy + f(Ty, Vi) = f(T (1), V(1)
= (r—d)(T(t) —T)) — é(T(t) —T)(T(t) + Th) + f(T1, V1) = f(T(t), V(¢))
=(T(t) — Tl)(r —d- i(T(ﬁ) + Tl)) + f(T1, V1) = f(T(t), V().

Due to the assumption (H3), we have Ty > 3Tk (1 —dr'). Under the conditions of
Theorem 3.2, we see that the function (T'—T1)(r —d — rT' (T +T1)) vanishes when
T =Ty and changes the sign from positive to negative (when increasing in T'). Also
the function e~ %™ (1— f(T1, V1)/f(T, V1)) changes the sign from positive to negative.
That means that the product of these terms is non-positive, actually equals zero,
when T = T} only. We denote this non-positive term by Dy < 0. Hence

%U“‘d(t) =Dy +e (1 -

f(Tla Vl)
f(T (), V1)

J(T1, Vi) am i
s )€™ 0+ T = T,V ()

+e (T = n(ur)), V(E—=n(ur))) —aT™(t) — oY ()T (¢)
o (e (T (t = (), V(E = n(wr))) —aT™(t) — oY ()T (¢))

ED
k(ac—lf—Nng) 0

k(a + oY1)
alN

)T R) = FT(0), V(1)

+e %M (1 —

~ gqla+ oY1)
alN

+ (a+ oY1) T (t — a(uy)) — AV (1)

- g (e )Tt = () -

- giN(l + Q)QV(t)Al + giN 1+ ‘%Yl)b’A

+ e T(T(E),V(E) — e F(T(t — n(w)), V(t — n(u)))
+  avyry i L0100 VI 3(0)

+(a+ ng)Tl*(T;f*t) _ T —Tlfé(ut)) +1n T*(tT:g)(ut)))

+ (a4 oY1) Ty (554 (1) + §5ddd ().
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So, one has

d
dt

f(Th, W)
F(T(@), Vs
[T, W

U0 = Dt enm (1= S S ) (0, V) = ST (0, V()
)
@),
on LR H T 0.V (0) a1 ()

CTF (T = (), V(= n(u)
St TiEg 7T )

+ (a+oV1)TY - (a+oV1)TY — e * T f(T(t), V(1))

+e

+aly + oY ()T} + (a + oY1) T (t — o(ur)) — %Vu)

k(a4 oY1) q(a+ oY1)
V;
aN 1t aN

‘/1 *
- W(a + oY1) T (t — afuy)) +

Qb * b 9 QYl /
——Y(t)—gT()Y1+ Ly, gN(1+ )bA(t)

Alt)1

- L(1+ 9_Y1)gv( £)As + giN(1 + Q—Yl)b’A +e (T (1), V(1))

gN
ST —nlut)), V(E —nlut)))
f(T(@), V()
T*(t) T*(t— a(u)) T*(t — a(ut))
Tr Ty MR )
+ (a+ oY1) T7(S4(t) + 5%449(2)).

+ (a+0oY1)TT In

+ (o + oV)Ty

We see that
—an L, VOF(T®), V) ST, V(©)
‘ Frm T Ty v
k(a:]\fyl)‘/i = aNTla;Vquvl( + oY1) = (a+ oY1)T} — GLN(a—F oY1) A1V,
aly = K +]\?A1 Vi = NV1 + NA1V1~
Hence
dtUde( )=D1+ (a+ oY1)T} — ]E(Z;;)V ))( + o)1
f(T(), V(t)
+ (a+ oY1)TY 7( W)
7 f(T( = n(u)), V(= n(u)))

@t T V)

k k(a + oY1)
Vi A - SRy
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— (a+ oV1)Ty (T*(t _Tl*a(ut)) V‘?t)) + (a+ o)1

4y 90 gla+ oY1) b
NA1V1 aNYlAlVl + uN A(t)Vl + o Yi

/ /
YAy - Ly A - Lyya, — L vyvia,

- gN gN N Na
qb’ qot’ STt —n(ue)), V(E—n(u)))
+ (a+oY1)T ( ( )) —aT™(t ) oI (t)Y1
*(t — afut)) T*(t — a(ut))
(a+oni)T ( i)
+ (a+ oY1)T7 (S de( )+ Sded( ))-

It is easy to show that

k k q 0
NV~ oy e+ DV + o(at VAWMV + SYib— A
qob’ q qo qb’
— Y1A(t) — = A — =Vt A —A
GNa ! (1) = V)AL = = V(OY1 A1 + SN
_ . V()
= (a+ oV1)T} (1— " )7

d o ATV TV
7V =D~ e+ T 3055 — v
L TE J(T( =), V(=) T
T=(t) STy, Vi) Ty Vi) W
ST )V~ ()T (¢~ o))
F @), V)T ()
+ (a+ QYl)Tl*(Sde(t) + Sded(t)).

We add and subtract the expression 1 -V (¢) f(T'(¢), V1)/(Vif(T(t),V(t))) into the

square brackets above,

d MV T —a(w) Vi
U0 = D1 = o+ T (55 vy T V()
VOST0.Y) | T AT a(u). V(=)
VT, V(@) T (T )
oo FOG = (), V(= ()T (¢ = o))
@), VIO)T(?)
V) FT@.VE) | VLT,
T Tae ) T R )
+ (a + oY1)T; (8% (t) 4+ $54dd (1)),
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By R!(t), we denote the following terms in the equality above,

V) F@OVE) | VORI
(3.2) B0 =5~ F7mw T wTn.ve)
We have
R = Y0 _JTOVO)  STOYONTOR  VOITO.T)
bSO 0 WIT0.V0) - RIT6,V0)

t
)W)y _ S ) f(T(), W)
, ) - ( (T(t)vV(t)))

Vi F(T@®), V)

:<V(t) f(T(t),V(t)))(l_ F(T(

The assumption (H2;) guarantees that R (¢

—~

WV

0 in a neighbourhood of the sta-
tionary solution. We split the logarithm as

1 L@ = (), VIt = 5(u))) T (¢ — afur))
FT@), V($)T*(t)
[T, 1) T (t — afur))Va

“Mraow Tt v
I Ty f(T(t—n(ur)), V(E—n(ur))) I V() f(T(t), V1)
T*(t) f(T1, V1) Vif(T(t),V(t)
One has
d S
(3.3) aU dd (1)

= D1 — (a+ oY1)T R (1)

_(awylm( ( f(Th, V)))+U(T*(t—a(ut)) Vi )

f(T(t), W Tf V(t)
u)), V(t —n(uy
)

+(a+ QYl)T1 (Sgdd(t) + Sgddd( ))
Note that D; < 0. Then

(3.4) (iU*dd( t) = —D(t) + (a+ oY1)T - S%9(E) + (a + o¥2)T} - §5994 (1),
where
B9 DO = —Dr+ (at SRITT R0+ (o ) (o( VL)
o+ (t_Tfa(Ut)) v‘?))+ (Vlf t)v(%
e )
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Our goal is to prove that there exists a neighbourhood of u* € C in which
Lysdd(¢) < 0 except for the point u*. Note that D*!4(t) > 0 at the same time
when the signs of $%44(¢) and $%994(¢) are not defined (may change). We show that
a neighbourhood of the stationary point, where |S5d4(¢) + 53ddd(¢)| < Dsdd(#) exists.
We consider the auxiliary functionals DS(z), S (x) and S%?(z), which are defined

on RS, We simplify the notation, i.e.

W=7 20 =T*t-0q), 2 =T 2D=V,
dP =T(t—n), 29=V(E-n),
T, Vi 2 @y, 2
JB " (G -
[z, V) Tya)
@ £z v 2 T () 2®) >
(:v @) ) +< TS )_1)
Vif(z®),z®) x® f(T1, V1)
—I—c(l)(x(l) —T)? +c(2)(x(4) - )2, < e R,

(3.7) SOl (z) = av(%), S§%2(z) = Bv( 2)), a, > 0.

Note that DS(x) = 0 if and only if = = (T1, Ty, Ty, Vi, T1, V1).
Let us verify that D°(x) gives the factor 72 in front of the sum, i.e.

(3.6) DS(z) = (

2
TY

Dﬁ(x) = r2 : @(7’,51, oo 755)'
We start by considering examples and using spherical coordinates

2 =Ty + rcos &5 cos & cos &3 cos & cos &y ;
2®) = T} + 1 cos & cos & cos & cos & sin &
23) — T} 4 7 cos &5 cos §4 cos €3 sin a5

™ = Vi 4 rcos & cos &y sin £3;

) =T\ + rcos&s sin &y

2 =V +rsing; r>0, & €[0;2n), & € [—imin, i=2,...,5.

It is interesting to see how the spherical coordinates show an important property
in particular case of the DeAngelis-Beddington functional response f. The corre-
sponding calculations are presented in Remark 3.4 below.

In general case we apply the Taylor formula

2 kFia & ~
(38) faV,2®, . 2©)=% d f(an,ﬂ;?j,...,xe) b Ro(a™, 2@ 2O,
k=0 ’




6 1/2 _
with o = (E (z® —ﬁi)2> to the function f(2(M), 2. .. 2)) = Db(2) (see (3.6))
i=1
of six variables at the point & = (&1, &2, T3, 24,25, Z6) With coordinates
j;llev ‘%2:T1*7 ‘%3:T1*; Ci'4:V1, ‘%SZTI; i.GZVL

Let us put fo = f(ﬁl,ﬁg, ...,Zg), so we have (3.8) with

fo=0, i i i
dfo = (= — :El)ai{?) + (2@ — ig)% + .4 (29— @6)%,
dlfo - %(x(l) 7 1)2812({;)2 * %(N) - 332)28‘9;(5?2 et %(x@ - iﬁ)zai{?z
+ (W = #y)(2® — i:g)a;()fi){?@) o (@) = 25)(2© — i:g)ax?zi)é@.

It is easy to see that dfo equals zero at the point & = (&1, 29,23, &4, 25, 46), SO
starting with %dQ fo one has 72 as a multiplier. More precisely, we substitute
the spherical coordinates in R® to show that DS(z) = r% . ®(r,&1,...,&5), where
D(r, &y, ...,&) is continuous and P(r,&y,...,8&) # 0 if r # 0 (otherwise exists
0 £ 0: ®(r% &, ...,&) = 0, which contradicts (3.1)). Hence, by the Bolzano-
Weierstrass theorem, the continuous function ® in a closed neighbourhood of the
stationary point ¢ has a minimum ®,,;, > 0. Hence, D%(z) > r? - ® ;.
Now we estimate from above the absolute values of S%(z), S%(z).
For this, we use the inequality v(z) < 1(z —1)2/(1 — §) (see (3.1)) to get
f(x(5),x(6)))‘ _ a‘ 1 (f(x(5),x(6)) B 1)2‘
f(T,v) T 720 =8)\ f(Tu, V)
_ a‘ 1 (ﬁfc<5>x<6>(1 + 4Ty + V1) = BTVA(L + pa® + y2(®) )2‘
2(1-9) FT, V) (A + pTy 4+ Vi) (1 + pa®) + ya(©)
Substituting the spherical coordinates implies [S%!(z)| < a. - 7%, where . — 0 for
€ — 0. Here € < §. Similarly
0 o) 1 2@ e
S5 (@)] = ‘5“(@* )‘ <6‘2(1—5)(T1* _1> ‘
_ 5‘ (Tl* + 1 cos &5 cos &y cos€s cos€asinéy — T )2’
T72(1—0)

5% @)| = afo(

We arrive at |S5%(z)| < w. - 7%, where w. — 0 for ¢ — 0. As a result, we have

d
EUde(t) < —er?- (Prnin — e —we) < 0.

The proof of Theorem 3.2 is complete. 0
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Remark 3.3 (cf. [22]). Note that for any u € C1([—r;b); R®) we have %n(ut) =
(Do) (o)) (iie), aue) = [(Da)(u)](idr) for ¢ € [03b), where [(Dn)(ue)](ir) is the
Fréchet derivative of i at the point us, [(Da)(ut)] (1) is the Fréchet derivative of «
at the point u;. Therefore, for a solution in the p-neighborhood of the stationary
solution g, the estimate | n(u,)| < |(D)(w)llz(csm - lelle < pll (D) @llicsn
guarantees the property |%n(ut)| < ay with o — 0 for p — 0 because of the
boundedness of |[(Dn)(¥)|rc;r)y for p — 0 (from [|3) — ¢[lc < p). Similarly,
[ a(u)| < I(Da)w)lliesm - lillo < pll (Da)(we)l|sc:n) guarantees the property
|%a(ut)| < oy with 0, — 0 for 4 — 0 due to the boundedness of ||(Da)(v)||L(c;r)
with ¢ — 0 (from ||y — ¢llc < ).

Remark 3.4. In Theorem 3.2, in the particular case of the DeAngelis-

Beddington functional response f, we use the following six properties:

(1) (f(Tl,V1 3 )2 (6T1V1 1+ pz® + V) _1)2

fa®, W BaMVi (1 + uTy + V1)
(T (1 + pz™ +4V7) — W (1 + puTy + 7V1))
M (1 + pTy + V1)
(L+~4WV)(Ty — Ty — 1 cos&s cos €y cos €3 cosEa cos &) \2
( W1+ uTy + V) )
= 7“ . @1(7“,51, e ,55).

(2) 2 @)V, — T*p(4)\2
(o) - ()
(4 Tyz@®
B ((Tl + 7 coss coséy cosEs coséasingy)Vy — T (Vi + rcos &5 cos €y sin s) )2
B Ty

= 7"2 . @2(T,£1,~ . )55)'

(a:(4)f(a:(1), Vi) B 1)2 _ (a:(4)f(x(1), Vi) — Vlf(x(l),x(“)))?
Vi (2D @) Vi f (2D, 2(0)
_ (x<4>5x<1>m(1 e V)t — ViBaWa® (1 4 pa® + 73@(4))—1)
Vif(a®, 2®)
( 2@ B2V, (1 + pz® + 2@ — V3 BzDa@ (1 4 pz® 4 Wl))z
Vif(x® 2@ (1 + pz@® + V1) (1 + px®) + yx4)
( 2@ BrMVI(1 + pz® + y2® — 1 — pz® —417) )
(

Vif(x® @) (1 + pz@® + V1) (1 + px®) + yx4)
4)6x DViy(Vi + 7 cos s cos &y sin &z — Vi) 2
V1f (xW 2™ (1 + px® + V1) (1 + pr® + 733(4)))
2. ®s(r, €, ..., E5).

111



Ty f(@®, @) N2 T fa®), ) — 2@ f(1, V1) \2
2@ f(Ty, V1) ) - ( 2® (T4, V1) )
_ (Tl*ﬁx“)w(ﬁ)(l + pat® 442 O) 1 —2®BTVI(L 4+ Ty + V1) 7! )2

x®) f(T1, V1)
_ (Tfﬂ(ﬂ +reoséssiny) (Vi +rsinés)(1+ pTi +9V1)
e f(Ty, Vi) (1 + pa®) 4 @) (1 + pTy +411)
(T5F + rcos&s cos &y cos s sinéa) BT VI (1 + p(Th + rcoséssinéy))
@ f(T1, V1) (1 + pz® +y2@)(1 + pTy + V1)
(T5 + rcos&s cos &y cos s sin &) BT Viv (V1 + rsinés) \2
2O ATV A+ pa® 4 ®)(1+ Ty + V) ) '

@

We see that all the terms above include the factor r2, so

(Tff (), 2(®)

2
S L) e 6)

Further:

(5) c(l)(x(l) — T1)2 = 0(1)(T1 + 7 cos &5 cos €4 cos €3 cosEa cos €y — T1)2
- 7A2 . @5(7",51, e a£5)'

(6) 0(2)(33(4) -Wn)?= 0(2)(V1 + rcosés coséysinéz — V7)?

- 72 . (I>6(T7 §3a .. 555)'

The estimates above show that the factor r2 is present in DS(x).

Acknowledgement. The authors are thankful to an anonymous referee for
useful comments which led to better presentation.
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