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Abstract. Our aim in this paper is to establish Trudinger’s inequality on Musielak-
Orlicz-Morrey spaces L?*(G) under conditions on ® which are essentially weaker than
those considered in a former paper. As an application and example, we show Trudinger’s
inequality for double phase functionals ®(z, t) = tP(*) 4+ a(2)t9(*) | where p(-) and q(-) satisfy
log-Hélder conditions and a(-) is nonnegative, bounded and Hélder continuous.
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1. INTRODUCTION

Classical Trudinger’s inequality for Riesz potentials of LP-functions (see, e.g. [1],
Theorem 3.1.4 (c)) has been also extended to various function spaces. The Trudinger
type exponential integrability on variable exponent Lebesgue spaces LP(") was investi-
gated in [7], [8] and [9]. See [15] for the two variable exponents spaces LP() (log L)4(),
see [20] for Musielak-Orlicz spaces, see [14], [17], etc. for Morrey spaces of variable
exponent. In [12], we established a Trudinger type inequality in Musielak-Orlicz-
Morrey spaces L®"(G) defined by general functions ®(z,t) and x(z,r) satisfying
certain conditions. In the present paper, we give the same result (see Theorem 3.4)
with the help of relaxing the comparing condition (®5) in [12] by (®5;v) given be-
low. We also give a Trudinger type inequality (see Theorem 3.7) in Musielak-Orlicz
spaces L*(G) as an improvement of [20].

Recently, regarding the regularity theory of differential equations, Baroni, Colom-
bo and Mingione in [3], [4], [5], [6] studied a double phase functional ®(x,t) =
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t? + a(z)t?, z € RN, t > 0, where 1 < p < ¢, a(-) is a nonnegative, bounded and
Holder continuous function of order 6 € (0,1]. In [4], regularity was studied under
the assumption ¢ < (1 + 0/N)p and then Hésto in [10], Theorem 4.7 showed the
boundedness of the maximal operator on L®(G) for such functional ®(z,t) under
the same assumption g < (1 4 6/N)p. See also [13], Corollary 5.3.

In the final section, as applications of general theory, we give Trudinger type
inequalities (see Theorems 4.4 and 4.10) for double phase functionals ®(z,t) = tP(*) 4-
a(x)t?®) where p(-) and q(-) satisfy log-Holder conditions and a(-) is a nonnegative,
bounded and Holder continuous function of order 6 € (0, 1]. Our relaxed condition
in Theorem 4.4 corresponds to ¢ < (14 60/N)p, when p(-) and ¢(-) are constant, and
it is shown to be sharp in Remark 4.7 below.

The remaining part of the present paper is organized as follows. In Section 2, we
give the definitions of the Musielak-Orlicz-Morrey space L®"(G) and the Musielak-
Orlicz space L?(G). In Section 3, we prove Trudinger type inequalities for variable
Riesz potentials in L®*(G) and L®(G), which are used to treat double phase func-
tionals with variable exponents in Section 4. For this purpose, the condition (®5)
in [12] and [20] must be relaxed by (®5;v) to cover the case of Histo, see [10].

Throughout this paper, let C' denote various constants independent of the variables
in question and C(a,b,...) be a constant that depends on a,b, ...

2. PRELIMINARIES

Throughout this paper, let G' be a bounded open set in RY and dg = sup{|z —y|:
z,y € G} (< 00).

Let us begin with the assumptions on Musielak-Orlicz functions used in this paper.

We consider a function

O(x,t): G x[0,00) = [0,00)

satisfying the following conditions (®1)—(®3):

(®1) ®(-,t) is measurable on G for any t > 0 and P(x,-) is continuous on [0, co) for
any x € G;

(®2) there exists a constant A; > 1 such that

A1_1 < P(z,1) <4y forallz eG;

(®3) t — P(z,t)/t is uniformly almost increasing on (0,00), namely there exists
a constant Ay > 1 such that

O(z,t1)/t1 < A2®(x,t2)/t2  for all x € G whenever 0 < t; < ts.
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Let ¢(z,t) = sup ®(z,s)/s and
0<s<t

¢
O(x,t) = / p(x,r)dr forallze G, t>0.
0

Then ®(z,-) is convex and

O(x,t/2) < O(z,t) < Ay®(z,t) forallz € G, t > 0.

We also consider a function &(z,7): G X [0,dg] — [0, 00) satisfying the following
conditions: Let 0 < o9 < N.
(k1) k(-,t) is measurable on G for any 0 < t < dg and k(z,-) is continuous
on [0,d¢] for any x € G;
(k2) r = k(z,r) is uniformly almost increasing on (0, dg], namely there exists
a constant K7 > 1 such that

k(z,m) < K1k(x,r2) for all © € G whenever 0 < r; < 73 < dg;
(k3;00) there is a constant Ky > 1 such that
Ky 'min{1,77°} < k(z,7) < Ky forallz € G, 0 <r <dg.

Given ®(z,t) and k(z,r) as above, the Musielak-Orlicz-Morrey space L?*(G) is
defined by

L*(G)
_ {f € LL(G): sup

zeG |B(J,‘,’I")| B(z,r)NG
0<r<da

r(z,r)

It is a Banach space with respect to the norm

: K(x,7) 5(, LW
fllo,x; :mf{)\>0: sup 7/ ®ly,—— )dy<1y,
” ”(b ¢ zeG |B({E,7’)| B(z,r)NG ( A )

0<r<dg

cf. [19].
In case of k(z,7) = rV, L®"(G) is the Musielak-Orlicz space L?(G) (cf. [18]),

namely

L*(G) = {f € LL..(G): /G<I>(y, fT) dy < oo for some A > 0}.
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It is a Banach space with respect to the norm

||f||q>;G=inf{A>o: /Gé(y,@)dy@}.

We also consider the following conditions for ®(x,t): Let ¢ > 1, v > 0 and w > 0.
(P3;00;9) t — t79P(x,t) is uniformly almost increasing on [1,00), namely there
exists a constant As o 4 > 1 such that

t79®(z,t1) < Az oo gty 1®(z,t2) for all z € G whenever 1 < ¢ < to,
(®5;v) for every a > 0, there exists a constant B, , > 1 such that
O(x,t) < Be,o®(y,t) whenever z,y € G, |z —y|<at™, t > 1.

In [12], we assumed the condition (®5) = (®5;1/N). For another condition corre-
sponding to (®5;v), we refer to [2], page 2544.
Set
& !(x,t) =sup{s > 0: ®(z,s) < t}.

Suitably modifying the proof of [12], Lemma 3.3 (cf. [13], Lemma 4.3), we can
prove the following lemma;:

Lemma 2.1 ([12], Lemma 3.3). Suppose ®(z,t) satisfies (P3;00;q) and (P5;v)
for ¢ > 1 and v > 0 satisfying v < q/oo. Then there exists a constant C > 0 such

that 1
L[ fy)dy < 0O n(a )
B o )

for allz € G, 0 < r < dg and nonnegative functions f € L¥*(G) with || f|lo ¢ < 1.

3. TRUDINGER’S INEQUALITY

In this section, we establish two kinds of Trudinger type inequalities for Riesz
potentials I,(.) f of order af(-).
Let a(-) be a measurable function on G such that

0<a :=inf a(z) <supa(z) < N
z€G z€G

and define
Loy f(a) = /G l — 41N f(y) dy

for a locally integrable function f on G.
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Let E be a measurable subset of G. Set sp = min{1,1/dg}. Before stating our
Trudinger type inequalities, we consider a logarithmic type function

I(z,s): E X [sg,00) — (0,00)
and an exponential type function
U(z,t): E x[0,00) = [0,00)

satisfying the following conditions:
(I'1) s — I'(z,s) is uniformly almost increasing on [sg,00), that is, there exists
a constant cr; > 1 such that

[(z,51) < cerl(z,s2) forallz € B, sop < 81 < 895
(T'2) there exists a constant cre > 1 such that
I'(x,2) < crol(x,809) for all x € E;
(Tog) there exists a constant ¢y > 1 such that
[(z,5%) <cpl(z,s) forallz € B, s> 1;

(P1) U(-,t)is measurable on F for any t € [0, 00) and ¥(z, -) is continuous on [0, c0)
for any = € F;
(¥2) there is a constant Q1 > 1 such that ¥(z,t1) < ¥U(zr,Qite) for all z € E
whenever 0 < t; < to;
(IT) there are constants @2, Q3 > 1 and s§ > so such that ¥(z,'(x,s)/Q2) < Q3s
for all z € E and s > s§.
We recall the following fundamental properties on I' which imply that " behaves
like logarithmic functions.

Lemma 3.1 ([16], Lemmas 2.1 and 2.2).

(1) T(x,-) has the uniform doubling property on [sg,00); namely, there exists
a constant C' > 0 such that I'(x,2s) < CT'(z,s) for all x € E and s > sg.

(2) For a > 0, there exists a constant C > 1 such that

C™'T(z,s) <T(x,5") < CT(x,s) forallz € E, s> 1.
(3) There exists a constant C' > 0 such that

I'(x,s) < CsI'(z,s9) forallze E s> sg.
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Proof. (1) Let z € E. In case of s > 2, we have
I'(z,2s) < emI(z, 52) < erienl(z, s).
On the other hand, if sg < s < 2, then we find
I'(x,25) < eriT(2,4) < erienil(2,2) < erierierel(w, s0) < ¢ crieral(z, 5).

(2) Let € E and s > 1. It is enough to show the case a > 1 since the remaining
case is treated by symmetry. Let a > 1 and take the nonnegative integer m such
that 2™ < a < 2™*!. Then we have

om +1

clillf‘(a:, s) < T'(z,s*) < eril(x, s ) < crlcFlHF( s).

(3) If s > cry, then take a nonnegative integer k such that C%IZ <s < c%’fl. Then

k41
I(z,s) < ch‘(x,c%l ) < cmcl]iflf(x,cm) < cFlcF;r Crz sI‘(x crt) < erisl(z, ery).

Since I'(x, cry) < CT'(z, s9) by (1) above, we have I'(z, s) < CsI'(x, sp).
If sop < s < ey, then

I(z,s) < ermD(z, cery) < (er1/s0)sT(x, cry) < CsT(z, so).

3.1. Musielak-Orlicz-Morrey case. We consider the condition:

(T'®Pra) There exists a constant ¢* > 1 such that

da d
| @ ko YL < Tl forallae By s> 2/de
1/s

Lemma 3.2 ([12], Lemma 3.6). Suppose ®(z,t) satisfies (P3;00;q) and (P5;v)
for ¢ > 1 and v > 0 fulfilling v < q/o¢. Further assume that (I'®xa) holds. Then
there exists a constant C > 0 such that

_ 1
[ ety < (e )
G\B(x,9)

forallz € E, 0 < § < dg/2 and nonnegative f € L*"(G)
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In the same way as Lemma 3.7 in [12], we have:

Lemma 3.3. Suppose ®(z,t) satisfies ($3;00;¢q) and (P5;v) for g > 1 and v > 0
fulfilling v < q/0¢. Let 0 < ¢ < N and define

Lf(z) = /G & — "N f(y) dy

for a nonnegative measurable function f on G and
1

(3.1) Ae(z,1) =
1+ 99 02d=1(2, k(2,0 )0~ ' do

for z € G. Then there exists a constant Cy . > 0 such that

Ae(z,7)
26057 Lf(z)dz < Cp.
B Janpen =@

for all z € G, 0 < r < dg and f > 0 satistying || f|o.xc < 1.

We first give a Trudinger type inequality in the Musielak-Orlicz-Morrey space
L®*(@) which is an improvement of [12], Theorem 4.4 in case of J(x,r) = r*®) =N,

In fact, (®5) = (®5;1/N) in [12] is relaxed by (®5;v) with v < g/0y.

Theorem 3.4. Suppose that ®(x,t) satisfies ($3;00;q) and (P5;v) for ¢ > 1
and v > 0 fulfilling v < q/og. Assume that (I'®ra) holds for I'(x,s) satisfy-
ing (I'l), (I'2) and (I'g). Further suppose that ¥(z,t): E x [0,00) — [0,00)
satisfies (U1), (¥2) and (¥T'). Then, for 0 < ¢ < inf a(x), there exist constants
c1 =c1(e) > 0, c2 = ca(e) > 0 such that el

Ae(z,7) \I/({E, |Ia(.)f(x)|) d

T < Co
|B(Z,’I“)| ENB(z,r) C1 =

forallz € G, 0 <r < dg and f € L**(G) with || f||e.x.c < 1, where \:(2,7) is given
by (3.1).

Remark 3.5. Theorem 3.4 is used to obtain the Trudinger type inequality in
Musielak-Orlicz-Morrey spaces defined by double phase functionals with variable
exponents. To do so, condition (®5; v) is suitable, instead of ($5) = (®5;1/N) in [12].

Proof of Theorem 3.4. Let f > 0 and | flloxic < 1. Let x € E. For 0 <
0 < dg/2, Lemma 3.2 implies

1 1
Lo @) < [l y" V() dy+ CT (2, 5) < 640 Lf(a) 4 T (.5
B(z,5)NG 4] 5
with a constant C' > 0 independent of z.

517



If I. f(x) < 2/dg, then we take 0 = d/2. Then

Iy /() < (d6/2)*@ 1 4 T (x, %) <or(, %)

By Lemma 3.1 (1), there exists a constant C' > 0 independent of = such that
(32) Ia()f(x) < CP(:L‘, 83) if Ief(x) < 2/dG

Next, suppose 2/dg < I.f(x) < co. By Lemma 3.1(3) and (1), there exists
a constant m > 0 such that I'(z,s)/s < mI'(z,2/dg) for s > 2/dg. Let

B I(x, I. f(z)) 1/(e(z)—¢)
0= (da/2) [mI‘(m, 2/dG)I€f(x)} '
Then a(x)—e a(x)—e F((E, Iﬁf(x))
§ I f(z) = (da/2) m(z, 2/ de) < CT(, I f(2)).
By the choice of m, § < dg/2. Since I'(x,2/d¢) < CT(x, I f(x)),

1 —€
5 <O f(z) /@9,

Hence, using Lemma 3.1 (1) and (2), we obtain
r(z, %) < CT(z, L f(2)).
Therefore, there exists a constant C' > 0 independent of = such that
(3.3) Inoyf(z) < CTU(x, I f(x)) if2/dg < I. f(x) < oo.
By (3.2) and (3.3), there exists a constant C* > 0 such that
Lo f(2) < C*T(z, max{sg, I f(x)})

for a.e. x € E.
Now, let ¢; = Q1Q2C*. Then, by (¥2) and (PT'), we have

\Il(a: Ia%f(x)) < U(z, D(z, max{st, I f(2)})/Qs)
< Qzmax{sg, I f()} < Qs(sp + I f(2))

for a.e. x € E. Thus, we have by Lemma 3.3

Ae I Ac (2,
(2,7) \I,<$7 M) de < Qs + M/ Lf(z)de
|B(Za T)| ENB(z,r) C1 |B(Za T)| ENB(z,r)
< Q350+ Q3Crc =2
forallze Gand 0 < r < dg. O
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3.2. Musielak-Orlicz case. We consider a function
V(xa Q): E x (OvdG) - [Oa OO)
satisfying the following conditions (1) and (v2):
(v1) (-, 0) is measurable on F for any 0 < ¢ < dg and ~(z,-) is continuous
on (0,dg) for any x € E;
(72) there exists a constant By > 1 such that

By' <v(x,0) < Boo ™ forallz € E whenever 0 < ¢ < dg.

In this subsection, we consider the condition:
(T'®vya) There exist constants ¢* > 1 and ¢§* > 1 such that

0* O Ny(z,0) 7 @ @, v(w, 0)) < T (w,07Y)

for all x € F whenever 0 < o < dg and

dg dQ
|0 (e ) < T
6
for all x € E whenever 0 < ¢ < dg/2.
Lemma 3.6 ([20], Lemma 3.2). Suppose ®(z,t) satisfies (P3;00;q) and (P5;v)

for ¢ > 1 and v > 0 fulfilling v < gq/N. Assume that (I'®vya) holds. Then there
exists a constant C' > 0 such that

/ @ — 41N () dy < CT(x,57)
G\B(z,6)

for allz € E, 0 < § < dg/2 and nonnegative functions f € L*(G) with ||f|le.c < 1.

Proof. Let f be a nonnegative measurable function with || f||¢;c < . By (®3)
and (®3;00; q),

min{1, (4, 42) 's} < @Yz, ) < max{1, (41 4z, 00.45)"};
see [11], Lemma 5.1 (5). Set

c1 = maX{AlAQBo, (AlAQ’OO’qBO)ildg}.
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Then we have by (72)
® (2, c1y(w, |z — yl) > min{l, (A1d2) e By '} =1

and
oz, cry(, |z — y])) < max{l, (A1 Az 00 g1 Bolz —y| =)/}

= (A1 42,0041 Bodg™ ) (| =yl /de) N
< (A1 Az 00,061 Bod™ ) (|2 =y /d) ™"
for all x € F and y € G. Hence
(34) |z —y| < e2(27 (@, crry(, [ — y)))) ™

for all z € E and y € G, where ¢o = dg (A1 Az, 00 gc1Bodg" )"/,
Therefore, we find by (®3)

/ |z — y[“@ N f(y) dy
G\ B(z,9)
<L/ & — 5N (2, e17(a, | — y1)) dy
G\ B(z,9)

*A%/ oz — y|2@=N £ (y)
G\B(z,5)

y fly) '@y, fy))
Oz, c1y(z, [x — y|)) 1@ (y, 2z, c1y(z, |z — yl)))
=1 + L.

dy

By (I'®ya),
da dQ
h<C/ D0 (@5, 0) F < CT(@ 57,
)
By (®5;v) and (3.4),
Oy, @ Nz, c1v(z, |z — y)) = B, ®(z, @ (z,c1v(z, [z — y])))
= Bc;%vclly(xa |z —yl).

Hence, by (I'®ya),

L <C |z =y Ny(z, |z — y)) 1o (@, y(z, 2 — y]) @y, f(y) dy
G\B(x,5)

<C L(z, |z —y| " ®(y, f(y))dy < CT(z,671).
G\B(x,5)

Thus we obtain the required result.
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As in the proof of Theorem 3.4, we can obtain the following result by Lemmas 3.6
and 3.3 with 7 = d¢, which is an improvement of [20], Theorem 4.1. In fact, (®5) =
(®5;1/N) in [20] is relaxed by (®5;v) with v < ¢/N.

Theorem 3.7. Suppose ®(z,t) satisfies ($3;00;q) and (P5;v) for ¢ > 1 and
v > 0 fulfilling v < q/N. Assume that (I'®y«a) holds for (z, ) satisfying (y1)
and (v2); and I'(z, s) satisfying (I'1), (I'2) and (T'iog). Further suppose that ¥(z,t):
Ex]0,00) — [0, 00) fulfills (¥1), (¥2) and (VT"). Then there exist constants c1,cz > 0

such that I )
/ u(a. M) de < o
E c1

for all f € L*(G) with || f||e.c < 1.

Remark 3.8. Theorem 3.7 is used to obtain the Trudinger type inequality in
Musielak-Orlicz spaces defined by double phase functionals with variable exponents.

4. DOUBLE PHASE FUNCTIONALS

In this section, we give two kinds of Trudinger type inequalities when ® is a double
phase functional with variable exponents.

Let p(-) and ¢(-) be real valued measurable functions on RY such that
(P1) 1<p = exsgu{iegfp(x) <esssupp(z) =: pt < o0,

zERN
(Q1l) 1< ¢ :=essinfq(z) <esssupg(z) =: ¢ < oo.
TERN zERN
We assume that

(P2) p(-) is log-Holder continuous, namely

C
Ip(z) — p(y)| < P for all z,y € RN with a constant Cp >0,

= log(e + |z —y[~1)
(Q2) ¢(-) is log-Hélder continuous, namely

C

— forallz,y € RY  with a constant C, =2 0.
etz —yl~h)

lg(x) —q(y)| < Tog(

As an example and application, we consider the case, where ®(z,t) is a double
phase functional given by

O(x,t) = '@ + a(x)t9® (= tP@ 4 (b(2)t)1®)), zeq, t>0,

where p(z) < q(x) for z € G, a(-) is nonnegative, bounded and Holder continuous of
order 6 € (0,1], and b(z) = a(x)/9®) (cf. [6]).
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This ®(z,t) satisfies (®1), (92) and ($3;00;p™). Set
Go={re€G: a(x) =0} and Gi ={zeG: a(z) > 0}.

The functional ®(x,t) also satisfies (®5;v) for v > sup (q(z) — p(z))/0; see [13],

Lemma 5.1. oG

4.1. Trudinger’s inequality in Musielak-Orlicz-Morrey spaces. In this

subsection, let
() = 17 (log(e + 1))@
for z € G and 0 < r < dg with measurable functions o(-) and §(-) on G satisfying

the following conditions for oy < N:

0 <o :=inf o(z) < supo(x) < oy,
x€G G

sup B(z) < oo and fB(z) = —c(og —o(x)) for a constant ¢ > 0.
z€G

This k(x,r) satisfies (k1), (x2) and (k3;09).
Lemma 4.1. For 0 < &’ < e < igé(a(m)/q(m)), there exists a constant C > 0

such that
Ae(z,7) = C max{r?@)/P@)=¢" p(g)pol@)/a@)—<y

forallr € Gand 0<r <dg.
Proof. Since @ '(z,s) < min{s*/?®) b(z)~1s'/9*)} we have

dg dQ da dQ
[ o (e ) < Cominf [ o log(e 7)) H %L,
r 0 r 0

1 [ @) 1y B(x) /o) 40
b(z) 0 (log(e+077)) "

<C min{rel_“(’”)/p(’”), b(m)—lrs/—a(x)/qm)}

by our assumptions and the fact that ¢°=< (log(e + 0~ 1))~#©@)/P(*) is almost increas-
ing. Thus this lemma is proved. (]

In this subsection, let
E, ={x € Go: o(x) =alx)p(x)}, FEr={zreGi: o(x)=alx)q(x)}
and F = E1 U EQ;

P, s) = 008l TP, e B,
T b(a)(log(e + ) P@/a@) g e By
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for s > so. This I'(x, s) satisfies (I'1), (I'2) and (I'g) if f(z) < p(z) for € E; and
B(x) < q(z) for x € Es.

Lemma 4.2. If 1enb£ (p(z) — B(x)) > 0 and 1€n£ (¢(z) — B(x)) > 0, then (I'Pra)
holds. - e

Proof. If z € Ey, then ®(x,t) = t?(®), so that
@, 0) ) = [o7) (og(e+ g~ )W) = 7 (logle+ 7)) P/,

Hence,
da d de d
[ @ (0 )L = [ og(et g7t P
1/s 0 1/s e

_ /1 e+ t))—mx)/p(x)% < Cllog(e + 5))=#@/9@) — Oz, 5)
G

for s > 2/dg, since 1Enb£ (p(x) — B(x)) > 0.

1

If £ € Ey, then ® 1 (z,s) < b(x)'s/9®) 5o that
O (2, k(x,0)7Y) < b(@) Lo (log(e + o~ 1)) AW/ @),

Hence, using the assumption inbﬁ (q(z) — B(z)) > 0, we see as above that
fASY %

da
/ 0" (, (a, g)*)d—; < Cb(x) ™ (log(e + 5))'P/4) = OT (2, 5)
1

/s
for s > 2/dg. O
Set
U(a,t) = {exp(tp(x)/(p(m)ﬁ(z))’ € {y € Er: ply) ~ Aly) > 0},
’ exp((b(a)t) 1/ @R =AED) € {y € Ba: qly) — Bly) > 0},

for t > 0. Then we can easily verify the following lemma.

Lemma 4.3. If p(z) — B(z) > 0 for x € Ey and q(z) — 8(z) > 0 for x € Es, then
U(x,t) satisfies (V1), (¥2) and (VT") with s§ = 2/d¢.
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By Lemmas 4.1, 4.2, 4.3 and Theorem 3.4, we obtain Trudinger’s inequality for
Musielak-Orlicz-Morrey spaces in the framework of double phase functionals.

Theorem 4.4. Let
Ei={x€Go: o(z) =a(x)p(x)} and E;={reGi: o(x)=ax)q(r)}.

Suppose xzta@(%) —p(x))/0 < p~ /oo, xienlgl(p(fﬂ) — B(x)) > 0 and xiélEf2(q(x) -

B(x)) > 0. Then, for 0 < & < irelg(a(a:)/q(x)), there exist constants c1,cy > 0 such
T
that

max{r?()/P()=e p(z)po(z)/alz)—<}
|B(z,7)|

1. p(z)/(p(z)—B(x))
(L sty
B(z,m)NE1 C1

b(x)| 1y f(x (z)/(q(z)—B(=))
o ()|a()f( )|qgC 9 ® 1 <o
I((
B(z,7r)NE2 Cc1

forallz € G, 0 <r <dg and f € L**(G) with | f|le..c < 1.

(4.1)

Remark 4.5. In the setting of [12], we can show the following result: Suppose
o(z) = a(z)p(x) for z € Gy, o(z) = a(z)q(z) for x € G4, 1€an (p(x) — B(z)) >0
z€Go
inf (q(z) — B(x)) > 0. If sup (¢(z) — p(x))/6 < 1/N, then, for 0 < £ <
eG4 reGy

igg(a(x)/q(a:)), (4.1) with E1 = Gy and E; = G4 holds for all z € G, 0 < r < dg
x

and f € L®*(G) with | f|l®.xc < 1. This shows that Theorem 3.4 is an essential
improvement of [12], Theorem 4.4.

and

By Theorem 4.4, we obtain the following result.

Theorem 4.6. Suppose sup(q(x) —p(x))/0 < p~/N. Let
zeG

E,={x€Go: a(x)p(r) =N} and E;={ze€Gi: alx)q(x) =N}.
Then, for 0 < € < N/q*, there exist constants ¢, ca > 0 such that

max{rN/P()=¢ p(z)rN/a(z) =<}
[B(z,7)l

I b(x)|1,,.
% {/ exp(M) dx—l—/ exp(—(x)| el )f(x)|) dx} <e
B(z,r)NE1 €1 B(z,r)NE3 C1

forallz € G, 0 <r <dg and f € L*(G) with || f|le.c < 1.
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Remark 4.7. The condition sup (¢(z) — p(z))/0 < p~ /oo in Theorem 4.4 is
zeG4

sharp as the following proposition shows.

Proposition 4.8. Let ®(z,t) = t? + (max{0,x1})t? and x(z,r) = r7 with 1 <
p<qg0<60<1and0< o< N. Suppose ¢ =0/« and (¢ — p)/0 > p/o. Then we
can find f € L**%(B(0,1)) for which

/ esxp((max{0, 21 1)/ 1| Lo f (2)]) dar = 00
B(0,r)

forall0 <r < 1.

Proof. By our assumption, we can take a number a > 0 such that (¢ +6)/q <
a < o/p. Consider f(y) = |y|~*XB(0,1)n{y:<0}> Where X is the characteristic func-
tion of E. Then

Iﬁ}(xar) o
r(w,r) ® dy <
(y, f(y)) dy < [B(0, ) /B0,

Y dy < C < oo
|B(z,7)| /B,
for x € B(0,1) and 0 < r < 1. Hence, f € L**(B(0,1)). Moreover, we see that
Inf(z) = Clz|*™* for x € B(0,1),

so that
/ ((maX{O, xl})e/qllaf(x)l)m dr = o0
B(0,r)

for 0 <7 <1 when m(a —a—6/q) > N. O

4.2. Trudinger’s inequality in Musielak-Orlicz spaces. In this subsec-
tion, let
Ey={x € Go: a(x)p(z) =N}, Ex={xe€Gi: a(z)q(z) =N}
and F = FE1 U Es. Set
Yz, 0) = 0~V (log(e +o71)) ™!
for z € F and 0 < ¢ < dg and

1'\( ) (10g(e + S)(p(z)fl)/p(a:)’ x € _E17
’ - b(m)fl(log(e —+ s))(‘](x)fl)/‘l(m)7 xr € E2

for s > sg.
This v(z, o) satisfies (y1) and (v2); I'(x, s) satisfies (I'1), (I'2) and (T'og).

Lemma 4.9. The function I'(z,t) satisfies (I'®ya).
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Proof. If z € Ey, then ®(z,s) = s'/P(*) 50 that we have
o™ Nz, 0) 7107 (@, v(2, 0))
= /PN N log(e + 07 ") {0V (log(e + 071)) T }/PW
= (log(e + 0™~/ = T(z, )

for 0 < p < dg and

do alz) §— N/ (z)f ,—N —1\\—111/ (x)dQ
oM (awarg : P o™V (logle+ 0 7)) }/P "
5
< C(log(e 46~ ))(p(x)—l)/p(x) =CT(x,67Y)

for 0 < d < dg.
If £ € B, then & !(z,s) < b(x)'s/9®). Hence, we similarly have

Qa(x)iN’)/(iC, 9)71@71(1',’)/(1', Q)) < b(l‘)il(log(e'f' 971))(4@)*1)/‘1(1’) — F((E, 971)
for 0 < p < dg and

dag d
/ 08 (2,7(x,0))7 7 < Cbla) ™ log(e +671)) 1TV = €T 57
8

for 0 <d <dg.

Thus I'(z,t) satisfies (T'®ya). O
Set
w( exp(tP(®)/(p(z)=1)) ze{yeEr: ply) >1},
x,t) =
exp((b(x)t) 1/ @@=1) - w e {y € By: qy) > 1}

for t > 0, where £y = {x € Go: a(z)p(z) = N} and Es = {x € G1: a(z)q(z) = N}
as before.

The function ¥(z,t) satisfies (U1), (¥2) and (VT") with s§ = 2/dg.

By Lemma 4.9 and Theorem 3.7, we obtain the following Trudinger’s inequality
for Musielak-Orlicz spaces in the framework of double phase functionals.

Theorem 4.10. Suppose sup (q(x) — p(x))/0 < p~/N. Then there exist con-
stants ¢y, ca > 0 such that oeC

(4.2) /E exp((ua(.)cf(mﬂ)P(E)/(P(E)1)) e
1 eXp((b(x)|Ia(.)f(x)| )(I(x)/(q(x)—l)) d

Es C1

+ T < co

for all f € L*(G)
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Remark 4.11. In Theorems 4.4 and 4.10, compare the exponent to I,.)f; see

also the case g, (x) = B;,(x) = 0 of Corollary 4.6 (1) in [12] and the case g;,(z) =0

of

1]
2]
3]
[4]
[5]
[6]
[7]
8]
[9]
[10]

[11]

12]
13]
[14]
[15]
[16]
17]
18]

[19]

Corollary 4.2 (1) in [20].
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