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Abstract. We study algebraic properties of two Toeplitz operators on the weighted
Bergman space on the unit disk with harmonic symbols. In particular the product property
and commutative property are discussed. Further we apply our results to solve a compact-
ness problem of the product of two Hankel operators on the weighted Bergman space on
the unit bidisk.
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1. Introduction

Let dAα(z) = (1+α)(1−|z|2)αdA(z), α > −1 be the normalized weighted Lebesgue

area measure on the unit disk D. The weighted Bergman space A2(D, dAα) is the

space of all analytic functions on D which are square integrable with respect to dAα.

It is well known that the Bergman space A2(D, dAα) is a closed subspace of the

Hilbert space L2(D, dAα). Hence A2(D, dAα) is a Hilbert space with the inner prod-

uct inherited from L2(D, dAα). For a function f ∈ A2(D, dAα), the norm of f is the

usual L2(D, dAα)-norm defined by

‖f‖L2(D,dAα) =

{∫

D

|f(z)|2 dAα(z)

}1/2

.

Let f ∈ L∞(D). The Toeplitz operator Tf with symbol f ,

Tf : A
2(D, dAα) → A2(D, dAα)

is defined as

(1.1) Tfu = Pα(fu), u ∈ A2(D, dAα),
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where Pα : L2(D, dAα) → A2(D, dAα) is the orthogonal projection. For a given

function f ∈ L∞(D), clearly ‖Tf‖ 6 ‖f‖∞.

Brown and Halmos in [6] showed that for essentially bounded symbols f , g on the

unit circle T the product of two Hardy space Toeplitz operators TfTg = Th if and

only if either g is analytic or f is co-analytic, and in this case h = fg. Here f is

analytic on T if all its negative Fourier coefficients vanish. Ahern and Čučković in [2]

proved an analogue for the unweighted (α = 0) Bergman space A2(D, dA).

After the initial work on the Hardy space on T and unweighted Bergman space

on D, it was natural to ask if the same result was true on the Bergman space on the

higher-dimensional polydisk D
n, n > 1. In particular Choe, Lee, Nam and Zheng

in [7] obtained an analogue of the above theorem on D
n, n > 1.

In this paper we extend the results of Ahern and Čučković (see [2]) in a different

direction by introducing a weight to the measure. The α-Berezin transform plays an

important role in our main proof. Therefore, we define and list some properties of

the α-Berezin transform in the next section.

2. The α-Berezin transform

In general, ifH is a Hilbert space of analytic functions on D with the property that

point-evaluation functionals are bounded, then by the Riesz representation theorem

the existence of the kernel function is guaranteed. Then for any bounded linear

operator T on H we can define the Berezin transform of T denoted by T̃ as follows.

(2.1) T̃ (z) = 〈Tkz, kz〉, z ∈ D,

where kz is the normalized kernel function inH . Now let H be the weighted Bergman

space A2(D, dAα). The Berezin transform of a function u ∈ L1(D, dAα) is denoted

by Bαu and defined by

(2.2) Bαu(z) =

∫

D

u(ζ)
(1 − |z|2)2+α

|1− zζ|4+2α
dAα(ζ).

where

kαz (w) =
(1 − |z|2)1+α/2

(1− zw)2+α

is the normalized kernel function in A2(D, dAα). It is known that the α-Berezin

transform is injective on L1(D, dAα) and we state this result in the following lemma.

Interested reader may read in [12], Chapter 6.

Lemma 1. The α-Berezin transform is one-to-one. That is if Bαu = 0 for u ∈

L1(D, dAα), then u = 0.
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The Berezin transform plays an important role in our approach of solving product

properties of Toeplitz operetors. More specifically, some theorems on the range of

the Berezin transform are used in our proofs. The following theorem characterizes

all triples (u, f, g) such that Bu = fg, where B = B0 is the unweighted Berezin

transform. Also we denote the set of analytic functions on D by H(D) and

(2.3) ϕa(z) =
a− z

1− āz
∈ Aut(D),

the Möbius group on D.

Theorem 2 ([1]). Let f, g ∈ H(D) and assume they are nonconstant. If Bu = fg

for some u ∈ L1(D), then there are nonconstant polynomials p and q with deg(pq) 6 3

and a ∈ D such that f = p ◦ ϕa and g = q ◦ ϕa and

u ◦ ϕa(z) = c1z
2 + c2z

2 + c3z + c4z + c5 + d1 ln |z|
2 + d2

1

z
+ d3

1

z
.

Later Čučković and Li in [8] obtained an extension of Ahern’s result by considering

Bu = f1g1 + f2g2 with g2(z) = zn, n > 1, where f1, f2 and g1 are of the same type

as in the previous theorem. In 2010 Rao in [11] showed a more general version of

this result as follows.

Theorem 3 ([11]). If Bu =
n∑
k=1

fkgk, where fk, gk ∈ H(D), then there exist

finitely many points ak ∈ D, 1 6 k 6 n, such that

u(z) = h̃(z) +

n∑

k=1

Dk ln |z − ak|+
Ek

(z − ak)
+

Fk

(z − āk)
,

where Dk, Ek, Fk, 1 6 k 6 n are constants, many and even all of them could vanish,

and h̃ ∈ L1(D, dA) and is harmonic.

Recall that the Laplacian on the complex plane is,

∆ = 4
∂2

∂z∂z

and we denote the invariant Laplacian by

∆̃ = (1− |z|2)2∆.

It is known that the invariant Laplacian commutes with the Berezin transform.

Lemma 4 ([2]). If u ∈ C2(D) and u, ∆̃u ∈ L1(D), then ∆̃(Bu) = B(∆̃u).

The next theorem is very important for our main proof.
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Theorem 5 ([3]). If u ∈ L1(D), then for α > −1,

∆̃Bαu = 4(α+ 1)(α+ 2)(Bαu−Bα+1u).

The following result has been known for a long time and yet we give a short proof.

Lemma 6. Suppose that α ∈ N and u ∈ C2α(D) and assume that

u, ∆̃u, ∆̃2u, . . . , ∆̃αu ∈ L1(D).

Then

Bαu = B[Qα(∆̃)u],

where

Qα(λ) =

α∏

k=1

[
1−

λ

4k(k + 1)

]

is a polynomial of degree α.

P r o o f. Theorem 5 tells us that

Bα+1u =
[
I −

∆̃

4(α+ 1)(α+ 2)

]
Bαu.

By applying this formula n times recursively we obtain

Bα+nu =

n∏

k=1

[
1−

∆̃

4(k + α)(k + α+ 1)

]
Bαu,

where n is a positive integer. Now by letting α = 0 we have Bnu = Qn(∆̃)Bu, where

Qn(λ) =

n∏

k=1

[
1−

λ

4k(k + 1)

]
,

and recall that B = B0 is the unweighted Berezin transform. Since α is an integer,

by replacing n by α we obtain Bαu = Qα(∆̃)Bu. Now it remains to show that the

two operators Qα(∆̃) and B commute. For simplicity consider ∆̃α[Bu]. Assume

u, ∆̃u, ∆̃2u, . . . , ∆̃αu ∈ L1(D). By applying Lemma 4 recursively we get

∆̃α[Bu] = ∆̃α−1∆̃[Bu] = ∆̃α−1[B(∆̃u)] = ∆̃α−2[B(∆̃2u)] . . . = B(∆̃αu),

and hence the result follows since Qα is a polynomial and B is linear. �
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Recall that if f is a bounded complex-valued harmonic function on D, then there

exist analytic functions f1, f2 such that f = f1 + f2. Here functions f1 and f2 are

Bloch functions. Recall also that an analytic function f on D is said to be a Bloch

function if sup{(1 − |z|2)|f ′(z)| : z ∈ D} is finite. We denote the space of Bloch

functions on D by B. We know that B ⊂ Ap(D, dAα) for all 1 < p <∞.

The following theorem tells us an important property of Bloch functions which we

will use later.

Theorem 7 ([12]). If f is analytic in D and n > 2, then f ∈ B if and only if the

function (1− |z|2)nf (n)(z)) is bounded in D.

Remark 8. Using the above theorem we can show that for any functions

f, g ∈ B, ∆̃kf(z)g(z) is bounded in D for all k ∈ N.

The next proposition gives us a relationship between Toeplitz operators and the

α-Berezin transform and the proof directly follows by [2], where they showed it

for α = 0.

Proposition 9. Suppose that f = f1+f2 and g = g1+g2 are bounded harmonic

functions and f1, f2, g1, g2 are analytic functions on D. Let h ∈ L∞(D). Then the

following are equivalent on A2(D, dAα), α > −1.

(1) TfTg = Th.

(2) For all z ∈ D,

f1(z)g1(z) + f2(z)g2(z) + f1(z)g2(z)Bα(h− f2g1)(z).

(3) For all z, w ∈ D,

f1(z)g1(z) + f2(w)g2(w) + f1(z)g2(w) =

∫

D

h− f2(ζ)g1(ζ)

(1− ζz)2+α(1− ζw)2+α
dAα(ζ).

3. Main results

We now state our main theorem for the weighted Bergman space Toeplitz opera-

tors on D.

Theorem 10. Let α ∈ N and f, g ∈ L∞(D). Assume that f , g are harmonic in D.

Assume h ∈ L∞(D) ∩ C2α(D) and ∆̃h, . . . , ∆̃αh ∈ L1(D, dAα). Then TfTg = Th

on A2(D, dAα) if and only if g is analytic or f is co-analytic. In either case h = fg.
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P r o o f. The sufficiency is clear. We will prove the necessity. Assume that

TfTg = Th. Proposition 9 tells us that

Bα(h− f2g1) = f1g2 + f1g1 + f2g2, Bα(h− f2g1)− f1g1 − f2cg2 = f1g2.

Since f1g1 and f2g2 are harmonic and the Berezin transform fixes harmonic functions,

we have

Bα(h− f2g1 − f1g1 − f2g2) = f1g2.

Hence

Bαu = f1g2,

where u = h− f2g1 − f1g1 − f2g2. Now by Lemma 6 we have

B[Qα(∆̃)u] = f1g2.

Note that ∆̃ku = ∆̃kh − ∆̃k(f2g1). By the hypothesis of the theorem, ∆̃kh ∈

L1(D, dAα) and by Remark 8, ∆̃k(f2g1) is bounded in D for k = 1, . . . , α. Hence we

have Qα(∆̃)u ∈ L1(D, dAα). Now by using Theorem 3 we conclude that

Qα(∆̃)u = c1z
2 + c2z

2 + c3z + c4z + c5 + d1 log |z|
2 + d2

1

z
+ d3

1

z
,

for some constants c1, . . . , c5, d1, d2, and d3. But since h ∈ C2α(D) we have

Qα(∆̃)u ∈ C(D) and hence we must have d1 = d2 = d3 = 0. But then

Qα(∆̃)u = c1z
2 + c2z

2 + c3z + c4z + c5,

and therefore Qα(∆̃)u is a harmonic function. So

B[Qα(∆̃)u] = Qα(∆̃)u.

Now we have Qα(∆̃)u = f1g2 and hence f1g2 is harmonic. This implies that either f1
or g2 is a constant and therefore f is co-analytic or g is analytic. �

Further we have the following corollaries to the above theorem that are analogous

to the unweighted case. We leave the proof for the interested reader.

Corollary 11. Let f, g ∈ L∞(D), h ∈ L∞(D) ∩ C2α(D) and assume that f , g

and h are harmonic. Suppose TfTg = Th on A
2(D, dAα), α ∈ N. Then one of the

following holds.

(i) f and g are analytic;

(ii) f and g are co-analytic;

(iii) f is a constant;

(iv) g is a constant.
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Corollary 12. Let f, g,∈ L∞(D) and assume that they are harmonic. Suppose

TfTg = 0 on A2(D, dAα), α ∈ N. Then either f = 0 or g = 0.

Corollary 13. Let f, g,∈ L∞(D) and assume that they are harmonic. Suppose

TfTg = Tfg on A
2(D, dAα), α ∈ N. Then either f is co-analytic or g is analytic.

The following proposition is a generalization of Proposition 9 and we omit the

proof since it is very similar to that of Proposition 9.

Proposition 14. Suppose that for k = 1, . . . , n, functions fk = fk,1 + fk,2 and

gk = gk,1 + gk,2 are bounded harmonic functions, fk,1, fk,2, gk,1, gk,2 are analytic

functions and h ∈ L∞(D). Then the following are equivalent on A2(D, dAα), α > −1.

(1)
n∑
k=1

TfkTgk = Th.

(2) For all z ∈ D,

n∑

k=1

(fk,1(z)gk,1(z) + fk,2(z)gk,2(z) + fk,1(z)gk,2(z) = Bα

(
h−

n∑

k=1

fk,2(z)gk,1(z)

)
.

(3) For all z, w ∈ D,

n∑

k=1

(fk,1(z)gk,1(z) + fk,2(w)gk,2(w) + fk,1(z)gk,2(w))

=

∫

D

h−
∑n
k=1 f2(ζ)g1(ζ)

(1− ζz)2+α(1 − ζw)2+α
dAα(ζ).

Next we state another result. Note that unlike in Theorem 10 here we need the

function h to be in C2α+2(D).

Theorem 15. Suppose fk, gk, k = 1, . . . n are bounded harmonic functions on D

and h is a bounded C2α+2(D) function with ∆̃h, . . . , ∆̃α+1h ∈ L1(D, dAα). Assume

that
n∑
k=1

TfkTgk = Th, then h =
n∑
k=1

fkgk and
n∑
k=1

f ′
k,1g

′
k,2 = 0.

P r o o f. Assume that
n∑
k=1

TfkTgk = Th, then by using Proposition 14 we get

n∑

k=1

(fk,1gk,1 + fk,2gk,2 + fk,1gk,2) = Bα

(
h−

n∑

k=1

fk,2gk,1

)
.

Since the Berezin transform reproduces harmonic functions we have

n∑

k=1

fk,1(z)gk,2 = Bα

(
h−

n∑

k=1

fk,2gk,1 + fk,1gk,1 + fk,2gk,2

)
.
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Hence we have

(3.1) Bαu =

n∑

k=1

fk,1gk,2,

where u = h−
n∑
k=1

(fk,2gk,1 + fk,1gk,1 + fk,2gk,2), and α ∈ N. Then by Lemma 6 we

have

B[Qα(∆̃)u] =

n∑

k=1

fk,1gk,2.

Now by Rao (see [11]) we conclude that Qα(∆̃)u must be of the form

h̃(z) +
n∑

k=1

Dk ln |z − ak|+
Ek

(z − ak)
+

Fk

(z − āk)

for some constants Dk, Ek, and Fk, k = 1, . . . , n. But our function Qα(∆̃)u is

continuous. Hence we conclude that Qα(∆̃)u = h̃ and hence Qα(∆̃)u is harmonic.

So B[Qα(∆̃)u] = Qα(∆̃)u =
n∑
k=1

fk,1gk,2 is harmonic. Therefore we have

∆̃[Bαu] = ∆̃

( n∑

k=1

fk,1gk,2

)
= 0.

Hence
n∑
k=1

f ′
k,1g

′
k,2 = 0. On the other hand, ∆̃[Bαu] = Bα[∆̃u] = 0. By Lemma 1 we

have ∆̃u = 0. Hence u is harmonic. Therefore by (3.1) we get

Bαu = u =

n∑

k=1

fk,1gk,1 = h−

n∑

k=1

(fk,2gk,1 + fk,1gk,1 + fk,2gk,2).

That is,

h =
n∑

k=1

(fk,2gk,1 + fk,1gk,1 + fk,2gk,2 + fk,1gk,1) =
n∑

k=1

fkgk.

�

Now we turn to commuting properties. There is an extensive literature on commut-

ing Toeplitz operators on various Hilbert spaces. In particular Brown and Halmos

in [6] obtained the necessary and sufficient conditions on the symbols f and g in

order that Tf and Tg commute. Motivated by their results on the Hardy space, later

in 1991 Axler and Čučković in [4] showed an analogue on the Bergman space on D

as follows.
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Theorem 16 ([4]). Let f, g ∈ L∞(D) and assume that they are harmonic. Then

TfTg = TgTf on A
2(D, dA) if and only if one of the following is true.

(i) f and g are both analytic.

(ii) f and g are both co-analytic.

(iii) There exist a, b ∈ C, not both zero, such that af + bg is a constant.

A general version of the above theorem can be found in [12]. Later Čučković and

Rao in [9] showed that if a Toeplitz operator with a radial symbol commutes with

another Toeplitz operator, then the symbol of the second Toeplitz operator must

also be a radial function. Furthermore, Axler, Čučković and Rao in [5] proved the

following theorem for general domains.

Theorem 17 ([5]). Let Ω be any bounded open domain in C. Let f be a noncon-

stant bounded analytic function on Ω and assume that TfTg = TgTf on A
2(Ω, dA).

Then g is analytic.

As a direct consequence of Theorem 15, we show the following result. Let [Tf , Tg] =

TfTg − TgTf denote the commutator of two Toeplitz operators Tf and Tg.

Corollary 18. Let α ∈ N. Suppose that fk = fk,1 + fk,2 and gk = gk,1 + gk,2

are bounded harmonic functions and fk,1, fk,2, gk,1, gk,2 are analytic functions. Let

h ∈ L∞(D) ∩ C2α+2(D). Assume ∆̃h, . . . , ∆̃α+1h ∈ L1(D, dAα) and

m∑

k=1

[Tfk , Tgk ] = Th,

on A2(D, dAα). Then h = 0.

4. Compactness of the product of Hankel operators on the bidisk

After proving our main result in the preceding section, now we are ready to ob-

tain a necessary condition for the product of two Hankel operators H∗
ψHϕ to be

compact on the weighted Bergman space on the bidisk D2, where ϕ, ψ are bounded

pluriharmonic functions on D
2.

Let dVα,β(z, w) = (1 + α)(1 + β)(1 − |z|2)α(1 − |w|2)βdA(z)dA(w) be the nor-

malized weighted Lebesgue volume measure on D
2 and α, β > −1. The Bergman

space A2(D2, dVα,β) is the space of analytic, square integrable functions with respect

to dVα,β .

For a bounded symbol ϕ on D
2, the Hankel operator

Hϕ : A
2(D2, dVα,β) → A2(D2, dVα,β)

⊥
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is defined by

Hϕf = (I − P )(ϕf), f ∈ A2(D2, dVα,β).

Here P : L2(D2, dVα,β) → A2(D2, dVα,β) is the orthogonal projection.

Čučković and Şahutoğlu in [10] studied how the boundary behavior of the sym-

bols ϕ, ψ interacts with the compactness of the product of Hankel operators H∗
ψHϕ.

More precisely, they obtained the following result.

Let ζj ∈ ∂D. We define Dζj = {(z1, . . . , zn) : zj = ζ and |zk| < 1 for all k 6= j}.

Theorem 19 ([10]). Let D
n be the polydisk in C

n and take the symbols

φ, ψ ∈ C(D
n
) such that φ and ψ are pluriharmonic on any (n − 1)-dimensional

polydisk in the boundary of Dn. Then H∗
ψHφ is compact on A

2(Dn, dA) if and only

if for every 1 6 j, k 6 n such that j 6= k and any (n− 1)-dimensional polydisk Dζj ,

orthogonal to the zj-axis in the boundary of D
n, either φ or ψ is analytic in zk

on Dζj .

Motivated by the above theorem we were interested in an analogous result in the

weighted Bergman space A2(D2, dVα,β). We proved the following theorem.

Theorem 20. Let α, β ∈ N and let ϕ, ψ ∈ C(D
2
) such that ϕ ◦ f and ψ ◦ f

are harmonic for all analytic functions f : D → ∂D2. Assume H∗
ψHϕ is compact on

A2(D2, dVα,β). Then either ϕ ◦ f or ψ ◦ f is analytic for all such f .

P r o o f. Assume that H∗
ψHφ is compact on A2(D2, dVα,β). Let p ∈ ∂D. Now we

define functions ϕp, ψp as

(4.1) ϕp(z, w) = ϕ(z, w)− ϕ(z, p)

and

(4.2) ψp(z, w) = ψ(z, w)− ψ(z, p).

We denote the disks in the boundary of D2 as follows.

Dz(w) = {(z, w) : w ∈ D, |z| = 1} and Dw(z) = {(z, w) : z ∈ D, |w| = 1}.

To prove inequality (4.5), let us choose a sequence of complex numbers (pj)j ⊂ D

such that pj
j
→ p and let us fix a function F ∈ A2(D, dAα(z)) such that

(4.3) ‖F‖L2(D,dAα) 6 1.
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Now define a sequence of functions fj(z, w) = F (z)kβpj (w), where k
β
pj (w) is the

normalized weighted Bergman kernel at pj . Then we also have

(4.4) ‖fj‖L2(D2,dVα,β) 6 1.

First we will show that for a given ε > 0,

(4.5) ‖Hϕp
(fj)‖L2(D2,dVα,β) + ‖Hψp

(fj)‖L2(D2,dVα,β) < ε

for large j. Let ε > 0 and let Sp = {w ∈ D : |w − p| < δ}, where δ is defined below

and D̃ = D \ Sp. Then we have

‖ϕpfj‖L2(D2,dVα,β) =

∫

D2

|ϕp(z, w)|
2|fj(z, w)|

2 dVα,β

=

∫

D×Sp

|ϕp(z, w)|
2|fj(z, w)|

2 dVα,β

+

∫

D×D̃

|ϕp(z, w)|
2|fj(z, w)|

2 dVα,β

6

(
sup
D×Sp

|ϕp(z, w)|
2
) ∫

D2

|fj(z, w)|
2 dVα,β

+
(
sup
D

2

|ϕp(z, w)|
2
) ∫

D×D̃

|fj(z, w)|
2 dVα,β .

Therefore we have

‖ϕpfj‖L2(D2,dVα,β) 6

(
sup
D×Sp

|ϕp(z, w)|
2
)
‖fj‖

2
L2(D2,dVα,β)

+
(
sup
D

2

|ϕp(z, w)|
2
) ∫

D

|F (z)|2 dAα(z)

∫

D̃

(1 − |pj|
2)2+β

|1− p̄jw|4+2β
dAβ(w)

6

(
sup
D×Sp

|ϕp(z, w)|
2
)
‖fj‖

2
L2(D2,dVα,β)

+
(
sup
D

2

|ϕp(z, w)|
2
)
‖F‖2L2(D,dAα)

∫

D̃

(1− |pj |
2)2+β

|1− p̄jw|4+2β
dAβ(w).

Since ϕp(z, w) ∈ C(D
2
) and ϕp(z, p) = 0, we can choose δ = δ(ε) > 0 such that

sup
D×Sp

|ϕp(z, w)|
2 <

ε

4
.

Now we choose J(δ) large enough so that

∫

D̃

(1− |pj|
2)2+β

|1− p̄jw|4+2β
dAβ(w) <

ε

4(sup
D2|ϕp(z,w)|2+1)

833



for all j > J(δ). Hence using equations (4.3) and (4.4) we get ‖ϕpfj‖L2(D2,dVα,β) <
1
2ε

and similarly ‖ψpfj‖L2(D2,dVα,β) <
1
2ε. Hence

‖ϕpfj‖L2(D2,dVα,β) + ‖ψpfj‖L2(D2,dAα,β) < ε for all j > j(δ).

Therefore

(4.6) ‖Hϕp
(fj)‖L2(D2,dVα,β) + ‖Hψp

(fj)‖L2(D2,dVα,β)

= ‖(1− P )ϕpfj‖L2(D2,dVα,β) + ‖(1− P )ψpfj‖L2(D2,dVα,β)

6 ‖1− P‖ ‖ϕpfj‖L2(D2,dVα,β) + ‖1− P‖ ‖ψpfj‖L2(D2,dVα,β)

< ε for all j > j(δ).

Let us denote ϕ1(z) = ϕ(z, p) and ψ1(z) = ϕ(z, p). Then by equations (4.1) and (4.2)

we have

ϕ1(z) = ϕ(z, w)− ϕp(z, w)

and

ψ1(z) = ψ(z, w)− ψp(z, w).

Hence we have,

(4.7) |〈Hϕ1
(fj), Hψ1

(fj)〉| = |〈(Hϕ −Hϕp
)(fj), (Hψ −Hψp

)(fj)〉|

6 |〈H∗
ψHϕ(fj), fj〉|+ ‖Hϕfj‖ ‖Hψp

fj‖

+ ‖Hϕp
fj‖ ‖Hψfj‖+ ‖Hϕp

fj‖ ‖Hψp
fj‖.

By assumption H∗
ψHϕ is compact and fj

weak
−→ 0, so

(4.8) |〈H∗
ψHϕ(fj), fj〉| → 0.

Since both ϕ and ψ are bounded, Hϕ and Hψ are also bounded. Hence using in-

equality (4.6) we have

(4.9) ‖Hϕfj‖ ‖Hψp
fj‖

j
→ 0

and

(4.10) ‖Hψfj‖ ‖Hϕp
fj‖

j
→ 0.
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Again using equation (4.6) we have

(4.11) ‖Hϕp
fj‖ ‖Hψp

fj‖
j
→ 0.

Now using (4.7), (4.8), (4.9), (4.10) and (4.11) we conclude that

(4.12) |〈Hϕ1
(fj), Hψ1

(fj)〉|
j
→ 0.

But here

(4.13) Hϕ1
(fj)(z, w) = (I − P )(ϕ1fj)(z, w)

= ϕ1(z)F (z)k
β
pj (w) − P (ϕ1Fk

β
pj )(z, w)

= ϕ1(z)F (z)k
β
pj (w)

−

∫

D2

ϕ1(ζ)F (ζ)k
β
pj (η)K

α
z (ζ)K

β
w(η) dVα,β(ζ, η)

= ϕ1(z)F (z)k
β
pj (w)

−

∫

D

ϕ1(ζ)F (ζ)Kα
z (ζ) dAα(ζ)

∫

D

kβpj (η)K
β
w(η) dAβ(η)

= ϕ1(z)F (z)k
β
pj (w) − P (ϕ1F )(z)k

β
pj (w)

= (I − P )(ϕ1F )(z)k
β
pj (w) = (Hϕ1

F )(z)kβpj (w).

Now using the fact that ‖kβpj‖
2
L2(D,dAβ)

= 1 and by equation (4.13) we get

〈Hϕ1
(fj), Hψ1

(fj)〉 = 〈Hϕ1
(F ), Hψ1

(F )〉‖kβpj‖
2
L2(D,dAβ)

= 〈Hϕ1
(F ), Hψ1

(F )〉.

Therefore the compactness of H∗
ψHφ implies that

〈Hϕ1
(F ), Hψ1

(F )〉 = 0 for all F ∈ A2(D, dAα).

Hence

〈Hϕ1
kαz , Hψ1

kαz 〉 = 0, z ∈ D.

Now let ϕ1 = f1 + f2 and ψ1 = g1 + g2, where f1, f2, g1, g2 ∈ H(D). Then

(4.14) 0 = 〈Hϕ1
kαz , Hψ1

kαz 〉 = 〈Hg2k
α
z , Hf2

kαz 〉 = 〈H∗
f2

Hg2k
α
z , k

α
z 〉

= 〈(Tf2g2 − Tf2Tg2)k
α
z , k

α
z 〉.

Hence we have

(4.15) 〈Tf2g2k
α
z , k

α
z 〉 = 〈Tf2Tg2k

α
z , k

α
z 〉,

Bα(f2g2)(z) = g2(z)〈Tf2k
α
z , k

α
z 〉 = g2(z)f2(z)k

α
z (z),

Bα(f2g2)(z) = (f2g2)(z).
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So using Lemma 6, equation (4.15) can be written as

B[Qα(∆̃)(f2g2)] = f2g2.

Now as proved in Theorem 10 we conclude that f2 or g2 is a constant. Hence ϕ1

or ψ1 is analytic in z and hence ϕ|Dw(z) or ψ|Dw(z) is analytic in z. �

5. Final remarks

Our main result, Theorem 10, is valid only when α is a positive integer. And

also this theorem is proved on D. We would like to ask the following two questions.

Firstly, is Theorem 10 true for any α > −1? Secondly, is Theorem 10 true on the

polydisk, at least when α is a positive integer?
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