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Some interpretations of the (k,p)-Fibonacci numbers

NATALIA PAjsA, TwoNA WELOCH

Abstract. In this paper we consider two parameters generalization of the Fi-
bonacci numbers and Pell numbers, named as the (k, p)-Fibonacci numbers. We
give some new interpretations of these numbers. Moreover using these interpre-
tations we prove some identities for the (k, p)-Fibonacci numbers.

Keywords: Fibonacci number; Pell number; tiling

Classification: 11B39, 11B83, 05C15, 05A19

1. Introduction

In general we use the standard notation, see [6], [8]. The nth Fibonacci num-
ber F,, is defined recursively as follows F,, = F,_1 4+ F,,_o for n > 2, with
Fy = F; = 1. By numbers of the Fibonacci type we mean numbers defined
recursively by the rth order linear recurrence relation of the form

(1) np =b1ap—1+b2ap_o+ -+ brap_r for n > r,

where r >2and b; > 0,¢=1,2,--- ,r, are integers.
For special values of r and b;, i = 1,2,---,r, the equality (1) defines other
well-known numbers of the Fibonacci type. We list some of them:

(1) Lucas numbers: L, = L,,—1 + L,,—o for n > 2, with Ly =2, L; = 1.

(2) Pell numbers: P, =2P,_1 + P,_2 for n > 2, with Py =0, P, = 1.

(3) Pell-Lucas numbers: @, = 2Qn—1 + Qn_2 for n > 2, with Qg = 1,
Q1 =3.

(4) Jacobsthal numbers: J,, = J,—1 + 2J,—2 for n > 2, with Joy =0, J; = 1.

(5) Padovan numbers: Puv(n) = Pv(n — 2) + Pv(n — 3) for n > 3, with
Pv(0) = Pv(1) = Pv(2) = 1.

(6) Tribonacci numbers of the first kind: T,, = Ty,—1 + Ty —2+ T3 forn > 3,
with TO = T1 = T2 =1.
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298 N. Paja, I. Wioch

There are many generalizations of the classical Fibonacci numbers and numbers
of the Fibonacci type. We list some of these generalized numbers. Let k,n,p be
integers.

(1) k-generalized Fibonacci numbers, see E. P. Miles, Jr., [14]: F® = F,(Lk_)l +

FT(Lk_)Q—i—---—i—F:i)k for kK > 2 and n > k, with Fo(k) = Fl(k) = ... =
FM, =0, KM =1.

(2) Fibonacci p-numbers, see A. P. Stakhov, [15]: F,(n) = F,(n—1)+ F,(n—

p—1)forp>1landn>p+1, with F,(0)=---=F,(p+1)=1.

(3) Generalized Fibonacci numbers, see M. Kwasnik, I. Wloch, [12]: F(k,n) =
Fkyn—1)+ F(kyn—k) for k> 1and n > k+1, with F(k,n) =n+1
for 0 < n<k.

(4) k-Fibonacci numbers, see S. Falcon, A. Plaza, 9]: Fipn = kFkn—1+Fgn—2
for k> 1,n > 2, with Fpo = 0, F,; =1.

(5) Generalized Pell numbers, see I. Wiloch, [17]: P(k,n) = P(k,n — 1) +
Pk,n—k+ 1)+ P(k,n—k) for k > 2, n > k+ 1, with P(2,0) = 0,
P(k,0) =1for k>3 and P(k,1) =1, P(k,n) =2n—2for 2 <n < k.

(6) Generalized Pell (p, )numbers see E. Kilig, [10]: P(i)( )= P(i (n 1+
Pn—p-—1)forp>1,0<i<pn>p+l, vmhp(’)() =
PG)=0and PP(i+1)=-- = P,S”(p+ 1)=1.

(7) k-Pell numbers, see P. Cautaurino7 [7): Pen =2Pgn—1+kPyp_ofork>1
n 2 2, with P,o =0, P, =1.

(8) (k,c)-generalized Jacobsthal numbers, see D. Marques, P. Trojovsky, [13]
g = g g gk f 4 g% for k> 2 and n > k, with J3F
JED == gk g g g,

For other generalizations of numbers of the Fibonacci type see for example [5].
In [1] a new two-parameters generalization, named as the (k, p)-Fibonacci num-
bers, was introduced and studied. We recall this definition.
Let k > 2,n > 0 be integers and let p > 1 be a rational number. The (k, p)-
Fibonacci numbers denoted by Fj p(n) are defined recursively in the following
way

(2) Frp(n) =pFrpn—1)+(p—1)Frp(n—k+1)+ Fip(n—k) for n >k
with initial conditions
(3) F.p,(0)=0 and Fy,(n)=p"* for1<n<k—-1.

For special values k,n,p the equality (2) gives well-known number of the Fi-
bonacci type. We list these special cases.
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(1) If k=2,p=1,n>0 then Fy1(n+1) = F,.

(2) If k22, p=1,n>k then Fy1(n) = F(k,n — k).

B)If k>2,p=1,n2>1 then Fy1(n) = Fy_1(n).

(4) If k=2,p=3/2,n >0 then Fy3/5(n) = P,.

B)If k=2,p=t/2,teN,t >2and n >0 then F5,(n) = Fop_1n.

The properties of these numbers were studied in [1].

Theorem 1.1 ([1]). Let k > 2 be an integer and let p > 1 be a rational number.
The generating function of the sequence Fy, ,(n) has the following form

T

Trp(@) = 1—px—(p—1)ak—1 — gk’

The generating function for the (k,p)-Fibonacci numbers generalized other
well-known generating functions for Fibonacci numbers, Pell numbers and k-
Fibonacci numbers.

2. Main results

The Fibonacci numbers and numbers of the Fibonacci type have many inter-
esting interpretations also in graphs, see for example [10], [11], [12], [17]. The
graph interpretation of the Fibonacci numbers was initiated by H. Prodinger and
R.F. Tichy in [16]. In [5] a total graph interpretation for numbers of the Fibonacci
type was given. In this paper we shall show that this interpretation works also
for the (k,p)-Fibonacci numbers. We recall some of necessary definitions and
notations.

Let G be an undirected, simple graph with the vertex set V(G) and the edge
set E(G). By P(m),T(m),S(m) and C(m) we denote a path, a tree, a star and
a cycle of size m, respectively. Let Z = {1,2,-- - k}, k > 2, and let Z; = {1,-- -, b;},
b; > 1. Let C = |J;c7 Ci be a nonempty family of colors, where C; = {iA;: j € Z;}
fori=1,2,--- k. The set C; will be called as the set of b; shades of the colour 3.
Consequently, for all ¢ # p, 1 <4, p < k, it holds i4; # pA; and this implies that
the family C has exactly Zi;l ICi| = Zi;l b; colours.

A graph G is (iA;: 1 € Z, j € I;)-edge coloured by monochromatic path if for
every maximal 74 ;-monochromatic subgraph H of G, where i4; € C;, 1 <7 <k,
1 < 5 < b, there exists a partition of H into edge disjoint paths of the length 7. If
b1 # 0 then (iA;: i € Z, j € I;)-edge colouring by monochromatic paths always
exists.

Now we define special graph parameter associated with this edge colouring
of the graph. Let G be a graph which can be (i4;:¢ € Z, j € I;)-edge
coloured by monochromatic paths. Let F be a family of distinct (i4;: ¢ € Z,
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Jj € I;)-edge coloured graphs obtained by colouring of the graph G. Let F =
{GM, G ... GO}, 1> 1, where G®), 1 < p < I, denotes a graph obtained by
(iAj:i eI, jeI;)-edge colouring by monochromatic paths of a graph G.

For (iA;: i € Z, j € I;)-edge coloured graph G®, 1 < p <1, by (GP) we
denote the number of all partitions of iA;-monochromatic subgraphs of G®) into
edge disjoint paths of the length i. If G®) is 1A,-monochromatic, 1 < s < p,
then we put 0(G®)) = 1.

The number of all (A4;: i € Z, j € Z;)-edge colourings is defined as the graph

parameter as follows
1

0ia,: ez, jezn(G) =D _H(GP).

p=1

The parameter o4, 24,)(G) was studied for different classes of graphs i.e.
paths, trees and unicyclic graphs, see [2], [3], [4], [5].

Theorem 2.1 ([5]). Let m be an integer. Then

)

o(A24,)(P(m)) = Fpp, for 1
2.

m z
o(ay,24,)(C(m)) = Ly, for m >

Theorem 2.2 ([5]). Let T'(m) be a tree of size m, m > 1. Then

j—1
m .
Frn < 0(ay,24,)(T(m)) < 1+ Z (Qj) [1025 - @p+1)].
jz1 p=0
Moreover

Gy 2an (B(m) = Frn and (4, 2)(S(m)) =143 (;;) TT2 20+ 1))

j>1 p=0

Theorem 2.3 ([2]). Let G be a unicyclic graph of the size m, m > 3. Then
0(4,,24,)(G) = L. The equality holds if G = C(m).

For future investigation we use following notation. Let e € FE(G) be a fixed
edge. If e is coloured by i4; then we write c(e) = iA; and 04, (c)(G) be the
number of all (¢4;: ¢ € Z, j € Z;)-edge colouring of the graph G with c(e) = i4;,
ie€Z, jel.

For convenience in the next part of this section instead of (Ai,---, A,, kB,
(k—1)Ch, ---, (k — 1)Cp—1)-edge colouring of the graph G we will write a-edge
colouring of the graph G. Consequently instead of

O(Aryos Ay kB (k—1)C1 o (k—1)Cp 1) (G)
we put 0, (G).
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Theorem 2.4. Let k > 2, m > 1, p > 1 be integers. Then for fixed k,p
(4) oa(P(m)) = Fyp(m +1).

PROOF: We use induction on m. Let P(m) be the path of size m with E(P(m)) =
{e1,ea,- -, ey} and the numbering of edges in the natural fashion. We will prove
that for fixed k, p

0a(P(m)) = Fy p(m +1).

By the definition of a-edge colouring it follows that edges of the path P(m)
can be coloured by colours Ay, -+, Ay, kB, (k—1)C1,---, (k—1)Cp_1.

Let m = 1. If k = 2 then it is obvious that the unique edge e; € E(P(1)) can
be coloured using one of colours Ay, -+, A,,C1,---,Cp_1 50 04(P(1)) =2p—1=
F5,(2). If k> 3 then the unique edge e; € E(P(1)) can be coloured by colours
Aq,- -+, A,. Since the colour can be chosen into p waysso 0 (P (1)) = p = Fy ,(2).

Let m > 2 and for ¢t < m we have 04 (P(t)) = Fy(t +1). We shall show that

oa(P(m)) = Fp(m+1).
Let us consider an arbitrary a-edge colourings of P(m) and let e,, € E(P(m)).

We have the following possibilities

(1) Let c(em) = A;y i = 1,--+,p. Since the colour of e,, can be chosen into
p ways so by the induction’s hypothesis we have

Z T Ai(en)(P(m)) = p - 0a(P(m —1)) = pFyp(m).

(2) Let c(en) = kB. Then there exists a kB-monochromatic path €., _g+1 —
-+« — ey, in the graph P(m). This path has the length k£ and using the
induction’s hypothesis we obtain that

okB(e) (P(m)) = 0a(P(m — k)) = Fyp(m — k +1).

(3) Let c(e) = (k—1)Cj, j = 1,---,p — 1. Then there exists a (k — 1)C;-
monochromatic path e, 42—+ -+ —ep, in the graph P(m). This path has
the length k£ — 1. Because we have exactly p — 1 possibilities of colouring
of the path e,,—x4+2 —- - — e, so from the induction’s hypothesis we have

Za(k,l)cj(e)(P(m)) ={p—-1)oa(Pm—k+1)=(p—1)F,(m—k+2).

From above possibilities and (2) we obtained that
oa(P(m)) = pFip(m) + Frp(m —k+ 1)+ (p — 1) Fp(m — k +2) = Fi p(m + 1),
which ends the proof. (I
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We can use the above interpretation as the proving tool for some identities.
Theorem 2.5. Let k>2,n>k—2, m>k,p>1 be integers. Then

Fyp(m+n)=pFgp(m —1)F,(n+1)

k—1
+(p—1)) Frplm—k+i)Fp(n—i+2)
(5) s
k—1
+ ) Frplm—k+j)Fep(n—j+1).
=0

PROOF: Let P(m — 1 + n) be the path of size m — 1 + n with E(P(m)) =
{e1,"**;em—1,€m, ", €m—1+n} and the numbering of edges in the natural fashion.
From Theorem 2.4 we have

Ga(P(m — 1+ 1)) = Fop(m +n).
We shall show that

oa(P(m—1+n)) = pFyp(m —1)Fp(n+1)

k—1
+(p—1)> Frplm—k+i)Fep(n—i+2)
=1
k—1
+ ) Fip(m —k+5)Frp(n—j+1).
j=0

Consider the following cases

(1) Let ¢(em—1) = 4;,i=1,2,--+,p. Then from Theorem 2.4

3 om0 (P~ 14 m)) = 0 (P(m —2)) - p- 0 (P(n)
= pFip(m —1)Fj p(n+1).

(2) Let c(em—1) =(k—1)Cj, j =1,2,---,p—1. Then there exists a (k—1)C};-

monochromatic path P = e; — -+ — €y,—1 — -+ — €;4k—2 of the length

k — 1. Of course this path P can be coloured in p — 1 ways. For future

investigations let us denote from now by P(m — 1) the path of size m — 1

such that E(P(m—1)) = {e1, €2, -+, em—1} and by P(n) the path of size n

with E(P(n)) = {€ém,€em+1,"*y€m—1+n}. Let us consider the following
cases

i) Let ep—1 = €;4k—2. Then P C P(m — 1). Because paths P(m — k),

P(n) can be a-edge coloured in Fy, ,(m — k + 1), Fy,(n + 1) ways,
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respectively, so
p—1
> 0110y () (P(m =14 n)) = (p = 1) Fyp(m — k + 1) Fp (n + 1).
j=1

ii) Let e;p—1 = €j4k-3. Then P\ {e;1x—2} € P(m — 1) and e;yp—2 —
em € E(P(n)). Because oo(P(m —k +1)) = Fp(m — k + 2) and
oa(P(n —1)) = Fy p(n), so

p—1
S 0ty (0 (Pm — 14 1)) = (p = 1) Epp(m — k + 2)Fy (),
j=1

iii) Let e;—1 = e;. Consequently P\ {e;,—1} € P(n) and of course
em—1 € E(P(m —1)). Because paths P(m — 2) and P(n — k + 2)
can be a-edge coloured in Fj p(m — 1) and Fyp(n — k + 3) ways,
respectively, we obtain that

p—1
> o-1yc, e (P(m—14n)) = (p = 1)Frp(m = 1)Fp(n — k + 3).
j=1

From all above cases we have that

p—1
S 0t 1050 (Pm = 14+ 1)) = (p— 1) Fp(m — k + 1) Fp(n+ 1)
j=1

+(p—1)Frp(m —k+2)Fj »(n)
+-+(p—1)Fpp(m—1)F p(n — k+3)
k—1
=(p—1)Y_ Frplm—k+i)Frp(n—i+2).
i=1
(3) Let c¢(e) = kB. Then there exists a kB-monochromatic path e; — --- —

em—1— - — ej+k—1 of the length k. Using the same method as in case
(2) we obtain

TkB(e) (P(m—1+n)) = Fyp(m —k)Fyp(n+1)+ Fyp(m — k+ 1)Fj ,(n)
+ -4+ ka(m — 1)Fk,p(n —k+ 2)

1

=Y Fep(m—k+j)Fip(n—j+1).
7=0
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Therefore from possibilities (1), (2) and (3) we have

oa(P(m—1+n)) = pFyp(m —1)Frp(n+1)

k—1
+(p—1)> Frplm—k+i)Fep(n—i+2)
i=1
k—1
+ Zka(m —k+j)Fepn—37+1),
j=0
which completes the proof. (Il

Corollary 2.6. Let k > 2, m >k, n >k — 2, p > 1, be integers.
(1) If k=2,p=1, then FnH—n = F7rLFn+1 + Fn 1 Fy.
(2) If k= 27 p 2 17 then F2p—1,m+n = F2p—1,7rLF2p—1,n+1 +F2p—1,7n—1F2p—1,n~

Now we give another interpretation of the (k,p)-Fibonacci numbers with re-
spect to tilings.

Let £k > 2,n>1, p > 1 be integers. Let consider tilings of 1 x (n — 1) boards,
called (n — 1)-boards.

The pieces we are going to use in order to tile our (n — 1)-boards are: 1 x 1
red squares (squares), 1 x (k — 1) blue rectangles ((k — 1)-rectangles) and 1 x k
white rectangles (k-rectangles). Suppose that we have unlimited resources for
these tiles and we distinguish color shades of squares and (k — 1)-rectangles. Let
R = {ri,re,---,rp} be the set of shades of red squares. Let B = {b1,b2,---,bp_1}
be the set of shades of blue (k — 1)-rectangles.

Let fxp(n) be the number of tilings on an (n — 1)-board using the mentioned
pieces.

Theorem 2.7. Let k > 2, n > 1, p > 1, be integers. Then fi, p(n) = Fj p(n).

PRrROOF: We use induction on n. Let k,n,p be as in the statement of the theorem.
We consider the following cases:
(1) If n =1 then fx,(1) counts the empty tiling so fi (1) =1 = Fj ,(1).
(2) Let 2 < n < k. Then every piece of the (n — 1)-board can be tiled
using only red squares. Since we have p shades of red color so there are
p"~! = F} ,(n) possibilities in this case.
(3) Let n = k. Then we can use red squares or a blue (k — 1)-rectangle in
order to tile the (k — 1)-board. Since we have p shades of red color and
(p—1) shades of blue color so there are p*~! +p—1 = Fy, ,(k) possibilities
in this case.
(4) Let n > k+ 1. Assume that for m < n we have fi ,(m) = Fj p(m). We
shall show that fx,(n) = Fy p(n). We consider the following cases:
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(a) The (n — 1)-board ends with the red square in one of the p shades.
Then the remaining board can be covered on fi p(n — 1) ways.

(b) The (n — 1)-board ends with the blue (k — 1)-rectangle in one of
the p — 1 shades. Then by removing this last piece we are left with
fup(n —k -+ 1) tilings.

(¢) The (n — 1)-board ends with the white k-rectangle. Then the re-
maining board can be covered in f ,(n — k) ways.

Consequently, from above cases we obtain
fep(m) =pfip(n —1)+ (p = D fipn —k+ 1)+ fip(n — k).

From the above and by the initial conditions we have that Fy ,(n) = fip(n),
which completes the proof. O

Using this interpretation we can prove the following identity.

Theorem 2.8. Let k> 2, n > 2, p>1 be integers.

(1) If k is an even number then

[(2n—1)/k]
Fepn)=p Y Fep(2n—1—ki)
=0
[(2n—k+1) /K]
+-1) D Fep@n—k+1-kj).
j=0

(2) If k is an odd number then

[(2n—1)/(k—1)] _
Fep@n)=p > (p—1)'Frp@n—1—(k—1)i)
1=0
[(2n—k)/(k—1)]
+(-1) Z Frp(2n —k — (k—1)j).

=0

PROOF: We prove only case (1) as case (2) can be proved similarly. Suppose that
k is an even number. We will show that

fk,p(Qn) = p[fk,p(Qn — 1) + fk,p(2n — k- 1) 4+ fk,p(Qn - {QTLk— 1}k):|
+-1) {fk,p(2n —k+ 1)+ frp(2n —2k+1)

T fip(@n =3k 1)+ fip (20— k41 [%M]
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Since (2n—1)-board is an odd length so each tiling of this board have to contain
at least one square or at least one (k — 1)-rectangle. Let us consider the location
of the last odd length piece. We have the following possibilities

1. The last odd length piece is a square. Of course we have exactly p pos-
sibilities to choose a red square. Moreover the last square can occur
in cells with number: (2n — 1) or 2n — k —1) or (2n — 2k — 1) ---
or 2n — 1 — [(2n—1)/k]k). Then the remaining board can be cov-
ered in fr,(2n — 1) or frp(2n —k —1) or frp(2n —2k —1) --- or
frp(2n—1—[(2n — 1)/k]k) ways, respectively. So in that case the number
of all possible tilings of the (2n — 1)-board is equal to

pfk,p(?n— 1) +pfk,p(2n— k — 1) +"'+pfk,p(2n— 1— {2nk— 1}]6)

2. The last odd length piece is a blue (k—1)-rectangle. Since we have exactly
(p—1) shades of the blue (k — 1)-rectangle, so by considering the location
of the last (k — 1)-rectangle we obtain the following possibilities.

o If (k — 1)-rectangle is the last piece of the (2n — 1)-board, then the
remaining board can be covered in f; ,(2n — k + 1) ways.

o If (k — 1)-rectangle occurs in cells with numbers from (2n — 2k + 1)
to (2n — k — 1), then the remaining (2n — 2k)-board can be covered
in frp(2n — 2k + 1) ways.

o If (k — 1)-rectangle occurs in cells with numbers from (2n —k + 1 —
[(2n — k +1)/k]k) to (2n—1—[(2n — k + 1)/k]k), then the remaining
board can be covered on fi ,(2n —k+1—[(2n — k + 1)/k]k) ways.

From all above possibilities we obtain that the number of all possible
tilings of the (2n — 1)-board in that case is equal to

pP—Dfep@n—k+1)+(p—1)frp2n—2k+1)+ (p—1)frp(2n — 3k +1)
2n — k + 1}k)

ot (= Dfip(2n— k41— [ F=

Finally, we have
[(2n—1)/k]
Frp@n)=p > Fep2n—1-ki)
=0
[(2n—k+1) /K]
+-1) Y. Fep@n—k+1-kj).
j=0
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