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Abstract. Let p be a finite positive measure on the unit disk and let j > 1 be an
integer. D.Sudrez (2015) gave some conditions for a generalized Toeplitz operator T,Sj ) to
be bounded or compact. We first give a necessary and sufficient condition for T,Sj ) to be in
the Schatten p-class for 1 < p < oo on the Bergman space A2, and then give a sufficient

condition for T,Sj) to be in the Schatten p-class (0 < p < 1) on A% We also discuss
the generalized Toeplitz operators with general bounded symbols. If ¢ € L°°(D,dA) and

1 < p < o0, we define the generalized Toeplitz operator Té,j ) on the Bergman space AP and

characterize the compactness of the finite sum of operators of the form Té{) . Té{q )

Keywords: generalized Toeplitz operator; Schatten class; compactness; Bergman space;
Berezin transform
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1. INTRODUCTION AND NOTATIONS

Let dA denote the normalized Lebesgue area measure on the unit disk D. For
0 < p < oo, the space LP(D,dA) consists of complex valued measurable functions
on D such that

Il i=| [ 1P aaco)] Y

Let L>°(D,dA) be the space of measurable functions f on D such that

[flloc = esssup{|f(2)|: z € D} < o0.
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For 1 < p < oo, the Bergman space AP consists of all analytic functions on D
that are also in LP(D,dA). Let L(AP) be the space of all linear bounded operators
on AP. For z € D, let ¢, be the analytic automorphism of D defined by ¢, (w) =
(2 —w)/(1 — zw). For z € D, define the operator U, on A% by U.f = (f o .)¢.,
then U, is unitary and self-adjoint on A2. Let K,(w) = 1/(1 — Zw)? be the repro-
ducing kernel of A? and let k, = K./||K,|. For any f,g € A% let f ® g be the
rank-one operator on A? which is defined by

(f@gh=(h,g)f Yhe A%

Let ex = vk + 1w® (k > 0), then {ex}x>0 is an orthonormal basis of A%. The oper-
ator Ey := e, ® ey, is in fact the orthogonal projection onto the subspace generated
by ex. For z € D, it is easy to check that

(1.1) (U.EoU.f,g) = (1= |2*)?f(2)g(z) Vf.ge€ A

Let dA(z) = (1 — |z|?)"2dA(2), then by (1.1), the traditional Toeplitz operator T},
on A? with the symbol a € L>°(D,dA) can be written as

Ta:/ U.EoU.a(z)dA(z),
D

where the integral converges in the weak operator topology. If R is a bounded
linear operator on A% and a € L>°(D,dA), Engli in [2] considered the more general
operators defined as

(1.2) R, = /D U.RU.a(z) dA(z)

and showed that if R is in the trace class then || Rg|| < || R||tx]|@|loo- If the matrix of R
in the orthonormal basis {e }r>0 is diagonal, then the operator R is an ! linear com-
bination of the projections E;, with the trace norm of R given by the corresponding
I*-norm of its eigenvalues, and then the above result is equivalent to HTéj ) I < llallso
for all integers j > 0, where the operator Téj ) is defined by

(1.3) TV = / U.E,U.a(=) dA(2).

D
More generally, let 1 be a finite Borel measure on D and let j > 0, then Suarez
defined the following generalized Toeplitz operator with symbol p on the Bergman
space, see [8]:

(1.4) T ;:/DUZEJ-UZ(1—|Z|2)*2dM(z).
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In [8], using Carleson measure conditions, Sudrez characterized the boundedness and
compactness of the operator T,Sj ) on the Bergman space.

It is a natural problem to discuss when an operator T,Sj ) is in the Schatten class
operator on the Bergman space.

For any 0 < p < oo, the Schatten class .S, on a separable Hilbert space H consists
of all the compact operators on H for which their singular numbers form a sequence
belonging to [P. The singular numbers of a compact operator T are defined by

Spn = 8p(T) =inf{||T — K||: rank K < n —1}.

For any T € S, the S, norm of T is defined as

00 1/p
Imls, = ()
n=1
For more information one refers, for example, to [6] and [12].

Luecking was the first to study Toeplitz operators with measures as symbols on
the Bergman space, see [3]. He gave a characterization of Schatten class Toeplitz
operators based on [P condition at a hyperbolic lattice of the unit disk. While
the characterization in terms of the L? (dfi) integrability of the averaging functions
and the Berezin transform is proved in [9] in the situation of a bounded symmetric
domain, Arazy, Fisher and Peetre in [1] studied Schatten class Hankel operators on
the weighted Bergman spaces.

The organization of the paper is as follows. In Section 2, we consider the case of
1<p< . LetypelP (dfi) be a nonnegative function, using the formula of Faa
di Bruno, we then prove that Tfoj ) e S, on the Bergman space A? for any integer
j = 0. Furthermore, we give a necessary and sufficient condition for T,Sj ) € Sp
on A%, In Section 3, we consider the situation of 0 < p < 1. We give a sufficient
condition for Tﬁj) € S, on A% In Section 4, if ¢ € L>*(D,dA) and 1 < p < oo,
we introduce the generalized Toeplitz operator Tg ) on the Bergman space AP and
characterize the compactness of the finite sum of operators of the form Tg) e Tfoj)
on AP. Throughout this paper, let j denote a fixed natural number.

2. THE SITUATION OF 1 < p < 00

In this section, we use the Berezin transform and average function of the symbol
to characterize the Schatten class property of generalized Toeplitz operators. For an
operator S on A%, with a dense domain containing H°°, the Berezin transform of S
is the function S defined on D by

S(z) = (Sk., k.).
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Let 3(z,w) be the Bergman metric on D. For any z € D and r > 0, let
D(z,r)={we D: B(z,w) <r}

be the hyperbolic disk with center z and radius r, and let |D(z,r)| be the area
of D(z,r). By Proposition 4.5 of [11], there exists a constant C, (depending only
on r) such that

(2.1) C7l < |D(z,7)|K(w,w) < Cp, w € D(z,7).

T

Let p be a finite positive Borel measure on D, r > 0, and j € N, then put
o) = [ lpslw) YK ) dpte).

When j =0, by (2.1), L, ; is then equivalent to fi, defined in [11].
The following lemma is Corollary 6.5 of [11].

Lemma 2.1. IfT is a trace class operator on A2, then T is in LI(D,dfl) and
the formula

tr(T) = /D (TK.,K.)dA(z)

holds.

Theorem 2.2. Suppose that p is a finite positive Borel measure on D, 1 <
p < 00, and j € N, then the following conditions are equivalent:
(1) TV € S, on A%;
(2) 7)7(2) € LP(D,dA(2));
(3) there exists some r > 0 such that fi, ;(z) € LP(D,dA(2)).

Proof. (1) = (2) Suppose TN € S, on A% Since T(]) > 0, using Lemma 2.1,
we get

IO = te(TP)) = / (TP, K.) dA(2)

/ K(2,2)((TD)Pk,, k.) dA(z).

Since 1 < p < oo and k. is the unit vector in A2, by Proposition 6.4 of [1], we have

|7 / K (z,2)(Tk., k)P dA(z)

and then T,Sj)(z) € LP(D, dA(z)).
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(2) = (3). By Proposition 4.5 of [11], for » > 0, there exists a constant C,
epending only on r) such that
d di 1 h th

1—|w]? > Cr]1 - zw
for w € D(z,r) such that
19(2) = TPk = [ Ve b)PK (0, 0) du(w)
D
= G [ (= PO KPE (w.w) duw)
=G+ [ A= PPl P (K (w0, w) duto

1—[2[%)2(1 — |w]*)?
1 —zw*

—u+némmm“

>au+n¢x)wmwmewmmm

K (w, w) du(w)

and then we get
fir;(2) € LP(D,dA(2)).

In order to prove that (3) = (1), we need some preliminaries.
Let 1 < p < oo, e LP(D, dfl), and j € N. The generalized Toeplitz operator Té])
on A? is defined as

(2.2) TG = / U.E;U.0(2) dA(2),
D
where the integral converges in the weak operator topology.

Lemma 2.3. Let p € LP(D, dfl) for 1 < p < oo and let ¢ has a compact support
in D, then T;j ) is a compact operator on A2.

Proof. The proof is similar to that of Lemma 4.6 of [8] and we omit it. g

Next lemma follows from Theorem 4.28 of [11].

Lemma 2.4. Suppose that p > 0,n > 1, and f is a holomorphic function in D,
then f € LP(D,dA) if and only if the function

g9(z) = (1= |2 f™(2)
is in LP(D,dA). Furthermore, the norm of f € LP(D,dA) is equivalent to the norm

LFOI+ £/ 0) 4+ 1FDO) 4 (1= [22)" £ (2) 2o
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The following lemma is a formula of Faa di Bruno, see [5].

Lemma 2.5. Let! > 1. If f(t) and g(t) are functions defined in some intervals
for which all the necessary derivatives are defined, then

CEONNVRPICIE R e ey 1)) A28 g EECON S FA oA

where k = k1 + ko + ... 4+ k; and the sum is over all ky, ..., k; for which | = ky +
2ko + ... + lk;. In particular, if f is a holomorphic function in D and g = ¢, then

(2.4) £ 0010 = 3 MY @D - R

where k = k1 + ko + ... 4+ k; and the sum is over all kq, ..., k; for which | = ki +
2ko + ...+ K.

Theorem 2.6. If1 < p < oo, and if ¢ € LP(D,dA), ¢ > 0 and j € N, then
TV € 5, on A2.

Note that this result is a particular case of Theorem 1(d) in [2]. Using Marcin-
kiewicz interpolation, Englis proved this result in a far more general form. For
completeness, we present an elementary proof in some details here.

Proof. If p € LP(D, dfl) has a compact support in D, then, by Lemma 2.3, Tfoj)
is a compact operator on A2 Let

ngj)f = Z Al fs fn)n

be the canonical decomposition of Tg ), where {)\,} is the sequence of singular values
of T;j ) repeated according to their multiplicity, and {fn} and {g,} are two orthonor-
mal sets in A2. Hence,

(2'5) An = <T<£j)fmgn> = /D<UzEjsznagn><P(Z) dA(Z)
< / s for )| Usgns e} 0(2)] dA(2).
D

When p = 1, then

(2.6) S < / 3l Useillons Vs o 44

n=1

/HUeJH o(2)dA(2) /|¢ 1 dA(2) < oo.
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If 1 < p < o0, it follows from Hoélder’s inequality that
(2.7) AL S /D U= fs e)1{U= 0, €)1 0(2) [P dA(2)
- p/q
< ([0 de0g0 el ad)

Let F(z fo u) du for a function f € A%. We can calculate that
(2.8) / (U fre5)[2 dA(z) = (G + 1) / (f 0 02l w2 dA(2)
D D
—(+1) / (F o p.) 0P dA(2)

(F Y+ (0 -
.7+1/‘ °f+1 )‘dA(z)

2
— G+ D) [ [ e PO ) dde)
J+1
j+l1 ~
<G+1) / D IF )= A ()
J+1

—(+1) / IERCIERAES

=(G+1)7 F®(2) (1 = 212 dA(z) < Gl 1],
j z;o/D

where the fourth equality follows from Lemma 2.5, and the last inequality follows
from Lemma 2.4, and C; is a constant depending only on j. Let C' = ij/q, by (2.7)
and (2.8), we then have

(2.9) X <C /D (U s ) | Usgs ) 0P dA(z), 1> 1.

Therefore, like in the proof of (2.6),

In the general case, for 0 < r < 0, let ¢, = x,p@, where x,p is the characteristic
function of rD := {z: |z| < r}. The argument in the preceding paragraph shows
that {T } is a Cauchy net in Sp-norm, so it converges to some 1" € S}, in Sp-norm
asr — 17,
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Next, we prove that T;j) € L(A?) and Té,{) — Téj) in the operator normasr — 17.
In fact, for any f,g € A2, similarly to the proof of (2.6) and (2.9), it is easy to check
that

(2.10) (TP —TD)f,9)| < /D|<sz, ej)es, Ug)ller(2) — o(2)| dA(z)
< Cller = ¢ll Lo I £ 1191l

Then Téj) € L(A?) and T;{) — T;j) in the operator norm as r — 17. O

Now we prove that (3) = (1) in Theorem 2.2. Let r > 0 be such that

ﬁr,j (Z) € Lp(Dv dA(Z)),

then by Theorem 2.6, T(j)J € S,. By Lemma 14 of [9], it is sufficient to show that

there exists a positive constant C' such that T,Sj ) < CT;%)J-‘ In fact, for any f € A2,
by Fubini’s theorem,

<T£Z)Jf7f>: /<UZEjUZfaf>ﬁr,j(Z)dA(z)

D

= /<UzEjsza.f>/ |¢Z(w)|2jxp(z,r)(w)K(w7w)du(w)dfl(z)
D D

= /<UzEjszaf>/ |<Pw(z)|2jXD(W,r)(z)K(w7w)du(w)d;l(z)
D D

_ z 2j 23V 2/, A z ij w

- /D(/Dw,r) [pu(2) [ (U= B, U- . f) dA( ))K( ) dpa(w)

> [ ( / |sow<z>|2f<UzEjUZf,f>d21<z>)f<(w,w>du<w>
D D(w,r)/D(w,r/2)
r\ 27 ~
> (tanh§> /D ( /D (wm)/D(w,r/Q‘UzEjsz, f)dA(z))K(w,w)du(w).

Next we need to prove that the inequality

(2.11) (U.E;U. f, ) dA(2) = Cr | (Unf, ;)

/D(w,r)/D(w,r/2)
holds for some constant Cy.; > 0. For any F(£) = amen(§) € A% and 0 < t < 2,
0 < s <1, it is easy to check that
[(F, Usesve;)|* = [(F(€), (Us 6;)( _’t£)>| |(F(€), (Use;)(€))I

= Zamaz (em(€"€), (Usej)(§))(er(eE), (Use;)(S))

= Zama_lel (M=t (e, Use;j)er, Use;).
m,l
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Then

27
at
(2.12) / F, U5 Z|am| l(em, Use;) 2
0
> |aj| l(ej, Use) | = [(Fe;)*[{ej, Use;)?
—MFeW/%KeU-eWﬁ
- » Cg o 7y Useitty 2]_['

Hence,

(2.13) / (F,U.e;) 2K (2, 2) dA(2)
D(0,r)/D(0,r/2)
tanh r 21
2s / th)
= — F,Ugste;)|“— | d
/tanh?"/Q (1 - 82)2< 0 |< f J>| 2n

tanh r 2n
2s dt
> [(F,e; 2/ 7(/ ej,Ugeite 2 )
|< J>| tanh /2 (1 _ 52)2 0 |< J J>|

—lirep [ e U)K (,2) AA(2).
(0,)/D(0,7/2)
In particular, let F'(§) = (Uy f)(£), by (2.13), we then have

(2.14) (U f,Uze;)PK (2, 2) dA(2)

/D(O,r)/D(O,r/2)
> (Wt [ e, Uses) P (2,2) dAG).
D(0,r)/D(0,r/2)
Let f(2) = |{e;,U.¢;)|?K(z,2), 2 € D. By Lemma 4.3 of [7], the function z

(ej,Ue;) is uniformly continuous on compact sets of D, then f(z) is continuous
on D. Note that f(0) = 1, we assume that f(z) # 0 on D(0,r). Then by (2.8),

/ (e, Usej)|PK (z,2) dA(2) < oo
(0,7)/D(0,r/2)

is a finite positive constant depending on r and j. On the other hand, note that
UuU. = U,,x)Va, where X\ = (2w —1)/(1 —wz), (Vah)(w) = Ar(Aw) for any
h € A%. Consequently, |(Uy,f,U.e;)| = |(f, U,,(zye;)| and the change of variable
v = @, (2) on the left hand side of (2.14) yields

(2.15) /“ (2 Unes) K (v, 1) dA()
(w,r)/D(w,r/2)

>Whﬁ%W/i (e, Unes) P (2, ) dA(2).

D(0,r7)/D(0,r/2)

Hence, (2.11) holds and the proof is complete. O
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Corollary 2.7. If 1 < p < oo and if ¢ € L>(D, dA), is a nonnegative function
on D, then the following conditions are equivalent:

(i) 7Y € 5, on A%;
(i) 75 (2) € LP(D,dA(2));
(iii) there exists some r > 0 such that

/ |2 ()P K (w, w)p(w) dA(w) € LP(D, dA(2)).
D(z,r)
A sequence {ax}72, in D is called an r-lattice in the Bergman metric if
U a/k7

and ((a;,aj) > 47 for i # j. For more information about lattices, see [11].

Theorem 2.8. Suppose that i is a finite positive Borel measure on D and j € N,

then the following conditions are equivalent:

(i) T € Sy on A2;

(i) € LY(D,dA);

(iit) 7, € LY(D,dA) for all (or some) r > 0;

(iv) Z r(an) < 0o, where {a,}5°, is an r-lattice in the Bergman metric.
Proof. For any j > 1, T 65'1 if and only if T}, € Sy, since

tr(T7)) = / (TVEK.,K.)dA(z) / / (UwEB;Up K, K.) K (w,w) dp(w) dA(z)

:/D/D|<UwKz,ej>|2dA(z) (w, w) dp(w /wa ) dp(w) = tr(T),).

By Theorem C of [9], the proof is complete. O

3. THE SITUATION OF 0 < p < 1

For 0 < p < oo, the sequence space [P is defined by
) 1/p
P = {{ai}fil: <Z |ai|p> < oo}.
i=1
The atomic decomposition for Bergman spaces turns out to be a powerful theorem

in the theory of Bergman spaces. The following lemma is related to [11]. For more
information about atomic decomposition, see [10].
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Lemma 3.1. Suppose that p > 0 and

1 1
(3.1) b>max(1,—) + o
p p
Then there exists a constant o > 0 such that for any r-lattice {ay} in the Bergman

metric, where 0 < r < o, the space AP consists exactly of functions of the form

= (1= |ag|?)Po-2/p

(3:2) Z (1 —zag)® 7

k=1

where {cy} € [P, the series in (3.2) converges in AP, and the norm of f in AP is

e { Li P

The following lemma is Proposition 4.13 of [11] which reflects the subharmonic

comparable to
1/p

: {ci} satisfies (3.2)}.

property of a holomorphic function in the Bergman metric.

Lemma 3.2. Suppose that p > 0, r > 0, then there exists a positive constant C

h that
such tha o

1P < = /D P i)

where f is a holomorphic function in D and z € D.

Theorem 3.3. Suppose that p is a finite positive Borel measure on D, 0 < p < 1,
j € N. There exist a positive radius o > 0 and a o-lattice {a,} in D such that if the
sequence {[i,(an)}22, belongs to IP, then T,Ej) €S, on A%

Proof. Since for a o-lattice {a,}52,, the sequence {ji,(an)}52; belongs to [P
and must be bounded, then the Toeplitz operator T}, is bounded on A? and u is
a Carleson measure, see [ ]. Theorem 4.2 of [8] implies that T,Sj ) is bounded on A2. By
Lemma 3.1, for any b > 3(3+p~!) there exist a positive radius o’ and a o’-lattice {z,,}
in the Bergman metric such that the space A? consists exactly of functions of the form

Z (1= |za?)""
—~ (1 —zZ,2)%

where {c, } € [, the above series converges in A2, and

(3.3) INCREC CZW

for some constant C' independent of {c,}.
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Let {e,} be an orthonormal basis on A2 and define the operator 7' on A2 by

n=1

then T is a bounded surjective linear operator on A2. According to Proposition 1.30
of [11], T, u ) e Sp is equivalent to T*T(])T € Sp. Since T*T(])T is positive, in order

to complete the proof, we need to check that M = E (T*T, /E 'Te,, en)? < 00. In

fact,
= i (L= )Pt (1= Jeal?)
*z::< (I=Zpz)b 7 (1 -Zpz)b > Z
where
- |2, 1— |z, [2)01
(3.4) I, = <T(])( (1 l Z,llz))b ’ : (1 l%Z))b >

- o ) K o)

Since {ay, } is a o-lattice in the Bergman metric, by Lemma 4.30 of [11] and the proof
of (2.8), we get

(35) LEEDY /D BB P~ [ du(z)
(1 — |zp|?)07 12
<G+ Z/‘ 1—|zn| b+k‘

xpb+1)...(b+ P = [21)*" du(z)

J s 2\b—1
j > (I —|znl?)1 2
SG+ 1)2 / f’
k=0 =1 ” DP(a1,0) (1 —Zpz)btk

xbb+1).. (b + )P = [2)*" du(z)

<O(j+1)? zjj[b(b+ 1)...(b+k)2"?

X Z mMn(al”Qﬁa(al)?

=1
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where hy,(2) = (1 — |2,]2)71/(1 — Z,2)°, and C depends on o, b and j. Since 0 <
p < 1, there is a constant C; > 0 such that

[e )

1 ~
(3.6) I} < ClZWWn(alﬂqug(al)-

=1
Therefore,
_y r<c 3 ! h ).
For any positive integer [, we consider the series

= > ()l = 3

n=1

(1 _ |Zn|2)p(2b_2)
|]_ _ a_lzn|2pb

Since {z,} is a o’-lattice in the Bergman metric, then the Bergman disks D(zy, %0'/)
are mutually disjoint. Let
(1 — Zz)2b—2
f(z) = W,
by Lemma 3.2, then there exists a positive constant C' (depending only on ¢’) such
that

()| = (1 — |z |2)P(2=2) _ C / 11— 2P aA(2)
! =@z = (1= |2n)? Jpgay o) 11— a2

. (2b—2)—2
< c/ (- [P dA(z).
Zn,0'/8)

[1 —agz|?p?

Hence

1_ |z| ) p(2b—2)— |Z| p(2b—2)—2
dA(z).
CZ/ |1 —agz[2d C/ [T —az|2b (2)

(zn,0"/8)

Since p(2b — 2) — 2 > —1, by Lemma 3.10 of [11], there is a constant Cy > 0 such
that
S <

Therefore,
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4. THE GENERALIZED TOEPLITZ OPERATORS ON THE BERGMAN
SPACES AP (1 <p < o0)

In this section, we assume 1 < p < oo. For any fixed z € D, define the operator
U,: AP — AP such that

Uf=(fop.)g, VfeAP.
Then U, is bounded. It’s easy to check that
Ulg=(gop.)yp, Vge Al wherel/p+1/q¢=1.

Let S be a bounded operator on AP and let S, = U,SU,. The Berezin transform
of S is the function S defined on D such that

8(2) = (Ska ko), where (f,g) / fgdA.
Let E; := e; ® e; be the rank one operator defined on AP such that
Ejf = <f, 6j>6j, f e AP,

Let ¢ € L*>°(D,dA) and j € N. The generalized Toeplitz operator T;j) on AP is
defined as

(4.1) TG = / U.E,U. (=) dA(2),
D
where the integral converges in the weak operator topology.

Lemma 4.1. Suppose that ¢ € L>°(D,dA) and j € N, then Téj) is bounded
on AP.

Proof. For any f € AP, g € A4,

(TDF, )] < /D (- fe5)|e5, UL g (=) | dA(2)

<ol [ 10 ej>,pmdA(z)>l/p

(/ (U, ;)| T dA(z))l/q.

Let 1 < b < oo, h € A’. Note that for any g € A® and g,, being the nth Taylor
polynomial of g we have ||g, — g|[r» — 0 as n — co. Repeating the course of the
proof of (2.8), we get

(4.2) / (U.h,e5)] wdA(z) <G+ 1AL,
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where C is a constant depending on j. Hence

(4.3) (T £.9)| < Ci (G + Dl ellooll 1o ll9lla-

The following lemma is Lemma 4.2 of [7].

Lemma 4.2. For any fixed z,w € D, ift = (wz —1)/(1 — wz), then U, U, =
Up. (w) Vi, where (Vi f)(u) = tf(tu) for f € AP.

Lemma 4.3. Suppose that ¢ € L*°(D,dA) and w € D, then UwTéj)Uw = ‘E{))‘Pw'

Proof. For any f € AP, g € A9, we get

(4.4) (UTOUnf,g) = /D (U.Uw fe5) (65, UUSg)0(2) dA(2)
- /D UL U ) (UaUsey, gol(2) dA(2).

By Lemma 4.2, we have U, U, = U,,,

)V, where A = (2w — 1)/(1 — wZz). Hence,
(UT9U, f,9) = /D (f,Ure;) (Uues, 9)p 0 pu(w)dA(u) = (T, f,9)-
O

Lemma 4.4. If S is a finite sum of operators of the form T;{) . ..Téﬁ?, where
p; € L>=(D,dA) and j € N, then

(4.5) sup [|S:1][p < oo, sup|[SI1, < oo
zeD zeD

for every p € (1,00).

Proof. Without loss of generality, we may assume that S = T;{) . Tgﬂ) For
€ (1,00), by Lemmas 4.1 and 4.3, we have

4.6)  ISa1llp = 1T, . T 1l < CPG + 1) @1l - - [ @nlle-
It is easy to check that (Téj,:))* = T%) and then

@n s, = 17, T 1, < O+ D lenlloo - - et lloo-
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The following theorem can be found in [4].
Theorem 4.5. Suppose that S is a bounded operator on AP such that

(4.8) sup |S:1||m < oo and sup ||Si1|m < o0
z€D z€D

for some m > 3/(p1 — 1), where p1 = min{p, ¢}, then S is compact if and only if
S —0asz— 0dD.

Theorem 4.6. Suppose that S is a finite sum of operators of the form T;j ). Tg)
on AP, where each p; € L*>°(D,dA), j € N, then S is compact on AP if and only if
S(z) > 0asz— 0D.

Proof. By Lemma 4.4 and Theorem 4.5, it is easy to get the result desired. [J
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