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Abstract. We characterize the Choquet integrals associated to Bessel capacities in terms
of the preduals of the Sobolev multiplier spaces. We make use of the boundedness of local
Hardy-Littlewood maximal function on the preduals of the Sobolev multiplier spaces and
the minimax theorem as the main tools for the characterizations.
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1. INTRODUCTION

Let @ > 0, s > 1 be real numbers. We define the Sobolev space W = W3 (R"™),
n > 1 to be the set of functions u of the type

u==Gq*f
for some f € L®. Here G, is the Bessel kernel of order o defined by
Go(w) == F A+ [P)~*)(@),

where F~1 is the inverse Fourier transform in R”. The norm of u = G * f € W®* is
defined as ||ul|we.s = || f]
to W™ is defined as

L. Recall also that the Bessel capacity Cap, 4(-) associated

Cap,,(E) i= it (|

5.0 f20,Gauxf>10nFE}

for any set £ C R™. We say that a property holds quasi-everywhere (q.e.) if it holds
everywhere except for a set ¥ with Cap,, ,(F) = 0. The notion of Choquet integrals
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associated to Bessel capacities will be important in this work. Assuming that f is
a q.e. defined function, the Choquet integral of f is meant to be

[ 1r1ac = [ Capy ot € R |f(@)] > 1) e

We denote by L'(C) the set of all q.e. defined f with finite quantity ||f| 1) :=
fRn f1dC. On the other hand, let Mg 5(R™), 1 < p < oo be the Sobolev multiplier
space which consists of all functions f e LP (R™) such that

Jan 1f ()P dz
Capa,suo =00

where the supremum is taken over all compact sets K with nonzero capacity, see [9]
and [7].
It has been argued in [10] that

loc

1 Fllagee = sup(
K

(11 AT S lere) <inf{llellz: 0< @ € 2/, Gaxp > |f ae} <Allflrace)

for a constant A > 0, where Z’ is the predual of the Sobolev multiplier space
Z:=M*° s~ +t71 = 1. We denote

Ifllz == inf{llgllz: 0< @ €2, Gaxp>|f] qe}.

The proof of (1.1) presented in [10] is twofold. Firstly, it is proved that

(1.2) |f|L1(c)§||f||I§inf{/R (Caw @)= dr: 0< € 2, Gurp> |f|qe}

where o < 8 denotes a@ < A3 for a constant A > 0. Subsequently, it is proved that

(13) inf{/ (Carg) " da: 0< pe 2/, Gurip > |f|qe}§||f||L1<c>-

The proof of |-||z1(cy < |I-]lz is simple and goes through by the standard duality
argument. However, the proof of the second < in (1.2) is then somewhat technical,
one needs to interpret Z as the solution space of the integral equation

u:Ga*(ut)+|—]\f4|

for a fixed f and Z’ as the Koéthe dual of Z to finish the job, see [5]. The proof
of (1.3) is also technical, it uses the nontrivial “integration by parts” trick that

(Ga* f)* S Ga* [f(Gax )"
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for f = (G * )=, where > 0 is a compactly supported measure, see [4] and [10],
Lemma 3.1.
The main purpose of this paper is to give an entirely different proof of

(1.4) -z < M-l ey-

The proof that will be presented later uses some classical techniques in the standard
text of nonlinear potential theory (see, e.g. [2]) without recourse to the properties

of the complicated expression that
inf{/ O (Gax@) ™ *dr: 0< e 2/, Gaxo>|f] q.e.}

as in (1.2) and (1.3).
Let us present all the statements that will be proved later. To begin with, we will
include the proof of the left-sided estimate of (1.1) for readers’ convenience:

Proposition 1.1. For any q.e. defined function f, it follows that

iy S -z

As a corollary, we have:

Corollary 1.2. The function G, * f is q.e. defined for f € Z'.

The following proposition extends Egorov’s theorem:

Proposition 1.3. Suppose that {f,}{° is a Cauchy sequence in Z' with limit f.
Then there is a subsequence { f,,}2, such that lim Gq * fp,(z) = Go * f(z) qe.,
1— 00
uniformly outside an open set of arbitrarily small capacity.
Recall that a q.e. defined function f is said to be gquasi-continuous if for every

€ > 0 there is an open set G such that Cap,, ,(G) < € and the restriction of f| . to G
is continuous in the induced topology. We have the following important proposition:

Proposition 1.4. If f € Z’, then G, * f is quasi-continuous.
On the other hand, by locally Hardy-Littlewood maximal function we mean that

1
Mloc f = sup ———— f Yy dy
() o<r<1 | Br ()| Br(x)| )

for a locally integrable function f. Then we have the following weak type (1,1)
boundedness estimate, whose proof uses the boundedness of M!°¢ on Z’, see [9]:
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Lemma 1.5. Let f € Z’' be nonnegative. Set
E\ = {z € R™: M"(Gy * f)(z) > \}.

Then there is a constant A independent of f such that

A
Capa,s(E)\) < X”fHZ/
for all A > 0.
The main idea of the proof of (1.4) relies on the following proposition, which

resembles the classic Lebesgue’s differentiation theorem:

Proposition 1.6. Let f € Z’. Then the following convergence holds for q.e. x:

L Gk f)dy = G x f(2).

lim
r—0 |Br($) B, (z)
Moreover, the convergence is uniform outside an open set of arbitrarily small capacity.

For a technical reason, we need an auxiliary norm ||-|| 7 defined by

(1.5) Ifllz = inf{llgllz: 0<p € 2, Gax o =[]},

where we drop the g.e. condition in the definition of ||||z. By denoting

1 Fllag = sup{ [ 7 0, supp(a) € supp(h). [Go x4z < 1}
R’IL

for compactly supported function f, the following theorem extends the classical min-
imax theorem:

iS

Theorem 1.7. For any function f with compact support supp f if f‘suppf i

continuous with min f > 0, then
supp f

1fllz = 1 Fllame

As a result for any compact set K it follows that ||xk ||z = Cap, 4(K).

The above theorem shows that (1.4) holds for characteristic functions of compact
sets K. The following theorem addresses (1.4) for general cases:

Theorem 1.8. For any set F, the following estimate holds:

Ixellz S Capq,s(E).

As a result for any q.e. defined function f it follows that

Ifllz S N1fllzey-
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Note that it is the L® space which plays the main role in the standard nonlinear po-
tential theory. In a sense, the aforementioned propositions and theorems replace the
role of L® with Z’. For instance, in contrast to Proposition 1.4, the function G, * f
is quasi-continuous for f € L* (see [2], Proposition 6.1.2), meanwhile the Lebesgue’s
differentiation theorem holds for f € L*® in Proposition 1.6, see [2], Theorem 6.2.1.
We refer the readers to the excellent text [2] for more details about the correspon-
dence. As a simple application, we may extend the trace inequalities presented in [2],
Theorem 7.2.1 and [6] to the following form:

Theorem 1.9. Let i1 be a nonnegative measure on R™. The following assertions
regarding | are equivalent:
(a) There is a constant A; such that

-1

(/R |Ga*f|du> < AlflIs

for all f € Z'.
(b) There is a constant Ay such that

—1

t71
(/ |Ga*,uK|tda:> < Agu(K)*

for all compact sets K.
(c) There is a constant Az such that

iulo)tu({x ER™: |Ga* fl 2 t}) < As|lfllz
>

forall f e Z'.
(d) There is a constant A4 such that

-1

W(K)* < AsCap, ,(K)°

for all compact sets K.
(e) There is a constant Ay such that

-1

=1
(/ |Goz * M|t dJ?) < A5cap(y,s(K)t
K

for all compact sets K.
The least possible values of constants A;, i1 = 1,...,5 are all equivalent to |Gy * 1] z.
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We conclude this section with another application. The readers may have noticed
that the transition from Theorem 1.7 to Theorem 1.8 suggests that [|-|| 1y and ||-||z
have the regularity property similar to measures. This observation is true to some
extent. First of all, let us denote by QLSC the class of functions that are both quasi-
continuous and lower semi-continuous. Let C be the operator defined successively in
the following way:

For any f € Cj, define

) = flzre)-

For any f € QLSC, define
C(f)= sup C(g).

0<g<| f|
g€Co

For any f, define
C(f)= inf C(h).
(= inf c(h)
heQLSC

Therefore, the operator C is defined as having the inner and outer regularity. One
may expect that ||-||z1(cy is exactly C, unfortunately, it seems to us that they are
only equivalent but not identical:

Theorem 1.10. For any nonnegative f, C(f) =~ || fl|L1(c)-

The next section will provide the proofs for all aforementioned statements. In
what follows, the notation o =~  will denote both @ < 8 and 8 < « for any two
quantities o and .

2. PROOFS

Proof of Proposition 1.1. Let us denote by .#*(C) the subspace of L*(C) which
consists of quasi-continuous functions. One can identify the dual of £!(C) with the
space 9 which consists of measures i such that

— sup HE)

«,s

where the supremum is taken over all compact sets K C R™ with nonzero capacity,
see [6] and [9], Theorem 2.4. We note that .#'(C) is normable and thus it follows
from Hahn-Banach theorem that for any u € £1(C) we have

lullzrc) » sup{‘/udu‘: Nl llom < 1}.
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Let ¢ be a nonnegative compactly supported continuous function. Since G,(z) =
O(e~*/?), it is not hard to see that G, * ¢ € £'(C) and hence,

[ Garpacs sw [Gurpdl= sw [(Gurluhpds

lullan <1 lallan <1
Slellze sup (Gaxulllz < llellz,

[l o <1

where the last < follows from [8], Theorem 1.2.

Let ¢ € Z’ be a nonnegative function. By the density of C5° in Z’ (see [9], Re-
mark 3.3), we may choose a sequence {¢,, }32; of C§° that converges to ¢ in Z’. Since
Z" < LYR") (see [9], Remark 2.1), we can further assume that ¢;(z) — ¢(z) a.e.
Note that G4 * p(x) < ligiolgf Go * p;(x) everywhere and hence,

Gy * pdC < liminf G * 0, dC < liminf ||pi||z = |l¢llz-
1—00

Rn i—00 Rn

If we further let G, * ¢ > f g.e. for an arbitrary function f > 0, then

/R £4C < oz

and hence the estimate || f||z1(cy < [|f|lz holds by definition. O

Proof of Corollary 1.2. Just note that by ||-||z1(cy < [|-]|z, one has

1
Cap,,({z € R": Ga * f(2) 2 A}) < S lIfll2
for any A > 0. 0

Proof of Proposition 1.3. By Corollary 1.2, G, * f,(z) and G, * f(z) are
well-defined and finite on F'* for a set I" with Cap,, ,(F') = 0. Choose {n;}{2; such
that

£ = fllzr <47
Set E; = {x: G * |fn, — f| > 27"} and G,, = |J E;. We have

Cap, s(Ei) S

2’L||fm - f”Z’ < 27ia and Capo( s Z 2 z

SO

Capa,8< ﬁ Gm) =

m=1
Note that if z ¢ G,,, UF, then |Gy * fn,(x) — Go * f(z)] < 27% for all i > m. The
proof is complete by noting that F' is contained in an open set of arbltrarlly small
capacity. O

439



Proof of Proposition 1.4. By Corollary 1.2 we know that G, * f is well defined
and finite q.e. By the density of C§° in Z’ (see [9], Remark 3.3), we pick a se-
quence {f;} of C§° that converges to f in Z’. Then G, * f; is a Schwartz function,
and by Proposition 1.3 there is a subsequence {i;}72 ; such that G, * f;, () converges
to Gy * f(z) q.e. and uniformly outside an open set of arbitrarily small capacity, the
proposition follows. ([

Proof of Lemma 1.5. Let x(z) = xB,(0)(%)/|B1(0)| and x,(z) =r~""x(x/r) for

x € R™ and 7 > 0. One may write

Mloc(Ga % f)(x) = sup X, * Gq * f(l')

0<r<1

and hence,
MGy * f)(x) < Go x MO f(z).

As a consequence, we have
{x € R™: M"f(z) > A} C {x € R": Gqo* M °f(x) > \}

and
Cap, (Ex) S lIxesllz < XM f]| 2
for all A > 0. The lemma follows by the boundedness of M!°¢ on Z’, see [9]. O

Proof of Proposition 1.6.  Let y, be as in the proof of Lemma 1.5. By the
density of C§° in Z’ (see [9], Remark 3.3), we can choose for every € > 0 an fy € Z’
such that || f— fol|z: < €. Then G * [y is a Schwartz function and thus iig%)x,«*fo(x) =
fo(zx) for all x € R™.

For 6 > 0 we define

Qs(p)(x) = Oit:gé(xr *p)(z) — oInf S0 9) ()

for any suitable function ¢. It follows that
Q5(Ga % [)(@) < Q5(Ga * f = Ga * fo) (@) + Qs(Ga * fo)().
By uniform continuity, we can choose a § € (0,1) so small that
Qs(Go * fo)(z) < €
for all x € R™. Moreover,

S IXr * Ga x (f = fo)(@)| < MG = (f = fo))(),
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and hence,

Qs(Ga * f)(x) < 2M'(Go * (f — fo))(z) + .

If & < 3, this implies that

[ €R™: 05(Gax f)(2) > A} € {wr € R MO (G (F — fo)) () > 1A},

and thus, we have by Lemma 1.5 that

Capy,({ € R": 05(Gax f)(&) > A S 517 = foll 2 S 5.

Now choose A =2 % and e = 4% for s = 1,2,..., and denote the corresponding §
by ;. Set
Ei={x €R": Qs,(Gu* f)(zx) > 27},

then
Cap,, ((Ei) < 271,

If F,, = U E;, it follows that

o0

Cap, o (Em) <> 27920

i=m
as m — 0o, whence

Capa,8< ﬁ Fm) =0.

m=1
If + ¢ F,,, we see that Qs(Gy * f)(x) < 27% for § < &; and i > m. It follows that
111% Xr * Go * f(x) = Go * f(x) exists if x ¢ () Fp. On the other hand, for any
r— m=1
m=12,..., lirr%)xr * Go * f(z) = Gq * f(z) uniformly on Ff,, the proof is now
r—

complete. O
Proof of Theorem 1.7. Let

My = {V: v > 0, supp(v) C supp(f), / fl@)dv = 1}

n

and
F={peZ: >0, |z <1}.

We also let

-1
lfllza = (sup inf Go * p(T) dl/>
F Ms Jgn
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and

1
1fllm1 = (inf sup Go * () du) .
My F

[Rn
We claim that

(2.1) 1fllg.a = IFllaae

The sets M, and F are convex. Viewing M as a subset of the space .# (supp(f))
of measures on supp(f), the set M is vaguely compact by the observation that

v(supp(f)) < ( mi?f) f)~! for v € My and the Banach-Alaoglu theorem. The
supp
linearity of the maps

= Gq xo(x)dv, v— Gy * o(x) dv,
R R

and the continuity of the second map allow us to invoke Fan’s minimax theorem
(see [2], Theorem 2.4.1), and hence (2.1) follows by the minimax theorem. We are
now to show that

(2:2) £l = 11fllza
and
(2.3) 1 lae = 1 e

We begin by showing that

(2.4) 1fll7x < fll-

We could assume that || f]|7 < co. For any & > 0 there is ¢. > 0 such that G, *xp. > f
and

leellz < I fll7 +e

As a result,

pe ‘
_ <
H Ifll7 +ellz =

For any v € My we have

e 1
[, G ()@ s e

-1
s+ ([ 6o (rEgm)@ar)

Thus,
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which implies that || f||7 + ¢ > ||f]|7.1, and thus (2.4) follows. We now show that

(2.5) Ifllg <[l fllo.a

We assume that || f]| 7,1 < co. For any € > 0 there is ¢ € F such that

vEM,, Rn

-1
( inf Go * V() du) <|[fllz,1 +e.

Thus,

1< it [ Gax (e (Iflga + €)@ dv

Fix an « € supp(f) and let dv = dé,/f(x), where dd, is the point mass measure
at 2. Then [, f(z)dv =1 and hence,

1< Ga s (e - (gl 7 +2))(@) - % F(2) < G x (@ - (170 +9)(@):

Since [|9e] 2z < 1, we get
Ifllz < e - Clfllzx +e)llz < I flln +e,

o (2.5) follows and hence (2.2). We are now to show (2.3). As before, we will divide
the cases to

(2.6) I fllaa < (1]l
and
(2.7) £l < 1 f e

We note that || f||a,1 > 0 since 0 € F. Assume at the moment that

(2.8) [1fllm1 < oo,

we invoke the dual pair (Z, Z’), then for every € > 0 there is a measure v € My
satisfying

—1
Il < (sup Go * () dy) +e
oeF Jrn

- <sup / () (Go *v)(x) da:>_1 +e=|Ga x|z +e

peF

Set 1= ||Gy * V|| ' v. We get

Iflaa =& < G svl5t = [ 6o svlz @) v = [ f@)dn <[l

n
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so (2.6) follows. Now we justify (2.7). For any v > 0 and supp(v) C supp(f) with
[Ga* vz <1and ¢ € F,set = ([ f( )" 'v we have

Gaola) = [ (G p)0)pla) s = < RC dv)l [ (Gar et ar

< ( . f(z) dv>_1,

by the dual pair (£, Z’). Therefore,

| 1@ <l

which implies (2.7), so (2.3) is established as well.
We now justify (2.8). Assume on the contrary that a sequence {v;} C My is such
that

Rn

sup Go * p(z)dv; — 0.
peF Jrn

By the dual pair (£, 2’), we get immediately that
||GO( * Vj”g — 0.

It follows from [8], Theorem 1.2, that v;(K) — 0, and hence {r;(K)}32 is bounded.
By Banach-Alaoglu theorem, there exists a subnet {v;, } converging vaguely to a mea-
sure v; this measure satisfies fRn f(z)dv = 1. On the other hand, we already had
Vi (K) = 0,50 [, f(x)dv =0, we get a contradiction, so (2.8) follows.

In view of (1.5), we have apparently that ||-||z < ||| 7 and hence

Ixxllz < lIxxllm-

By [8], Theorem 1.2, it is easy to deduce that ||xx|m S Cap, (K). The other

~

direction that Cap,, (K) < [|xk|/z follows by Proposition 1.1. O

Proof of Theorem 1.8. We note that Fatou’s property of Z’ entails the following
countable subaddivity:

Ixellz < Z IxEnR; Iz,

where R; is the annulus {j — 1 < |z] < j} On the other hand, the quasi-additivity
of Cap,, ¢ (see [1]) implies that

> Cap, (ENR;) < Cap, ,(E).

J
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Therefore, it suffices to prove the theorem under the assumption that E is a bounded
set. Besides that, since Cap,, ; is outer regular, we can further assume that E is
a bounded open set. With such an assumption, we can find a sequence {¢;} of
continuous functions and a sequence {K;} of compact sets such that

XK, S @1 S XK, SP25 ...
and xg(x) = sup p;(z) = sup xxk, ().
J J
Fix an N € N and let j > N, ¢ > 0. We choose a nonnegative f; € Z’ such that
Ga * fi(@) 2 ¢;(2) ae., |fillzm <llojllz +e.

Note that the sequence {|| f;||z+} is bounded by ||xr| +¢. Using the C_OZ—Z’ duality
(see [9], Theorem 1.9) and the trivial fact that C~ is separable, we may assume by
Banach-Alaoglu theorem that f; converges weak® to an f € Z’. Since all the char-
acteristic functions of sets of finite measure belong to C_OZ, by the usual Lebesgue’s
differentiation theorem, we may assume that f > 0. For any x € R™ and r > 0 we
see that

| vy < [ @G 5500 dy = [ 50)Gax xb, )
B, (z) R~ Rn
Since G * X B, (z) € ?QZ, by the weak™ convergence we have by taking j — oo that

/ en(y)dy S/ Go * fy)dy.
B, (x)

B, (z)

The continuity of ¢ implies for every = that
on(@) =l = [ o)
r=0 | By (2)] /B, (a)
then we use Proposition 1.6 to obtain

on(z) < Go * f(z) qee.

Taking N — oo yields
XE(7) < Go * f(7) q.e.

As a result, by a standard property of weak™ convergence, the fact that v; < xx,.,,
lIxx;llm ~ Cap, s(K;), and Theorem 1.7, we deduce that

Ixellz < [Ifllz S liminf || fj[z = sup [[xk, |z + €
j—o0 j

~ sup Cap,,s(K;) + € = Cap, ,(E) +e.
j

445



The arbitrariness of ¢ > 0 finishes the proof of the first part of this theorem. For the
part that || f|lz < || fllz1(c), we can argue as in the beginning of the proof that by
countably subadditivity of ||-||z that

£l <D I x@r<isi<ayllz <Y 2Cap, (({1£]1 2 271 = || flloic)-
i i

The proof of this theorem is now complete. O

Proof of Theorem 1.9. The equivalence between (b), (d), and (e) is known,
see [8], Theorem 1.2. The implication that (a) — (c) is trivial. Therefore, it suffices
to show the implications that (¢) — (d) and (d) — (a).

(¢c) — (d): We choose an f such that G, * f > 1 on K. It follows from (c) that
w(K) < As||fllz/, then by the definition of ||-||z, we have u(K) < As|xx|z. We
invoke Theorem 1.8 to finish the proof of this implication.

(d) — (a): We first assume that f € C§°. We have

/n |Ga*f|du=/0 p({x € R™: |G x f] > 1)) d

1K) 1K)
<sup ————— - [|Ga * flprcy) Ssup N fllz,
P Cap%s(K) || ||L () K Capa7s( ) H H
the implication is proved by the density of C§° in Z’. ([

Proof of Theorem 1.10. We first prove that C(f) < || f|lL1(c). Let
0<peZ

be such that G, * ¢ > f. Define ¢, (z) = min{p(z),n} for |z| < n and ¢, (z) =0
for |z| > n, so G4 * @, is continuous and

Gq *o(x) = S:p(Ga * on) (2).

It follows that G * ¢ is lower semi-continuous. Together with Proposition 1.4, we
see that G, * ¢ € QLSC, then

C(f) <C(Gaxp)= sup C(g) < |[Gaxpllric) < [lollz-
Oégégaw
gelp

Hence, C(f) < [Ifllz S Ifllzc)-
For the other direction, we let h € QLSC be such that h > f. Since h is lower
semi-continuous, the set {h < n} is closed. We choose an increasing sequence {yy, }
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of continuous functions such that ¢, = 1 on the compact set {|z| < n} N{h < n},
apparently, we have hy,, € L*(C). Again, as h is lower semi-continuous, it is standard
that

h(z) = sup g(x),
0<gsh
g€Co

/ hon dp = sup / gpn dp
0<g<h
g€Co

and that

for any nonnegative measure p, see [3], Proposition 16.1. As a result, we have

I fllzrc) < SliIiHhSOn”Ll(C) A sup /hwn dp= sup sup /gsondu
nz

n>1 0<gsh n2>1
[lellom <1 9€Co [|ullm<1
S sup |lgllziey = C(h).
<gsh
g€Co

It follows from the definition of C that || f|z1(c) < C(f), the proof is now complete.
(]
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