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Analysis of periodic solutions for nonlinear coupled

integro-differential systems with variable delays

BouziD MANSOURI, ABDELOUAHEB ARDJOUNI, AHCENE DJOUDI

Abstract. The objective of this work is the application of Krasnosel’skii’s fixed
point technique to prove the existence of periodic solutions of a system of coupled
nonlinear integro-differential equations with variable delays. An example is given
to illustrate this work.
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1. Introduction

There are many papers written on the subject of existence of periodic solutions
of nonlinear differential equations and nonlinear integro-differential equations, for
such topics we refer the interested reader to [1]-[7], [10], [12] and the references
therein. In 2007, in the paper [14] Y. Wang, H. Lian and W. Ge consider the
second order nonlinear differential equation

() + p(t)2'(t) + q(t)z(t) = r(t)a’ (t — 7(1)) + (£, (1), 2(t — 7(1))),

and by using fixed point theorem technique, the authors obtained existence of
periodic solutions. H. Deham in [8] considers the second order nonlinear integro-
differential equation

t
2(t) + p(t)2'(t) + q(H)h(x(t)) = / Q(t,s)f (s, 2(s — g(s))) ds,
and by Krasnosel’skii-Burton’s fixed point theorem shows that the existence of

periodic solutions is concluded. In the paper [11] Y.N. Raffoul studies the exis-
tence of periodic and asymptotically periodic solutions of the following system of
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coupled nonlinear Volterra integro-differential equations with infinite delay

' (t) = ha(t)x(t) + ha(t)y(t) +f a(t, S)f( (s),y(s)) ds,
Y (1) = pr(Oy(0) + p2(D)(t) + [° b(t, 8)g(x(s),y(s)) ds,

the author uses Schauder’s fixed point theorem to obtain his results.

Motivated by the papers [8], [11], [14] and the references therein and by using
Krasnosel’skii’s fixed point theorem, in this paper we study the existence of pe-
riodic solutions of the following system of coupled nonlinear integro-differential
equations with variable delays

i (t) + pi(t)} (t) + qi(t)zi(t)
= gi(t,xl(t), l‘g(t), l‘l(t — Tl(t)), ZL‘Q(t — Tg(t)))
(1.1) +ci(t)ai(t — 7i(t))

+[ Ci(t,8) fi(z1(s), z2(s)) ds, i=1,2,

where p;, ¢;, i = 1,2, are positive continuous real-valued functions and the func-
tions ¢;, C;, i = 1,2, are assumed to be continuous in their arguments throughout
the paper. The functions g;(¢,z,y, z,w), i = 1,2, are continuous, periodic in ¢
and Lipschitz continuous in «, y, z and w, fi(z,y), ¢ = 1,2, are continuous and
Lipschitz continuous in x and y, and for some positive constants 7;;, j =1,...,4,
and 7 = 1,2, we have

|9i(t, y1, Y2, Y3, ya) — 9i(t, @1, T2, w3, 24)| < ani|yj — ],
j=1

and for some positive constants 0;;, j = 1,2, and ¢ = 1,2, we have

2
|filyr,y2) — filzr,22)] < Z ejily; — w1,
j=1
we also assume that g;(¢,0,0,0,0) = f;(0,0) = 0.
We assume that there exists a positive real number 7', such that

Ci(t—l—T,S-i-T) :Ci(t,s),
(1.2) 1=1,2,
Ci(t-i-T):Ci(t), Ti(t—l—T):Ti(t),

for all ¢ € R, with 7; being scalar functions, continuous and =;(¢) > 7 > 0,

r() # 1.
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To have a well behaved mapping we must assume that

pi(t +T) = p;(t), fOTpi(s)ds > 0,
(1.3) i=1,2.
Gt +T)=qi(t), [y ai(s)ds>0,
Define
Pr={xec CR,R): z(t +T) = x(t)},
P2 =Prx Pr= {(z1,22): 1 € Pr, 22 € Pr}.

Then P2 is a Banach space when endowed with the maximum norm

(@1, 22)|| = max{tg% o1 (0), max 22(t)]}-

telo

Lemma 1.1 ([9]). Suppose that (1.2) and (1.4) hold and for i = 1,2,

(1.4) QRlT (efoT pi(u)du _ 1) > 1,
where
t+T fspi(u)du
el T
R; = ——q;(s)ds|, i = (1 +elo pilwduy2p2
o | [ S|, Q= (e RS

Then there are continuous T-periodic functions a; and b; such that

T
bi(t) > 0, /)MWMu>Q
0
and

a; (t) ~+ b; (t) = p; (t), b; (t) +a; (t)bl (t) = qi(t) for all t e R.

Lemma 1.2 ([14]). Suppose the conditions of Lemma 1.1 hold and ¢, € Pr,
1 =1,2. Then the equation

i (t) + pi(t)2;(t) + qi(t)zi(t) = pi(t),
has a T-periodic solution. Moreover, the periodic solution can be expressed as

t+T
£(t) = / Gilt, 5)i(s) ds.

where

ﬁs eftu bi(v) dv+ [ a;(v) dv du + fStJrT eftu b; (v) dv+f5+T ai(v)dv qq,

(efoT ai(u) du __ 1) (erT bl(u) du _ 1)

Gi(tﬂ S) =
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Corollary 1.3 ([14]). Green’s functions G;, i = 1,2, satisfies the following prop-

erties
Gi(t,t+T) = G(t,t), Gi(t+T,s+T)=Git,s),
%Gi(t, s) = a;(8)Gi(t, s) — Hi(t,s),
0
&Gi(tv 5) = 7bi(t)Gi(t7 5) + Hz* (tv 5)7
where
ef: b; (v) dv ef: a;(v)dv

Hi(t,s) = —77——, Hi(t,s)= —7—7—.

er bi(v)dv _ 1 er a;(v)dv _ 1

Lemma 1.4. Assume (1.2)~(1.4). If (x1,72) € P2, then z; is a solution of (1.1)
if and only if

t+T
x;(t) = /t Gi(t,w)gi (u, 21 (u), 22 (), z1(u — 71 (u)), z2(u — 72(u))) du
t+T u
(1.5) +/t Gi(t,u)/_ Ci(u, 8)fi(z1(s), z2(s)) dsdu

t+T
+ /t [hi(w)H; (t,u) — i (w) G (8, w)]zi(uw — 73(u)) du, i=1,2,

where
(u) = ﬂ i =
(1.6) hi(u) =)’ 1,2,
0D g - @) £ G- Rw) et

(1 —=7i(u))? ’
PROOF: Let (z1,22) € P2 be a solution of (1.1). From Lemma 1.2 we have
T
x;(t) = / Gi(t,u)gi (u, x1 (), z2(u), 21 (u — 71 (), T2 (u — 72(u))) du
¢

4T
(1.8) + /t Gi(t,u)ci(w)zi(u — 7;(u)) du

t+T u
—|—/ Gi(t,u)/ Ci(u, 8) fi(z1(s), z2(s)) ds du, i=1,2.
t —00
Letting

BTGt u)ei(u)
1—7(u)

/:JrT Gi(t,u)e;(u)z(u—7;(u)) du = /t
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performing an integration by parts, we get

Since
Gi(t,u)e;(u) T
STy mem ] =0
we obtain
4T
/ Gi(t,u)ei(u)z(u — 7 (u)) du
(1.9) ¢

t+T
- / o (ut) Hy(t 10) — 4 () G (£ )} (s — ) s,

where h;, r; are given by (1.6) and (1.7). Substituting (1.9) into (1.8), we obtain

t+T
zi(t) = /t Gi(t,u)gi(u, 1 (), 22(u), 21 (u — 71(u)), 22 (u — 72(u))) du
t+T u
Jr/t Gi(t,u)[ Ci(u, s) fi(z1(s), z2(s)) dsdu
t+T
+ /t [hi(w)H;(t,w) — ri(w)Gi(t, u)]zi(u — 73(w)) du, i=1,2.

O

Lemma 1.5 ([14]). Let T; = fOT pi(u) du, A; = T?e/T) Jo mai(w)du 5 —q 9
If T? > 4A;, then we have

min{/OT as(u) du,/OT bi(u) du} > %(I‘ —r—an) =1,
max{/OTai(u)du,/OTbi(u)du} < %(Fi+ /T2 —4Ai) —_—

Corollary 1.6 ([14]). Functions G; and H;, i = 1,2, satisfy

T Teli pito) do e
<= Hi(t,s)| < .
)< < gy
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To simplify notation, we introduce for ¢ = 1,2, the constants

TefoT pi(v)dv emi
=, = T, 91 = h )
% Ty G iR
T — 7 4 3 )\’L - 7 t 5 51 = b t
B o, |7:(t)] o, lai(t)| tggg” )l

2. Periodic solutions
Lemma 2.1 ([13]). Let M be a closed convex nonempty subset of a Banach space
(S,]I:l). Suppose that A and B map M into S such that

(i) z,y € M implies Az + By € M;
(ii) A is compact and continuous;
(iii) B is a contraction mapping.

Then there exists z € M with z = Az + Bz.

We assume the existence of positive constants M;, K; and L;, ¢ = 1,2, such
that

(2.1) [fi(a, y)| < M,
(22) |gi(t7'r7yazaw)| S Kia
and

4T
(2.3) / / (u,s)|dsdu < L.
Set

TK; + L;M;)c;
(2.4) M:max{ (TK; + LiMi)a : i:l,Q},
1 =T (O + Bici)
with 0 < T(Gz"}/z + ﬂlal) <1l,:=1,2.
We define subset Q) of P% as follows

Qun = {(21,22) € P7: ||(1,22)|| < M}

Then Qj is a bounded, closed and convex subset of P2.
Now for (z1,22) € Qs we can define an operator E: Qpr — P% by

E(x1,22)(t) = (E1(21, 22) (1), Ba(1, 22)(t)),
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where
t+T
Ei(l'l,l'Q)(t) = /t Gi(t;u)gi(uaxl(u)al?(u)a
x1(u—711(u)), z2(u — Tg(’u))) du
t+T u
(2.5) —|—/t Gi(t,u)/_ Ci(u, 8) fi(z1(s), z2(s)) dsdu

t+T
+l o o)y, 0) — 4 () G (£ )} (s — () s,
i=1,2.

To apply Lemma 2.1, we need to construct two mappings, one is a contraction
and the other is compact. Therefore, we state (2.5) as

Bi(ey,22)(t) = By, a2)(t) + As(an, 2)(0), 0= 1,2,

where B;, A;: Qu — Pr are given by

t+T
Bi(x1,22)(t) = /t Gi(t,w)gi (u, 21 (u), z2(w), 1 (u — 71 (u)), 22 (u — 72(u))) du,

and
u

t+T
&mwmw:[ Gmw/ Ci(u, 8) il (s), 22 (s)) ds du

— 00

t4+T
+ / [hi(w)H; (t,w) — 7 (w)Gi(t, w)]a; (u — 73(u)) du.
t
Now for (z1,22) € Qp we can define the operators B, A: Qpr — P% by

B(xy,22)(t) = (Bi(w1, 22)(t), Ba(1, 22)(t)),
A1, 2)(t) = (A1 (21, 22)(1), A2 (w1, 22)(1)).

Observe that, since the functions g;(t, x1, 2,23, 24), i = 1,2, is Lipschitz con-
tinuous in x1, T2, 23,4 and f;(x1,x2), ¢ = 1,2, is Lipschitz continuous in x1, za
we have

|gi(t,l‘1,l‘2,l‘3,l‘4)| = |gi(t,x1,x2,x3,x4) - gi(t,0,0,0,0) +gl(t50305030)|
S |gi(t,$1,l‘2,l‘3,$4) - gi(t,0,0,0,0)| + |gl(t503050a0)|

4
< mjilasl,
j=1

and
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|fi(w1,22)| = |fi(w1,22) — fi(0,0) + £i(0,0)]

2
< | filwr, wa) = fi(0,0) + |£:(0,0)] < 0jila;l-
j=1
Theorem 2.2. Suppose (1.2)—(1.4) and (2.1)—(2.3) hold. Suppose that

2
Loy Z 0ji + T(0ivi + Bicvi) < 1, 1=1,2,
j=1
and 2T«;V; < 1,4 = 1,2, where V; = max(n; + 93i, 72 + n4;). Then (1.1) has
a T-periodic solution.

PROOF: In order to prove that (1.1) has a T-periodic solution, we shall make
sure that A and B satisfy the conditions of Lemma 2.1. For all (z1,z2) € Qyr,
we have (z1,22)(t +T) = (21,22)(¢) and |[(z1,22)]] < M. Now let us discuss
B(z1,22) + A(x1,22). We have

Bi(l'l,l'Q)(t —+ T)

t+2T
= [ Gule+ Tjgs (w1 (), ). (0= 1), 2l o)
t+T

t+T
/t Gi(t,u)gi(u, x1(u), v2(u), 21 (u — 71 (u)), 22(u — 12(u))) du
= Bi(z1,22)(t), =12,

and
Ai (l‘l 51‘2)(7f + T)

t+2T u
= /t Gi(t+T,u) [ Ci(u, 8)fi(z1(s), z2(s))dsdu

+T

42T
+ / [hi(u)H;(t + T, u) — i (u)Gi(t + Ty u)]a; (v — 73(u)) du
t+T

t+T u
:/t Gi(t,u)/ Ci(u, s) fi(z1(s), z2(s)) ds du

T -
+ /t [hi(w)H; (t,u) — 3 (w) Gy (t, w)]z; (v — 73(u)) du

:Ai(l‘l,l‘g)(t), i:1,2.
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Then E;(x1,22)(t +T) = E;(x1,22)(t), i = 1,2. Therefore, E(x1,z2)(t + T) =
E(Z‘l, .Z'Q)(t)

For any (z1,x2) € Qur, we will show that |E(z1,22)(t)] < M. In view of the
above estimates, we have for ¢ =1, 2,

|Bi(21,22)(t)]
+T
< /t Gi(t, w)|gi (u, 1 (u), 22 (u), 21 (u — 71(w)), 22 (u — 72(u))) | du
S TKiaia
and

t+T u
As(ar, 22)(8)] < / Gilt, ) / ICi(u, 8)|[fi( (5), 22(s))] s du

4T
+/1t [hs ()l Hi (8 w)] + [ri(uw) G, w)] s (u — 73(w))| du
< LiMioi + T(0ivi + Biows ) M.
As a consequence of (2.4), we have

(TK; + LiM;)o
1 —T(0mvi + Bics) —

SO,
This implies that

|Ei(z1,22)(t)| < TK;a; + LiMog + T(0;v; + Bio ) M
< (1 =T+ Bicvi)) M + T (0;v; + Bic;)M = M.
Thus, E maps Qj/ into itself, i.e. E(Qar) C Q.

We will now show that A is continuous. For n € N, let {(z1,,22,)} be a se-
quence in 2,7 such that

lim |21, @20) = (21, 22)]| = 0.

Since Q) is closed, we have (z1,22) € Q. Then by the definition of A we have

| A1, w20) = A1, 22)]| = max { max |4 (@1, 220)(t) = A1 (@1, 22)(1)],
t€[0,T]

e [As(n, 220 (1) = Ax(ar, 22)(0)]

59
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in which for ¢ = 1, 2,
|Ai(T1n, T20)(t) — Ai(w1, 22)(1)]

t+T u
S/t Gi(hU)/ |Ciu, 8)|[ fi(z1n(8), 220 (5)) = fi(21(s), 22(s))| ds du

t+T o
+ /t [Rs ()l Hi( w)| + [ri(u)| Gt w)][zin (w — 7i(w)) = i(u — 75(w))| du.

The continuity of f; along with the Lebesgue dominated convergence theorem
implies that

nlgl;o tg%g,)é] |Ai (210, T2n ) () — Ai(x1,22)(t)] = 0.

Thus
lim ”A(l‘lnax%t) - A(‘rth)H =0.

n—o0
This result proves that A is continuous.
We now have to show that A is compact. For n € N, let {(z1n,z2,)} be
a sequence in s, then we have for i = 1,2,

t+T u
|&@mwmmﬂﬁl‘ @mm/‘KMmmmwm@w%@nww

— 00

t+T
+/t [hi(W)[[Hi(t, w)| + [ri(uw)|Gi(t, w)l|2in (v — 7i(w))] du

IN

2
(Liai D0+ T (0 + ﬁiai))M <M.
Thus =t
||A($1nax2n)” S M.

If we calculate (A(21y, x2,)) (t), then for i =1,2,
(Ai(z10, 720))" (1)

t+T u
_ /t [ bs(8) Gt ) + I (1, )] /_ (s 5) fi (21 (5), Tam (5)) ds du

t+T
+ hi(t)zm(t —7i(t)) — / [b5(£) (i (w) Hi(t,u) — ri(u)Gi(t, u))
t
+ ri(uw)HY (¢, u)]zin (v — 7 (w)) du.
Hence, for some positive constant D;, we obtain

[(Ai(@1n, 22n))' (1)]

t+T
s[ OMMme+mmmm/|amwmuM$ummmmu

— 00
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t+T
+ [hi(®)win (t = 7:(8))] + /t (10O (W) | Hi (8 w)| + [ri (u) |G (¢, w))

+ i ()| [H (¢, w)| ] |z (u — 7i(u))| du
2
< (scs +vi) LiM Z 0ji + 0;:M + T'[0;(0iyi + Picwi) + Bivi) M < D.
i=1
Thus
[ (A(21n, 220))'|| < D,

where D = max(Dy, D2). Thus, the sequence (A(Z1y,, Z2y)) is uniformly bounded
and equi-continuous. The Arzela—Ascoli theorem implies that there exists a sub-
sequence (A(Z1n,,%2n,)) of (A(T1n,T2,)) converging uniformly to a continuous
T-periodic function. Thus, A is compact.

For all (1‘11,.1'21), (1‘12,.1'22) S QM, and for 7 = 1,2,

|Bi(x11,221)(t) — Bi(x12, 222)(t)]

t+T
< /t Gi(t, U)‘gz (u, 211 (), 221 (w), 211 (u — 71 (1)), T21 (u — T2 (1))
- Qi(% w21(u), 22(u), T21(u — T1(U)), T22 (U — TQ(U)))‘ du
< Tai(milzii(t) — x21(8)] + nsilz11(t — 71(t) — 221 (8 — 71(2))]
+ 221 () — T22(t)] + Nail@21 (¢t — 72(¢)) — 222(t — T2(1))])

< ) ) — . — _ _

< T (s max |oan () = 21 (0)] + 750 max foan (6= (0) = e = (1)
e max e1(1) = w22(0)] + s ma 221 (1 = 72(1)) = aalt = 7a(0)])

<T i( i + s £) — o1 (¢ i+ s t) — zoo(t )

< Toi| (mi + i) max [on (t) = 22 (O] + (n2i + 1ai) maxc |221(t) = 222(1)]

< 2T,V ( t) — 201 (1)), t) — t),
< 2TaVimax || max |z11(t) — 221 (2)] ax, |z21(t) — w22(t)]

hence B; is a contraction because 2T «;V; < 1. Then
|B(x11,221)(t) — B(w12, 222)()]
= max{|B1(211,%21)(t) — B1(w12,222)(t)],

| B2 (211, 221)(t) — Ba(x12, x22)(t)]},
this implies that

HB($11,IE21) - B(3512, $22)||

< 2TaV max ( maf)%] |x11(t) — $21(t)|,tI€IE&);] |1 (t) — ch2(7§)|),

telo

where aV = max(ay V1, a2Vs). Hence B is a contraction.
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Thus, the conditions of Lemma 2.1 are satisfied and there is a (x1,22) € Qur,
such that (z1,z2) = A(x1,22) + B(x1,x2). O

In the next theorem for i = 2 we relax condition (2.1).

Theorem 2.3. Suppose (1.2)—(1.4), (2.1) for i = 1, (2.2) and (2.3) hold. Suppose
that

2
Loy Z 0ji + T(0ivi + Bicvi) < 1, 1=1,2,
j=1
and 2To;V; < 1, i = 1,2, where V; = max(n1; + n3i, N2: + 14i). In addition, we
assume the existence of continuous nondecreasing function Wy such that

|fa(@1, 22)| < follaa] 22) < NoWa(|2:)
for some positive constant No, and for u > 0 we ask that

WQ(U) TKy < 1-— T(@Q’yg + ﬁgag)

2.6
( ) u + LQNQU - LQNQOZQ

Then (1.1) has a T-periodic solution.

PROOF: Set

(TK1 +L1M1)O&1
1 —=T(017 + fra1)

(2.7) o=

For any (z1,22) € Q,, we have by the proof of Theorem 2.2 that

|E1(z1,22)(t)| < 0.

Thus
|Ba(21, x2)(1)]
t+T
< Ga(t,u)| g2 (u, 21 (u), w2 (u), m1(u — 71 (w)), T2 (u — T2(u)))| du
t
S TKQO{Q,
and

t+T u
As(ar, 22)(1)] < / Galt, ) / 1Ca (1, 9) a1 (3)], 22(5)) ds

— 00

t+T
+ /t [[ha(uw)[[Ha(t, w)| + [r2(u)|Ga(t, w)l|z2(u — 2(u))| du
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t+T u
< NQWQ(U)/ Gg(t,u)/ |C2(u, s)| ds du
¢

t+T
+ 0/ [[h2(w)| [ Ha(t, u)| + |r2(uw)|Ga(t, u)] du
t
S LQNQO[QWQ(J) + T(GQ"}/Q + /82052)0—.
As a consequence of (2.6), we get

(TK2+ LaNoWs (o)) <g
1-— T(GQ"}/Q —+ /82052) =7

so, we have
(TK2 + LQNQWQ(O’))OQ < (1 — T(92’72 + ﬁQOég))O‘.
This implies that

|Eo(21,22)(t)] < TKaag + LoaaNoaWa (o) + T(0272 + Bac2)o
< (1 — T(@Q’)/Q + ﬁgOéQ))O’ + T(QQ'YQ + 620&2)0’ = 0.

The rest of the proof follows along the lines of the proof of Theorem 2.2. O
In the next theorem for ¢ = 1 we relax condition (2.1).

Theorem 2.4. Suppose (1.2)—(1.4), (2.1) for i = 2, (2.2) and (2.3) hold. Suppose
that

2
Lioi Y 0ji + T(Oivi + Bicw) <1, i=1,2,
j=1

and 2T«;V; < 1, i = 1,2, where V; = max(n1; + 73, M2; + Mai). In addition, we
assume the existence of continuous nondecreasing function Wy such that

|fi(21, 22)| < fi(wn, [22]) < NiWi((|z2])

for some positive constant N1, and for u > 0 we ask that

TK 1-T(0
(2.8) Wi(u) n L (01 +ﬂ1041).
U LiNiu LiNiay
Then (1.1) has a T-periodic solution.

The proof follows along the lines of the proof of Theorem 2.3, and hence we
omit it here.
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3. An example

Example 3.1. Consider the following coupled integro-differential system

1 1 1 . 2 .
) (t) + Ezll (t) + 1—03391(15) =15 sin(z1(t)) + 108 sin(z2(t))
1 . 3
+ 108 sin(z1 (t — 2m)) + 108 sin(za(t — 4m))
2 .
+ 108 sin(t)z} (t — 2m)

Pl—e o1 1
- + [m We_ t+ 6(1—0 sin(xl(s)) —+ 1—03 Sin(l‘Q(S))) dS,
(.1) 1

" L, 2 1.
x5 (t) + EzQ(t) + 1—03392 (t) = 108 sin(z1(t)) + 108 sin(z2(t))

3 . 1 .
+ 109 sin(z1 (t — 2m)) + 109 sin(za(t — 4m))

3 .
+ 108 sin(t)zy(t — 47)

toq . 1 .
+/001_09€ t+ (1_02 Sm(xl(s))+1—msm(x2(s))) ds.

Then

1 1
pl(t)_pQ(t):Ea Q1(t)ZQQ(t):1_03a T = 2m,
n(t) = om, (t) = 4, e (t) 1108 sin(t),
ea(t) = 1—g’gsm(t), Ci(t,s) = 1;176082“5“25, Ca(t, s) 13)9 —t+s,
g1(t, 21 (t), 22(t), 21 (t — 27), z2(t — 4m))

1. 2 L. 3
=10 sin(z1(t)) + 109 sin(za(t)) + 108 sin(z1 (t — 2m)) + 108 sin(z2(t — 4m)),

QQ(t, T (t), T2 (t), T (t — 271'.), LL‘Q(t — 47'5))

2 . 1 . 3 . 1 .
=108 sin(x1(t)) + 108 sin(x2(t)) + 109 sin(x1(t — 2m)) + 109 sin(xa(t — 4m)),

and
fi(z1(t), z2(t)) = % sin(z1(t)) + %03 sin(z2(t)),

Falas (6, 22()) = 75 sin(an (1)) + o sin(aa(1)).



Analysis of periodic solutions for nonlinear coupled integro-differential systems 65

Hence

|gl(t, l‘l(t), l‘g(t), l‘l(t — 2%), l‘g(t — 4’}'5))|

)

2 1 3
< 109 |l‘1(t)| + 1—09|£L'2(t)| + 1—08|l‘1(t - 2TE)| + 1—08|ZL'2(t - 4TE)|
|92(t, w1(t), w2(t), w1 (t — 2m), w2 (t — 47))|

2 1 3 1
< 1—()8|351(7f)| + 1—08|»’U2(75)| + 1—09|$1(t —2m)| + 1—09|5102(7f — 4m)|,
|Fa(ar,@2)] < ol (0] + Toglea()
11, X2)] = 10 L1 103 L2\1)],
and ) 1
il 22| £ To5ler (0] + 7ol (o)
So,
1 2 1 3
M1 = 109 N21 = 109 31 = 108 a1 = 108
2 - 3 1
M = 108’ 122 108’ N32 = 1097 142 1097
1 B B 1
011 = 10’ 021 103’ 012 = 102’ 022 104"
We check the conditions of Lemma 1.1 for ¢ = 1,2,
t+2n eff(l/n) du 1
R, = —————— — ds| ~ 0.003,
ter[%:cg;n] /t eJom(1/mdu _ 1103 §

2n 2
0 = (1 + eJirasm du) R2 ~ 0.0006,

and
i

U (o Jgm/mydu _ 1) ~ 5.0842 > 1
2mQ; (e ’ =5

this implies
a;(t) =0.0032, b;(t) = 0.3152, i=1,2.

We check the conditions of Lemma 1.5

27
T = / %du =2, A; = (2m)2e(1/20 5T n(1/10%) du g 9395
0

and

22 >4-0.0395 = I'? > 4A,, i=1,2,



66 B. Mansouri, A. Ardjouni, A. Djoudi

then we have for i =1, 2,

2n 27
min {/ 0.0032 du,/ 0.3152 du} >
0 0

~

2n 21
max {/ 0.0032 du,/ 0.3152 du} <
0 0

~

N~ N~ N N

By Corollary 1.6, we get

2 omels (1/m) dv . .
(el9801 _ 1)z = 0.1611 < Gi(t, s) < (009 — 132 = ~ 1.15-10°, i=1,2,
o1.9801
[Hi(t,9)| < gme—7 =361 102,  i=1,2.
eY- —
We obtain

a; =1.15-10°, ~; =3.61-10%, X, =0.0032, &; = 0.3152, i=1,2,

2 2
6, — hi(t)] = ¢ = _sin(t ’ -
! tg[loai” )] = té?oag(n] ler(®)] = [o%%in] 108 sin(t) 108’
3 3
6, = ha(t)] = t)| = 2 sin(t ’ -2
2 tg[loai” )] = I?oagn] le2(®)] = te[og,%(n] 108 sin(t) 108’

Pr= max |ri(t)| = max lai(t)er(t) + ¢ (1))

te[0,27) te[0,27)
2 2.0064
_ 9. 2 o ‘7 7
e 100032 77 sin(t) + 108 0 10°
= = ¢
B = nax Ira2(t)] = nax, laz(t)ea(t) + ca(t)]
3 3 3.0096
- 0.0032 - —— sin(t) + —— t‘:—,
te[0.7] T8 S1n(t) + 7g8 cos()] = 7w
101 101
[fi@r(®),z2())] < My = 355, [f2(2a(t), 22())] < M2 = 17,
43
|gl(ﬁ,l‘1(ﬁ),l‘2(f),l‘1(ﬁ — 27E),])2(t — 4%))| S K1 = 1—09,
34

l92(t, 21(t), 22(t), 71 (t — 21), 22(t — 4m))| < Ko = 109’
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t+27 on
1 —€ —2u+2s 0.9982
/ / IV dsdu < In = — 5=
t+2m
2n
e "t ldsdu < Ly = —.
/ / sdu s Lo 109
Therefore,
2
Liar Y ojn + T (0171 + frar) = 0.0145 < 1,
j=1
2
Loaz Y 0jo + T(0272 + Bocz) = 0.0218 < 1,
j=1
and

v (i + o) ( 1 n 1 2 n 3 ) 32
= ma = ma 70 T 7w T Tho
1 X(M11 + 7131, M21 + M41 709 T 1087 10° " 108 109’

10°
2 3 1 1) 23
108

Vg:max(7712+7732,7722+7742):max( + 109,1084-1—09 = 109"
S0,
5 32
2T Vi = 4m-1.15- 10 100 = =0.0462 < 1,
2
2T Ve = 4m-1.15- 10° - 1039 =0.0332 < 1.

The conditions of Theorem 2.2 are satisfied, then (3.1) has a 2n-periodic solution.
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