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Abstract. We prove that if the average number of Sylow subgroups of a finite group is

less than 4—51 and not equal to 24—9, then G is solvable or G/F(G) = Ay. In particular, if the

average number of Sylow subgroups of a finite group is 2749, then G/N 2 As, where N is the
largest normal solvable subgroup of GG. This generalizes an earlier result by Moreté et al.
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1. INTRODUCTION

In this paper, groups under consideration are finite. We denote by 7(G) the set
of prime divisors of the order of the group G, and by n,(G), the number of Sylow
p—subgroups of G. The Fitting subgroup of G denoted by F(G), is defined as
the largest nilpotent normal subgroup of G. All further unexplained notations are
standard and can be found in [2].

Let S = S(G) = {p € 7n(G): np(G) > 1}. In [5], the average number of

Sylow subgroups of a finite group G is defined as asn(G) = > n,(G)/|5].
peS(G)
In [1], > n,(G) is denoted by do(G). So, we have asn(G) = 6o(G)/|S|. When
peS(G)

asn(G) < 7, it is proved that G is a solvable group, see [5], Theorem A. Also, in [4],
it is proved that if G is a finite non-solvable group such that asn(G) < %, then
G/F(G) = As. In fact, they proved that G/N = As, where N is the largest normal
solvable subgroup of G, and then they proved that N is nilpotent. So N = F(G).
Authors in [4] pose the following open question.
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Question. What is the best possible value of C' > % such that if G is non-solvable
and asn(G) < C, then we still get that G/F(G) = As?

In our main theorem, we show that if C' < 2 and asn(G) # 22, then G/F(G) = A,
and if C' = %, then G/N = As, where N is the largest normal solvable subgroup
of G, but N is not nilpotent and then N # F(G). For example, let N be 23 : 7,
the extension of an elementary abelian of order 8 by a group of order 7 (Frobenius
group) and G = As x N. Then N is the largest normal solvable subgroup of G,
n2(G) = 5, n3(G) = 10, n5(G) = 6 and n7(G) = 8. Thus, asn(G) = 2, G/N = A;,
but N # F(G).

Our main theorem follows.

Theorem 1.1. If G is a finite non-solvable group with asn(G) < 4 and
asn(G) # 22, then G/F(G) & As. If asn(G) = 2, then G/N = As, where N
is the largest normal solvable subgroup of G.

We need the following lemmas to prove the main theorem.

Lemma 1.1 ([6], Lemma 1). Let G be a group and N be a normal subgroup of G.
Then n,(N)n,(G/N) | ny(G) for every prime p.

Lemma 1.2 ([3], Theorem 9.3.1). Let G be a finite solvable group and |G| = m-n,
where m = p{*...p%", (m,n) = 1. Let # = {p1,...,pr} and h,, be the number of
mw-Hall subgroups of G. Then h,, = qlﬂ L...q% satisfies the following condition for all
1€{1,2,...,s}: q;@ =1 (mod p;) for some p;.

2. PROOF OF THE MAIN THEOREM

Since G is a finite non-solvable group, it has the normal series 1 < N < H < G
such that H/N is a direct product of isomorphic simple groups, and N is the maxi-
mal solvable normal subgroup of G. We show that H/N = As. If |S| > 8, then
asn(G) > 3HAL048+12414418420 4l 5 contradiction. Hence, |S| < 7. Since
asn(G) = S(G)/|S] < 4, we have §(G) < 7 x L. It follows that Jo(G) < 57.4.
By [1], Corollary 1.8, there exists a prime p € 7(G) such that n,(H/N)? > |H/N|.
Since Jo(G) < 57.4 and ny(H/N) < np(G), we have n,(H/N) < 58. Hence,
|H/N| < 582 = 3364 < 60> = |A5|2. But by [2], the simple non-abelian groups
of order less than 3364 are: As, Ag, A7, PSL(2,7), PSL(2,8), PSL(2,11), PSL(2,13)
and PSL(2,17). It is easy to check that §o(T) > 58 when T = Ag, A7, PSL(2,7),

PSL(2,8), PSL(2,11), PSL(2,13) and PSL(2,17). Therefore, H/N = A5, PSL(2,7).
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If H/N = PSL(2,7), then {2,3,7} C n(G) and by Lemma 1.1, no(PSL(2,7)) =
21 | n2(G), ng(PSL(2,7)) = 28 | n3(G), n7(PSL(2,7)) = 8 | n7(G). On the other
hand, we have |S| < 7.

If |S| =3, then asn(G

If |S| =4, then asn(G

If |S| =5, then asn(

If |S| =6, then asn(G

If |S| =7, then asn(G , a contradiction.

Therefore, H/N = As. Now, if we set H := H/N = A5 and G := G/N, then

2142848 _ 57 > 4 | a contradiction.

214281648 _ 8 > 2L a contradiction.

2
2
1
w = % > %, a contradiction.
2
2

w = % > %, a contradiction.

14284648+12414+18 __ 107 - 41
7 -7 5

~— — — ~— ~—

\AR\VAR\VAR\VAR\

As

I

H = HCg(H)/Cq(H) < G/Cq(H) = Ng(H)/Cg(H) < Aut(H).
Put K ={z € G: zN € Cz(H)}, so G/K 2 G/Cx(H). Hence,
A5 S G/K S Aut(A5) = S5.

Let G/K = S5. By Lemma 1.1, ny(S5) = 15 | n2(G), ng(Ss) = 10 | n3(G),
n5(S5) = 6 | n7(G). Since |S| < 7, we consider the following cases.

|S| = 3: Then asn(G) > 13046 = 3L 5 4 "4 contradiction.

|S| = 4: Then asn(G) > 12H0048 — 39 » 41

|S| = 5: Then asn(G) > =3l > 4 a contradiction.

|S| = 6: Then asn(G) > 1510464841241 — 65 41 5 contradiction.

|S| = 7: Then asn(G) > 12H104L018412414418 —_ 83 > 4l 4 contradiction.

Therefore, G/K = As.

We show that K = N. Suppose that K # N. Since Cz(H) = K/N and N is the
maximal solvable normal subgroup of G, we have that K is a non-solvable normal
subgroup of G. On the other hand, by Lemma 1.1, na(As) = 5 | n2(G), n3(4s) =
10 | n3(G) and ns(As) = 6 | n5(G). By Lemma 1.1, we have n,(K)n,y(A4s) | np(G)
for every prime p € w(G). Since K is a non-solvable group, we have ny(K) > 3.
Thus, na(G) > 15. Similarly to the case G/K = Ss, since asn(G) < 3 and |S] < 7,
we get a contradiction. Therefore, K = N.

Now, we show that if asn(G) # 22, then N = F(G). It is sufficient to prove that N
is nilpotent. By the above discussion, n,(N) = 1 for every prime p € {2,3,5}.
Assume that there exists a prime r > 17 that divides |G|. If n,.(G) > 1, then
n,(G) > 18. Since asn(G) > W = %, we get a contradiction. It follows that
ny(G) = 1 for every r > 17. Therefore, n,(N) = 1 for every r > 17. Assume that
there exists a prime r < 13 such that n,(N) # 1. So, r =7, 11 or 13.

If 7 = 13, then ny3(N) = 14. Because if ni3(N) > 27, then n13(G) > 27, we get
a contradiction by asn(G) < 4. Hence, ny3(NN) = 14. By Lemma 1.2, 2 = 1 mod 13,
a contradiction.

, a contradiction.
15+10+6+8+12
5
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If r = 11, then ny1(N) = 12. Because if ny1(N) > 23, then n11(G) > 23, we get
a contradiction by asn(G) < %. Hence, n11(N) = 12. By Lemma 1.2, 4 = 1 mod 11,
a contradiction.

If r = 7, then n7(N) = 8 or 15. Because if ny(N) > 22, then ny(G) > 22,
we get a contradiction by asn(G) < 4. Hence, n7(N) = 8 or 15. In the case of
n7(N) = 15, by Lemma 1.2, 3 = 1 mod 7, a contradiction. Thus, n7(N) = 8. Since
n7(N) | n7(G) = 1 + 7k, we have n7(G) = 8. On the other hand, since 5 | n2(G),
10 | n3(G), 6 | n5(G) and asn(G) < &, we have ny(G) = 5, n3(G) = 10, n5(G) = 6,
and there is no prime p € 7(G) with n,(G) > 1. Hence, asn(G) = 5+10E048 — 29
a contradiction. Therefore, N is a nilpotent subgroup of G, and so N = F(G).
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