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Abstract. The aim of this note is to offer an algorithm for studying solutions of infinite lin-
ear systems associated with group inverse endomorphisms. As particular results, we provide
different properties of the group inverse and we characterize EP endomorphisms of arbitrary
vector spaces from the coincidence of the group inverse and the Moore-Penrose inverse.
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1. INTRODUCTION

For an arbitrary (n x n)-matrix A with entries in a general field k, the index of A,
i(A) > 0, is the smallest integer such that rk(A*A)) = rk(A4¥A)+1),

If Mat,, x (k) is the set of n x n matrices with entries in k, it is known that, given
a matrix A € Mat,, x,(k), the system of equations

AXA=A, XAX =X, AX=XA

has a solution if and only if i(A) < 1 and the solution is unique. This solution
is the “group inverse” of A, is denoted by A# and satisfies several properties, see
Subsection 2.2.

This notion can be immediately extended to endomorphisms of finite-dimensional
vector spaces over C. Thus, given a finite-dimensional C-vector space E, an endo-
morphism f € Ende E has the index i(f) < 1 (Im f2 = Im f) if and only if there
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exists an endomorphism f# € Endc E such that:
foffof=f [Fofoff=f* [Tof=fof"

The endomorphism f# is the “group inverse” of f. Recently, in [6], the author
has extended the notion of group inverse to finite potent endomorphisms of arbitrary
vector spaces.

The aim of this note is to offer an algorithm for studying the solutions of infinite
linear systems associated with group inverse endomorphisms. The main tools for
this algorithm are the explicit expression of the group inverse of a linear map on
infinite-dimensional vector spaces offered in Theorem 3.6 and the characterization of
the EP endomorphisms obtained from Propositions 4.3 and 4.4.

The paper is organized as follows. For the sake of completeness, in Section 2 we
recall the basic definitions and properties of the Drazin inverse, the Moore-Penrose
inverse and the group inverse of a square matrix, and of the Moore-Penrose inverse of
a linear map on an arbitrary vector space. Section 3 contains the explicit expression
of the group inverse of an endomorphism on an infinite-dimensional vector space and
various properties of the endomorphisms admissible for the group inverse. Section 4
deals with the determination of the structure of EP endomorphisms from the coin-
cidence of the group inverse and the Moore-Penrose inverse. Finally, Section 5 is
devoted to offering the algorithm that allows us to study the solutions of infinite
linear systems associated with group inverse endomorphisms.

To finish this introduction, we wish to remark that all the results of this work are
valid for infinite matrices associated with group inverse endomorphisms.

2. PRELIMINARIES

2.1. Drazin inverse of (n x n)-matrices. Let A be an (n X n)-matrix with

entries in C.

Definition 2.1. The index of A, i(A) > 0, is the smallest integer such that
rk(AYA)) = rk(A* A+,

In 1958, Drazin in [5] showed the existence of a unique (n xn)-matrix A” satisfying
the equations:
> ARTLAD = A for k = i(A),
> APAAP = AP,
> APA = AAP.
The Drazin inverse AP also verifies that
> (AP)P = A if and only if i(A4) < 1,
> if A2 = A, then AP = A.
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2.2. Group inverse of a finite matrix. Given a matrix A € Mat,, «,(k), the
system of equations

AXA=A, XAX =X, AX=XA

has a solution if and only if i(A) < 1 and the solution is unique. This solution is the

“group inverse” of A, is denoted by A# and coincides with the Drazin inverse AP.
If A € Mat,, (k) with i(A) < 1, then the group inverse A# satisfies the following

properties:

> If A is nonsingular, then A% = A1,

> (AF)# = A.

> (AY)# = (A7)!, where A! is the transpose of A.

> If n € ZF, then (A™)# = (A#)".

> A is EP if and only if A% = AT,

2.3. Moore-Penrose inverse of a linear map over arbitrary vector

spaces.

2.3.1. Moore-Penrose inverse of an (n x m)-matrix. Let C be the field.
Given a matrix A € Mat,, x,,(C), the Moore-Penrose inverse of A is a matrix AT €
Mat,, »n (C) such that:
> AATA = A,
> ATAAT = At
> (AAT)* = AAT,
> (ATA)* = ATA,
and B* being the conjugate transpose of the matrix B.

The Moore-Penrose inverse of A always exists, it is unique, [Af]T = A, and, if
A € C™ " is nonsingular, then the Moore-Penrose inverse of A coincides with the
inverse matrix A~".

For details, readers are referred to [3].

2.3.2. Moore-Penrose inverse of a linear map over arbitrary vector
spaces. Let (V,g) and (W, g) be inner product vector spaces over k with k = C
or k =R.

Given a linear map f: V — W, the linear map f*: W — V is a reflexive gener-
alized inverse of f when
> foftof=Ff,
> ffofoft=f+.

Definition 2.2. Given a linear map f: V — W, we say that f is admissible for
the Moore-Penrose inverse when V = Ker f @ [Ker f]+ and W = Im f & [Im f]*.
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If (V,g) and (W,g) are inner product spaces over k and f: V — W is a linear
map admissible for the Moore-Penrose inverse; then according to [2], Theorem 3.11,
there exists a unique linear map ff: W — V such that:

(1) f1is a reflexive generalized inverse of f,
(2) fTofand fo ff are self-adjoint, that is:
(a) g([fT o fl(v),v") = g(v, [fT o f](v)),
(b) g([f o fT](w), w") = g(w, [f o fT](w))
for all v,v' € V and w,w’ € W. The operator f' is named the Moore-Penrose
inverse of f and is the unique linear map satisfying that

(2.1) fT(w) _ { (f|[Kerf]L)7 (w) fwelmf,

0 if w e [Im f]*.

The Moore-Penrose inverse fT: W — V also satisfies the following properties:
> f1 is admissible for the Moore-Penrose inverse and (f7) = f,
> if f € Endg(V) and f is an isomorphism, then f = f=1,
> fTof:P[Kerf]ia
> fofl=Pumy,
where Plke, sj+ and Pi ¢ are the projections induced by the decompositions V' =
Ker f @ [Ker f]* and W = Im f @ [Im f]*, respectively.
For details on this Moore-Penrose inverse the readers are referred to [2].

3. GROUP INVERSE ENDOMORPHISMS

Let k be a field, let V be an arbitrary vector space (in general, infinite-dimensional)
and let f: V — V be an endomorphism.

Definition 3.1. Given an endomorphism f € End(V), we say that f# ¢
Endg (V) is a group inverse of f when:
> foffof=f,
> f#ofof#=f#,
> fof#=f#of.

Remark 3.2. Note that an endomorphism f € Endy (V) satisfies the conditions
of Definition 3.1 if and only if

> f2o f# =f,
> fFofof#=f#,
> foff=fFof,

which is a generalization of the definition of the Drazin inverse of a square matrix A
with i(A) = 1, see Subsection 2.1.
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The characterization of group inverse endomorphisms on an arbitrary vector space
was made in 1968 by Robert. Thus, given an endomorphism f € Endg(V'), according
to [7], Theorem 4, we know that the following conditions are equivalent:

(1) f# exists,
(2) V=Kerf®Imf,
(3) Ker f = Ker f? and Im f = Im f2.

Moreover, if f# exists, it follows from [7], Theorem 1 that
> Ker f = Ker f# and Im f = Im f7#,
> (fF)F = f,
> fo f# is the projection on Im f, along Ker f.

Accordingly, given an endomorphism f € Endg(V), we have that f is a group
inverse endomorphism if and only if V' = Ker f ® Im f.

Remark 3.3. If E is a finite-dimensional k-vector space and f € Endy(E), it
is known that F = Ker f @ Im f if and only Ker f N Im f = {0}. However, this
equivalence is not true for infinite-dimensional vector spaces. Indeed, if we consider
the k-vector space V = (v;);en and the linear map f: V — V defined by:

0 if 4 is odd,
flvi) = o
viyo if @ is even

for all 7 € N, one has that

Ker f = (vai-1)ien and Im f = (vai2)ien-
Thus, Ker f NIm f = {0} but V # Ker f @ Im f because ve ¢ Ker f 4+ Im f.

Remark 3.4. Similarly to Remark 3.3, if f € Endy(F) with E being a finite-
dimensional k-vector space, it is clear that Im f = Im f2 if and only if Ker f = Ker f?2,
but this property does not hold true for infinite-dimensional vector spaces.

A counter-example is the following: let us consider the vector space V7 = (v;)iez
over an arbitrary field k& and the linear map f: Vz — V7 defined by

V; if 1 <0,
foy=4 "
0 if 7 > 0.
Thus, Im f = Im f2 = (v;)i<1, but v € Ker f2 and vy ¢ Ker f.

The explicit computation of A% for an n x n-matrix A was given in [7], Section 12.
We now provide the explicit expression of f# for a group inverse endomorphism
f € Endi (V) on an arbitrary k-vector space V.

Lemma 3.5. If f € Endy(V) is a group inverse endomorphism, then f, . €
Auty(Im f).

755



Proof. Consider the linear map f|, ,: Im f — Im f. Since Ker f NIm f = {0},
then Ker(f|,,, ;) = {0} and f,, is injective. Also, if ¥ € Im f and ¥ = f(v), writing

v=v1+ f(v2) with vy € Kerf and f(v2)€Imf,

one has that
v=f(v) = f(f(v2))
and we conclude that f| . is surjective. Thus, f, . € Auty(Im f). O

Theorem 3.6. If f € Endy (V) is a group inverse endomorphism, then f# is the
unique linear map satisfying

a1 ) = 0 if v € Ker f,
(3.1) () = (Fru,) " '(v) ifvemf.

Proof. Let us assume that f# exists. Given v € Ker f, then
@) = fF(7(f@) =0,
and if v € Im f, one has that
() =v with f#(v) €lm f = [ (v) = (fi,.,) " (v),

which makes sense from Lemma 3.5. Hence, f# is the unique linear map satisfy-
ing (3.1).
Accordingly, the statement is proved. ([l
Given A € Maty,xn(k), note that it follows from Remark 3.3 and Theorem 3.6
that A% exists if and only if N(A) N R(A) = {0}, which is equivalent to i(A) < 1.

Example 3.7. If ¢ € Endi(V) is a finite potent endomorphism with i(¢) < 1,
it is known that V' = Kerp @ Im @, see [6] for details. Thus, every finite potent
endomorphism ¢ with i(p) < 1 is a group inverse endomorphism.

Lemma 3.8. An endomorphism f € Endy (V) is a group inverse endomorphism
if and only if Ker f = Ker f™ and Im f = Im f" for every n € N.

Proof. The statement is a direct consequence of [7], Theorem 4 because, given
a natural number n € N, one has that

Kerf=Ker f2 e Kerf =Ker f* and Imf=1Imf? < Imf=1Imf"
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Corollary 3.9. If f € Endg (V) is a group inverse endomorphism, then f™ is also
a group inverse endomorphism for all n € N.

Proof. The claim is a direct consequence of Lemma 3.8. ([
Lemma 3.10. If f € Endy (V) is a group inverse endomorphism, then (f")# =
(f#)™ for alln € N.

Proof. Since Ker f = Ker f™ and Im f = Im f™ for all n € N (see Lemma 3.8),
one has that (f™)# is the unique linear map (f")# € End(V) satisfying

(f)#(0) = {0 if v € Ker f»
(F "V o) () if v €Im f
0 if v € Ker f,
- {((flmf)‘l)"(v) if v € Im f,
which coincides with (f#)". 0

Proposition 3.11. If f € Endi (V) is a group inverse endomorphism, and we put
f9=(f*) forall j €N and f° = f o f#, one has that

flofs =" forevery h,s e Z.

Accordingly, the set {f'};c7 is an Abelian group under the composition of linear
maps with the identity element f°.

Proof. The statement is a direct consequence of the basic properties of the group
inverse of a finite potent endomorphism (see Definition 3.1), the characterization
of f#, see Theorem 3.6 and Lemma 3.10. O

Example 3.12. Let Vy be a vector space of countable dimension over an ar-
bitrary field & with the basis {v1,vs,vs,...} indexed by natural numbers. If we

consider o
2’U4j_3 + V452 — 4’U4j ifi = 45 — 3,

51)4;'73 + 3U4j,2 — 91)4j ifi =45 —2,
floi) = o
V4j—3 + V4j—2 — Vy4j ifi=45—-1,
0 if 1 =4j
for all j € N, one has that

Ker f = Ker f2 = (—204j_3 + v4j_2 — Vaj_1,Vaj) jen

and

Im f = Im f? = (vg—3 — 304, Va2 + 204;) jen-
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Accordingly, f is a group inverse endomorphism and a nondifficult computation
shows that

U453 — Vaj—2 — 11vy; if i =45 — 3,
—5v45_3 + 20452 + 19vy;  if i =45 -2,
—1lvgj—3 +4vgj_o +41lvy; ifi=45-1,
0 if i =4y

f#(vi) =

for all j € N.

4. RELATION OF THE GROUP INVERSE WITH THE MOORE-PENROSE INVERSE

Henceforth, (V) g) is an inner product vector space over k with k = C or k = R.
This section is devoted to studying the relationship between the group inverse and
the Moore-Penrose inverse of an endomorphism f € Endg (V).

Recall from Subsection 2.3 that a linear map f: V — W is admissible for the
Moore-Penrose inverse when V = Ker f @ [Ker f]+ and W = Im f @ [Im f]*.

According to [4], Lemma 2.1, the following definition makes sense.

Definition 4.1. We say that an endomorphism f € Endy (V') admissible for the
Moore-Penrose inverse is EP when

foff=ftof.

Lemma 4.2. If f € Endg(V) admissible for the Moore-Penrose inverse is EP,
then f is a group inverse endomorphism.

Proof. According to definition of the Moore-Penrose inverse, if f is EP, then
f=1ofl=flof

Thus, if v = f(v’) € Im f, one has that
v=fA(f1(v") € Im f*

and deduces that Im f = Im f2.

Moreover, for every v € Ker f2, one has that f(v) = fT(f?(v)) = 0 and, therefore,
Ker f = Ker f2.

Hence, bearing in mind (see [7], Theorem 4), one concludes that f is a group
inverse endomorphism. O

Proposition 4.3. An endomorphism f € End(V) admissible for the Moore-
Penrose inverse is EP if and only if f is group invertible and f# = f1.
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Proof. If f € Endi(V) admissible for the Moore-Penrose inverse is EP, since f
is admissible for the Moore-Penrose inverse and

> f=foflof,
> ft=flofofl,
> flof=foff,

it follows from Definition 3.1 that f is group invertible and f# = ft.
Conversely, if f is admissible for the Moore-Penrose inverse, f is group inverse
and f# = f1, one has that

foft=foff=fFof=flof
and f is EP. O
Proposition 4.4. An endomorphism f € Endg(V) admissible for the Moore-

Penrose inverse is EP if and only if [Ker f]* = Im f and [Im f]* = Ker f.

Proof. If [Ker f|* = Im f and [Im f]* = Ker f, then the explicit expression of
the Moore-Penrose inverse (2.1) and the group inverse (3.1) coincide. Hence, f# = f1
and f is EP.

Conversely, if f is EP, it follows from Proposition 4.3 that T = f# and, therefore,
one has that

[Im f]* = Ker fT = Ker f# = Ker f, Imf=1Imf* =Im fT = [Ker f]*.

Accordingly, the statement is proved. O

5. INFINITE LINEAR SYSTEMS

Finally, we apply the previous results of this work to offer an algorithm that
allows us to study the solutions of linear systems associated with group inverse
endomorphisms on infinite-dimensional k-vector spaces.

If V is an infinite-dimensional vector space and f € Endg (V) is a group inverse
endomorphism, a linear system associated with f is an equation

(5.1) F) = v,

where v € V.
The infinite linear system (5.1) is consistent when there exists a vector z, € V
such that f(z,) = v. Indeed, the system (5.1) is consistent if and only if v € Im f. In
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this case, the vector x, is named a particular solution of this system and the general
solution is the set of vectors {z, + Ker f} C V.

Since f is a group inverse endomorphism, it is known that:

> The infinite linear system (5.1) is consistent if and only if (f o f#)(v) = v.

> If (5.1) is consistent, then f#(v) is a particular solution of this system.

Moreover, if (V, g) is an inner product vector space over k, with k = C or k = R,
and f is EP, according to Proposition 4.3 and Proposition 4.4 of [2], one has that
f#(v) is always the minimal least g-norm solution of the system (5.1).

Thus, an algorithm for studying the solutions of the infinite linear system (5.1) is
the following:

(1) Compute Im £, Tm 2, [Im f]*, Ker f, Ker f? and [Ker f]*.
(2)
3)
(4) Check if (f o f#)(v) = v for studying the consistence of the system.
(5)

Determine whether f is EP from the statement of Proposition 4.4.

Calculate f# from the explicit expression offered in Theorem 3.6.
When the system is consistent, compute the general solution
z = f#(v) + Ker f.

(6) If the system is not consistent and f is EP, calculate the minimal least g-norm
solution f#(v).

Example 5.1. Let (V,g) be an inner product vector space of countable dimen-
sion over k. Let {v1,v2,v3, ...} be an orthonormal basis of V indexed by the natural

numbers. If (x;);en € @ k, since z; = 0 for almost all i € N, we write z = (z;) to
ieN
denote the well-defined vector

x:in'viEV.

ieN
If & = (a;)ien €V, let us consider the infinite linear system:

(5.2) 5%gi—5 — 6Tgi—a + 22x6i—2 + TTei—1 — 33T6; = gi—s,
3x6i—5 — 464 + 16w6;—2 + 13x6;—1 — 41T6; = Qpi—4,

3x6;—3 — 6T6;—2 + 8xgi—1 — 10x6; = 63,

—4x6,—1 + 816; = Qpi-1,

—4x6;—1 + 8xe; = Qus;
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for all : € N, which is clearly associated with the group inverse endomorphism

5V; + 3541 ifi =65 — b,
—6v;_1 — 4v; ifi =65 — 4,
3v; ifi =65 — 3,
flvi) = e
22v;_3 + 16v;_o — 6v;_1 ifi =65 — 2,
Tvi—4 + 13v;_3 + 8v;_o — 4v; — 4v;41 ifi=65—1,

—33v;_5 —41v;_4 — 10v;_3 + 8v;_1 + 8v; if i = 6,

for every j € N. One can check that

Ker f = Ker f2 = (dvgi—5 + Tvgj_4 + 2063 + V6j—2,

— Tvgi—5 — 654 — 20653 + 2061 + V6;5) jeN

and

2
Im f =1Im f* = (2v6;—5 + Vej—4, Vsj—5 + V6j—a, Vs;j—3,

— 4vgi—5 — SUgj—4 — 2V6j—3 + Usj—1 + Vsj)ieN-

Note that (Ker f)* # Im f and (Im f)* # Ker f and, therefore, f is not EP.
Hence, from a nondifficult computation, one has that

205 4+ 3vig if i = 65 — 5,
—3vi—1 — 2v; if i =65 — 4,
o) = Ui | ifi =65 — 3,
13vi-3 + Bvi_o — 2v;4 if i = 65 — 2,
—5v;_4 — %Ui_g + %vi_g — %vi — i“i+1 ifi =65 —1,

7 1 1 1 'y :
—3vi—5 — 3Vi—4 — Vi3 + 3Vi—1 + 3v; i i =6

for every j € N.
Accordingly, one has that

v, ifi—6j—5,
v, if i = 65 — 4,
—u; ifi—6j —3,

(f o f#)(vi) = e
—4v;_3 — Tv;_o + 2v; 1 ifi = 65 — 2,
Tv;—4 + 903 + 20,3 — v; — Viy1 ifi=06j5-1,

—Tvi—5 — Qg — 20;_3 + 2v;_1 + 2v; if i = 67,
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for every j € N and

a=(w)ien €Imf & (fo f#)(a) —a o {a6i1 = g,

agi—2 =0

for all ¢ € N, and, when « € Im f, the vector 8 = (5;)ien € V with

3 5 31
Bei—5 = 206i—5 — 3ai—4 — 8agi, Pei—a = 506i—5 — 506i—4 — O3,
1 1
Bei—3 = 306i-3 + §Q6ir Bei—2 =0,
1 1
Bei—1 = 7060 Bei = 706

for all 7 € N is a particular solution of the system (5.2).
Accordingly, when « € Im f, we have that

z =+ (dvei—5 + Tvgj—a + 206—3 + Vsj—2,

— 77}61’—5 — 9U6j_4 — 2U6j_3 + 2U6j_1 + U6j>jEN

is the general solution of the infinite system (5.2).

Remark 5.2. We wish to point out that the above method for computing explicit
solutions of infinite linear systems is not a particular case of the algorithm offered
in [1] because, in general, a group inverse endomorphism is not finite potent.

Example 5.3. With the notation of Example 5.1, if @ = (;)ien € V, let us
now consider the infinite linear system

(5.3)  Z10i — T10i—6 = Q10i—8, L10i—2 = X10i—6+ T10i—8 = Q10i—4,

Z10i—4 = (10i—2, Z10i—6 + T10i—2 = 101,

for all 7 € N, which is clearly associated with the group inverse endomorphism
0 if ¢ is odd,

Vit4 if i =105 — 8,

—Vi—2 + Vite if 1 =105 — 6,

g(vi) = . .
Vit if i =105 — 4,
Vi—4 + Vig2 if 1 =105 — 2,

Vi—8 if i = 10j

for every j € N and where Ker g = (vo;_1)ien, Im g = (va;)ien, (Ker g)* = Im g and
(Img)* = Kerg.
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Hence, bearing in mind that the group inverse of g is

0 if ¢ is odd,
Vits ifi =105 — 8,
) = —U; + Vigq — Vipe if i =105 — 6,
Via if i = 105 — 4,
Vio if i = 105 — 2,
Vi—6 + U4 if i = 104

for every j € N, one has that
a=(a;)ien €EImg & (gog?)(a) =a < agi1 =0 forallicN,

and, in this case, the vector 8 = (5;)ien € V with

B2i—1 =0, B1oi—8 = Q10i—4, P10i—6 = 10i — Q10i—6,

B1oi—4 = @10i—2, Proi—2 = 10i—6, B10i = X10i—8 — X10i—6 + X104

for all ¢ € N is a particular solution of the system (5.3).
Thus, when a € Im g, the general solution of the system (5.3) is

=+ (V2i—1)ien-

Also, if @ ¢ Img and this system is not consistent, since g is EP, then f is the
minimal least g-norm solution of (5.3).
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