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MATEMATIKA

Kouzlo Sierpinského trojahelniku
The Magic of the Sierpinski Triangle

Vlastimil Dlab, Bzi u Zelezného Brodu

S pojmem nekonecna, naprosto podstatnym v celé fadé pojmu sou-
¢asné matematiky, se setkdvame uz v raném stadiu vyuky matematiky.
Ob¢as vede k zavéram, které nas mohou piekvapit. Pojem limity a kon-
strukce Sierpinského spolu s konstrukcemi, které z ni mohou byt snadno
odvozeny, slouzi jako takové priklady. Vyjadiuji obsahy geometrickych
utvara jako nekoneény soucet obsahi jejich ,izolovanych® Géasti.

Piiklad (Trojahelnik Sierpinského). V rovnostranném trojihelniku
ABC sestrojme posloupnost trojuhelnika Ay B1Cy, Ao BoiCo: pro t =
= 1, 2, 3, AgthtC3t pro t = 1, 27 SN ,32, A4tB4tC4t pro t = 1, 27 SN ,33,
atd., jak je naznaceno na obr. 1. Do jaké miry vyplni tyto trojihelniky
pivodni trojuhelnik ABC?

Ozna¢ime-li délku strany daného trojuhelniku a, tj. |AB| = |BC| =
= |CA| = a, celkova plocha sestrojenych (Srafovanych) trojuhelnika je
soucet geometrické fady:
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coZ je obsah puvodniho trojuhelniku. Tedy, vySrafovanéa plocha nakonec
vyplni cely pavodni trojihelnik (aZ na k¥ivku, kterou obdrzime sjedno-
cenim stran vSech vepsanych trojthelniki).

The concept of infinity is unquestionably essential in contemporary
mathematics. It already appears in the early stages of mathematics edu-
cation and occasionally leads to conclusions that may surprise us. The
concept of a limit, the Sierpinski construction and its simple derivations
can serve as such examples. They express the areas of geometric objects
as an infinite sum of the areas of their “isolated” parts.
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Example (The Sierpinski triangle). Given an equilateral triangle
ABC construct a sequence of triangles A1 B1C1, Aot BoyCo fort = 1,2, 3,
AgthtC:J,t foor t = 1, 2, ey 327 A4tB4tC4t pro t = 1, 2, ceey 33, etc., as
indicated in Fig. 1.

Obr. 1 Trojuhelnik Sierpiriského
Fig. 1 The Sierpinski triangle

Denoting the length of the side of the given triangle by a, i.e. |AB| =
|BC| = |CA| = a, the total area of the constructed (hatched) triangles
is the sum of the geometric progression
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MATEMATIKA

representing the area of the original triangle. Hence, the hatched area
fills the entire original triangle (up to the curve that represents the union
of all sides of the inscribed triangles).

Cviceni. Ukazte, Ze stejnou konstrukci mizeme provést pro zcela libo-
volny trojihelnik.

Neni nutné se omezit na trojihelniky. Obrazky 2 a 3 imituji ideu
Sierpinského trojuhelniku na étverci. Poznamenejme, Ze libovolny rov-
nobéznik poskytuje stejné moznosti.

Obr. 2 Ctverec a la Sierpinski (a)
Fig. 2 Square a la Sierpinski (a)

Exercise. Show that a similar construction can be performed for an
arbitrary triangle.

There is no need to restrict the construction to triangles. Figures 2
and 3 repeat the idea of the Sierpinski triangle, this time with a square.
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Let us remark that an arbitrary parallelogram provides equal possibili-
ties.

Oznac¢ime-li délku strany ¢tverce a, obsah vysrafované plochy ve ¢tverci
na obrazku 2 dostaneme sou¢tem geometrické rady
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coZ je obsah puvodniho ¢tverce. Tedy, vySrafovana plocha opét vyplni
cely ¢tverec, coz uz sdm obrazek naznacuje. Zajimavéjsi je obr. 3.

00 O QOB (R0 = 0R) - UD

o

Obr. 3 Ctverec a la Sierpinski (b)
Fig. 3 Square a la Sierpinski (b)
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Denoting the length of the side of the square by a, the hatched area
in the square of Fig. 2 is the sum of the geometric progression given by

a\ 2 a\?2 a\?2 a\?
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which is the area of the original square. Hence, the hatched area again

fills the entire square. In fact, Fig. 2 illustrates this fact rather well.
Fig. 3 is even more interesting.

9

Plocha, kterou dostaneme sjednocenim vSech vepsanych ¢tverct, vy-
plni (aZ na kiivku, kterou obdrzime sjednocenim vSech stran vepsanych
Ctvercll) opét cely pivodni ¢tverec. Zde se jednd o soucet geometrické

rady:
1+ 8 + 8 2+
9 9

neme mimo jiné na strankach Wikipedie https://cs.wikipedia.org/
wiki/Sierpi’C5%84sk’,C3%A%o_troj%C3/BAheln},C3%ADk ¢i v historic-
kém dokumentu [I].
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The area obtained by summing up all the inscribed squares fills up
again the entire original square (up to the curve that is the union of
the sides of the inscribed squares). Here, we deal with the sum of the

geometric progression
1+ ® + s 2+
9 9

a2 a\?2 a2 a?
Z 8(—) 82(i) =
(3) +8(z) +8 () + =5
You can find more detailed information relating to the Sierpinski

triangle on Wikipedia https://en.wikipedia.org/wiki/Sierpi’%C5%
84ski_triangle or in the article [I].
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