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Abstract. Let K be a quadratic field over the rational field and ak(n) be the number
of nonzero integral ideals with norm n. We establish Erdés-Kac type theorems weighted
by aK(n)l and aK(nQ)l of quadratic field in short intervals with | € Z1. We also get
asymptotic formulae for the average behavior of aK(n)l and aK(n2)l in short intervals.
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1. INTRODUCTION

Let K be a number field of degree ¢ > 2 and let Ok be its ring of algebraic integers.
Then the Dedekind zeta function of K is defined as

69 =3 gy = e s>

n=1

where a varies over nonzero integral ideals in Ok, ak(n) is called the ideal counting
function which is defined as the number of nonzero integral ideals in Ok with norm n
and Ya is the norm of a.

The function ak(n) is very important in algebraic number theory. Since its behav-
ior is irregular, one often tries to study the asymptotic behavior of ak(n). In 1927,
Landau in [6] gave an asymptotic formula for the average behavior of ax(n). It is
hard to improve Landau’s result. In 1993, Nowak in [10] gave a more precise error
term for any algebraic number field of degree ¢ > 3.
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In 2010, Lii in [8] gave the average behavior of powers of ax(n). They showed
that if K is a Galois extension over Q) of degree ¢ > 2, then for any ¢ > 0 and any
integer | > 2,

3" ax(n)! = zP(logx) + O(x!~3/(@ +0)+¢),
n<a

where P,(t) denotes a suitable polynomial in ¢ of degree ¢!~ — 1. This improved the

error term O(a:l_Q/(ql)"’E) of Chandraseknaran and Good (see [2]) for ¢ > 3and ! > 2.
In 2011, Lii and Yang in [9] gave the asymptotic behavior of ak(n) in quadratic
field over square numbers. They showed that if K is a quadratic field, then for any
integer [ > 1,
Z ax(n?)! = zPs(log ) + O(z'~3/(28+2)+e),
n<a
where

3 +1
B = 5

Ps(t) is a polynomial in ¢ of degree 8 — 1 and € > 0 is an arbitrarily small constant.

Moreover, when | > 3, they got an asymptotic formula with a more precise error term.
In 2015, for a quadratic number field K with discriminant d(K), Zhai in [14] gave
the short interval estimate

(1.1) Z ak(n)? ~ Boylog z,

r<n<r+y

which holds if y = o(x) and y/(z'/?logz) — oo as 2 — co, where

6 D
BO - _2L2(17X/) H R
1

E piagi) P+

where p is a rational prime number and L(s, x’) is a Dirichlet L-function with respect
to a certain nonprincipal real character modulo |d(K)].

The discussion of the distribution of arithmetic functions can also be viewed from
the perspective of probability. In 1939, Erdés and Kac in [4] proved that the distri-
bution of w(n) on the set {n € N: n < x} is approximately Gaussian, with mean
loglog z and standard deviation (log log x)1/2, i.e., for any A € R we have

1

- E 1—®(N), z— oo,
X

n<e

w(n)—loglog < A(loglog z)/?

where w(n) is the number of distinct prime divisors of n and ®()) is the normal
distribution function.
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We now assume that K = @(\/E), where d is a square-free integer. Assume the
set Oz = {n € N: 2 <n <y}, where z is a sufficiently large number and y = o(x).
We will define two new uniform probability measures associated with ax(n) in Qg
and study the Erdés-Kac type theorem as follows. In fact, the authors have proved
a special case for Gaussian field in paper, see [7]. In this paper, the method is
similar to the previous article, but has a difference in dealing with ax(n) since it is
complicated in general quadratic field.

1.1. Erdés-Kac type theorem with weight ay(n)’ over quadratic field in
short intervals. Define the summatory function in short intervals as

W(xvy) = Z aK(n)l’

rz<n<x+y
where | € 7T, 27/12t¢ <y < x. We prove the following theorem

Theorem 1.1. Let ¢ € (0,). Then for any real number A\ and any integer

2
l € 7t we have

1 1
1.2 L_d(\) + 0 5(7)
(12 Vi(z,y) x<n§<:z+y ax(n) N +0, Vioglogx
w(n)—2""1loglog z;)\(Ql_l log log z)*/2

uniformly for x > 3 and z7/*?t¢ < y < x, where the implied constant depends on [
and ¢ only. The error term in (1.2) is optimal.

Remark 1.1. The exponent 1—72 in Theorem 1.1 comes from Huxley’s zero-density
bound for the Riemann (-function. This constant can be reduced to % if we assume
the zero-density hypothesis.

In order to prove that the error term in (1.2) is optimal, we need to consider the
local distribution of ay(n)! in short intervals. For [ € Z+ and k € N, define

(1.3) Viei(z,y) = Z ax(n)".
rz<n<x+y
w(n)=k

We have the following result.

Theorem 1.2. Let | € 7+, k€N, B> 0 and ¢ € (0, ;). We have

y (27 1loglogz)F!

log x (k—1)!
x {Wj (W‘ﬁoﬁ) + Ol’B’€<(10§1;g1x)2 + 12%:?;)}

959

(1'4) Vk’,l(xay) =




uniformly for x > 3, 27/1%t¢ <y <z and 1 < k < 2'"'Bloglog x, where

-1 v Ly -1y
(1.5) m(z):= ﬁ (1 + Z %) (%)2 v(z) ifd=1 (mod 8),

v>1
9l—1 2\ s1\27 e )
ma(z) = m(l + g) (5) v(z) ifd=5 (mod 8),
2171
m3(z) == mv(z) ifd=2, 3 (mod 4)
with
(v+ 1)z 132"tz z 132"z
= I (S 5E) 050 7 I () (-)
ptd(K) vzl ptd(K)
p=3 p>=3
(d/p)=1 (d/p)=-1
z 1,2 'z
X H 1+ 1—--
T 0+555)0))

and the implied constant depends on I, B and € only.

In Section 4.1, we will establish the connection between Vj ;(x,y) and the error
term in formula (1.2). By using the estimation of Vi ;(z,y) in Theorem 1.2, we
proved that the error term in formula (1.2) is optimal.

1.2. Erdés-Kac type theorem with weight ayx(n?)! over quadratic field
in short intervals. Similarly to the functions V;(z,y) and Vi i(z,y) for ax(n)', we

define the following functions for ay(n?)':

(1.6) U(z,y) = Y. ax(®®!, Upilz,y)= Y ax(n?),
r<n<r+y r<n<r+y
w(n)=k
where [ € 7T, k € N and 27/12t¢ <y < x.
Our results are as follows.

Theorem 1.3. Lete € (0, 3). Then for any real number A and any integerl € 7
we have

1 1
1. Hl=d(\ | —
(1.7) U(z,y) x<nz<;+y ax () A+ (w/logloga:)

w(n)—pBloglog x<A(Bloglog x)*/?

uniformly for x > 3 and z7/'2t¢ < y < x, where the implied constant depends on [
and ¢ only. The error term in (1.7) is optimal.
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Theorem 1.4. Let 1 € Z+, k€N, B> 0 and ¢ € (0, ;). We have

logl k—1
(18)  Uuley) = i

x {/\j (m) +Oup.e ( (loglgglx)2 + kl)fgl(l)(;gxx)}

uniformly for z > 3, 7/t < y < x and 1 < k < fBloglogz, where

(1.9)  Mi(z):= I‘L) <1 + Z M) (l)ﬂzu(z) ifd =1 (mod 8),

(Bz +1 o 2
__ B 1\F= i
Aa(2) == F(T—l—l)(l + z)(§) u(z) ifd=5 (mod 8),
As(z) == %u(z) ifd=2, 3 (mod 4)
with
2 1)t 1\58= 1\ 8=
o T (=SB0 (2 Y
pr(K) v>1 p p pd(K) P D
p=3 p=3
(d/p)=1 (d/p)=-1
z 1\ 8=
<L (0 5=5)(-))
pld(K)

and the implied constant depends on I, B and ¢ only.

To prove the above conclusions, we will study the partial holomorphic continua-

tion of functions > ax(n)'2™n=° and Y ax(n?)'z*™n=% 2 € C, 1 € 7, into
n=1 n>1
the critical strip 0 < s < 1. We prove the asymptotic estimations in the short

intervals of the arithmetic functions ay(n)'z*( and ay(n?)'z*(") in Lemmas 2.3
and 2.4, respectively. These two estimations will play a key role in the proof of
Theorems 1.1-1.4.

In particular, let z = 1 in Lemma 2.3. We have

Vi(z,y) = Z ax(n)! = y(logx)zlfl_l{wj(l) + O, (L> }

log x
r<n<r+y

This generalizes the result of Lii and Wang (see [8]) in short intervals over quadratic
field. And when [ = 2, we give a more precise asymptotic formula which improves
the result of Zhai, see [14].
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We can also deduce that

Uy = 3 aK(nQ)l:y(loga:)ﬁ{/\j(l)—i—Os( ! )}

logz
r<n<r+y

by taking z = 1 in Lemma 2.4. That is, we generalize Lii and Yang’s result (see [9])
to the case of short intervals over a quadratic field.

2. SOME PRELIMINARY LEMMAS

In this section, let us fix some notations:

> ¢ is an arbitrarily small positive constant,
>reN,a>0,0>0, A>0, M >0 (constants),

>z —(zl, 5 2r) €EC" and w := (wq,...,w,) € C",

= (K1, kr) € (RT™)" with 1 < k1 < ... < Kk < 2K1,

= (x1,.-.,Xr) and the y; are non principal Dirichlet characters,
> B = (B1,...,B;) € (R™*)" and C := (Cy,...,C; ) € (RT)r,
> the notation |z| < B means that |z;| < B; for 1 <i<r.

Assume f(n) is an arithmetic function and its associated Dirichlet series is de-

fined by
=3 fmn

n=1

The Dirichlet series F(s) is called of type #(k, z,w, B, C, o, §, A, M) if it satisfies
the following conditions:
(a) For any € > 0 we have

If(n)| <c Mn®, n>1,

where the implied constant depends only on e.

(b) We have
1\ 1
T < M(o— — —.
Sl <M(o— =) o> =

n>1

(c) The Dirichlet series F(s) has the expression

F(s) = ¢(ks)*L(ks; x)“G(s),

where
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and the Dirichlet series G(s) is a holomorphic function in (some open set con-
taining) o > (2k1)~!. Moreover, in this region, G(s) satisfies the bound

|G (s)] < M(|r| + 1)mto0=mo) O og (|7 + 1)

uniformly for |z| < B and |w| < C. In the sequel, we implicitly define the real
numbers o and 7 through the relation s = ¢ +ir and choose the principal value
of the complex logarithm.

Usually, we remember that N (o, T) is the number of zeros of ((s) in the region
Rs > o and [Ims| < T. It is well known that there are two constants ¢ and 1 such
that

N(o,T) < T*3=)(log T)”
for % <o <land T > 2. Huxley in [5] showed that ¢ = and 1 = 9 are admissible.
The following result is Corollary 1.2 of [11], which constltutes one of the key tools.

Lemma 2.1. If the Dirichlet series F(s) is of type #(k, z,w,B,C,a,0, A, M),
then for any € > 0 we have

Z f(n) :y'(logx)z_l{Ao(ﬂazawaX)"‘O(kf\gx)}

r<n<etal =1/ r1y

uniformly for z > 3, z(1=(+9) " )/mte <y < gl/m|z| < B, |w| < C, where

y/ — Hl((x_’_l_l—l/m )1//@1 _xl/nl)

vt Gy LG I G

2<i<r 1<i<r

and the imp]ied constant in the O-term depends only on A, B, C, a, § and . Note
that i» = <= is admissible.

We will give a formula for ax(n) which will be used in Lemma 2.3.

Lemma 2.2. Let K/Q be a Galois extension of degree q, m be an integer satisfying

(m,q) =r. Then
()
0 if fir

ax(p™) =

holds true for all unramified primes p.

Proof. See Lemma 2.2 in [9]. O

963



Lemma 2.3. Let B > 0 and ¢ € (0, ). Then we have

(2.1) Z ai(n)'z*™ = y(log x)Qlilz_l{ZWJ( )+ Og 6( o1 a:)}

z<n<x+y

uniformly for x > 3, 27/'2*¢ < y < x and |2| < B, where m;(2) (j = 1,2,3) are
defined as in (1.5). In particular, taking z = 1 we get

(2.2) Vi(x,y) = Z ax(n)! = y(logx)zlfl_l{wj(l) + O, (@)}, j=1,2,3

r<n<r+y

uniformly for x > 3 and x7/1%*¢ < y < x, where 7;(z) are defined in Theorem 1.2.

Proof. Case 1: d=1 (mod 4).
Subcase 1.1: d =1 (mod 8).
Since the function ax(n) is multiplicative for Rs > 1 we can write

w(n) ~a za 2\1 ~a 3\!
fl(s;z):zzi_n(l—i— KS —|— Kg];) + Kg];) +)
n>1 p p p
2tz 3lz 4l
=1+ + et ¢ 11 1+—+—+—+ )
9s 22@ 3s p p
pld(K)
2z 3tz 4l
< JT (+5+ o+ 5 )
p p
pld(K)
p=3
(d/p)=1
z z z
X H (1 + 2s + 4s + lﬁ + )
pld(K)
p=3
(d/p)=—
(v+ 1)z (v+ 1)z
() < T (e s
v>1 pld(K) v>1
p=3
(d/p)=1
z
x H (+p25—1)XH(+p5—1)
ptd(K) pld(K)
p=3
(d/p)=—

Let x’ be the real primitive Dirichlet character of modulo |d(K)| and L(s,x’) be
the Dirichlet L-function corresponding to x’. According to the discusssion in Bump’s
book (see [1], Chapter 1, Section 7), we have

= X(m)=1+x(p).

mlp
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Then for s > 1 we have

) <TI0 52" () I (30 T (1)

" Pl(K) P i P
p=3 p=3
(d/p)=1 (d/p)=-1
For simplicity, we put
3 -1

’y =
in what follows. Thus, we can write

2

Fi(s;2) = C(s)?2¢(25) 2 0272 (s )2 A 028, X)) T Gl (ss 2),

where G(s;2) = G1(s;2)Ga(s; 2)G3(s; 2)G4(s; 2) and

v+ 1 Ly 112"z 1 \(3l—2i1yz—02—1,2
a9 = (142 5 ) (- 5) (1 g9) ,

v>1

1

Ga(s;2) = ] <1+Z U+1 >( —%)220—%
p«fd>([}:;() v>1 p p
bz

(d/p)=1

z 1 \—% 1 Bz—2272,2
G3(S;Z) = H (1+p287_1> (14‘1@) (1 —E> s
Md>(ﬂ§)

(d/p)=-1

5 1 gl—1, 1 (B—2l—1)z—22-2,2
Gals;z) = ] (1+ps_1)(1—f) (1- =) .

S
pld(K) p p

)(31_2171)2_2217122

)

It is clear that there is a positive constant M; = M;(B) depending on B such that
(2.3) |G1(s;2)| < My

uniformly for fs > % and |z| < B

The Euler product Ga(s; z) is expandable as a Dirichlet series

92(n) g2(p
SR LR N D]
n>1 n ptd(K) v>1
p=3
(d/p)=1

where ga2(n) is the multiplicative function whose values on prime powers are given
by the identity

1+ 6" g—(1+2v+1 z§)< —)PE(1 - 2D (g <),

v>1 v>1
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In particular, for all the prime numbers that satisfy the conditions p { d(K), p > 3
and (d/p) = 1, we have

24 g2(p) = g2(p®) = 0
and
(2.5)
v ]- . " (1 o 5)2"2;(1 _ 52)(3",21—1)27221_122 ‘
e d
l92(p")] = | 5= 72_21/6 <1 + ;(v + 1)z ) o .
< My(B)2¥/° (v >3, |2| < B)
with

My(B) := max max
|2I<B |g|=2- 1/

(1 + Z(U + 1)IZ£'U) (1 . 5)212(1 . 52)(3l—2l71)z—22l71z2 .

v>1

In view of (2.4), we easily deduce that

(o)< & oo

log |Ga(s; z)| = log

pla () vss P pia(K) v33
p=z p=
(d/p)=1 (d/p)=1

Therefore, when ¢ > % and |z| < B, by (2.5), we have

1/2
log |Ga(s;2)| < Mo(B) > Y (2/9p=7)v < Mo(B)2 3 1

_9-1/6 30"
pid(K) 33 1-2 pid(K) P
Pz p=z
(d/p)=1 (d/p)=1

This shows that the Euler product Ga(s; z) converges absolutely for o > % and

(2.6) Ga(s;2)| < Mz (0> 3, |2 < B)
with 1/2
Moy(B)2 1
My = MQ(B) = exp<w Z p3/2)'
ptd(K)
p=3
(d/p)=1

Similarly, we can prove that there is a positive constant Ms = Ms5(B) such that
(2.7) |Gs(s:2)| < Ms (0> 3, |2| < B),
and since the ramified primes are finite, we can deduce that
(2.8) |Ga(s;2)| < My (0> %, |z| < B),

where My = My (B) is a positive constant.
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Combining (2.3), (2.6), (2.7) and (2.8), we have
|G(s;2)| < MyMyMsMy =: M

for Ns > % and |z| < B
From the above proof we get:
(a) For any € > 0,

|Zw(n)| < B(1+o(1))log n/loglogn __ n(1+o(1))log B/loglogn < n€/2.

Chandrasekharan and Narasimhan in [3] proved that ax(n) is a multiplica-
tive function and ax(n) < (d(n))?"'. When K = Q(v/d), we have ax(n)! <
d(n)! < n/?. Then

lak (n) 2™ <. Mn®  (n > 1).

(b) o
o |“K | <M-1)"2"1F (6>1).
n>1
(c) The Dirichlet series G(s; z) satisfies the bound |G(s;2)| < M for Rs > 1 and

|z2| < B
This shows that the Dirichlet series F(s;z) is of type Z(k,z,w, B,C,2"71|z|,
0,0, M) with k = (1,2), z = (2712, (B—21"1)2—227222) w = (21712, 72 —2272,2),
B = (2l71B (6 2171)3 + 2217232) C = (21713 'yB + 22l72B2) (X/ X/)
Thus, substituting ) = 2 into Lemma 2.1, we get the case where j = 1 in the
required asymptotic formula (2.1).
Subcase 1.2: d =5 (mod 8)

ra= (e grmy) I (+S520) 1T ()

pld(K) v>1 pld(K)

p=3 p=3

(d/p)=1 (d/p)=-1
% H ( ps —1)

pld(K)

= ¢(s)2 72 (2s) B TNE T g N2 T (95 ()2 T G (s ),

where

_920-2,2

G'(s;2) = (1 + ﬁ) (1 + 2—;8>7Z (1 - 2%8)[32 Ga(s;2)G3(s;2)Ga(s; 2)
= G (s;2)Ga(s; 2)G3(s; 2)Ga(s; 2).
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Similarly to the estimation of G1(s;z), we can prove that there is a positive con-
stant M{ = Mj(B) such that

(2.9) Gh(s;2)| <M (021,12 < B).

In Subcase 1.1, we have shown that

|Ga(s;2)| < Mz, |G3(s;2)| < Ms,  [Ga(s;2)| S My (0 2 3, |2| < B).
Thus, we can deduce that
|G/(S,Z)| < M{M2M3M4 =: M’

for Ns > % and |z| < B

This shows that the Dirichlet series Fu(s;2) is of type Z(k,z,w, B,C,271|z|,
0,0, M’) and the values of K, z, w, B, C, x are the same as in Subcase 1.1.

Thus, substituting 1 = 42 into Lemma 2.1, we get the case, where j = 2 in the

required asymptotic formula (2.1).
Case 2: d=2,3 (mod 4)

Fa(s;2) = H)(HZ v+1 ) I1 (1+]ﬁ) H(1+ = )

1
pld(K v>1 pld(K) pld(K) p
p=3 p=3
(d/p)=1 (d/p)=-1
= C(S)QHZC(QS)(ﬁ_Qlfl)Z_QQHZzL(s, X/)QHZL(ZS, )(')72—2217222 G"(s;2),

where

G"(s32) = Ga(s;2)Gs(s; 2)Ga(s; 2).

Thus, we can deduce that
G (s;2)] < M2MzMy =: M”

for Rs > % and |z| < B

This shows that the Dirichlet series F3(s;z) is of type Z(k,z,w, B,C,271|z|,
0,0, M") and the values of K, z, w, B, C, x are the same as in Subcase 1.1.

Thus, substituting ¢ = 12 into Lemma 2.1, we get the case, where j = 3 in the
required asymptotic formula (2.1). O
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Lemma 2.4. Let B> 0 and ¢ € (0, ). Then we have

(2.10) Z ax(n?)'2™ = y(log x)BZ—l{z)\j(z) + OB,E( ! )}

logx
r<n<r+y

uniformly for x > 3, 27/1%*¢ < y < = and |z| < B, where \;(z) (j = 1,2,3) are
defined as in (1.9). In particular, taking z = 1 we get the following result:

(211) U(zy)= > aK(nQ)l:y(logx)V{Aj(l)JrOE(L)}, j=1,2,3

log x
z<n<a+y

uniformly for © > 3 and x7/1?t¢ < y < x, where \j(z) are defined in Theorem 1.4.

Since the proofs of Lemmas 2.3 and 2.4 are very similar, the proof of Lemma 2.4
can be derived by analogy with Lemma 2.3.
The next lemma is the Berry-Esseen inequality, see [10], Theorem I1.7.14.

Lemma 2.5. Let F', G be two distribution functions with respective characteristic
functions f and g. Suppose that G is differentiable and that G’ is bounded on R.
Then we have

’ T _
1P - Gl <1010 1 [ L0000
T T T

for all T > 0, where ||F||o := sup|F(N)].
AER

3. PrROOF OF THEOREM 1.2

By the definition of Vi ;(z,y) in (1.3), we have

Z ag (n)!z2 = Z Viea(z,y) 25

r<n<r+y k

Applying Cauchy formula, it can be deduced that

1 winy) dz
Via(z,y) = Z—Ki?{l < Z ag (n)' 2 )>F7

r<n<r+y
where r := k/2!"1loglog .
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By Lemma 2.3, it follows that

Y

.1 =
B Vi) =

y (27 'loglog x)k)

Jra(@ir) + Ol’B’6<(1oga:)2 k!

uniformly for z > 3, 27/12t¢ <y <z and 1 < k < 2" 'Bloglog z, where

1 (logz)? "#m;(2) ,
Jra(x;r) = 7 j|{z|=r Z—k’dz, j=1,2,3.

Using the Stirling formula, the error term of Vi ;(x,y) in (3.1) can be estimated as

2n
Y R(2712) |dz| Y 1 / kcos@
1 — de
< f{d_r logzp 87 TR < Qloga o Jy €

/2
Yy 1 cos
< Wr_k</o ek 0d9+1> (t:k(].—COS@))

y 1/ Fo ~1/2 (2" 'loglogz)* gy
— | —= t dt +1 .
< (logx)2 rk (\/E/o ¢ + < k! (log z)?

Then we will estimate the Jg ;(z;7) of the main term in the case of £ = 1 and
k > 2, separately.
When k =1, since z — m;(2) (j = 1,2, 3) is analytic for |z| < B, we have

1 (loga)® “mi(z) .
(3.2) Ji(zyr) = o ?{ﬂ—r . dz =m;(0) =27,

When k > 2, since z — m;(2) (j = 1,2,3) is analytic for |z| < B, we have
Jia(x;r) = Jpi(z;m0) with ro == (k—1)/(2'"!loglogx) and the Taylor expansion

of mi(z) at z = ro:

(3.3)  mi(z) =m;(ro) + mi(ro)(z — ro) + (2 — r0)? /0 (1 =t)7j (ro +t(z — o)) dt

we shall estimate the contributions of three terms on the right-hand side of (3.3) as
Ji,1(z;r0). Firstly, we will estimate the first two terms separately:

7 (ro) (logz)? "= (2" 'loglogz)* ! k-1
(3.4) ___f;T d i ).

2mi 2k o7 (k—1)! 2!=1oglog =
and
(3.5) (7o) j{ (log x)Qlilz(z —Tp) 1s
' 27 |z|=r Zk

(2!~ loglog x)k—2 (2!~ !loglog x)k—1

= (o) k=2 7 k- )=o
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For 0 <t <1 and |z| = ¢ we have
|ro +t(z —70)| = |ro(1 —t) + tz| < ro(1 —1t) +t|z] =10 < B.

Since z — m;j(z) is analytic for |z| < B, there is a positive constant C; such that
|7/ (2)] < Cy for |2| < B. Thus, the contribution of the third term on the right-hand
side of (3.3) to Jy i (x;70) is

1 R2T12)|0i0 _ 12 1 2%
< 7{ (log ) k72|e | |dz| < 54— elh=leost (1 _ cos6) de
|z|=ro |Z| To 0

n/2
< k1—3 </ eF=1)c0s0(1 _ cos0) dg + 1) (t=(k—1)(1 —cos®))
To 0

1 bt AR (2! loglog )kt k-1
“HY2dt+1 :
< rok=3 ((k —1)3/2 /0 ¢ + ) < (k—1)! (2!=1loglog x)?

By combining (3.2), (3.4), (3.5) and (3.6), it follows that

(2"~ log log z)*~1

k-1
(k—1)! i (21*1 loglogx)
k-1 (2! 1log logz)k—1
(211 1oglog x)? (k—1)! )

(3.6) Jei(z;r) =

+ Oz,B,e(

for z >3 and 1 < k < 2""'Bloglog .
Therefore, the asymptotic formula (1.4) can be given by (3.1) and (3.7).

4. PrROOF OF THEOREM 1.1

Put

Foy(A) = ! Z ax(n)".

Vi(z
l( ’y) rz<n<x+y )
w(n)—2""1loglog z<A(2! "t log log ) /2

And ¢ ,(7) be the characteristic function of F, ,(A), i.e.,

(4.1) Oy (T) 1= /OO e dFy ,(N)

—0o0

- ;) Z ak(n)" exp{irw(n) -2 logloga;}

Vi(z,y ety (2!=1loglog x)1/2
_ e_iTT Z GK(n)lei(T/T)w(n),
Vile,y) o=

where T := (2!~ loglog z)*/2.
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Let (F,G) = (Fy,y, @), by using Lemma 2.5, it follows that

T o 772/2
||Fa:y_q)||oo<£+6/ ‘M dr.
’ V21T T T
Thus, it suffices to show that
T —7'2/2

Opy(T) —€ ’ 1
4.2 ’— dr < ~
(42) || Ee Tz

uniformly for 2 > 3 and 27/1%t¢ <y < z.
Applying Lemma 2.3 with z = e we have

) 1—1 it . 1
aK(n)leltw(n) _ (log J,‘)Q (e —1)A(elt) +0 ( )
Vi(z,y) x<nz<;+y “\logz
uniformly for t € R, x > 3, 27/1?*¢ < y < x, and

275 (2)
(1)

A(z) :=

is an entire function of z such that A(1) =1, where m;(2) (j = 1,2, 3) are defined as
in (1.5) . Taking ¢t = 7/T, we can deduce that

1=1 (i (r/T) _ i(r —ir 1
(4.3) 0uy(T) = (logz)? DAl T/ T))eiTT OE(loga:)

uniformly for z > 3, 27/127¢ <y <z and |7| < T.
In view of the inequality cost — 1 < —2(t/x)? (|t| < 1), we have

(log )2 ET DD Z gleos(/D-DT* ¢ g-2(7/7)",
from which we can conclude that

Duy(T) <o e=2(r/m)?

uniformly for x > 3 , 27/12%¢ < y < 2z and |7| < T. Thus,

+T _ 772/2 T
(4.4) / Pay(T) —e ‘dT < / 672(7/75)2 + 677—2/2 dr
+71/3 T T1/3

< /T 2019”4y < 2
(§] T T

T1/3
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By the Taylor developments
AT =14 0(Ir|/T), /D —1=i(r/T) = §(r/T)* + O((|71/T)*),

when |7| < T'/3, we can deduce that

201 7/T) ) i(m/T)\,—itT _ —7%/2+0(|7|*/T) m
(log x) Ale Je e {1+O(T>}

o 21

Inserting this into (4.3), it follows that

(4.5) Pay(T) = eiT2/2{1 + O(W)T—Hﬂ)} +0e (10233)

uniformly for z > 3, z7/12t¢ < y < z and 7] < T1/3. With the help of this
evaluation, we can conclude that

471/8 PR T1/3 9 1 1
(4.6) / M‘ dr < / (e Al ) ar
+1/logx T 1/logx T TIng
1  loglogx 1
L =+ 08 08T <L =

T log = T

For |7| < (logz)~! we have

‘T(w(n) —2=1loglog x) ‘ |7]log
(2= loglog x)1/2 T

thus, we can write

exp{irw(n) — Zl’llogloga:} 14 O(|T| loga:).

(2!=1loglog x)1/2

Inserting this into (4.1), it follows that
7|log x
(4.7) Poy(T) =1+ O(L)

From this and the relation =7 /2 = 1 4+ O(72), we deduce that

1/logx
(4.8) /
—1/logx

ey 1/logx 1 1
Pany(r) =777 }dr <</ ( 8% 4 |T|> dr < =.
T —1/logx T T

973



Now (4.2) follows from (4.4), (4.6) and (4.8) immediately.

4.1. Optimality of the error term. In this subsection, we will prove that the
error term in (1.2) is optimal. For A € R, define

Ry(z,y) := = > ax(n)! — d(N),

Vi(z
l( ’y) z<n<z+y
w(n)—2"1loglog z<A(2! ! log log ) /2

and

R(z,y) = sup [Rx(z,y)|.
AR

Let k := [2!"!loglog x| and 6 := k — 2!~ !loglog x, then we have

(4.9) Vei(z,y) ny( 0 ) B Fry( 0 —1/2v2x )
Vi(z,y) V2-1loglog x “\y/2-tloglogx

0 0—1/2v2
VRTINS SRSV S SO
21-1]oglog 21-1oglogz

0/+4/2=1 loglogx R
< / e " /2dr 4+ 2R(xz, y)

(0—1/2v27)/4/21" 1 loglog

1
+2R(z,y).

< -
2¢/n2tloglog x

On the other hand, using the Stirling formula, it can be deduced from Theorem 1.2
and formula (2.2) that

21—11 1 k—1 1

Vi(z,y) (log )" (k —1)! - /2l loglogz

From (4.9) and (4.10), we derive that

14 0(1) 1 . 1+40(1)

2¢/n2tlog log « - 4y/m2lloglog x 42 log log

uniformly for z > 3 and 27/1%te <y < z.

R(z,y) >

This completes the proof of Theorem 1.1. O

The proofs of Theorems 1.4 and 1.3 are very similar to those of Theorems 1.2
and 1.1, we only point out the differences.
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5. PROOF OF THEOREM 1.4

Similarly to (3.1), by Lemma 2.4 we can deduce that

Y
log x

y  (Bloglog w)’“)

(5.1) Uka(w,y) = (log 7)2 k!

Iia(x;r) + Ol,B,e(

uniformly for z > 3, 27/1?** < y < z and 1 < k < BBloglogz (ie., r :=
k/pBloglogx), where

1 (log 2)%% )\, (2) )
Ik’l(x;r) = 2_7[1 %z=7_ Tjdz, ] = 1,2,3.

On the other hand, by the same argument for evaluating Ji ;(z; ), we can prove
that

.y _ (Blogloga)t~t k—1
(5.2) UNCHDES (k—1)! I <6loglogar)
k—1  (Bloglogz)"~!
* Ol’B’€<(6 loglogz)?2 (k- 1)! )

forx >3 and 1 < k < fBloglogz.
Therefore, the asymptotic formula (1.8) can be given by (5.1) and (5.2).

6. PROOF OF THEOREM 1.3

Put

Goy(N) = — T o (n?).

Ui(,y) ety
w(n)—pBloglog x<\(B loglog :c)l/z

Then its characteristic function is given by

—irT

o € 2\l  i(7/T)w(n)
P y\T) = E akln-)e N
y( ) l($7y) r<n<r+y K( )

where T := (Bloglog z)'/?.
Similarly to (4.4), (4.6) and (4.8), we can prove that

T _ —7'2/2
S"x7y(7) € 1
1 Loyl 7% —.
(6.1) /_T} - ar <

Now the required result (1.7) follows from (6.1) thanks to the Berry-Esseen in-
equality.
Finally, with Theorem 1.4 and (2.11) we can prove, as before, that the error term

in (1.7) is optimal.
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