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Abstract. Let K be an imaginary cyclic quartic number field whose 2-class group is of
type (2,2,2), i.e., isomorphic to Z/27 x Z /27 x 7 /27. The aim of this paper is to determine

the structure of the Iwasawa module of the genus field K ) of K.
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1. INTRODUCTION

Let k be an algebraic number field and p be a prime number. A Z,-extension of &
is an extension koo /k with Gal(keo/k) =~ Z,,, the additive group of p-adic integers. It
is also possible to regard a Z,-extension as a sequence of fields

k=koChiC...Choo= ] kn with Gal(k,/k)~Z/p"Z.
n>=0
Note that the field &, is called the nth layer of Z,-extension of k. Let A, be the
p-part of the class group of k,. From the beautiful theorem of Iwasawa (see [12],
Theorem 13.13, page 276), there exist integers A\, u > 0 and v, all independent of n,

and ng such that
|An| = pMERP Y for all n > ny.

The integers A\, > 0 and v are called the [wasawa invariants of ko.. Let Ay
denote the projective limit of A,. It is not easy to give the structure or an explicit
description of the p-Iwasawa module A,, which can be finite as well as infinite. It
is one of classical and difficult problems in the Iwasawa theory. However, Greenberg
conjectured that A is finite if k is totally real, cf. [7], page 263.
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Let K be an imaginary cyclic quartic number field whose 2-class group is of
type (2,2,2). In the present paper, we first give explicitly the structure of the
2-Iwasawa module A, of the genus field of K, as a result. Next, we give some pre-
liminary results that will be useful in the proof. Finally, we prove our result using
Kida’s formula.

2. NOTATIONS

Let k be a number field and p be a prime number. The next notations are used
for the rest of this article:

> n: an integer > 0;
> Q,: the maximal real subfield of Q({an+2);
> k,: the nth layer of the Zs-extension of k;

koo = U kn;
n=0

L, : the Hilbert 2-class field of k,;
X, = Gal(L,,/kn);

v

Xoo = @Xna
A, : the 2-part of the class group of k,;
As = wAnv

7: a topological generator of Gal(ko/k);

A=175[T] for T =7—1;

wp = (T +1)%" - 1;
w(M),A\(M): the Iwasawa invariants for a A-torsion module M;
k) = (Ao
( ) = AMAso);

A7 (k) = AM(AL) (the definition of A is given in Section 4);

h(k): the class number of k;

hy = h(ky);

Ej: the unit group of k;

W) : the group of roots of unity contained in k;

kT: the maximal real subfield of a CM-field k;

Qi = [Ex : Wi Ey+]: the Hasse’s unit index of a CM-field k;

Npi: the relative norm for an extension L/k;

Cr(2): the 2-part of the class group of k;

) the quadratic residue symbol for k;

y) : the Hilbert symbol for k;

) the quadratic residue (Legendre) symbol;

)i

vV VvV VvV vV VvV VvV VvV VVVVV VYV V VYV V V V

the biquadratic residue symbol.



3. MAIN THEOREM

Let ¢ and [ be two primes satisfying the conditions

(1) ¢=3 (mod 4), =5 (mod8), (l) 1, and (1)4 1.

Denote by e the fundamental unit of Q(\/Z) Let K = Q( —qE\/Z) be an imag-
inary cyclic quartic field. From [2], Theorem 3, page 66, we have that the 2-class
group Cg(2) of K is of type (2,2,2).

Definition 3.1. The genus field k*) of a number field & is the maximal abelian
extension of k, which is a composite of an absolute abelian number field F with &
and is unramified at all the finite and infinite primes of k.

Lemma 3.2. Let ¢ = 3 (mod 4) and | = 5 (mod 8) be two primes. Then the

genus field of K = Q(\/ —qex/i) is K = K(/g,v/=1).

Proof. As [ and ¢ are the unique primes of @ different from 2, which ram-
ify in K, of ramification indices ¢; = 4 and e; = 2, respectively; then, from [§],
Theorem 4, pages 48-49, we have K*) = M;M,K, where M; (or M,) is the
unique subfield of the Ith (or gth) cyclotomic number field Q({;) (or Q(¢,)) of
degree ¢, = 4 (or e, = 2, respectively). Moreover, it is known that M; =
@(\/ —ex/i) (cf. [10], Proposition 5.9, page 160) and M, = @(\/—_q) Thus,
KO = K(3,v7).

O

The main result of this paper is the following theorem.

Theorem 3.3. Let ¢ and | be two primes satisfying the conditions (1). Let A,
denote the 2-class group of the nth layer of the cyclotomic Zs-extension of the genus

field K™ = K (,/g,+/—1). Then:
(1) The structure of the Iwasawa module Ao is given by

" 73 ifqg=3 (mod 8),
7 7% ifq=7 (mod 16).

(2) The 2-rank of A,, is given by

3 foralln
7 for alln

3 if¢g=3 (mod 8),

ranks (A,) =
2(4n) { 7 if¢g=7 (mod 16).

VoV
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4. PRELIMINARY RESULTS
Let us first collect some results that will be useful in the sequel.

Proposition 4.1 ([4], page 3). Let n > 2 be a positive integer. Then we have:
(1) If p is a prime such that p = 3 (mod 8), then p decomposes into the product
of 2 prime ideals of Q({yn+2) while it is inert in Q,,.
(2) If p is a prime such that p = 7 (mod 16), then p decomposes into the product
of 4 prime ideals of Q((yn+2) while it decomposes into the product of 2 prime
ideals of Q),,.

Definition 4.2. Let K/k be a cyclic extension of number fields of prime degree p
and Gal(K/k) = (o).

(1) An ideal a of K is called ambiguous (with respect to k), if it is fixed by
o:a’ =a.

(2) An ideal class [a] of K is called ambiguous (with respect to k), if it is fixed by
o: [a]7 =[a].

(3) An ideal class [a] of K is called strongly ambiguous (with respect to k), if it
contains an ambiguous ideal.

Let us define A" as the group of strongly ambiguous classes with respect to the
extension k,/k}, where k" is the totally real subfield of k, and A, = A,/A}.

n’

Let AZ denote the projective limit of A;,. We have:

Theorem 4.3 ([11], Theorem 2.5, page 374). Let k be a CM-field containing the
fourth roots of unity. Then there is no finite A-submodule in AZ_.

Lemma 4.4. If the extension ky, /k;} is unramified and h(k;}) is odd for alln > 0,
then A7 = Aw.

Proof. By the definition of the part plus A;, it is clear that A, is generated
by the ramified primes and the inert primes in k,/k;. Since the extension k, /k;}
is unramified and h(k;) is odd, then A is trivial. Therefore, A, = A,. In the

projective limit we obtain A = A. O

Theorem 4.5 ([9], Theorem 3, page 341). Let L/F be a finite 2-extension of
abelian CM-fields. Then we have

(2)  AT(L) = 8(L) = [Loo : Fuo] - (A (F) = 6(F) + ) (s —1) = D (eg+ — 1),
Bf2 BH2

where §(k) takes the values 1 or 0 according to whether ko, contains the fourth roots
of unity or not, and eg (or eg) is the ramification index in Lo, /Fs (or LI /FY) of
a finite prime 3 of Lo, (or 1 of LY, respectively).
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Theorem 4.6 ([3], Theorem 3.3, page 8). Let koo be a Zz-extension of a number
field k and assume that any prime of k lying above 2 is totally ramified in koo /k. If
(k) = 0 and A is an elementary A-module, then ranks(A,) = (k) for alln > A(k).

Proposition 4.7 ([12], Proposition 13.22, page 284). Let ko be a Zs-extension
of a number field k and assume that there exists only one prime of k lying above 2
and that this prime is totally ramified in koo /k. Then

Ap ~ Xoo/wnXoo and 2thg< 21thy, foralln > 0.

Proposition 4.8 ([1], pages 270-271). Let q and | be two primes satisfying the

conditions (1), and consider L = @(\/5—\/1, \/—_1) and F = @(\/5—\/2, \/5) Then we
have:
(1) The class number h(LT) of L* is odd. Moreover, Q;, the Hasse’s unit index
of L equals 2 and h(L) is odd too.
(2) The class number h(F') of F is odd.

4.1. Quadratic residue symbol and Hilbert symbol. Let k£ be a number
field. The quadratic residue symbol is defined as follows: let p be a prime ideal of k.
For all x € k*,

1 if x is a square in k or if p splits in k(\/f),
(E) =< —1 if z is not a square in k and p remains inert in k(ﬁ),

0  if  is not a square in k and p ramifies in k(y/z).

Lemma 4.9 ([6], page 205). If the prime ideal p is unramified in the extension
k(y/x)/k, the quadratic residue symbol can be written in terms of Artin symbols as

(2) = (") (myvm

Proposition 4.10 ([10], Proposition 4.2, page 112). Let K be a finite normal

extension of k, p be a prime ideal of k and 3 be a prime ideal of K dividing p.
(1) If the inertia degree f(3/p) = 1, then for all x € k*

(%) =G)

(2) If K/k is abelian and §(B/p) = [K : k], then for all y € K*
Y\ _ NK/k(C‘J)
(9)=(57)
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Remark 4.11. For k = Q, the quadratic residue symbol defines the Legendre
symbol.

We now define the Hilbert symbol of number field k in terms of Hasse symbols by

(52) = (“HO) ()3,

where x,y € k* and p is a prime ideal of k.

Proposition 4.12 ([6], page 106). Let K/k be a finite extension, x € k* and
y € K*. Let p denote a prime ideal of k and *3 denote a prime ideal of K. Then

(1) (%) — (%)W(y) if P is unramified in K (\/z),

9 oy _ (% Nk/e) )
()%T‘p(m) (=)

For more details, see [6], [10].

5. PROOF OF THE MAIN THEOREM

In this section, we prove the main result of this paper. Recall that ¢ is the
fundamental unit of Q(\/Z) Let L = Q(\/ mE\/Z) be a real cyclic quartic field
with m being a square free integer. We need the following results.

Theorem 5.1. The class number of L is odd if and only if m takes one of the
following forms:
(1) m is a prime p congruent to 3 (mod 4),
(2) m is an even prime,
(3) m is equal to 1.
Proof. Let us look at the forms of m such that the class number h(L) of L is
odd; to this end, assume that h(L) is odd. Then, from [5], page 25, the 2-rank of
the class group Cy, of L is given by the formula

(3) ranks(Cp) =t —1—e =0,
where t is the number of primes of @(\/i) which ramify in L and
26 = [E@(\/Z) E@(\/Z) n NL/@(\/Z)(LX)]

In the following, we compute the value of e. Recall that an element z of Q(\/Z) s
anorm in L if z € NL/@(\ﬂ) (L*). So, by [6], Hasse’s norm theorem, page 179, x is

a norm in L if and only if (%ﬂ) =1 for all prime ideals p of @(\ﬂ) So we have:
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(1) Let r be a positive integer and o € {1,2}. Then —1 is a norm in L if and only

if m takes one of the following forms:
T
(a) m = o [] pi such that (B:) = —1, where p; is a prime;
i=1

T
(b) m =« [] p; such that p; =1 (mod 4) and (pT) =1, where p; is a prime;

i=1
S T
(¢) m = ozH1 i Hﬂpi such that p; = 1 (mod 4) and (&) = —(%) = 1,
1= 1=S
where ¢; and p; are two primes;
(d) m=a.
In fact:

(i) If ptl and p {m, then v, (me\ﬂ) =0, so

—1,meV1 —1\ e (meV) o
(f) = (T) (by Proposition 4.12 (1))
=1

(ii) If p | I, then p = (\/Z) and vy (mev1) = 1. So

_ — Up (mfﬂ)
(%ﬂ) :(?1) (by Proposition 4.12 (1))
-1
()
= (_Tl) (by Proposition 4.10 (1))

because [ =1 (mod 4).
(iii) If p | m and (%) =1, where pN Z = (p # 2), then v, (mev1) = 1. So

vp (meV1)

|
—_

(by Proposition 4.12 (1))

(—1,7;15\/Z) _

I
/N N /N
N——  — N—

L= |L =]
@|._-z: L=

(by Proposition 4.10 (1))

I
A
L
=

=
T
L

£

~

[ V)
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(iv) If p | m and (é) = —1, where pNZ = (p # 2), then v, (ms\/i) =1. So

<_1’ ;nax/i) :(;)vp (ms l) (by Proposition 4.12 (1))
e
= (M) (by Proposition 4.10 (2))
p
=1.

(v) If p | 2, then

_ -1, N, meV1
< 17?5\ﬁ> _< @(‘ﬁ)z/@< )> (by Proposition 4.12 (2))

—1,m?l

:( 2 )
1,0

:( 2 )

:(_Tl) (cf. [10], Lemma 2.27, page 63)

=1

because [ =1 (mod 4).
(2) € is not a norm in L. In fact:
(a) If p {1 and p { m, then v,(mev1) = 0, so

e, mevV1 £\ vp (meVl) .
(T) = (E) (by Proposition 4.12 (1))
=1

(b) If p | I, then p = (\ﬂ) and vy (max/Z) =1. So

v (mE\/Z)
<#) :<§) ’ (by Proposition 4.12 (1))

because [ =5 (mod 8).
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Thus,

Eawn/Eawiy NN jan (E7)
{ {1,z} if and only if m takes one of the forms (1) (a)—(1) (d);

{1,g,—1,—¢} elsewhere.

Therefore,

{ 1 if and only if m takes one of the forms (1) (a)—(1) (d);

2 elsewhere;

because 2¢ = [E /5 Egyz) VN g (L7)]-
From the equality (3), we have two cases to discuss:
(1) If e = 1, then we have t = 2.
(2) If e = 2, then we have t = 3.
From [2], Paragraph 2, page 63, we get

(1) t = 2 if and only if m takes one of the following forms:

(a) m is a prime p congruent to 3 (mod 4) and (%) = —1 (t = #{+/1,p}, where
plp),
(b) m € {1,2} (t = #{V/1, 2}, where 2 | 2),

(2) t = 3 if and only if m is a prime p congruent to 3 (mod 4) and (%) =1 (in this
case, t = #{V1,p1,p2}, where p; | p).

Therefore, h(L) is odd if and only if m takes one of the following forms:

(1) m is a prime p congruent to 3 (mod 4),

(2) m € {1,2}. O

Proposition 5.2. Let L, be the nth layer of the cyclotomic 75-extension of L.
Then, the class number of L,, is odd if and only if m takes one of the following forms:
(1) m is a prime p congruent to 3 (mod 4),
(2) m is an even prime,

(3) m is equal to 1.

Proof. In order to use Proposition 4.7, we need to count the number of primes
of L above 2. For this, let 2 be a unique prime ideal of @(\/Z) lying above 2.

(1) If m € {1,2}, it is clear that 2 ramifies in L, then there is only one prime of L
lying above 2.
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(2) If m is a prime p = 3 (mod 4), then there is only one prime of L lying above 2.

(msx/i) _ (me\fl, 2) (by Proposition 4.12 (1))

In fact,

2 2

- <N@M>/@(mf\ﬂ>’ 2
2

(12 - (1

:(g) (cf. [10], Lemma 2.27, page 63)

) (by Proposition 4.12 (2))

Let us now come back to the proof of Proposition 5.2 using Theorem 5.1 and
Proposition 4.7. If h(L,) is odd for all n > 0, then h(L) is odd (in particular,
n = 0), hence m takes one of the forms: (1), (2) and (3). Conversely, if m takes one
of the forms of Proposition 5.2, then h(L) is odd, hence Ay ~ X /T X oo = 0, where
T = wy, this implies that X /(2,T)Xo = 0, thus X = 0 by Nakayama’s lemma,
therefore the class number of L,, is odd. O

Remark 5.3. If m takes one of the forms of Theorem 5.1, then Greenberg’s
conjecture holds for L. Moreover, v = 0.

Now, we can prove the main theorem.

Proof of the main theorem. We begin by computing the value of A~ (K *)) using
Kida’s formula (2). For this, consider Figure 1, where L = K®). By Proposition 4.8,
the class number of F' is odd. Moreover, there is only one prime of F' lying above 2.
In fact, let 2 be a unique prime ideal of F'™ lying above 2, so we have

—evVl —evl
< 2 >_<2@(\ﬁ)>__17
Lz@(\/:ﬂ, Ja, \/—_1)
_— | T
r=0(Vevlvg)  H=0(Vely=1)  F=0a(VeViva)
Ft zQ( e\fl) K:Q(\/—qaﬂ)

Figure 1.

then 2 stays inert in F. Thus, the class numbers of the layers of the cyclotomic
Zs-extension of F' are odd by Proposition 4.7. Therefore A~ (F) = 0, because
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AT (F) = MF7T) = 0 by Proposition 5.2. On the other hand, we have ¢ splits
into 4 prime ideals of F. In fact, let q be one of the two prime ideals of F* lying

(7) = (Fraeat2) -
q YoV

> If ¢ = 3 (mod 8), by Proposition 4.1 we have ¢ splits into 2 primes of Q((yn+2)

above ¢, so we have

and it is inert in Q,, with n > 2, then ¢ splits into the product of 8 primes in F,, =
FQ, =0 (\/5—\/Z, an+z) while it decomposes into 4 primes in F,} = Q,, (\/5—\/Z>

> If ¢ =7 (mod 16), proceeding as above, then ¢ splits into the product of 16 primes
in F,, while it decomposes into 8 primes in F.

Note that [Los : Fo] = [LY : Ff] = 2 and e = eg = 2, then by Theorem 4.5
we have:
2-(0-1)4+8—-4 if g=3 (mod 8),
o0 4=3 (mod )
2.-(0-1)4+16—8 if ¢g=7 (mod 16).
Thus,
3 if ¢ =3 (mod 8),
A (L) = ( )
7 if ¢ =7 (mod 16).
By definition, we recall that AT (L) = A(L™). One can show that A™(L) = 0 using
Proposition 4.7. Therefore,
3 if ¢ =3 (mod 8),

ML) = AT (L) + 27 (L) = {7 if g =7 (mod 16).

Since the extension L/L* is unramified, then L, /L; is unramified too. Thus, by
Lemma 4.4, A3 = A because h(L;}) is odd for all n > 0. By Theorem 4.3 there is
no finite A-submodule in A7 . Hence, A is a A-module without finite part. So,

A~ 73 if =3 (mod 8),
T\ 73 ifq=7 (mod 16).
Finally, we have
= ZA(L) - @A/ (9;(T
where each g; is distinguished and Zdeg g; = A(L), and we have that L/Q is an

J
abelian extension. Then, by Theorem 4.6,

3foralln >3 if ¢ =3 (mod 8),
ranks(A,) =
Tforalln>7 if =7 (mod 16).
This completes the proof of the theorem. O
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Example 5.4. Let K = @( —11e ), where ¢ = l(1 + \/_) Since 5 = 5
(mod 8), 11 = 3 (mod 8) and (), = 1, we have Ao ~ 73, where A, is attached
to K,

Example 5.5. Let K = Q

(mod 8), 7 =7 (mod 16) and (
to K,

N

—73@), where ¢ = 6 + v/37. Since 37 = 5

)4 = 1, we have Ay, ~ 7%, where A, is attached

@l
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