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Abstract. F -manifold algebras are focused on the algebraic properties of the tangent
sheaf of F -manifolds. The local classification of 3-dimensional F -manifolds has been given
in A.Basalaev, C.Hertling (2021). We study the classification of 3-dimensional F -manifold
algebras over the complex field C.
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1. Introduction

The concept of Frobenius manifolds was introduced by Dubrovin (see [8]) in order

to give a geometrical expression of the Witten-Dijkgraaf-Verlinde-Verlinde equa-

tions. In 1999, Hertling and Manin in [11] invented the notion of F -manifolds as

a relaxation of the conditions of Frobenius manifolds, i.e., F -manifolds without flat

metric (see [10], [11] for more details). In [10], Hertling gave the complete classifi-

cation of the germs of all 2-dimensional F -manifolds with or without Euler fields,

also the partial classification of 3-dimensional cases but not pursued systematically.

Basalaev and Hertling in [2] tried to obtain a systematic classification of germs of

3-dimensional F -manifolds, and succeeded in most of the cases.

Inspired by the investigation of algebraic structures of F -manifolds, the notion of

an F -manifold algebra is given by Dotsenko in 2019 (see [7]) to relate the operad

F -manifold algebras to the operad pre-Lie algebras. F -manifold algebra is defined
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as a triple (A, ·, [, ]) satisfying the Hertling-Manin relation

Px·y(z, w) = x · Py(z, w) + y · Px(z, w) ∀x, y, z, w ∈ A),

where (A, ·) is a commutative associative algebra, (A, [, ]) is a Lie algebra and

Px(y, z) = [x, y · z] − [x, y] · z − y · [x, z]. Note that the commutative Poisson

algebras are a special class of F -manifold algebras with Px(y, z) = 0. Poisson

algebras have been studied by many people and played an important role in var-

ious areas in mathematics and mathematical physics, such as Poisson geometry,

integrable systems and noncommutative geometry (see for example [5], [12], [14],

[17]). As a generalization, F -manifold algebras have played a central role in the

theory of Frobenius manifolds and the theory of F -manifolds. Therefore, it is

necessary to understand the structures and properties of F -manifold algebras in

detail. In [4], the authors defined the notions of F -algebra-Rinehart pairs and su-

per F -algebroids, and studied the connection between them. Recently, Liu, Sheng

and Bai in [13] introduced pre-F -manifold algebras which give rise to F -manifold

algebras through the subjacent associative algebras and the subjacent Lie alge-

bras. Later, these results have been generalized to the case of F -manifold color

algebras in [6]. The notion of Hom-F -manifold algebras and their proprieties were

given in [3].

In this paper, we study the classification of F -manifold algebras with a multipli-

cation with or without unit over the complex field in dimension three. Note that

F -manifolds pursued in [2] are complex manifolds with a multiplication with unit.

To the best of our knowledge, the corresponding F -manifold algebras should contain

the unit from an algebraic viewpoint. We hope the classification given in this pa-

per can be related to the local classification of 3-dimensional F -manifolds in [2] and

regarded as a guide for further study.

The paper is organized as follows. In Section 2, we recall the classifications of

3-dimensional commutative associative algebras and Lie algebras over the complex

field. In Section 3, we discuss the classification of 3-dimensional F -manifold algebras

over the complex field.

2. Preliminaries

In this section, we briefly summarize the classifications of 3-dimensional commu-

tative associative algebras and 3-dimensional Lie algebras over the complex field C,

respectively.
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Let e1, e2, e3 be a basis of the commutative associative algebra (A, ·). Set ei · ej =
3
∑

k=1

akijek, then the characteristic matrix is defined as

















3
∑

k=1

ak11ek
3
∑

k=1

ak12ek
3
∑

k=1

ak13ek

3
∑

k=1

ak
21
ek

3
∑

k=1

ak
22
ek

3
∑

k=1

ak
23
ek

3
∑

k=1

ak
31
ek

3
∑

k=1

ak
32
ek

3
∑

k=1

ak
33
ek

















.

In [1], Bai and Meng classified the Novikov algebras of dimension three over the

complex field. Note that commutative associative algebras are a special class of

Novikov algebras. Thus, the classification of 3-dimensional commutative associative

algebras can be naturally deduced. We list this classification in Table 1:

Type Characteristic Matrix Type Characteristic Matrix

A1





0 0 0

0 0 0

0 0 0



 A2





0 0 0

0 0 0

0 0 e1





A3





0 0 0

0 e1 0

0 0 e1



 A4





0 0 0

0 0 e1

0 e1 e2





B1





0 0 0

0 e2 0

0 0 e3



 B2





0 0 e1

0 e2 0

e1 0 e3





C1





0 0 0

0 0 0

0 0 e3



 C2





0 0 e1

0 0 0

e1 0 e3





C11





0 0 e1

0 0 e2
e1 e2 e3



 D1





e2 0 0

0 0 0

0 0 e3





D2





e2 0 e1

0 0 e2
e1 e2 e3



 E





e1 0 0

0 e2 0

0 0 e3





Table 1. The classification of 3-dimensional commutative associative algebras

Let e1, e2, e3 be a basis of the Lie algebra (A, [, ]). Listed below is the classification

of 3-dimensional nonabelian Lie algebras, see [9], [15], [16] for more details.
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Type Lie bracket multiplication

n3,1 [e1, e2] = 0, [e2, e3] = e1, [e1, e3] = 0

s2,1 ⊕ n1,1 [e1, e2] = e1, [e2, e3] = 0, [e1, e3] = 0

s3,1 [e1, e2] = 0, [e2, e3] = ae2, [e1, e3] = e1

0 < |a| 6 1, if |a| = 1 then arg(a) 6 π

s3,2 [e1, e2] = 0, [e2, e3] = e1 + e2, [e1, e3] = e1

sl(2,C) [e1, e2] = 2e1, [e2, e3] = 2e3, [e1, e3] = −e2

Table 2. The classification of 3-dimensional nonabelian Lie algebras.

In the following, we use Table 2 to refer the Lie algebras up to isomorphism.

3. On the classification of 3-dimensional F -manifold algebras

over the complex field

Let (A, ·, [, ]) be an F -manifold algebra, where the commutative associative al-

gebra (A, ·) with a basis e1, e2, e3 belonging to one of the types in Table 1. For

each case, we need to determine the Lie bracket. According to the definition of

an F -manifold algebra, it is easy to see that (A, ·, [, ]) is an F -manifold algebra if

and only if (A, ·) is a commutative associative algebra and (A, [, ]) is a Lie algebra,

satisfying the Hertling-Manin relation

Pei·ej (ek, el) = ei · Pej (ek, el) + ej · Pei(ek, el), 1 6 i, j, k, l 6 3,

where Px(y, z) = [x, y · z]− [x, y] · z − y · [x, z] for any x, y, z ∈ A.

In what follows, we will give an explicit computation of the F -manifold algebra

(A3, ·, [, ]). For other cases, as the discussion is similar, we only list the results without

proofs.

3.1. The commutative associative algebra of type A3. Note that there is

a basis {e1, e2, e3} of A3 such that e2 · e2 = e1, e3 · e3 = e1 and others are zero.

Lemma 3.1. A triple (A3, ·, [, ]) is an F -manifold algebra if and only if for all

1 6 i, j 6 3
{

Pe1(ei, ej) = 2e2 · Pe2(ei, ej) = 2e3 · Pe3 (ei, ej),

e2 · Pe3(ei, ej) + e3 · Pe2(ei, ej) = 0,

where (A3, ·) is a commutative associative algebra and (A3, [, ]) is a Lie algebra.
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P r o o f. By the characteristic matrix of (A3, ·) given in Table 1, we obtain that

(A3, ·, [, ]) is an F -manifold algebra if and only if

(3.1)

{

Pe1(ei, ej) = 2ek · Pek(ei, ej), 2 6 k 6 3, 1 6 i, j 6 3,

em · Pen(ei, ej) + en · Pem(ei, ej) = 0, 1 6 i, j 6 3, 1 6 m < n 6 3,

where (A3, ·) is a commutative associative algebra and (A3, [, ]) is a Lie algebra.

Since e1 · em = 0 (1 6 m 6 3) and e2m = e1 (2 6 m 6 3), we have that (3.1) hold

⇔











Pe1(ei, ej) = 2e2 · Pe2(ei, ej) = 2e3 · Pe3 (ei, ej), 1 6 i, j 6 3,

em · Pe1 (ei, ej) = 0, 1 6 i, j 6 3, 2 6 m 6 3,

e2 · Pe3(ei, ej) + e3 · Pe2(ei, ej) = 0, 1 6 i, j 6 3,

⇔

{

Pe1(ei, ej) = 2e2 · Pe2(ei, ej) = 2e3 · Pe3(ei, ej), 1 6 i, j 6 3,

e2 · Pe3(ei, ej) + e3 · Pe2(ei, ej) = 0, 1 6 i, j 6 3.

Hence, the proof is finished. �

Lemma 3.2. (A3, ·, [, ]) is an F -manifold algebra if and only if

{

[e1, e2] · e2 = [e1, e3] · e3,

[e1, e3] · e2 + [e1, e2] · e3 = 0,

where (A3, ·) is a commutative associative algebra and (A3, [, ]) is a Lie algebra.

P r o o f. Through direct computations, we have

Pei (ej , ek) = [ei, ej · ek]− [ei, ek] · ej − [ei, ej ] · ek

=











































0, j = k = 1,

−[ei, e1] · ek, j = 1, 2 6 k 6 3,

−[ek, e1] · ei, 2 6 j 6 3, k = 1,

[ei, e1]− 2[ei, ej ] · ej, j = k = 2, 3,

−[ei, e2] · e3 − [ei, e3] · e2, j = 2, k = 3,

−[ei, e2] · e3 − [ei, e3] · e2, j = 3, k = 2.

Thus, the proof can be deduced from Lemma 3.1. �

Let [e1, e2] = h1e1 + h2e2 + h3e3, [e2, e3] = k1e1 + k2e2 + k3e3, [e1, e3] = l1e1 +

l2e2 + l3e3. According to Lemma 3.2, we obtain the following result.
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Proposition 3.1. (A3, ·, [, ]) is an F -manifold algebra if and only if the structure

constants satisfy

(3.2)























h2 = l3, h3 = −l2,

h1k2 + l1k3 − 2l3k1 = 0,

l1l3 + l2k3 − l2h1 − l3k2 = 0,

l2k2 + l1l2 + l3h1 + l3k3 = 0.

From (3.2) we discuss the solutions (hi, ki, li) in four cases.

Case I : (l2, l3) = (0, 0). Then (3.2) becomes

(3.3) h2 = 0, h3 = 0, h1k2 + l1k3 = 0.

(1) When (k2, k3) = (0, 0), then (3.3) holds, thus

[e1, e2] = h1e1, [e2, e3] = k1e1, [e1, e3] = l1e1.

Furthermore, the Lie algebra (A3, [, ]) is

(a) s2,1 ⊕ n1,1 if h1 6= 0 or l1 6= 0,

(b) n3,1 if h1 = l1 = 0, k1 6= 0.

(2) When (k2, k3) 6= (0, 0), we have two cases. Firstly, if k2 = 0, k3 6= 0, then l1 = 0,

thus

[e1, e2] = h1e1, [e2, e3] = k1e1 + k3e3, [e1, e3] = 0.

Furthermore, the Lie algebra (A3, [, ]) is

(a) s2,1 ⊕ n1,1 if h1 = 0,

(b) s3,1 if h1 6= 0, k1 = 0,

(c) s3,2 if h1k1 6= 0, h1 = −k3,

(d) s3,1 if h1k1 6= 0, h1 6= −k3.

Secondly, if k2 6= 0, then

[e1, e2] = h1e1, [e2, e3] = k1e1 + k2e2 + k3e3, [e1, e3] = l1e1.

Thus, we have

(a) s2,1 ⊕ n1,1 if k
2

2
+ k2

3
= 0, l1 = 0,

(b) s3,1 if k
2

2
+ k2

3
= 0, l1 6= 0, l1 6= k2,

(c) s3,1 if k
2
2 + k23 = 0, l1 6= 0, l1 = k2, k1 = 0,

(d) s3,2 if k
2

2
+ k2

3
= 0, l1 6= 0, l1 = k2, k1 6= 0,
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(e) if k2
2
+ k2

3
6= 0, let e′

1
= e1, e

′

2
=

(

1/
√

k2
2
+ k2

3

)

(k3e2 − k2e3), e′
3

=
(

1/
√

k2
2
+ k2

3

)

(k2e2 + k3e3), then the characteristic matrix of A3 with the

basis {e′
1
, e′

2
, e′

3
} is the same as that with the basis {e1, e2, e3}. Furthermore,

[e′2, e
′

3] = k1e
′

1 +
√

k2
2
+ k2

3
e′3, [e′1, e

′

2] = h′

1e
′

1 + h′

2e
′

2 + h′

3e
′

3,

[e′1, e
′

3] = l′1e
′

1 + l′2e
′

2 + l′3e
′

3,

where

h′

i =
k3hi

√

k2
2
+ k2

3

−
k2li

√

k2
2
+ k2

3

= 0 for i = 2, 3, l′
1
=

k2h1
√

k2
2
+ k2

3

+
k3l1

√

k2
2
+ k2

3

,

and l′i =
k2hi

√

k2
2
+ k2

3

+
k3li

√

k2
2
+ k2

3

= 0 for i = 2, 3.

That is the first case of (2).

Case II : l2 = 0, l3 6= 0. Then (3.2) becomes

h2 = l3, h3 = k1 = 0, k2 = l1, k3 = −h1.

Thus, we have

[e1, e2] = h1e1 + l3e2, [e2, e3] = l1e2 − h1e3, [e1, e3] = l1e1 + l3e3.

Furthermore, the Lie algebra (A3, [, ]) is

(1) s3,1 if l1 = 0,

(2) s3,1 if l1 6= 0, l2
1
+ h2

1
= 0,

(3) if l1(l
2

1 + h2

1) 6= 0, we can proceed as in the second case of (2) in Case I, and

then change the case to the first case, i.e., l1 = 0.

Case III : l2 6= 0, l3 = 0. Then (3.2) becomes

h2 = 0, h3 = −l2, k2 = −l1, k3 = h1.

Thus, we have

[e1, e2] = h1e1 − l2e3, [e2, e3] = k1e1 − l1e2 + h1e3, [e1, e3] = l1e1 + l2e2.

Let e′1 = e1, e
′

2 = e2, e
′

3 = (l1/l2)e1+ e3, then the characteristic matrix of A3 with

the basis {e′
1
, e′

2
, e′

3
} is the same as that with the basis {e1, e2, e3}. Furthermore,

[e′1, e
′

3] = l2e
′

3,

which is changed into Case II.
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Case IV : l2 6= 0, l3 6= 0. We have

(1) s2,1 ⊕ n1,1 if l
2

2
+ l2

3
= 0,

(2) if l2
2
+ l2

3
6= 0, let

e′
1
= e1, e′

2
=

1
√

l2
2
+ l2

3

(l2e2 − l3e3), e′
3
=

1
√

l2
2
+ l2

3

(l3e2 + l2e3),

then the characteristic matrix of A3 with the basis {e
′

1, e
′

2, e
′

3} is the same as

that with the basis {e1, e2, e3}. Furthermore,

[e′
1
, e′

3
] =

h1l3 + l1l2
√

l2
2
+ l2

3

e′
1
+
√

l2
2
+ l2

3
e′
2
,

which is changed into Case III.

In summary, we have the following theorem.

Theorem 3.1. Let {e1, e2, e3} be a basis of A3 such that e2 · e2 = e1, e3 · e3 = e1

and others are zero. Then (A3, ·, [, ]) is an F -manifold algebra if and only if the

bracket [, ] on A3 is one of the following cases:

(1) [e1, e2] = h1e1, [e2, e3] = k1e1, [e1, e3] = l1e1. For this case, the nonabelian Lie

algebra is s2,1 ⊕ n1,1 if (h1, l1) 6= (0, 0); n3,1 if (h1, l1) = (0, 0), k1 6= 0.

(2) [e1, e2] = h1e1, [e2, e3] = k1e1 + k3e3, [e1, e3] = 0 for k3 6= 0. For this case,

the Lie algebra is s2,1 ⊕ n1,1 if h1 = 0; s3,1 if h1 6= 0, k1 = 0 or if h1k1 6= 0,

h1 6= −k3; s3,2 if h1k1 6= 0, h1 = −k3.

(3) [e1, e2] = h1e1, [e2, e3] = k1e1 + k2e2 + k3e3, [e1, e3] = l1e1 for k2 6= 0. For

this case, the Lie algebra is s2,1 ⊕ n1,1 if k
2

2
+ k2

3
= 0, l1 = 0 or if k2

2
+ k2

3
6= 0,

k3h1−k2h1 = 0; s3,1 if k
2
2+k23 = 0, l1 6= 0, l1 6= k2 or if k

2
2+k23 = 0, l1 = k2 6= 0,

k1 = 0 or if k2
2
+ k2

3
6= 0, k3h1 − k2h1 6= 0, k1 = 0 or if k3h1 − k2h1 6= 0,

k3h1 − k2h1 6= −k1
√

k2
2
+ k2

3
, k1 6= 0; s3,2 if k

2
2 + k23 = 0, l1 = k2 6= 0, k1 6= 0 or

if k2
2
+ k2

3
6= 0, k3h1 − k2h1 = −k1

√

k2
2
+ k2

3
, k1 6= 0.

(4) [e1, e2] = h1e1 + l3e2, [e2, e3] = l1e2 − h1e3, [e1, e3] = l1e1 + l3e3 for l3 6= 0. For

this case, the Lie algebra is s3,1.

(5) [e1, e2] = h1e1− l2e3, [e2, e3] = k1e1− l1e2+h1e3, [e1, e3] = l1e1+ l2e2 for l2 6= 0.

For this case, the Lie algebra is s3,1.

(6) [e1, e2] = h1e1+l3e2−l2e3, [e2, e3] = k1e1+k2e2+k3e3, [e1, e3] = l1e1+l2e2+l3e3

for l2l3 6= 0. For this case, the Lie algebra is s2,1 ⊕ n1,1 if l
2
2 + l23 = 0; s3,1 if

l2
2
+ l2

3
6= 0.
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3.2. The other types of commutative associative algebras. In the following,

we set

[e1, e2] = h1e1+h2e2+h3e3, [e2, e3] = k1e1+k2e2+k3e3, [e2, e3] = l1e1+l2e2+l3e3,

where hi, ki, li ∈ C (i = 1, 2, 3).

Now we list the sufficient and necessary conditions for other cases of (A, ·, [, ]) to be

an F -manifold algebra, where (A, ·) (other than (A3, ·)) is a commutative associative

algebra listed in Table 1 and [, ] is the Lie bracket on A.

Type A1: (A1, ·, [, ]) is an F -manifold algebra if and only if (A1, [, ]) is any

3-dimensional Lie algebra.

Type A2: (A2, ·, [, ]) is an F -manifold algebra if and only if
{

Pe1(ei, ej) = 2e3 · Pe3(ei, ej), 1 6 i, j 6 3,

e3 · Pe2(ei, ej) = 0, 1 6 i, j 6 3,

where (A2, ·) is a commutative associative algebra and (A2, [, ]) is a Lie algebra. This

is equivalent to the following equations:

h3 = 0, k2h1 + k3l1 − k1l3 − k1h2 = 0,

h2l1 + k3l2 − k2l3 − h1l2 = 0, h1l3 + k3h2 = 0.

Similarly to the discussion in Subsection 3.1, we have the following result.

Theorem 3.2. Let {e1, e2, e3} be a basis of A2 such that e3 · e3 = e1 and others

are zero. Then (A2, ·, [, ]) is an F -manifold algebra if and only if the bracket [, ] on A2

is one of the following cases:

(1) [e1, e2] = 0, [e2, e3] = k1e1 + k2e2, [e1, e3] = l1e1 + l2e2. For this case, the

nonabelian Lie algebra is s2,1 ⊕ n1,1 if k1l2 − k2l1 = 0; s3,1 if (k1l2 − k2l1)∆ 6= 0

or if k1l2 − k2l1 6= 0, ∆ = 0, l2 = k1; s3,2 if k1l2 − k2l1 6= 0, ∆ = 0, l2 6= k1.

Here ∆ = (l1 + k2)
2 − 4(l1k2 − k1l2).

(2) [e1, e2] = 0, [e2, e3] = k1e1+k2e2+k3e3, [e1, e3] = l1e1+ l2e2+ l3e3 for (k3, l3) 6=

(0, 0). For this case, the Lie algebra is s2,1 ⊕ n1,1.

(3) [e1, e2] = h2e2, [e2, e3] = k2e2, [e1, e3] = tk2e1+ l2e2+ l3e3 for h2 6= 0, t = l3/h2.

For this case, the Lie algebra is s2,1 ⊕ n1,1 if l3 = 0; s3,1 if l3 6= 0, h2 6= l3 or if

l3 6= 0, l2 = 0, h2 = l3; s3,2 if l2l3 6= 0, h2 = l3.

(4) [e1, e2] = h2e2, [e2, e3] = k1e1+k2e2, [e1, e3] = −k2e1+ l2e2−h2e3 for h2k1 6= 0.

For this case, the Lie algebra is sl(2,C).

(5) [e1, e2] = h1e1, [e2, e3] = k1e1 − l1k3/h1e2 + k3e3, [e1, e3] = l1e1 for h1 6= 0.

For this case, the Lie algebra is s2,1 ⊕ n1,1 if (k1, k3) = (0, 0); s3,1 if (k1, l1) =

(0, 0), k3 6= 0 or if (k1, k3) = (0, 0), l1 6= 0; s3,2 if k1k3 6= 0, l1 = 0 or if

k1l1 6= 0, k3 = 0.
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(6) [e1, e2] = h1e1, [e2, e3] = k1e1 − l1e2 + h1e3, [e1, e3] = l1e1 + l2e2 for h1l2 6= 0.

For this case, the Lie algebra is sl(2,C).

Type A4: (A4, ·, [, ]) is an F -manifold algebra if and only if
{

Pe1(ei, ej) = 3e2 · Pe3(ei, ej), 1 6 i, j 6 3,

Pe2(ei, ej) = 2e3 · Pe3(ei, ej), 1 6 i, j 6 3,

where (A4, ·) is a commutative associative algebra and (A4, [, ]) is a Lie algebra. This

is equivalent to the following equations:






















h1 = 2l2 − 3k3, h2 = 2l3, h3 = 0,

k2(2l2 − 3k3) + l1k3 − 3l3k1 = 0,

2l1l3 − l3k2 + 4l2k3 − 2l22 = 0,

l3k3 − 2l2l3 = 0.

Similarly to the discussion in Subsection 3.1, we have the following result.

Theorem 3.3. Let {e1, e2, e3} be a basis of A4 such that e2 · e3 = e1, e3 · e3 = e2

and others are zero. Then (A4, ·, [, ]) is an F -manifold algebra if and only if the

bracket [, ] on A4 is one of the following cases:

(1) [e1, e2] = 0, [e2, e3] = k1e1 + k2e2, [e1, e3] = l1e1. For this case, the non-

abelian Lie algebra is s2,1 ⊕ n1,1 if k2 = 0, l1 6= 0 or if k2 6= 0, l1 = 0; n3,1 if

(k2, l1) = (0, 0), k1 6= 0; s3,1 if k2l1 6= 0, k2 6= l1 or if k2 = l1 6= 0, k1 = 0; s3,2 if

k2 = l1 6= 0, k1 6= 0.

(2) [e1, e2] = −3k3e1, [e2, e3] = k1e1 + k2e2 + k3e3, [e1, e3] = 3k2e1 for k3 6= 0. For

this case, the Lie algebra is s3,1.

(3) [e1, e2] = k3e1, [e2, e3] = k1e1 − l1e2 + k3e3, [e1, e3] = l1e1 + 2k3e2 for k3 6= 0.

For this case, the Lie algebra is sl(2,C).

(4) [e1, e2] = −4l2e1 +2e2, [e2, e3] = −8l32e1+6l22e2+2l2e3, [e1, e3] = l2e2+ e3. For

this case, the Lie algebra is s3,1.

Type B1: (B1, ·, [, ]) is an F -manifold algebra if and only if
{

e2 · Pe1 (ei, ej) = e3 · Pe1(ei, ej) = 0, 1 6 i, j 6 3,

Pe2 (ei, ej) = Pe3(ei, ej) = 0, 1 6 i, j 6 3,

where (B1, ·) is a commutative associative algebra and (B1, [, ]) is a Lie algebra. This

is equivalent to the following equations:

h2 = h3 = k1 = k2 = k3 = l2 = l3 = 0.

Thus, we have [e1, e2] = h1e1, [e2, e3] = 0, [e1, e3] = l1e1. Furthermore, the non-

abelian Lie algebra (B1, [, ]) is s2,1 ⊕ n1,1.
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Type B2: (B2, ·, [, ]) is an F -manifold algebra if and only if

{

e1 · Pe1(ei, ej) = Pe2(ei, ej) = Pe3 (ei, ej) = 0, 1 6 i, j 6 3,

Pe1(ei, ej) = e3 · Pe1(ei, ej), 1 6 i, j 6 3,

where (B2, ·) is a commutative associative algebra and (B2, [, ]) is a Lie algebra. This

is equivalent to the following equations:

h2 = h3 = k1 = k2 = k3 = l2 = l3 = 0.

Thus, we have [e1, e2] = h1e1, [e2, e3] = 0, [e1, e3] = l1e1. Furthermore, the non-

abelian Lie algebra (B2, [, ]) is s2,1 ⊕ n1,1.

Type C1: (C1, ·, [, ]) is an F -manifold algebra if and only if

{

e3 · Pe1 (ei, ej) = e3 · Pe2(ei, ej) = 0, 1 6 i, j 6 3,

Pe3 (ei, ej) = 0, 1 6 i, j 6 3,

where (C1, ·) is a commutative associative algebra and (C1, [, ]) is a Lie algebra. This

is equivalent to the following equations:

h3 = k3 = l3 = 0, h1k2 − h2k1 = 0, h1l2 − h2l1 = 0.

Similarly to the discussion in Subsection 3.1, we have the following result.

Theorem 3.4. Let {e1, e2, e3} be a basis of C1 such that e3 · e3 = e3 and others

are zero. Then (C1, ·, [, ]) is an F -manifold algebra if and only if the bracket [, ] on C1

is one of the following cases:

(1) [e1, e2] = 0, [e2, e3] = k1e1 + k2e2, [e1, e3] = l1e1 + l2e2. For this case, the

nonabelian Lie algebra is s2,1 ⊕ n1,1 if k1l2 − k2l1 = 0; s3,1 if (k1l2 − k2l1)∆ 6= 0

or if k1l2 − k2l1 6= 0 , ∆ = 0, l2 = k1; s3,2 if k1l2 − k2l1 6= 0 , ∆ = 0, l2 6= k1.

Here ∆ = (l1 + k2)
2 − 4(l1k2 − k1l2).

(2) [e1, e2] = h1e1 + h2e2, [e2, e3] = k1e1 + k2e2, [e1, e3] = l1e1 + l2e2 for

(h1, h2) 6= (0, 0). For this case, the Lie algebra is s2,1 ⊕ n1,1.

Type C2: (C2, ·, [, ]) is an F -manifold algebra if and only if











Pe1 (ei, ej) = e3 · Pe1(ei, ej), 1 6 i, j 6 3,

e1 · Pe1(ei, ej) = e1 · Pe2 (ei, ej) = e3 · Pe2(ei, ej) = 0, 1 6 i, j 6 3,

Pe3 (ei, ej) = 0, 1 6 i, j 6 3,

where (C2, ·) is a commutative associative algebra and (C2, [, ]) is a Lie algebra. This

is equivalent to the following equations:

h3 = k1 = k3 = l2 = l3 = h1k2 = h2l1 = 0.
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Similarly to the discussion in Subsection 3.1, we have the following result.

Theorem 3.5. Let {e1, e2, e3} be a basis of C2 such that e1 · e3 = e1, e3 · e3 = e3

and others are zero. Then (C2, ·, [, ]) is an F -manifold algebra if and only if the

bracket [, ] on C2 is one of the following cases:

(1) [e1, e2] = 0, [e2, e3] = k2e2, [e1, e3] = l1e1. For this case, the nonabelian Lie

algebra is s2,1 ⊕ n1,1 if k2 6= 0, l1 = 0 or if k2 = 0, l1 6= 0; s3,1 if k2l1 6= 0.

(2) [e1, e2] = h1e1+h2e2, [e2, e3] = k2e2,[e1, e3] = l1e1 for (h1, h2) 6= (0, 0). For this

case, the Lie algebra is s2,1 ⊕ n1,1.

Type C11: (C11, ·, [, ]) is an F -manifold algebra if and only if










Pe3(ei, ej) = 0, 1 6 i < j 6 3,

e1 · Pe1(ei, ej) = e2 · Pe2 (ei, ej) = 0, 1 6 i, j 6 3,

e1 · Pe2(ei, ej) + e2 · Pe1(ei, ej) = 0, 1 6 i, j 6 3,

where (C11, ·) is a commutative associative algebra and (C11, [, ]) is a Lie algebra.

This is equivalent to the following equations:

k3 = l3 = 0, h1k2 = h2k1, h2l1 = h1l2, (k2 + l1)h3 = 0.

Similarly to the discussion in Subsection 3.1, we have the following result.

Theorem 3.6. Let {e1, e2, e3} be a basis of C11 such that e1 ·e3 = e1, e2 ·e3 = e2,

e3 · e3 = e3 and others are zero. Then (C11, ·, [, ]) is an F -manifold algebra if and

only if the bracket [, ] on C11 is one of the following cases:

(1) [e1, e2] = 0, [e2, e3] = k1e1 + k2e2, [e1, e3] = l1e1 + l2e2. For this case, the

nonabelian Lie algebra is s2,1 ⊕ n1,1 if k1l2 − k2l1 = 0; s3,1 if (k1l2 − k2l1)∆ 6= 0

or if k1l2 − k2l1 6= 0 , ∆ = 0, l2 = k1; s3,2 if k1l2 − k2l1 6= 0 , ∆ = 0, l2 6= k1.

Here ∆ = (l1 + k2)
2 − 4(l1k2 − k1l2).

(2) [e1, e2] = h1e1 + h2e2, [e2, e3] = k1e1 + k2e2, [e1, e3] = l1e1 + l2e2 for

(h1, h2) 6= (0, 0). For this case, the Lie algebra is s2,1 ⊕ n1,1.

(3) [e1, e2] = h3e3, [e2, e3] = k1e1, [e1, e3] = l2e2 for h3 6= 0. For this case, the Lie al-

gebra is s3,1 if (k1, l2) = (0, 0) or if (k1, l2) 6= (0, 0), k1l2 = 0; sl(2,C) if k1l2 6= 0.

(4) [e1, e2] = h3e3, [e2, e3] = k1e1 − l1e2, [e1, e3] = l1e1 + l2e2 for h3l1 6= 0. For this

case, the Lie algebra is s3,1 if k1l2 + l2
1
= 0; sl(2,C) if k1l2 + l2

1
6= 0.

(5) [e1, e2] = h1e1 + h3e3, [e2, e3] = k1e1, [e1, e3] = 0 for h1h3 6= 0. For this case,

the Lie algebra is s2,1 ⊕ n1,1 if k1 = 0; s3,1 if k1∆ 6= 0 or if k1 6= 0 , ∆ = 0,

h3 = −k1; s3,2 if k1 6= 0 , ∆ = 0, h3 6= −k1. Here ∆ = h2
1 − 4k1h3.

(6) [e1, e2] = h1e1 + h2e2 + h3e3, [e2, e3] = k1e1 − l1e2, [e1, e3] = l1e1 + l2e2 for

h2 6= 0. For this case, the Lie algebra is s2,1 ⊕ n1,1 if l2 = 0; s3,1 if l2∆ 6= 0 or if

l2 6= 0, ∆ = 0, h3 = l2; s3,2 if l2 6= 0, ∆ = 0, h3 6= l2. Here ∆ = h2

2
+ 4l2h3.
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Type D1: (D1, ·, [, ]) is an F -manifold algebra if and only if











Pe2 (ei, ej) = 2e1 · Pe1(ei, ej), 1 6 i, j 6 3,

Pe3 (ei, ej) = 0, 1 6 i, j 6 3,

e3 · Pe1(ei, ej) = 0, 1 6 i, j 6 3,

where (D1, ·) is a commutative associative algebra and (D1, [, ]) is a Lie algebra. This

is equivalent to the following equations:

h3 = k1 = k3 = l3 = 0, k2 = 2l1, l1h1 = 0, l1h2 − h1l2 = 0.

Similarly to the discussion in Subsection 3.1, we have the following result.

Theorem 3.7. Let {e1, e2, e3} be a basis of D1 such that e1 · e1 = e2, e3 · e3 = e3

and others are zero. Then (D1, ·, [, ]) is an F -manifold algebra if and only if the

bracket [, ] on D1 is one of the following cases:

(1) [e1, e2] = 0, [e2, e3] = 2l1e2, [e1, e3] = l1e1 + l2e2. For this case, the nonabelian

Lie algebra is n3,1 if l1 = 0, l2 6= 0; s3,1 if l1 6= 0.

(2) [e1, e2] = h1e1 + h2e2, [e2, e3] = 2l1e2, [e1, e3] = l1e1 + l2e2 for (h1, h2) 6= (0, 0).

For this case, the Lie algebra is s2,1 ⊕ n1,1.

Type D2: (D2, ·, [, ]) is an F -manifold algebra if and only if

{

e2 · Pe1 (ei, ej) = Pe3(ei, ej) = 0, 1 6 i, j 6 3,

Pe2 (ei, ej) = 2e1 · Pe1 (ei, ej), 1 6 i, j 6 3,

where (D2, ·) is a commutative associative algebra and (D2, [, ]) is a Lie algebra. This

is equivalent to the following equations:

h3 = k1 = k3 = l3 = 0, k2 = 2l1, l1h1 = 0, l1h2 − h1l2 = 0.

Similarly to the discussion in Subsection 3.1, we have the following result.

Theorem 3.8. Let {e1, e2, e3} be a basis of D2 such that e1 · e1 = e2, e1 · e3 = e1,

e2 ·e3 = e2, e3 ·e3 = e3 and others are zero. Then (D2, ·, [, ]) is an F -manifold algebra

if and only if the bracket [, ] on D2 is one of the following cases:

(1) [e1, e2] = 0, [e2, e3] = 2l1e2, [e1, e3] = l1e1 + l2e2. For this case, the nonabelian

Lie algebra is n3,1 if l1 = 0, l2 6= 0; s3,1 if l1 6= 0.

(2) [e1, e2] = h1e1 + h2e2, [e2, e3] = 2l1e2, [e1, e3] = l1e1 + l2e2 for (h1, h2) 6= (0, 0).

For this case, the Lie algebra is s2,1 ⊕ n1,1.

Type E: (E, ·, [, ]) is an F -manifold algebra if and only if the bracket [, ] on E is

[ei, ej ] = 0, 1 6 i, j 6 3.
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