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Counterexamples to Hedetniemi’s

conjecture and infinite Boolean lattices

CLAUDE TARDIF

Abstract. We prove that for any ¢ > 5, there exists an infinite family (Gn)nen
of graphs such that x(Gpn) > ¢ for all n € N and x(Gm X Grn) < c for all m # n.
These counterexamples to Hedetniemi’s conjecture show that the Boolean lattice
of exponential graphs with K. as a base is infinite for ¢ > 5.

Keywords: categorical product; graph colouring; Hedetniemi’s conjecture

Classification: 05C15

1. Introduction

The categorical product of two graphs G and H is the graph G x H with vertex-
set V(G x H) = V(G) x V(H), whose edges are the pairs {(g1, h1), (92, h2)} such
that {g1, g2} is an edge of G and {hi, ha} is an edge of H. Hedetniemi’s conjec-
ture of 1966 in [11] states that the chromatic number of a categorical product of
graphs is equal to the minimum of the chromatic numbers of the factors. In 2019,
Y. Shitov in [12] refuted the conjecture by constructing counterexamples for very
large chromatic numbers.

Shitov’s construction was subsequently adapted and modified by many authors.
The asymptotic bounds on the difference min{x(G), x(H)} — x(G x H) and on
the ratio x(G x H)/min{x(G), x(H)} were investigated in [18], [10], [23]; in [23]
it is shown that the ratio x(G x H)/ min{x(G), x(H)} can get arbitrarily close
to 1/2. In another direction, the sizes and chromatic numbers of counterexamples
were gradually decreased in [24], [16], [20]. By now it is known that for any n > 5,
there exists pairs of (n 4 1)-chromatic graphs whose product is n-chromatic.

Following the work [4] of M. El-Zahar and N. Sauer, it is known that the
product of n-chromatic graphs is n-chromatic for any n < 4. So, one outstanding
unsolved question is whether the chromatic number of a product of 5-chromatic
graphs can be 4. Also, the asymptotic behaviour of the so-called Poljak—Rddl
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function f is not yet understood. This function is defined by
f(n) = min{x(G x H): x(G) = x(H) = n}.

It is now known that limsup,,_, .. (f(n)/n) < 1/2, but it is not yet known whether
f is bounded or unbounded. In this paper, we expand on the known counterex-
amples to Hedetniemi’s conjecture, but not towards either of these two problems.
Our main result is the following.

Theorem 1. For any ¢ > 5, there exists an infinite family (G, )nen of graphs
such that x(Gy) > ¢ for all n € N and x(G,, x Gy,) < ¢ for all m # n.

The reason to concoct this new style of disproof of Hedetniemi’s conjecture is
connected to the reason why Hedetniemi’s conjecture was appealing in 1966. The
identity x(G x H) = min{x(G), x(H)} remains valid in many cases. In particular,
it is not hard to show that a categorical product of nonbipartite graphs remains
nonbipartite, by identifying an odd cycle in a categorical product of odd cycles.
The structure of the critical graphs for higher chromatic numbers is not as well
understood. However in 1966, Hajés’ construction looked promising, and NP-
completeness had not yet been formulated. It was reasonable to hope that the
structure of the critical graphs might become sufficiently clear, and that the odd
cycle argument could be adapted to higher chromatic numbers.

But things did not turn out that way. Instead of a general understanding of
critical graphs, various lower bounds on the chromatic number have been devised
over time. Among these, we find topological bounds, fractional chromatic numbers
and much more. Each bound can be tight or not, depending on the class of graphs
considered. Now, adaptations of Hedetniemi’s conjecture can be formulated for
each lower bound on the chromatic number. Indeed many of these have been
proved over the years, see [14], [22], [5], [1]. However, the list of useful lower
bounds on the chromatic number is not exhausted; where will others be found?

The natural context of Theorem 1 is that of the Boolean exponential lattices
K¢ that will be presented in the next section. Theorem 1 is a reformulation of
the fact that K9 is infinite for any ¢ > 5. Any lower bound 3 on the chromatic
number that satisfies the identity 5(G x H) = min{8(G), 8(H)} corresponds to
a filter in K cg . Therefore, understanding the structure of K, cg may be relevant.

2. Exponential graphs

A homomorphism from a graph GG to a graph H is a map ¢ from the vertex-set
of G to that of H such that if {u,v} is an edge of G, then {p(u), p(v)} is an edge
of H. For graphs G and H, we write G — H if there exists a homomorphism
from G to H, and G < H if G — H and H — G. Let G be the class of finite
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graphs. The relation “—” is transitive on G and its quotient by the equivalence
“+3” gives rise to a distributive lattice order on G/, with “x” as meet and the
disjoint union “+” as join. The chromatic number of G is the least integer ¢
such that G — K., where K, is the complete graph on the vertex-set {1,...,c}.
Hedetniemi’s conjecture states that every complete graph is meet-irreducible in
G/+. Indeed if Gx H — K., then K. + (G+ K,.) x (H+ K.); meet-irreducibility
then implies G + K. -+ K. or H+ K. — K..

For graphs K, G, the exponential graph K¢ is the graph whose vertices are
the functions from the vertex-set of G to that of K; and whose edges are the
pairs {f1, f2} of functions such that for every edge {g1, g2} of G, {f1(g91), f2(92)}
is an edge of K. The properties of exponentiation are well-known, and exposed
in [3], [7]. We list some of the most relevant properties here:

(i) G x H — K if and only if H — K¢. In particular, K¢ contains a loop
if and only if G — K.
(ii) If G — H, then K — K&,
G
(iii) K5 < KC.
(iv) KEHH & K¢ x K1,
)

(v) The constant maps induce a copy of K in K¢.

In particular, the identity G x K¢ — K. always holds. Hence Hedetniemi’s
conjecture is equivalent to the statement that if x(G) > ¢, then x(Kf) < ¢
see [4].

We denote K9 the class of exponential graphs K, G € G, ordered by “—”
and quotiented by “<”. Its minimal element is K, and its maximal element
is the single vertex with a loop, denoted 1. (Note that we commit an abuse of
notation and talk of graphs as elements of K9 even though formally, the elements
of K9 are equivalence classes of graphs.) As a subposet of G ordered by “—”,
K9 inherits the meet “x” from G, since K< x K is homomorphically equivalent
to the exponential graph K¢+H#  However, K9 is not a sublattice of G because
it is not closed under “+”. However it turns out that K9 has its own join:
KGv KH = KK It is well known, see [3], that K9 is a Boolean lattice
for any K. Hedetniemi’s conjecture states that for any ¢, K cg is the two-element
lattice {K,, 1} Theorem 1 is equivalent to the statement that for ¢ > 5, K9 is
an infinite Boolean lattice, see [17].

Theorem 1 will be proved by constructing an antichain from a chain in K g
We start with Hy such that x(Hp) > ¢ and x(KH°) > ¢. Tt is easy to find an
infinite sequence (Hj,)nen such that H, 1 — H, and x(H,) > c for all n € N.
We then have KZ» — K™+ so that x(KH) > ¢ for all n € N. Consider the
sequence (Gy)nen defined by G, = H,, X KHn1 1t is not hard to show that
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(Gn)nen satisfies the conclusion of Theorem 1. Indeed for m > n we have
G % Gp — Hypy x KHnvr 5 1 x KHer 5 K

The difficulty is in proving x(G,) > ¢, that is, K # KHn. Even though
it is easy to devise (Hp)nen such that H, 4 Hp41, the difficulty lies in having
also K+ 4 KHn or equivalently K,f(Hn s Kffln“. Our sequence (Hp)nen
will consist of some “universal graphs for wide colourings” presented in the next
section.

3. Wide colourings

For a graph G and an odd integer w = 2v + 1, the graph I';,(G) has the same
vertices as G, and two vertices are connected by an edge in 'y, (G) if they are
endpoints of a walk of length w in G. Thus T',,(G) contains loops only if the odd
girth of G is at most w. Otherwise, I',,(G) admits a proper vertex-colouring with
sufficiently many colours. A proper colouring of T',,(G) is called a (v + 1)-wide
colouring of G. (Here and below, we will use v for |w/2].)

The functor T",, has a right adjoint §2,, which we describe next. For a graph H,
Q. (H) is the graph whose vertices are the sequences (Xo, X1, . .., X, ) of nonempty
sets of vertices of H satisfying the following properties:

(i) Xo is a singleton {z};
(i) for i € {1,...,v}, every vertex of X;_; is connected by an edge to every
vertex of X;;

(iii) fori € {1,...,0— 1}, Xi_1 C Xis1.

The edges of Q,,(H) join the pairs (Xo,...,X,), (Yo,...,Y,) satistying the fol-
lowing properties:

(iv) For i € {1,...,v}, X;_1 CY; and Y;—; C X;;

(v) every vertex of X, is connected by an edge to every vertex of Y.

Lemma 2 ([8], Theorem 3). For two graphs G, H, we have T,,(G) — H if and
only if G — Q,(H).

Thus a graph G admits a (v + 1)-wide colouring with ¢ colours if and only
if T'W(G) — K., that is, G — Q,(K.). The graphs Q,(K.) are the “universal
graphs for wide colourings”. Note that their construction resembles that of Kneser
graphs: adjacency in properties (ii) and (v) above is disjointness. As explained
in [6], the existence of graphs that admit optimal colourings that are wide was
conjectural at some point. This question is now settled:

Lemma 3 ([8], [19]). For c,v >0 and w =2v + 1, x(Qw(K,)) = c.
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In particular, Q. (K.) is a c-chromatic graph which admits a (v + 1)-wide
colouring with ¢ colours. (Note that the result is also implicit in [6], [2], [13],
with alternative presentations of €, (K.).)

We will use the fact that €,,(K.) is connected, which is not hard to prove
from its explicit description. In [9], Corollary 1 it is shown that the odd girth of
Qy(K,) is w+2[w/(c—2)]. Thus, while we have Qq,12(K.) = Q. (K,) for any
odd w, we also have Q,,(K.) 4 Qui2(K.). We use a few other properties of T',
and Q,,:

Lemma 4 ([9], Lemma 4). For any graph G, I',,(2,(G)) + G.
Two further properties are folklore. We include a proof for convenience.

Lemma 5. Let a,b be odd integers. Then
(i) Qu(G x H) & Q.(G) x Qu(H);
(il) Qo (Q(H)) < Qup(H).
PROOF: Property (i) holds for any right adjoint. We have

K—->Q(GxH) T, (K)->GxH—G (H, respectively)
< K — Q.(G) (Qq(H), respectively)
o K — Q4(G) x Q. (H).

Property (ii) follows from the identity I'y(T'4(G)) = T'4s(G), which is obvious from
the definition. We have

G— Quw(H) & ThWlJ(G@) =Tw(G) - H

& T.(G) = UW(H)
& G = Qu(Q(H)).

4. Main results

The graphs Q,,(K.) are used in the construction of counterexamples to Hedet-
niemi’s conjecture in [16], [20]. In particular, the proof of Theorem 4.1 of [20]
contains an implicit proof of the following statement.

Lemma 6. For ¢ > 5 and w > 13, the connected component of the constant

maps in K Eee=2) Lag chromatic number larger than c.

In the next section, we adapt the argument to prove our main auxiliary result:
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Lemma 7. Forc>5 and w > 7,

Qu (Kgc—2)

— Ko+ Qu(Koeo) — KXe

Qow_1(Koe_2)
Kc 2w—1 2c—2
(&

Thus for w > 13, K. + Q. (Ka.—2) is sandwiched between two nontrivial ele-
w(Koc—2)

Q
ments of K9. Perhaps the stronger statement KXe o Ko+ Qup(Kac—2)
always holds. Proposition 8 presents consequences of this hypothesis. We first
show how Lemma 7 is used to prove Theorem 1.

PROOF OF THEOREM 1: Let w(0) =5 and w(k) = 2w(k—1)+ 3 for kK > 1. By
Lemma 7, we have

Kﬂw(k)(KQC—Q)
Kc ¢ — K.+ Qw(k71)+2(K20—2)-

Qo) (Kze—2)
Therefore Q,,—1)(K2c—2) # KKe (e , since Q(p—1)(K2c—2) is connected,
it has chromatic number larger than that of K. and odd girth smaller than that
of Quk—1)42(HK2c—2). This implies

X(Qw(k—l)(ngfg) % K?w(k)(K%J)) S e
for all k> 1. Hence the sequence (G )x>1 of graphs defined by
Gr = Quk—1)(Kac—2) X Koo (Kze—2)
satisfies x(Gk) > ¢ for all k, and for m > n,
Gm X Gy = Q) (Kac—2) % K (Fze2)
= Qu(n+1) (Kze—2) X Fee i Uee2) e
O

The weak Hedetniemsi conjecture states that the Poljak—Rodl function defined in
the introduction is unbounded. That is, for every chromatic number ¢, there exists
a bound b(c) such that if G, H satisfy x(G) > x(H) > b(c), then x(G x H) > c.
It is known, see [21], that the weak Hedetniemi conjecture is equivalent to the
statement that b(9) is well-defined.

If K9 were finite, then a fortiori b(c) would be well-defined. Theorem 1 rules
out this possibility for ¢ > 5. Indeed, for the sequence (Gj)r>1 of graphs ap-

G
pearing in the proof of Theorem 1, (KCKC k) is an infinite antichain in K9.

E>1
However, even though KY is infinite, it is not known whether it contains graphs
with arbitrarily large chromatic numbers. Again, if the chromatic numbers of

elements of K9 were bounded, then b(c) would be well-defined. Here we show
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that a strengthening of the conclusion of Lemma 7 would rule out this possibility
as well.

Proposition 8. Suppose that for ¢ > 5 and w > 13, we have

Qu (Kgc—2)

KK & Ko+ Qu(Kae_a).
Then for all ¢ > 5, K cg contains graphs with arbitrarily large chromatic numbers.
PRrROOF: By Lemma 6, for all ¢ > 5 and w > 13, we have
(1) Qo (Kae—g) x KwEeem2) 5 |

with both factors having chromatic number larger than c. Let d > 2(2¢ — 2) — 2
and [ > 13 be integers such that

(2) O (Kq) x KQZ(Kd) — Kac—2,

with both factors having chromatic number larger than 2¢ — 2. By Lemma 5,
applying €, on both sides of (2) yields

Qu (U(Ka) x Ko 5) 6 Qu(0(Kg)) x Qu (Kot 57) = Q4 (Koe—s).
We then multiply both sides by K E2e=2) and use (1) to get
Qoo (U(Kg)) % Qup (KEEDY 5 gQu(Kaem2) 4 O (Ko, o) x KPwE2em2)
2¢c—2 c c

where the leftmost factor is equivalent to ,.;(K;) and the other two can be
combined to give

w-l w ,l_K X Y T — K.
(3) Qi (Ka) % (Qu (Ko 5D) x KPwlKze-2)) 5 [

At first, this seems to show that Q,,.;(Kg) is a factor in counterexample to Hedet-
niemi’s conjecture. However we have not yet shown that the second factor has
chromatic number larger than c¢. We need to show that

(4) Quw (Kgclﬁgd)) X K?UJ(K2C72) 7L> K.,

that is,

Qu (K2c—2)

(5) Qu (K5 5Y) 4 KK

This is where the hypothesis is needed.
Quw(Kae_2)
If KK e < K.+ Qup(Kac—2), then any connected graph that admits
Quw (Kze—2)
a homomorphism to KZX¢ *7* is either ¢ colourable or admits a homomor-

phism to Q,(K2.—2). Consider the graph Q,,(H), where H is the connected
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component of K;lclg(d) containing the constant maps. These constant maps in-
duce a copy of Ko._o in H, and by Lemma 6, x(H) > 2¢ — 2. The chro-
matic number of Q,,(H) could be smaller than that of H, but we must have
X(Qu(H)) > x(Quw(K2c—2)) = 2¢ — 2. Therefore Q,,(H) is not ¢ colourable.
Suppose that Q,(H) — Q,(Kac—2). By Lemma 4, we then have

H < Fw(Qw(H)) — Fw(Qw(KQC,Q)) < KQC,Q

which contradicts x(H) > 2¢ — 2. Therefore, Q,,(H), which is a subgraph of
Quw (Ké’;ﬁ’;d)), does not admit a homomorphism to K. + 4 (K2.—2) which is

Qu (Kgc—2)

equivalent by hypothesis to K¢ . This proves the statements (5) and (4)
hence the second factor in (3) is not c-colourable. From this we conclude that
X(K?“"l(K'i)) > c.

For ¢ fixed, we use this result iteratively, putting ¢(0) = ¢, w(0) = 13 and for
kE>1,c(k) =2c(k—1)—2 and w(k) = 13w(k — 1). Then for a fixed j, from

x(KQ“’(”(KC””“))) >c(i+1) for all i,

c(i+1)
we get
(Koo =)y S o) for all i
Ly (k) Ee(k41))
Therefore, for all k, K9 contains the graph KX which has chromatic
number at least ¢(k + 1). O

It would be interesting to determine the triples ¢, w, n of parameters such that
the identity Kf?w(Kn) < K.+ Q,(K,,) holds. In [15], a similar characterization
of some double exponential directed graphs helps to characterize the exponential
lattices with a complete graph as a base and finite directed graphs as exponents.

5. Proof of Lemma 7

Qa1 (K2c—2)
To prove Kf( SN K.+ Qy(Kac—2), we will show that the connected
Q01 (Kze_2)
components of K CKCz "7 that are not c-colourable admit a (v + 1)-wide

colouring with 2¢ — 2 colours. Here, w = 2v + 1, so that 2w — 1 = 4v + 1. Hence
the vertices of Qgy—1(Kac—2) are (20 + 1)-tuples (Xo, ..., Xa,) of sets of vertices
in Ko._o. For a technical reason, it is best to represent the vertices of Ko. o
as pairs (z,q), with z € {1,...,¢ — 1} and ¢ € {1,2}. The vertices of K. are
just the integers 1,...,c. The elements of Ko (Beem2) ) e represented by

Qo —1(K2c-2)
lower-case Greek letters, and those of KX¢

Qo —1(K2c-2)
K
Kc

by lower-case Latin letters.

The functions on subsets of will be represented by upper-case
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Greek letters; these include c-colourings of some components, automorphisms,
and a (v + 1)-wide colouring of some component with 2¢ — 2 colours.

5.1 Constant maps. We will denote ¢ : Q241 (K2c—2) — K, the constant map
with constant value x. The set C' = {i1,...,t.} is a complete subgraph of size ¢

Q-1 (K2c_2)
in K21 K2e=2)  The elements f of KX< """ " fall into two categories:

(i) Those whose restriction to C' is bijective.
(ii) Those whose restriction to C' contains a repeated colour.

If the restriction of f to C is bijective and ¢ is adjacent to f, then the restric-
tion of g to C' coincides with that of f. Thus, any connected component H of
Kf?zwﬂ(@kw either has all its elements bijective and identical on C, or all its
elements nonbijective on C.

Let H be a component of KCK? et em2) Cose elements are nonbijective
on C. Let E: H — K, be defined by letting E(f) be a colour x such that
there are distinct values zy,yy € {1,...,c} of C with f(is,) = f(1y;) = =
If f and g are adjacent in H, without loss of generality we have z; # y,4, so
E(f) = flta;) # 9(ty,) = E(g). This shows that Z is a proper colouring, hence
H— K..

Let H be a component whose elements are bijective on C. Let 7 be the

permutation of V(K,.) such that f(i,) = w(z) for every f in H and ¢, € C.

Consider the automorphism II of Kfilm*lmzc*z) defined by II(f) = 7o f. Then
H is isomorphic to II(H), and for every f € V(H), II(f) maps every element of C
to its constant value. K )

Thus we can restrict our attention to the subgraph of KX¢ T induced
by the functions that map every element of C to its constant value. For any two
such adjacent functions f,g for every A € Ko (Kaem2) 0 for every = that

is not in the image of A\, we have f(\) adjacent to ¢g(t,) = x. Let Hiq be the
Qoyp—1(K2c-2)
subgraph of KXe e consisting of the functions that map every element

of C to its constant value, and moreover are not isolated. Then for every f
in Hig and A € Ko2v (K22 f(A) is in the image of A\. We will construct
a (2v 4 1)-wide colouring ®: Hig — Kac—o.

5.2 Elements of K?2‘”’1(K2“’2). Recall that the elements of Ka._s are denoted
as pairs (z,q), with z € {1,...,¢— 1} and ¢ € {1,2}. Let v be the element of
K (B2e=2) qofined by

(@ )} X, X)) = =
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For every f in Hiq, f(7) € {1,...,c—1}. We define ®¢(f) = f(y). The (v + 1)-
wide colouring ®: Hig — Ka.—o will be of the form ®(f) = (Po(f), P1(f)) for
a suitably defined ®;.

For x € {1,...,¢—1}, 1 € {1,...,2v — 1} and ¢,j € {1,...,c}, the two-

colouring Tﬁ}l is the element of K2v~*(K2e-2) qofined by

Ti%l(XO,...,X%) { { if {(2,1),(z,2)}NX; £ 0,

j otherwise.

For z € {1,...,c—1}, we then have vy adjacent to 7% in e (Kae2), Indeed,
let (Xo,...,X9,) and (Yp,...,Ys,) be neighbours in Q9,1 (Ka.—2). We need to
show that v(Xo, ..., X2,) # 72} (Yo, ..., Yay), but the only way v(Xo,..., Xa,)
can even be in the image of 72} is if Xo C {(,1), (z,2)} as v(Xo, ..., X2v) = 2.
By definition of adjacency in Qg,—1(K2.—2) we then have {(z,1), (z,2)}NY1 # 0,
so that Tg,’wl(Yo, ..., Y3,) = c. Thus, v is adjacent to Tff

Moreover, Tf j’-l is adjacent to Tlle 1 for any three distinct values 4,5,k €
{1,...,c}. Indeed i is the only common value in the image of these two func-
tions. If (Yp,...,Ya,) is adjacent to (Xo,..., X2,) with Tiz,}l(Xo, ooy Xoy) = 4,
then

{(.Z', 1), (ma 2)}’ nXx; ¢ {(.Z', 1), (ma 2)}’ NYi41 # 0,

therefore 77 (Yo, ..., Ya,) = k.
For x € {1,...,c—1} and i € {3,...,c}, the cliqgue-member k7 is the element
of K21 2e=2) qefined by

1 if (.Z', 1) € Xoy,

K/f(XO,...,XQU) = 2 if (IL‘,l) €X27j and (IL‘,Z) €X27j7
{ otherwise.
Then {x%,...,x%¥} induces a complete subgraph of K1 B2e=2) - pdeed for

i # j, the intersection of the images of 7 and «§ is {1,2}. If (Xo,..., X2,) and
(Yo,...,Ys,) are neighbours in Qg,_1(Ka.—2), then X3, and Y3, are disjoint,

hence they cannot contain the same element (z,¢). Therefore ¥ (Xo, ..., X2,) #
w5 (Yo, ..., Yay). Moreover, for any j & {1,2,1}, T;ff”*l is adjacent to ¥ for the

2l o I+1
same reason that 7;; is adjacent to 7 S

. l .
In summary, the various v, 7;° 5 and ky defined here are connected in the
.

following ways:
o v is adjacent to zjl for x e {l,...,c—1}
o Tf}l is adjacent to T,f’ilﬂ forz € {1,...,c—1}, 1,7,k distinct in {1,...,c},

and [ € {1,...,2v—1};
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20—1 . . .
o 777"  is adjacent to k§ for x € {1,...,c—1},i € {3,...,c} and j €

{1\ {iks

o k7 is adjacent to 7 for z € {1,...,c¢— 1} and i, j distinct in {3,...,c}.

5.3 Subsets of Hiq. For z € {1,...,¢ — 1}, we now consider the subsets N§,
NYT,...,N3, of elements of Hiq defined recursively as follows. Let N§ be the set of
functions f such that f(v) = =, that is, the set ®;'(z) according to the notation
introduced in Section 5.2. Then for [ € {1,...,2v}, N is defined as the set
containing all f in V(Hiq) that have a neighbour ¢ in N ,. The properties
of the various elements =, 7;° jl, k? of K. f2w-1(K2c=2) giscussed above have the
following consequences:

(i) If f e N7, then f(v) =« by definition.

(i) If f € NY is adjacent to g € N§, then f(7%3}) # g(v) = x. Therefore

faE) =e
(iii) For I > 2, if f € N/ is adjacent to g € N/*,, then f(T,”) q(7; Il )
when i,j,k are distinct. Thus if g(7;'; =171y — . then f( lf) k As
[ increases, the consequences are as follows:
1=2: f(r"?) =k for k & {z,c}, since g(123}) = ¢;
1=3: f(r ]k) j for j#c and k & {j,x,c}, since g(T,ff) =k;
l=4: f(r) )7ifori7éj7éc since for k & {i,4,z,c}, (gf}c?’):j;
I >5: f(r k’i)—k for k # i, since for j & {i,k,c}, g(7;; o=y —
(iv) Finally if f € N3, is adjacent to g € N _,, then for ke{3,...,c} we
have f (ki) # g(Tlfo Y =k for i # k, thus f(k%) € {1,2}.

Note that N}* contains N” ,, for [ € {2,3,...,2v}. Wedefine ¥,: N3, — {1,2}
by letting W, (f) be a colour used at least twice as f(k}), k € {3,...,c}. The
map ®1: Hig — {1,2} is Uze{l -1} WU, |ng, that is, ®1(f) = V.(f) when
z = ®o(f).

It remains to show that ® = (®g, ®1) is a (v + 1)-wide colouring of Hiq. Let
fo7 .. -7f2'u+1 be a walk in Hid- If (I)O(fO) 7& CI)Q(fQU+1), then q)(fo) 7& (I)(fg,u+1).
Suppose that ®o(fo) = Po(feu+1) = . Then each f, is in N3, since it is
joined to either fy or f2,41 by a 2v-walk. Thus ¥, is defined on the whole
walk fo,..., fovt1, and it must take values that alternate between 1 and 2 as n
goes from 0 to 2v + 1. Indeed for n € {0,...,2v} there exist distinct values
i,j € {3,...,c} such that V,(fn) = fu(sk7) # fut+1(k]) = Ya(fut1). Therefore
q)l(f()) = \I/z(f()) 7é \le(f27j+1) = (I)l(f2v+1)- ThlS ShOWS that q) = (q)(),q)l) is
a wide colouring of Hiq.

Recall that the (v + 1)-wide colouring ®: Hiq — Ka.—2 can be viewed as
a colouring ®: ', (Hig) — Kac—2. By Lemma 2, there exists a homomorphism
O': Hig — Qu(Koe_s).

.....
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5.4 Conclusion. We have outlined the construction of a homomorphism

Qo —1(K2c-2)

T: KCKC — K.+ QUI(K2572)

as follows:

o If f is nonbijective on C, then Y(f) = Z(f) in K;
o otherwiseif f isisolated, then Y(f) can be any vertex of K.+, (Ka.—2);
o otherwise, Y(f) = ®'(TII(f)) in Qu(Kac—2).

Qow—1(K2c-2)

Therefore, KX = K.+ Qu(Koc—2). The second statement K. +

Qu (K2c—2)

Qo (Koeo) — KXKe is just a restatement of the basic property (K. +
Qu (Kac—2)) x K?”(K2“’2) — K. This completes the proof of Lemma 7. O

REFERENCES

Alishahi M., Hajiabolhassan H., Altermatic number of categorical product of graphs, Dis-
crete Math. 341 (2018), no. 5, 1316-1324.

Baum S., Stiebitz M., Coloring of Graphs without Short Odd Paths between Vertices of the
Same Color Class, Syddansk Universitet, Odense, 2005.

Duffus D., Sauer N., Lattices arising in categorial investigations of Hedetniemi’s conjecture,
Discrete Math. 152 (1996), no. 1-3, 125-139.

El-Zahar M., Sauer N. W., The chromatic number of the product of two 4-chromatic graphs
s 4, Combinatorica 5 (1985), no. 2, 121-126.

Godsil C., Roberson D.E., Sdmal R., Severini S., Sabidussi versus Hedetniemi for three
variations of the chromatic number, Combinatorica 36 (2016), no. 4, 395-415.

Gyérfds A., Jensen T., Stiebitz M., On graphs with strongly independent color-classes,
J. Graph Theory 46 (2004), no. 1, 1-14.

Hahn G., Tardif C., Graph homomorphisms: structure and symmetry, Graph symmetry,
Montreal, 1996, NATO Adv. Sci. Inst. Ser. C: Math. Phys. Sci., 497, Kluwer Acad. Publ.,
Dordrecht, 1997, pages 107-166.

Hajiabolhassan H., On colorings of graph powers, Discrete Math. 309 (2009), no. 13,
4299-4305.

Hajiabolhassan H., Taherkhani A., Graph powers and graph homomorphisms, Electron. J.
Combin. 17 (2010), no. 1, Research Paper 17, 16 pages.

He X., Wigderson Y., Hedetniemi’s conjecture is asymptotically false, J. Combin. Theory
Ser. B 146 (2021), 485-494.

Hedetniemi S.T., Homomorphisms of Graphs and Automata, Thesis Ph.D., University of
Michigan, Michigan, 1966.

Shitov Y., Counterexamples to Hedetniemi’s conjecture, Ann. of Math. (2) 190 (2019),
no. 2, 663-667.

Simonyi G., Tardos G., Local chromatic number, Ky Fan’s theorem and circular colorings,
Combinatorica 26 (2006), no. 5, 587-626.

Simonyi G., Zsbdn A., On topological relaxations of chromatic conjectures, European J.
Combin. 31 (2010), no. 8, 2110-2119.

Tardif C., Hedetniemi’s conjecture and dense Boolean lattices, Order 28 (2011), no. 2,
181-191.

Tardif C., The chromatic number of the product of 14-chromatic graphs can be 13, Combi-
natorica 42 (2022), no. 2, 301-308.



Counterexamples to Hedetniemi’s conjecture and infinite Boolean lattices

Tardif C., Zhu X., The level of nonmultiplicativity of graphs, Algebraic and topological
methods in graph theory, Discrete Math. 244 (2002), no. 1-3, 461-471.

Tardif C., Zhu X., A note on Hedetniemi’s conjecture, Stahl’s conjecture and the Poljak—
Rodl function, Electron. J. Combin. 26 (2019), no. 4, Paper No. 4.32, 5 pages.

Wrochna M., On inverse powers of graphs and topological implications of Hedetniemi’s
congecture, J. Combin. Theory Ser. B 139 (2019), 267-295.

Wrochna M., Smaller counterexamples to Hedetniemi’s conjecture, available at
arXiv:2012.13558 [math.CO] (2020), 9 pages.

Zhu X., A survey on Hedetniemi’s conjecture, Taiwanese J. Math. 2 (1998), no. 1, 1-24.
Zhu X., The fractional version of Hedetniemi’s conjecture is true, European J. Combin.
32 (2011), no. 7, 1168-1175.

Zhu X., A note on the Poljak—Rodl function, Electron. J. Combin. 27 (2020), no. 3, Paper
No. 3.2, 4 pages.

Zhu X., Relatively small counterexamples to Hedetniemi’s conjecture, J. Combin. Theory
Ser. B 146 (2021), 141-150.

C. Tardif:

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE,

ROYAL MILITARY COLLEGE OF CANADA, 13 GENERAL CRERAR CRESCENT, KINGSTON,
ON K7K 7B4, ONTARIO, CANADA

E-mail: Claude.Tardif@rmc.ca

(Received July 7, 2021, revised October 26, 2021)

327



