Applications of Mathematics

Yajie Wang; Jianwei Yang
Low Mach number limit of a compressible Euler-Korteweg model
Applications of Mathematics, Vol. 68 (2023), No. 1, 99-108

Persistent URL: http://dml.cz/dmlcz/151498

Terms of use:

© Institute of Mathematics AS CR, 2023

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/151498
http://dml.cz

68 (2023) APPLICATIONS OF MATHEMATICS No. 1, 99-108

LOW MACH NUMBER LIMIT OF A COMPRESSIBLE
EULER-KORTEWEG MODEL

YAJIE WANG, JIANWEI YANG, Zhengzhou

Received March 21, 2021. Published online February 16, 2022.

Abstract. This article deals with the low Mach number limit of the compressible Euler-
Korteweg equations. It is justified rigorously that solutions of the compressible Euler-
Korteweg equations converge to those of the incompressible Euler equations as the Mach
number tends to zero. Furthermore, the desired convergence rates are also obtained.
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1. INTRODUCTION

The aim of this paper is to prove the incompressible limit for a three-dimensional
Euler-Korteweg model, which arises in modeling capillary fluids: these comprise
liquid-vapor mixtures [16], superfluid [14], or even regular fluids at sufficiently
small scales [21]. The most general form of the Euler-Korteweg system takes the
form [5], [22]:

(1.1) Oin +div(nu) =0,
(1.2) Oi(nu) +div(nu@u+pl) =divk

for (x,t) € R x [0,00). Here, n > 0 denotes the fluid density, u the fluid velocity, p
the fluid pressure, and X the so-called Korteweg stress tensor defined as

(1.3)  K(n,Vn) = (n div(r(n)Vn) + %(Fc(n) - m’(n))|vn|2)u — #(n)Vn ® Vn
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with k(n) being the capillary coefficient. The symbol [ denotes the unit matrix
in R3*3. We assume that the fluid pressure p(n) is a smooth function of n and
satisfies p’(n) > 0. Define the function H(n) by

(1.4) H'(n) = h(n) = /j LAGI

and

n
p(T
H(n) = n/1 %dT —p(1)(n—1).
Then we have H'(1) = 0, H”(n) > 0. Therefore, in the neighborhood of 1, we have
(1.5) H(z) > Clz — 1]

for some constant C. Furthermore, x(n) is assumed to be a given smooth function of
n with k(n) positive and bounded away from zero on some open range for the density
Jn = (J,7, ), see [3]. In quantum hydrodynamics, the capillary coefficient is chosen
so that x(n) = h/n with the Planck constant % (see [1], [9]), whereas for classical fluid
mechanics, it is often chosen to be constant [8]. The Euler-Korteweg model results
from a modification of the standard Euler equations governing the motion of com-
pressible inviscid fluids through the adjunction of the Korteweg stress tensor, which
takes into account capillarity effects. In paper [5], Benzoni-Gavage, Danchin and De-
scombes obtained the well-posedness of the Cauchy problem for the Euler-Korteweg
model (1.1)—(1.2) in the one-dimensional case by reformulating the equations in La-
grangian coordinates. For the multi-dimensional case, they obtained the (local) well-
posedness for the model (1.1)—(1.2) in the Eulerian formulation [6]. The existence and
non-uniqueness of global non-dissipative weak solutions was obtained by Donatelli,
Feireisl, Marcati [11]. The global well-posedness for the model (1.1)—(1.2) was very
recently proved by Audiard, Haspot for small irrotational initial data in R3, see [4].

When the capillary effect does not appear, (1.7)-(1.8) or (1.9)-(1.10) reduce to
the compressible Euler equations, whose low Mach number limit (or incompressible
limit) problem has attracted much attention [19], [23], [2], [15], [13], [25], [10], and so
on. We also remark that there are many related references on this topic, for example
[20], [17], [18], [12], [24]. To the authors’ best knowledge, there is no result on the
incompressible limit of the Euler-Korteweg model (1.1)—(1.2).

In this paper, our main purpose is to analyze the incompressible limit of smooth
solutions for the compressible Euler-Korteweg equation (1.1)—(1.2). From the physi-
cal point of view, the compressible flow behaves asymptotically like an incompressible
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flow, when the density is almost constant and the velocity is small, in a large time
scale. In order to study this dynamics on the model (1.1)—(1.2) we perform the
incompressible scaling given by

(1.6) n=n°(z,et), u=eu(z,et),

where ¢ € (0,1) is the Mach number. With the scaling (1.6), the model (1.1)—(1.2)
becomes

(1.7) on® + div(n®u®) = 0,
(1.8) O¢(nfu®) + div(nu® @ u®) = 6—12 div(KC(n®, Vn®) — p(n®)1).
In view of the equality
div(K(n®, Vn®))
1
= V(n® div(k(n®)Vn®)) + EV(K(’I’LE) — nK'(n%)|Vnf|?) — div(k(n)Vn® ® Vn®)

A1 Az As
= Vn® div(k(n®)Vn®) + n°V(k(n°)An® + k' (n°)|Vn|?)
—A,

+ V()T + Sh(n?)V([VnP)

=A21

1 1
+ (—anEV(ﬁ’(n5)|Vn€|2) - Eﬁ'(n5)|Vn€|2Vn5) (where Ag; + Ao = Aj)

=Aa2

+ (—ne div(s(n®)Vn©) - %n(nE)V(|Vn€|2))

=A;

1
= nEV(ﬁ;(nE)An6 + §nl(n€)|Vn€|2),

substituting (1.7) into (1.8) and recalling (1.4), we may rewrite the above system
(1.1)—(1.2) as

(1.9) on® 4+ div(n®u®) = 0,
1 1
(1.10)  Qu + (u®-V)u® = ?V(ﬁ(nE)AnE + 5%'(n€)|Vn€|2 - h(ne)).
We set the initial data of (1.7)—(1.8) or (1.9)—(1.10) as
(1.11) n°(-,0) = ng(z), u(-,0) = uj(z).
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From the mathematical point of view, it is reasonable to expect that, as ¢ — 0T,
n® — 1 in an appropriate function space and the systems (1.7)—(1.8) or (1.9)—(1.10)
with the initial data (1.11) become the incompressible Euler equations (limit system)

(1.12) divu =0,
(1.13) du+ (u-Vyu+ Vr =0,
(1.14) u(z,0) = uo,

where the hydrostatic pressure 7 is the “limit” of

1
e

(x(n%)an* + %m’(n€)|Vn€|2 ~ hn))

in some sense. In other words, we recover the incompressible Euler equations
(1.12)-(1.13) and the hydrostatic pressure appears as the limit of the “renormal-
ized” pressure
—EiQ (H(nE)AnE + %n’(n€)|Vn€|2 - h(nE)).
This paper is devoted to the rigorous justification of the convergence of the above
incompressible limit (i.e., the low Mach number limit) for smooth solution of the
compressible Euler-Korteweg model in periodic domains R3.
Throughout this paper, C' > 0 is a generic constant independent of ¢.

2. MAIN RESULT

Before stating the main results, we first describe the existence of the classical
solution to the compressible Euler-Korteweg system.

Proposition 2.1 ([6]). For the initial data (n§,u§) of the system (1.9)—(1.11)
satisfying (n§ — 1,u§) € H*(R3) x H3(R?) and n§ taking its values in a compact
subset, there exists T > 0 and the unique solution (n®,u®) of the system (1.9)—(1.11)
such that

(2.1) (n® —1,u°) € O([0,T]; H*(R®) x H3(R*)nC*([0,T]; H*(R*) x H'(R?)).

Now we state the main result of our paper.

Theorem 2.1. We suppose that the initial data (n§,u§) € H*(R?) x H3(R?)
satisfy the conditions of Proposition 2.1. We also assume that the initial data satisfy

1 £ £ 1 £ 1 £ £
(2.2) /RS{§no|u0 ol + 5 H(nf) + 2—625(n0)|Vn0|2} dz < Ce.
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Furthermore, let (n®, u®) satisfying (2.1) be the classical solution to (1.9)—(1.10) with
the initial value (n§,uf) and let u be the classical solution to (1.12)—(1.14), both on
the time interval (0,T). Then, as ¢ — 0,

(2.3) In® = 1| oo (0,17, L2(R3)) < Ce*/2,
(2.4) H\/ nfu® — u||Loo([07T]’L2(R3)) g Ce.

Remark 2.1. Infact, the weak solutions of the compressible system (1.9)—(1.11)
also converge to the classical solution of the limit incompressible model and the proof
can be done in the same way though appropriate adjustments.

The proof of our result is based on the modulated energy method introduced by
Brenier [7]. The idea of the modulated energy method is to modulate the energy of
the given system by test functions and to obtain a stability inequality when these
test functions are the solution to the limit system. We introduce the following form
of modulated energy:

£ _ 1 €144 _ 14|12 i € L £ €12
(2.5) M (t)—/RS{Qn [u = u? + S H(n) + 55 m(n) [ V| }dx,

where u is the smooth solution of the incompressible Euler equations (1.12)—(1.14).
These terms in the right-hand side of the equation (2.5) express the differences of
the kinetic, internal and Korteweg energies. We employ the evolution equations and
elaborated computations to prove the inequality

(2.6) M) < C / () ds 4 e
0

for some positive constant a > 0. Gronwall’s inequality then implies the result.

3. PrROOF OF THEOREM 2.1
In this section we give the proof of Theorem 2.1 by the modulated energy method.
First, we derive the energy estimates for (1.7)—(1.8) or (1.9)—(1.10). The energy
identity for (1.7)—(1.8) or (1.9)—(1.10) is given as follows.

Lemma 3.1. For the smooth solution to the problem (1.7)—(1.8) or (1.9)—(1.10),
we have the energy identity

(3.1) —E*(t) =0,
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where the energy E¢(t) is defined by

€ _ 1 €144€12 i € i 3 £12
B0 = [ {Gn I + S H ) + () 9 o

Proof. Taking the inner product of the equation (1.10) with n°u® in the space
L?(T?3), we have

1
(3.2) (O + (u® - V)u®,nu’) — ?(V(K(HE)ATLE),HEUE)
€ € € 14€ 1 € € 14€
— o (V) Tn[?), ) 4 L5 (Vhn), )
=0 +1s+103+0,=0.

The four terms [; (i =1,2,3,4) are estimated separately as follows.

> Estimate of [;: Using the continuity equation (1.9) and integrating by parts, we get

(3.3) I = / nfu® - o,u’ dx —|—/ (nfu®-V)u®-udx
R3 R3

3
1 g € E14E€ E44€
= 5‘/Rsn O¢u |2dx+/R$i]§1n u; 0z, uju; dz
1 € €12 1 £5.€ €2
=- n°out|“dz + - [ nfu®-Vu| de
2 R3 2 R3
1. 1 1d
i o, €2d - ant EQdd:—— £ EQd.
2/Rsn |u®| a:+2/R3 ;n®|u®| de dz 53 R3n|u| x

> Estimate of l3: Integrating by parts and using the continuity equation (1.9), we get
1

(3.4) Iy = == (An®, K(n®)0n*)
€

1 1
= e—Q(Vne, K(nf)0;Vn®) + ?(an, ' (n®)0yn°Vn®)
1 d 5 £12 1 £ e e
@ o Kk(n%)|Vns|*dz + @(Vn , Ok (n®)Vn®).
> Estimate of l3: Integration by parts gives

1
2e2

> Estimate of 14: From (1.4), we can derive

(3.5) I3 =

1
(k' (n%)|Vn®|?, 0pnf) = —2—E2(Vn5, Ok (n®)Vn).

1 . . 1d .
(3.6) 1= 5 (b ),8tn)=§a/RSH(n ) da.
Combining (3.3)—(3.6), we obtain the energy identity (3.1). O

From (1.5) and the energy identity (3.1), it is easy to obtain the following estimate.
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Lemma 3.2. Let (n®,u®) be the weak solution to the Euler-Korteweg equations
(1.9)—(1.11) on [0, T]. Then there exists a constant C' > 0 such that for all ¢ € (0,1),

(3.7) [7° = 1| oo (f0,17;22(R3)) < Ce.

Next, we begin to derive the uniform estimates of the modulated energy functional.

Lemma 3.3. Let T > 0. Then H¢(t) < Ce uniformly in [0, T].
Proof. By using (3.1) and a direct computation, we obtain

d € _g € €.4€ . l € 2
(3.8) EH (t) th (t) — g O(nfu® -u)da + 2/R3 O¢(n®|ul®) dx

- O¢(nfu®) - ude — / (nfu®) - Qpudzx
R3

R3

1
+—/ dyn®|ul? dx—f—/ nfu- dude
2 R3 R3

The four terms in (3.8) are estimated as follows.

> Estimate of J;: Taking the inner product of the equation (1.8) with u in the space
L?(T3) and using the equations (1.3), (1.12), we have
€14€ g 1 3 1
(39) Ji=—-(mu*®@u’,Vu) - E—Q(dlvlC,u) + E—Q(Vp, u)
— (n*(u® —u) ® (u® —u),Vu) — (n°u® @ u, Vu)
— (nfu®u®,Vu) + (n*'u®u,Vu)

+ é(n div(k(n)Vn),divua) — ei( (n)Vn ® Vn,Vu) — 12 (p, div u)

—/ ne(ue—u)®(u€—u):Vudx—/ (n°u® ®@u): Vudz
R3

R3

—/ (n€u®u€):Vudx+/ (nfu®u): Vudz
R3

R3

iz k(n)Vn @ Vn : Vudx
9 R3
C/ n®lu® —u|2dx—%/ nfu - V|u|2dx—/ nfu® - ((u-V)u)de
-
+/ f(u-Viu- udx—f——/ n)|Vn|? dz
R3
<C'H€(t)—J]3—/ naue'((u'V)u)dx—l—/ n°u- ((u-V)u)dz.
R3 R3
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> Estimate of Jo: Multiplying (1.13) by nu®, we obtain

(3.10)  Jy = (n°u®, (u-V)u) + (nu°, Vr)

= / n°u® - ((u-V)u)de —/ div(nfu®)rdz
R3 R3

= / nfu’ - ((u-V)u)de + O¢(n® — )mwde
R3 R3

= / nfu® - ((u-V)u)de — g/ (n® = 1)wdz —l—/ (n® = 1)0yw dx
R3 dt Jps R3

< / nu’ - ((u-V)u)dz — g/ (n® = 1)wdz + Ce.
R3 dt R3

The integral Js cancels with a contribution originating from J;.
> Estimate of J4: Using the equations (1.12)—(1.13), Lemma 3.2 and integrating by
parts, we obtain

(3.11) Jy=— /[R3 nfu- ((u-V)u)de — / n‘u-Vrde

R3

:—Asn€u~((u~V)u)dx—/ (n® —1)u-Vrde

R3

N

—/ n‘u- ((u-V)u)dz + Ce.
R3
Combining (3.9)—(3.11) with (3.8) we obtain
d
(3.12) I (Hs(t) +/ (n® —D)m dx) < CHE(t) + Ce.
R3
Integrating over [0, ¢] gives

(3.13) HE(t) —|—/ (n® —1)wdx < H(0) + C/Ot HE(s)ds + /[Rg(ng —1)modz + Ce,

R3

where 7y = 7|;—o. By the equations (1.5), (2.2) and Lemma 3.1, we have
t
(3.14) HE(t) < C/ HE(s)ds + Ce,
0

which implies the proof of Lemma 3.3 is completed by the Gronwall inequality. [

We are now in the position to prove Theorem 2.1 which is a consequence of
Lemma 3.3. By the definition of #°(t), the inequality (1.5) and Lemma 3.3, we
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claim that the estimate (2.3) holds. Using Lemma 3.3 and the Holder inequality, we
have that

[Vneu® — | Zags) < 2[VnE(u® = w)||Za(s) + 211 = VnF)ul|72 oy
e+C|1—- \/’I’LEH%z(Rs)

C
Ce + C||1 = 0|72 (e
C

INCINCIN N

3

for any ¢ € [0,7]. Here, we have used the elementary inequality

1—Va]> <1 —=f

for any x > 0. Therefore, we conclude that (2.4) holds.
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Thus the proof of Theorem 2.1 is finished. O
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