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Abstract. Let [] be the floor function. In this paper, we prove by asymptotic formula
that when 1 < ¢ < %, then every sufficiently large positive integer N can be represented
in the form

N = [pi] + [p3] + [p5] + [p4] + [p5],
where p1, p2, p3, p4, ps are primes such that p; = 2 + y2 + 1.
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1. INTRODUCTION AND MAIN RESULT

The celebrated Waring’s problem states that for every integer n > 2 there is
a positive integer G(n) such that if s > G(n), then every sufficiently large positive
integer N can be represented as

N =zl +zy+ ...+,

where x1, %2, ...,Ts are nonnegative integers. The first proof of Waring’s problem
belongs to Hilbert, see [13]. In 1933-1934, Segal in [22], [23] considered Waring’s
problem with noninteger powers. He showed that when ¢ > 1 is not an integer,
there exists ko(c) > 0 such that every sufficiently large positive integer N can be
represented in the form

N = [2f] + [#5] + ... + [zF],

where 21, z9, ..., 2} are nonnegative integers and k > ko(c). Subsequently, the result
of Segal was sharpened by Deshouillers (see [4]) and by Arkhipov and Zhitkov, see [1].
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In the interesting case for k = 2 we find papers by Deshouillers (see [5]), Gritsenko
(see [11]) and most recently Konyagin (see [18]), where it is shown that the range
l1<e< % is permissible.

Another important problem in number theory is Hua’s theorem on five squares of
primes. In 1938, Hua in [15] proved that every sufficiently large positive integer N
such that N =5 (mod 24), can be represented in the form

N =p?+p3+p3+pi+p2

where p1, p2, pP3, P4, P5 are prime numbers. As an analogue of Hua’s five square
theorem, in 2019, Zhang and Li in [25] investigated the Diophantine equation

(L.1) [p5] + [ps] + [p5) + [p4] + [p5] = N,

where p1, p2, p3, P4, ps5 are primes, ¢ > 1 and N is a positive integer. For 1 <

c< ggggg‘;, ¢ # 2 they showed that for the sum

R(N) = > log p1 log p log p3 log p4 log ps,
S+ [ps]+ps]+Ips]+pEl=N

the asymptotic formula
_IP(1+1/0)

(1.2) RN) = 57

N/ O(N¥/e L exp(~(log N)'/4))

holds.

Afterwards, the result of Zhang and Li was sharpened by Li (see [19]) to
2 < ¢ < {3 and by Baker (see [2]) to 1 < ¢ < 88, ¢ # 2 and this is the best
result up to now.

On the other hand, in 1960 Linnik in [20] showed that there exist infinitely many
prime numbers of the form p = 22 + y? + 1, where = and y are integers. More

precisely, he proved the asymptotic formula

_ xalp) \ X X (loglog X )7
p;(r(p— 1) —np];IQ (1+p(p_1))1ogx +O( (log )10 )

where r(k) is the number of solutions of the equation k = x? 4+ y? in integers, x4(k)
is the nonprincipal character modulo 4 and

1 1
(1.3) 0o == — —elog2 =0.0289. ..
2 4
Recently, the author in [9] showed that for any fixed 1 < ¢ < %, every sufficiently

large positive number N and a small constant £ > 0, the Diophantine inequality
P +p5+ps+ps+ps— N|<e

has a solution in primes p1, p2, p3, pa, Ps, such that p1 = 22 +y2 + 1.
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These results raise the question of the solvability of the Diophantine equation (1.1)
in primes p1, p2, p3, pa, Ps, with p1 = 22 + y2 + 1. Let N be a sufficiently large
positive integer and

(1.4) X =NV
Define
(1.5) = > 7(p1 — 1) log p1 log p2 log p3 log pa log ps.

X/2<p1,p2,p3,p4,p5 <X
[pi]+[p5]+[ps]+ps]+[ps]=N

We establish the following theorem.

3441

Theorem 1.1. Let 1 < ¢ < SE30-

integer N, the asymptotic formula

Then for every sufficiently large positive

= xa(p) \T°(1+1/c) 1 -1
(1.6) F_nl;[(1+p(p_1)> TG0 (1—257C>N5/
N5/¢=1(loglog N)®
+ ( (log N)% )

holds. Here 6y is defined by (1.3).

Conjecture 1.2. There exists ¢g > 1 such that for any fixed 1 < ¢ < ¢y and
every sufficiently large positive integer N, the Diophantine equation

[p§] + [p5] + [p§] + [P4] + [P§] = N

has a solution in prime numbers p1, pa, P3, pa, Ps, such that p; = x2 + y2 + 1 for
1<i<5.

2. NOTATIONS

Let N be a sufficiently large positive integer. The letter p with or without subscript
will always denote a prime number. The notation m ~ M means that m runs
through the interval (M, M]. As usual, ¢(n) is Euler’s function and A(n) is von
Mangoldt’s function. Instead of m = n (mod d) we write for simplicity m = n (d).
By € we denote an arbitrary small positive number, not the same in all appearances.
Moreover, e(y) = e2™¥. As usual, [t], {t} and ||t|| denote the integer part of t,
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the fractional part of ¢ and the distance from ¢ to the nearest integer, respectively.

Throughout this paper unless something else is said, we suppose that 1 < ¢ < gggé
Denote
X1/2
(22) A=xVie
(2.3) Spag(t) = Z e(t[p]) log p;
peJ
p=i(d)
(24)  S(t) = S1,1;(x/2,x](1);
(25) Spas(t)= Y e(tp®)logp;
pEJ
p=l(d)
(2.6)  S(t) =51 1;0x/2.x](1);
1) 15(0) = [ elty)dy
J
(2.8) I(t) = I1x/2,x)(1);
1
(2.9) E(y,t,d,a) = Z A(n)e(tn® _—d/ (tz°) where 0 < p < 1.
py<n<y Hy
n=a(d)
3. PRELIMINARY LEMMAS
Lemma 3.1. For any complex numbers a(n) we have
’ b—a g ——
Z a(n)| < (1+ ) Z (1— —) Z a(n + q)a(n),
a<n<b @70 @7 =
n+q<b
where () is any positive integer.
Proof. See [17], Lemma 8.17. O

Lemma 3.2. Let |f(™(u)] < YX'"™ for 1 < X <u < Xo < 2X andm > 1
Then

‘ 2 e(f(n))‘<<Y%XA+Y_17

X<n<Xo

where (5, \) is any exponent pair.

Proof. See[10], equation (3.3.4). O
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Lemma 3.3. For every € > 0, the pair (23—(% + €, % + z—:) is an exponent pair.

Proof. See [16], Corollary of Theorem 1. O

Lemma 3.4. Let «, 8 be real numbers such that

aBla —1)(8 —1)(a —2)(8 —2) £0.

Set 5
ml
Z[I = Z a(m) Zb(l)e(FW>,
m~M I~L
where
F>0, M>1, L>1, lam)<1, b0 <1.
Then

Z[[(FML)_E < (F4M31L34)1/42 + (F6M53L51)1/66+ (F6M46L41)1/56
4 (F2M38L29)1/40 4 (F3M43L32)1/46 4 (FM9L6)1/10
+ (FPMTLO)Y0 + (FMOLOY® + MYPL+ MLY? + F~V/2ML.

Proof. See[21], Theorem 9. O

Lemma 3.5. Let z,y € R and H > 3. Then the formula

e(—z{y}) = Z cn(x)e(hy) + (’)(min (1, m))

|h|<H

holds. Here

Proof. See [3], Lemma 12. O

Lemma 3.6. Let 3 < U <V < Z < X and suppose that Z — % eN, X > 72U,
Z > U? V3> X. Assume further that F(n) is a complex valued function such
that |F'(n)| < 1. Then the sum

> A)F(n)

n~X

can be decomposed into O(log10 X)) sums, each of which is either of Type I:

Z a(m) Z F(ml), where L>> Z, LM =< X, |a(m)| < m®,
meM I~L

155



or of Type II:

> a(m) ) b(l)F(ml),

me~ M I~L
where
U<L<V, LM=<X, lam)<ms, [bl)|<I.
Proof. See[12], Lemma 3. O

Lemma 3.7. Let 1 < ¢ < 3, ¢# 2 and |[t| < A. Then the asymptotic formula
X X
Y eltp”)logp = / e(ty) dy + O (<5577 )
X/2<p<X X/2 ¢
holds.
Proof. See[24], Lemma 14. O

Lemma 3.8. Let 1 < ¢ < 3, c # 2, [t| < A and A > 0 be fixed. Then the
inequality

X
Z max max |E(y,t,d,a)| < —
d<VX/(log N)(6A+34)/3 vsX (a,d)=1 log™ X

holds. Here A and E(y,t,d,a) are denoted by (2.2) and (2.9).
Proof. See [8], Lemma 18. O

Lemma 3.9. For the sum denoted by (2.4) and the integral denoted by (2.8) we
have

A
(i) / 1S(t)]? dt < X% log” X,
—A
A
(ii) / [1(t)|? dt < X* “log X,
—A
1
(iii) / |S(t)]? dt < X log X.
0

Proof. Tt follows from the arguments used in [24], Lemma 7, pages 293-294.
U

Lemma 3.10. For the sum denoted by (2.3) we have
A 2-c7 53

X ¢log” X
| istasar < 25
A

Proof. It follows by the arguments used in [6], Lemma 6 (i), pages 344-345. O
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Lemma 3.11. For any real number t and H > 1, there holds

—1 S log2H 1 H
min (1, ) = g ape(ht), where aj, < min<—, — )
H|l/ = T T

Proof. See [12], page 245. O

The next two lemmas are due to Hooley.

Lemma 3.12. For any constant w > 0 we have

2
X (loglog X )7
Z Z xa(d)| < log X ’

p<X d|p—1
VX (log X)™“<d<vX(log X)*

where the constant in Vinogradov’s symbol depends on w > 0.

Lemma 3.13. Suppose that w > 0 is a constant and let F,(X) be the num-
ber of primes p < X such that p — 1 has a divisor in the interval (v/X (log X)~¢,
VX (log X)*). Then
X (loglog X)?

where 0y is defined by (1.3) and the constant in Vinogradov’s symbol depends only

Fo(X) <

onw > 0.

The proofs of very similar results are available in [14], Chapter 5, pages 89-105.

Lemma 3.14. For the sum denoted by (2.4) we have
1
/ IS(6)* dt < (X4 + X2) X<,
0

Proof. See [25], Lemma 2.6. O

Lemma 3.15. Let 0 <t < 1. Set
(3.1) A(t) = e(t[n°]).

Then

1—c

A(t) < X(2690+538)/1217 10gX+ .
t

Proof. See [26], Lemma 11. O
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4. OUTLINE OF THE PROOF

From (1.5) and well-known identity

r(n) =4 ya(d)
d|n

we write
(4.1) T = 4(T; + Dy +T3),
where
5
(42 Ti= )3 (3 @) [Troerm,
X/2<p1,p2,p3,P1,p5 <X d|p1—1 k=1

[pi1+[ps]+[ps]+[pi]+PS]=N A<D

(4.3) Iy = 3 ( > X4(d)>k1i[110gpk,

X/2<p1,p2,ps3,p4,p5 <X d|p1—1
[p7]+Ipsl+[psl+[pil+[ps]=N D<d<X/D

) T= > (3 ) kf[llogpk.

X/2<p1,p2,p3,p4,p5 <X d|p1—1
[pil+[ps]+[ps]+[psl+ps]=N d>X/D

In order to estimate I'; and I'3 we have to consider the sum

5
(4.5) Ii,4,5(N) = > 1] tog px.
X/2<p2,p3,pa,p5<X k=1
[py1+[p5]1+[ps]+ [ps]+ps]=N
p1=l(d)
p1€J
where d and [ are coprime natural numbers, and J C (%X , X]-interval. If J =
(%X, X, then we write for simplicity I; 4(N). Clearly

1-A

(4.6)  Las(N) = / Stasa (S (B)e(—tN) dt = I (N) + 172 ,(N),
—A
where
A
(4.7) I, (N) = / S1.a:7(t)S4(H)e(—tN) dt,
—A
1-A
(48) 12,00 = [ S8 Oc(-eV) dr
A

We shall estimate Il(’il);J(N), I's, 'y and I'y, respectively, in Sections 5, 6, 7 and 8. In

Section 9 we shall finalize the proof of Theorem 1.1.
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5. ASYMPTOTIC FORMULA FOR Il(_z);J(N)
Using (2.3), (2.5) and |t| < A we write

(5.1) Star(t) = Y e(tp” + O(t])logp= Y e(tp)(1 + O(Jt])) log p

peJ peJ
p=l(d) p=l(d)
_ AXlog X
= Sias(t) + (’)( y )
Put
(5.2) S1=25(),
(5.3) So =S4, (1),
(5.4) I = I(t),
I;(t)
5.5 Iy =
(55 =)
We use the identity
(5.6) S%SQ = IilIQ + (SQ - IQ)Iil + 52(51 — Il)If’ + 5152(51 — Il)I12

+5285(S1 — NI + S3S5(S, — I).
Define

1 A
(5.7) dp 7(X,d) = @/_A I*(t)I;(t)e(—Nt) dt.

From (2.2)—(2.8), (4.7), (5.1)=(5.7), Lemmas 3.7, 3.9, 3.10 and Cauchy’s inequality
it follows

(5.8) I} ,(X)—@as(X,d)

e L) 14
- /_ ) (Sta.5(0) - u d)>I (B)e(—Nt)dt

A
4 [ S8 - 1) P @e(-Nt)de
_A

A

+ [ 80800 ~ 0PNt
A

+ [ S80S0 - 100~ at
_A

+ [ SO0 - 10Nt
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[tI<A

<<X2(max}sldj I"(’f)hAXk’gX)/A I(t)]2 dt
—A

(d) d
X?%log X X A )
d (eaogX)l/s +ax) /_A ()1 dt

2 A
X 1OgX( X +ax) [ Is@ar
(log X)177 A

d o(log X a
< X4 “(log X) maX ‘Sl a7 (t {p‘]((;))‘ de(f:;;/e'
Put
(5.10) ®;(X,d) = ﬁ /O:O I (t)I;(t)e(—Nt) dt.

Using (2.7), (2.8), (5.7), (5.9) and the estimates

1—c lec

(5.11) I;(t) < min (X, W) I(t) < min (X, W)

we deduce

1 oo X5—5c dt X5—5c
dag(X,d) - D5(X,d) < W/ |T(t)[*|I5(2)| dt < /
A

o) Ja B S pa)nd

and therefore

5—5¢

(5.12) By (X,d) = D,(X,d)+ (’)(W>.

Finally (2.2), (5.8), (5.11) and the identity

10 5(X) = 11 (X)) = @as(X,d) + ®a,s(X,d) — (X, d) + Bs(X, d)

imply
0 e I;(t)
(613) 1,0 = ®5(X,d)+ O X' (log X) max [Suas (1) — )
X5—c
+O( i)

We are now in a good position to estimate the sum I's.
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6. UPPER BOUND OF I3

Consider the sum I'3. Since

Y o= Y w®™ )= Y1

dpi1 mip1—1 j=£1 mlpi—1
d>X/D m<(p1—1)D/X m<(p1—1)D/X
(pr—1)/m=j (4)

from (4.4) and (4.5) we obtain

I's = Z Z X4(j)11+jm,4Tn;Jm (N),

m<D j==+1
2|m

where J,, = (max{1 4+ mX/D, X}, X]. The last formula and (4.6) give us

(6.1) Ty =T + 1,

where

(6.2) 1y =30 > XL i, (V). i=1,2.
m<D j==+1
2|m

6.1. Estimation of Fgl). From (5.12) and (6.2) we get

X57c
1 * —c
(6.3) P = T + O(X 4 (log X)) + O(WEQ),
where
(6.4) I = )" ®,(X,4m) > xa(j),
m<D j==1
2|m
= 1;()
(65) El = max ‘Sl ‘m’4m;‘](t) - y
W;D t<a |7 p(4m)
2|m
(6.6) Sy = !
. 2 = 4m
m<D

From the properties of x(k) we have that

(6.7) r* =0.
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By (2.1), (2.3), (2.7), (6.5) and Lemma 3.8 we deduce

(6.8) K

logA X’
It is well known that
(6.9) ¥y < log X.

Bearing in mind (6.3), (6.7), (6.8) and (6.9) we find
x5-
(6.10) ) « =——

6.2. Estimation of ng). Now we consider F§2). The formulas (4.8) and (6.2)
yield

1-A
(6.11) ¥ = / SY(t)K (t)e(—Nt) dt,
A
where
(6.12) K@) =" )" xa(h)Si4jmoams, (2.
rg‘<Dj::|:1

Lemma 6.1. For the sum denoted by (6.12) we have

1
/ |K(t)]*dt < X log® X.
0

Proof. It follows by the arguments used in [8], Lemma 22. O
Lemma 6.2. Assume that
(6.13) A< |t| <1—A, |a(m)|<m®, LM =X, L> X°/108 [ — x164/2539
and cp,(t) denote complex numbers such that |c,(t)| < (1 + |h])~1. Set

(6.14) Sr=Y_ () Y a(m)> e((h+t)ymel).

|h|<H m~M I~L

Then
S, < X 2375/2539+¢
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Proof. By (6.13) and (6.14) we write

6.15 Sr< X® ma
( ) ! \n\e(A}IH) Z

mn~M

Z e(nmei®)

I~L

We first consider the case when

(6.16) M < X7273/18414
From (2.2), (6.13), (6.15), (6.16) and Lemma 3.2 with the exponent pair (%,
follows
. 1
6.17 S < X  ma ( Xe[~1)2/4033/40 | )
O sex w5 (X T
< X°  max <|n|2/40X2c/40ML31/40+ LM)
Inle(A,H+1) In|Xe

< XE(HY20X2eH31/40 ) 9/10 | A1 1=y o x2375/2530+e
Next we consider the case when
(6.18) XT273/18414 o pr o 52/103
Using (6.15), (6.18) and Lemma 3.4 we deduce
(6.19) S, < X2375/2539+<
Bearing in mind (6.17) and (6.19) we establish the statement of the lemma.
Lemma 6.3. Assume that

(6.20) AL <TI-A, la(m)|<m®, b)), LMx<X,
X1/9 <L <<X1/3, H — x164/2539

and cp,(t) denote complex numbers such that |cp(t)] < (1 + |h])~.

(6.21) Sir = Z cn(t) Z a(m)Zb(l)e((h—i—t)mclc).

|h|<H m~M I~L

Then
Sp < X 2375/2539+¢

33

40

) it
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Proof. Using (6.20), (6.21), Cauchy’s inequality and Lemma 3.1 with Q =

X6475/30468 we obtain

(6.22) Sir< Y len(a) ((h+1) Clc))‘
\h|<H m~M l~L
2\1/2
< ¥ o X |a<m>|2) (Z S blte((n + o) )
|h|<H mn~ M m~M " I~L

< 3wl X 5 S (1-3)

|h|<H mNM lal<@

1/2
x Y b(l+q)b(l) fh(lmQ))>

I~L
l+q~L
L q
<M ST Jallg S (L1+5+ 3 (1_§>
|h|<H M<m< M, 1<lql<@
1/2
x Y b(l+q)b(l) fh<lmq))>
I~L
l+q~L
1/2
<x* Y Jenlt) (Q QZZZ lmQ))> :
|h|<H 1<q<Q I~Lim~ M

where f,(I,m,q) = (h+t)m°((1+¢)° —1°). Now (2.2), (6.20), (6.22) and Lemma 3.2
with the exponent pair (205 + e, i?g + 5) imply

S < X°¢ Z len(t)
|h|<H

X2 X 1 1/2
[ + 2 E : E:( Bt t]qX e 1)32/205 ) 1269/410 4 ))
( Q @, { “ ) |h +tlgXet
\Q\QINL

<X fen(t)

|h|<H
X2 X 1/2
% (a n 6(H32/205X32(C_1)/205M269/410Q237/205L L AIxIer logQ))
< X2375/2530+¢ Z len(t)] < X 2375/2539+= Z < X2375/2539+¢
IhI<H w11
which proves the statement of the lemma. O
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Lemma 6.4. Let A < |t| < 1—A. Then for the exponential sum denoted by (2.4)
we have
S(t) <« X2375/2539+

Proof. In order to prove the lemma we will use the formula

(6.23) S(t) = 8*(t) + O(X/?),

where

(6.24) S )= Y An)e(t[nc]).
X/2<n<X

By (6.24) and Lemma 3.5 with = ¢, y = n® and H = X '64/2539 we get

(6.25) S*(t) = Z A(n)e(tn® —t{n}) = Z A(n)e(tn®)e(—t{n})

X/2<n<X X/2<n<X

Z A(n)e(tn“’)( Z cn(t)e(hn®) + O(““m (1’ m)))

X/2<n<X |h|<H

Z cn(t) Z A(n)e((h + t)n°)

|n|<H X/2<n<X

+ O((logX) > min (1’ ﬁ))

X/2<n<X

= S;(t) +O<(10gX) > min (1’ m))

X/2<n<X

where

(6.26) Sit) =3 ey > Am)e((h+ t)nc).

|n|<H X/2<n<X

Let

U= X1/103 V = X1/3 7 = [X51/103] +l
) ) 9

According to Lemma 3.6, the sum S;(t) can be decomposed into O(log™® X) sums,
each of which is either of Type I:

Z cn(t) Z a(m)Ze((h—l—t)mclc), where L>> Z, LM < X, |a(m)| < mF,
|h|<H m~M I~L
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or of Type II:

D en(t) > am)d b(l)e((h+ t)m e,

|h|<H m~M I~L
where

U<L<V, LM=X, la(m)|<ms, [bl)<I.

Using (6.26), Lemma 6.2 and Lemma 6.3 we obtain
(6.27) Sg(t) < X2375/2539+5.

On the other hand, Lemma 3.2 with the exponent pair (%, %) and Lemma 3.11 yield
(6.28)

> min(L Hnlncn)

X/2<n<X

= Z Z are(kn®) < Z |ak|

X/2<n<X k=—o00 k=—o0

X1 H
o Xlos2MT H S e(kne)

ISk<H ~'X/2<n<X

Z e(kn®)

X/2<n<X
H c

+ Z 72 Z e(kn®)
X/2<n<X

k>H

Xlog2H 1 H
< O[i + Z _(kl/QXc/Q + klelfc) + Z ﬁ(kl/QXC/Q + klelfc)
1<k<H k>H

< XE(H71X+H1/2XC/2 _’_lec) < X2375/2539+6.

Taking into account (6.23), (6.25), (6.27) and (6.28) we establish the statement of
the lemma. 0

Lemma 6.5. For the sum denoted by (2.4) we have

1-A
/ |S(t)|6 dt < X14660/253976+6.
A

Proof. For any continuous function G(t) defined in the interval [A — 1,1 — A]

we have
1-A
/ S(t)6(t) dt‘
A

(6.29)

> (logp) /1_A (tp®)S(t )dt‘

p~X

1-A
logp ‘/ e(tp®) )dt‘
pNX

< (log X) Z

n~X

/1_A e(tn®)& (1) dt‘.

A
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By (6.29) and Cauchy’s inequality we obtain

2 2

1-A ) 1-A
(6.30) /A S dt| < X (log X) n;{ /A e(tn®)&(¢) dt
1-A 1-A
- X(osX)* [ Sy [ SA@ -y
1-A 1-A
< X0ogX)? [ ISy [ 18]l -yt

where A(t) is defined by (3.1). Using Lemma 3.15 we write
(6.31)

1-A
[ et -y
A
< /A<|t\<1fA|6(t)||14(t—y)|dt+/ agl<i-a  [S@[A(E —y)|dt
[t—y|<X ¢ Xe<|t—y|<2(1-A)

<X [agp<i-a|6(t)|dt
[t—y|<X™°

lec
+/ A<li<i-A |6(t)|(X(2690+538)/121710gX+ t )dt
X< |t—y|<2(1-A) [t -yl

1-A
<X max |&() / dt 4+ X (20904538)/1217 10 ) / &) dt
AKlSI-A [t—y|<X ¢ A

1
4 X1 max |6(t)|/ dt
AL[H<T-A X—e<lt—yl<2(1-a) [t — Yl

1-A
X' “(log X S (t)] + X (269e4538)/1217() X/ S(t)| dt.
< (log X) | max  [6(t)]+ (log X) [~ 18(2)]

Now (6.30) and (6.31) imply

2

1-A
(6.32) <Xt max |61 / 16(t)| dt
A

A<|t|<1-A

1-A
/ S(t)&(t) dt

A

1-A 2
+ X(2696+1755)/1217+5 </ |G(t)| dt> )
A

Let us put first

(6.33) &1(t) = S(t)[S(1)]*.
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Bearing in mind (6.32), (6.33), Lemma 3.14 and Lemma 6.4 we get
(6.34)

/lA 1S(8)[° dt = /lA S(H)&1(t) dt

A A

1-A
< X7289/2539—0/2+€ (/ |S(t)|4 dt)
A

1/2
< X7289/253976/2+6 (/1 |S(t)|4 dt) / + X(2690+1755)/2434+6 /1 |S(t)|4 dt
0 0

« X12367/2539—cte | x(11491-2165c)/2434-+<

1/2 1-A

+ X(269c+1755)/2434+5/ |S(t)|4 dt
A

< X12367/2539—cte

Next we put

(6.35) Ga(t) = S(t)|S(t)[*.
Taking into account (6.32), (6.34), (6.35) and Lemma 6.4 we find

1-A 1-A
/ |S(t)[6 at :/ S(t)Go(t) dt
A

A

1-A 1/2 1-A
< X16953/50786/2+"< / IS(t)|5dt) 4 X 2690+1755/2484+¢ / |S(1)]° dt
A A

< X14660/25397C+6 +X34557223/6179926721650/2434%5

< X14660/2539—cte

The lemma is proved. (]

Bearing in mind (6.11), Cauchy’s inequality, Lemmas 6.1, 6.4 and 6.5, we deduce

/A1A| (t )I‘jdt)l/2 </1A| ” )Ith)l/Q

X5—c
< log X~

(2)
(6.36) Iy < adnax |S(®)] (

6.3. Estimation of I's. Summarizing (6.1), (6.10) and (6.36) we obtain
5—c

log X~

(6.37) I's <
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7. UPPER BOUND OF I'y

In this section we need a lemma that gives us information about the upper bound

of the number of solutions of the binary equation corresponding to (1.1).

Lemma 7.1. Let 1 < ¢ < 3, ¢ # 2 and Ny be a sufficiently large positive integer.

Then for the number of

(7.1)

solutions By(Ny) of the Diophantine equation

[p5] + [p5] + [ps] + [P5] = No

in prime numbers p1, p2, p3, p4 we have that

N4/cfl
Bo(Ng) < —%4—.
0( 0) 10g4N0
Proof. Define
(7.2) B(Xo) = > log p1 1og pa log p3 10g pa,
Xo0/2<p1,p2,p3,p4<X0
[pi]+[p5]+[p5]+Ipi]=No
where
(7.3) Xo = Ny~
From (7.2) we write
1-Ao
(7.4) B(XO):/ Sg(t)e(—Not) dt = By (Xo) + Ba(Xo),
—Ao
where
(7.5) So(ty= Y e(tlp])logp,
Xo/2<p<Xo
(7.6) Sot) =Y. e(tp®)logp,
Xo/2<p<Xo
log X)40
(7.7) Ay = % Ao > 10,
0
Ao
(7.8) By(Xo) = S5 (t)e(—Not) dt,
—A
1—0A0
(7.9) By (Xo) = / Sg(t)e(—Not) dt.
Ao
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First we estimate By (Xp). Put

Xo
(7.10) i) = [ ety dy,
Xo/2
Ao
(7.11) Up,(Xo) = / I3 (t)e(—Not) dt,
—Ag
(7.12) T (Xo) :/ I3 (t)e(—Not) dt.
Using (5.10), (7.10) and (7.12) we obtain
XO_C
(7.13) T(Xo) = / T4 (t)e(—Not) dt + / I4(t)e(—Not) dt
—Xo It]>X
Xy “ 0o 1—c 4
<</ X§dt+/ (XO )dt<<X§—C.
—Xg5e xgeN t

On the other hand (5.1), (7.5)—(7.8), (7.11), Lemma 3.7 and the trivial estimations

(7.14) So(t) < Xo, Ip(t) < Xo
give us
Ao
(715) By (Xo) — Wa,(Xo) < / IS4(E) — T2 (t)] e
— Ao

Ag )
< /¢ [So(t) = ToI(|So(®)]* + [To(t)[*) dt

< ( max |So(t) — Io(t)] + AOXO)

[tI<Ao
Ao A0
X (/ |So(t)|3dt+/ |Io(t)|3dt>
7A0 7A0
Xo 3 Xy~ °
< (G + 80%0) 00X < e
By (5.10), (7.7), (7.11) and (7.12) we deduce
(7.16)
> 1 > dt 1 X,
U(Xg) — Wa, (X L) dt <« —— — 0.
¥X0) s, ()| < [ (o)t dr < prs J i< T < sk

Now (7.13), (7.15) and (7.16) and the identity

Bi1(Xo) = B1(Xo) — ¥a,(Xo) + ¥a,(Xo) — ¥(Xo) + ¥(Xo)
imply
(7.17) B1(Xo) < X;°.
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It remains to estimate B2(Xp). By (7.3), (7.9), (7.14) and partial integration it
follows
L s

ShBe(—Not) 180 1 120 ,
= —— - @’ R _N
2Ny lae | 27N /AO e(=Not)d(S, (1))

< Xy + X569,

where
1-Ag
(7.19) Q :/ e(—Not)d(Sg(t)).
Ao
Next we consider . Put
(7.20) T:z=f(t)=S3(t), Ag<t<1-—Ao.

Using (7.14), (7.19) and (7.20) we obtain

(21) 2= [el=Nos @)z < [ Il < (£(B0)| + 171 = Bo)) < X
Bearing in mind (7.18) and (7.21) we find

(7.22) Ba(Xo) < X57°.

Summarizing (7.4), (7.17) and (7.22) we deduce

(7.23) B(Xo) < Xg°.

Taking into account (7.2), (7.3) and (7.23), for the number of solutions By(Ny) of
the Diophantine equation (7.1) we get

N4/cfl
By(Np) < 04 .
log N()

The lemma is proved. ([
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We are now ready to estimate the sum I';. We denote by F(X) the set of all primes
X/2 < p < X such that p — 1 has a divisor belonging to the interval (D, X/D). The
inequality zy < 2% + y? and (4.3) give us

12 < (log X)" ) > X4<d>\ > X4(t)‘

X/2<p1,...,p10<X dlp1—1 t|pe—1
[p1]+[ps]+[ps]l+[psl+[ps]=N D<d<X/D D<t<X/D
[ps]+[p7]+[ps]+Ips]+pio]=N

2

< (log X)° > > xald)

X/2<p1,--,p10<X d|p1—1
[5)+[p§]+[p5)+ [p§]+ [pE)=N D<d<X/D
[ps]+[p7]+[psl+[ps]+pio]=N

pe €EF(X)

The summands in the last sum for which p; = pg can be estimated with O(X7+¢).
Thus,
(7.24) I3 < (log X)'19% + X+,

where

2
(7.25)  So= Y ‘ > X4(d)‘ > > 1.

X/2<p1<X' dlpri—1 X/2<pe<X = X/2<p2,p3,p5,p10<X
D<d<X/D pe€F(X)  [pil+[psl+[ps]+Ips]+Ips]=N
Po7P1  [pgl+[p7]+Ipsl+Ips]+IpTe]=N

Now (7.25) and Lemma 7.1 yield

8—2¢
7.26 Yo € —g 2020,
( ) 0 10g8X 040
where )
e Y Y wa@ me ¥ ou
X/2<p<X'  dlp—1 X/2<p<X
D<d<X/D pEF(X)
Applying Lemma 3.12 we obtain
X (loglog X)7
7.27 ¥ —_—
(7.27) S log X
Using Lemma 3.13 we get
X (loglog X)?
"
(728) Yy K W,

where 6y is denoted by (1.3). Finally (7.24), (7.26), (7.27) and (7.28) imply

X?%~¢(loglog X)®
(log X)%

(7.29) I«
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8. LOWER BOUND FOR I’y

Consider the sum I';. From (4.2), (4.5) and (4.6) we deduce

(8.1) r, =1 +1?,

where

(8.2) TP = >~ xaldI)(N), i=1,2,
d<D

8.1. Estimation of I‘(ll). First we consider I‘gl). Using formula (5.12) for J =
(X/2,X], (8.2) and treating the remainder term in the same way as for I‘gl) we find

1 X X57c
) e M0 07
where
(8.4) (X)) = /00 I5(t)e(—Nt) dt.

Lemma 8.1. For the integral denoted by (8.4), the asymptotic formula

501 +1/c) U\ x5
) = g7 (1 57) X+ (o)
holds.
Proof. From (8.4) write

(85) ‘I)(X) =01 — Qg+ Qg+ 0O,,
where

A
(8.6) O = [A Pt)e(—Nt)d
(8.7) 05 =/|t>A15() (=N#)d

A
(8.8) QS:/_AS5()( Ntyd
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By (2.2), (2.4), (2.5), (5.1), (8.6), (8.8), Lemmas 3.7 and 3.9 we obtain

A

(8.9) ©; — Qs <</ |S5(t) — I°(t)| dt
A

A A
< ﬁﬁgﬁ's“) _1(13)|(/A |S(1&)|4dﬁ+/A |I(t)|4 dt)

ltI<A

< (maX IS(t) — I(t)| + AX)X2 (/AA 1S(8)]* dt + /AA 1(t)[? dt)

5—c

<<( +AX)X4*61og2X<<

ellog X)1/° e(log X)1/6 "

Arguing as in Proposition 3.1 of [25] for the integral denoted by (8.8) we get

T5(1+1/c) L\ yoee Xoe
(8.10) QS - P(5/C) (1_ 257C)X +O(W)
From (2.2), (5.10) and (8.7) it follows
5 =X
(8.11) G)2<</A () dt < <50y /A < Xsenar X

Now the lemma follows from (8.5), (8.9), (8.10) and (8.11).

According to [7] we have

(8.12) 3 X‘*((dd))

a<p ¥

=il (14 00y 4 o(x ).

p(p

From (8.3) and (8.12) we obtain

) T x4(p)
(8.13) rﬁ’zg(up(;_ 1))<I>(X)+O(

5—c

log X

) +0(@(x)x1/20).

Now (8.13) and Lemma 8.1 yield

T 4 5 c _ 3 5—c
814 TV = Zl;[(l+p€;g))1))r ;1(;_/01)/ )(1 —1/2°79)X° C+O(1)(§gX)'

8.2. Estimation of F§2). Arguing as in the estimation of Féz) we get

X57c
1 r? —.
(8.15) V<X

8.3. Estimation of I'y. Summarizing (8.1), (8.14) and (8.15) we deduce

T X (p) F5(1 + 1/0) 5—c —c X57C
(8.16) Ty = Z];[ (1+ p(p4_ 1)) TEe (- U2PTX +O(1ogx)'
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9. PROOF OF THE THEOREM

Bearing in mind (1.4), (4.1), (6.37), (7.29) and (8.16) we establish asymptotic

formula (1.6). This completes the proof of the theorem.
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