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Abstract. We investigate some properties of n-submodules. More precisely, we find
a necessary and sufficient condition for every proper submodule of a module to be an
n-submodule. Also, we show that if M is a finitely generated R-module and /Anng (M)
is a prime ideal of R, then M has n-submodule. Moreover, we define the notion of
G.n-submodule, which is a generalization of the notion of n-submodule. We find some
characterizations of G.n-submodules and we examine the way the aforementioned notions
are related to each other.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, R denotes a commutative ring with identity, and all mod-
ules are unitary. The concept of prime ideal is important in commutative algebra. As
defined by Mohamadian in [12], an r-ideal of R is a proper ideal I with the property
that a,b € R, ab € I and annps(a) = 0 imply b € I. Tekir et al. in [14] defined
n-ideals and determined some of their properties. According to their results, any
n-ideal is an r-ideal.

In module theory, prime submodules are defined similar to prime ideals in ring
theory and play an important role. Koc and Tekir in [7] defined r-submodules, while
Tekir et al. in [14] defined n-submodules. Ahmadi and Moghaderi in [1] found some
fundamental characteristics of n-submodules. For example, each n-submodule is also
an r-submodule. Also, if (N : M) C \/Ann(M) for a submodule N of M, then N is
a primary submodule if and only if it is an n-submodule.
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In this paper, we find some additional properties of n-submodules and define the
concept of G.n-submodule. We prove that

n-submodule = G.n-submodule = r-submodule.

Also, N, 7, and Q denote the set of natural numbers, the ring of integers, and the field
of rational numbers, respectively. If N is an R-submodule of M, the annihilator of
the R-module &£ is defined to be Anng (%) = (N :g M) ={r € R: rM C N}. Fur-
thermore, the annihilator of M, denoted by Anng(M), is (0 :g M). Suppose that I
is an ideal of R. We define the radical of I by /T = {a € R: a" € I for some n € N}.

A proper submodule N of M is called prime (primary) if rm € N for r € R and
m € M implies that either m € N orr € (N :g M) (r™ € (N :g M) for some n € N),
see [3], [8], [10], [11], and [13].

An R-module M is said to be a multiplication module if for each submodule N
of M, there exists an ideal I of R such that N = IM. Equivalently, M is a multi-
plication module if and only if N = (N :p M)M for each submodule N of M. We
refer the reader to [4] and [5] for more details.

The concepts of n-ideal and n-submodule were introduced in [14]. A proper ideal I
of R is said to be an n-ideal if the condition ab € I with a ¢ /0 for every a,b € R
implies b € I. Also, a proper submodule N of M is called an n-submodule if for
a€ Randme M,am € N and a ¢ \/Anng(M) imply m € N.

In Section 2, we investigate some properties of n-submodules. We find a nec-
essary and sufficient condition for every proper submodule of a module to be an
n-submodule. Also, we show that if M is a finitely generated R-module and

Anng(M) is a prime ideal of R, then M has an n-submodule.

In Section 3, we define the notion of G.n-submodule. We show that any
n-submodule is an G.n-submodule, and that any G.n-submodule is an r-submodule.
Also, we find some characterizations of this new notion.

2. n-SUBMODULES

Let M be a module over a commutative ring R. Recall that a proper submodule N
of M is said to be an m-submodule if for ¢ € R and m € M, am € N and a ¢
Anng(M) imply m € N.

Theorem 2.1. Let M be a torsion-free R-module, and N be a proper submodule
of M. Then, the following statements are equivalent.
(1) N is an n-submodule of M.
(2) aN = NNnaM for every a € R — \/Anng(M).
(3) N = (N :p a) for every a € R — \/Anng(M).
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Proof. (1) = (2) It is clear that aN C NnNaM. If am € N NaM, where
a € R— \/Anng(M) and m € M, then m € N. So, aN = N NaM.

(2) = (3) We know that N C (N :p7 a). If m € (N :pr a), then am € N. So,
am € NNaM = aN. Now, since M is torsion-free, m € N. Hence, N = (N :ps a).

(3) = (1) If am € N with a € R — \/Anng(M) and m € M, then m €
(N :pra)=N. O

Proposition 2.1. Let M be an R-module and N be an n-submodule of M. Then,

N =(0:p Anng(N)) or \/AnnR(N) = \/AnnR(M).

Proof. Let \/Anng(N) # /Anng(M). It is clear that N C (0 :py Anng(N)
Since /Anng(M) C \/Anng(N), there exists some a in /Anng(N) — /Anng (M
Hence, a k € N can be found such that a* € Anng(N). Let m € (0 :py Anng(N)).
Then, a*m = 0 € N. Since N is an n-submodule and a* ¢ \/m, m € N.
So, N = (0 :37 Anng(N)). O

).
).

Proposition 2.2. Let N be a proper submodule of a torsion-free R-module M.
IfaN = N for any a € R — \/Anngr(M), then N is an n-submodule.

Proof. Let aN = N for any a € R — \/Anng(M). Assume that am € N for
a € R— +/Anng(M) and m € M. Hence, am € aN by the hypothesis. Then,
since M is torsion-free, m € N and, therefore, N is an n-submodule. O

Proposition 2.3. Let N be an n-submodule of an R-module M, and S be
a nonempty subset of R. Then (N :p; S) equals M, or it is an n-submodule.

Proof. Let (N :p S) be a proper submodule of M. Also, suppose that am €
(N :p S)forae R— \/Wand m € M. Then, aSm C N and thus Sm C N,
because N is an n-submodule. Therefore, m € (N :p; S) and, consequently, (N :ps S)
is an nm-submodule. O

Corollary 2.1. Let N be an n-submodule of an R-module M and S be a nonemp-
ty subset of R. Then, S ¢ (N :g M) if and only if (N :ps S) is an n-submodule.

Proof. =) This follows from Proposition 2.3.

<) Since (N :p S) is an n-submodule of M, (N :p; S) is a proper submodule
of M. Therefore, SM ¢ N. Thus, S ¢ (N :z M). O
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Proposition 2.4 ([1], Proposition 2.3 (i)). If N is an n-submodule of M, then

(N ‘R M) Q \/AHI]R(M).

Theorem 2.2 ([1], Theorem 2.22). Let N be a submodule of M such that
(N :gr M) C \/Anng(M). Then, the following statements are equivalent.
(1) N is an n-submodule.
(2) N is a primary submodule of M.

Corollary 2.2. Let M be an R-module. Suppose that L is an n-submodule of M
and that K is a primary submodule of M. If K C L, then K is an n-submodule of M .

By using the fact that every irreducible submodule of a Noetherian module is
a primary submodule (see [6], Proposition 1-17), we obtain the following corollary.

Corollary 2.3. Let M be a Noetherian R-module and N be an irreducible sub-
module of M such that (N :g M) C \/Anng(M). Then, N is an n-submodule of M.

Proposition 2.5. If N is a primary R-submodule of M such that (N :g M) is
maximal in the set of all n-ideals, then N is an n-submodule of M.

Proof. Letam € N fora € Rand m € M, where a ¢ \/Anng(M). By [14], The-

orem 2.11, v/0 = /(N :g M). So, (N :gp M) C \/(N :g M) =0 C \/Anng(M).

Therefore, by Theorem 2.2, N is an n-submodule of M. (I

Lemma 2.1. Let M be an R-module. If M has an n-submodule, then \/Anng (M)
is a prime ideal.

Proof. Let N be an n-submodule of M. Then, by Proposition 2.4, (N :p M) C
Anng(M). Since Anng(M) C (N :gp M), we conclude that /(N :g M) =
v/Anng(M). By Theorem 2.2, N is a primary submodule. So, /(N :g M) is

a prime ideal of R. Therefore, \/Anng (M) is a prime ideal of R.

O

Proposition 2.6. Let M be a finitely generated R-module. Then, M has an
n-submodule if and only if \/Anng(M) is a prime ideal of R.

Proof. =) By Lemma 2.1, /Anng(M) is a prime ideal of R.
<) Let \/Anngr(M) be a prime ideal of R. Put

A ={L: L is a submodule of M, (L: M) C \/Annr(M)}.

Since 0 € 2, we find that 2 # (). Moreover, since M is finitely generated, by using
Zorn’s lemma we find a maximal element K of 2[. Now, we show that K is an
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n-submodule of M. Suppose that rm € K for some r € R and m ¢ K. Since K is
a maximal element of A, (K + (m) : M) € \/Anng(M). For a € (K + (m) : M) —

Anng(M) we obtain aM C K + (m). This implies raM C K + (rm) C K.
So, ra € (K : M) C \/Anng(M). Since \/Anng(M) is a prime ideal of R and

a ¢ \/Anng(M), r € /Anng(M). Therefore, K is an n-submodule. O

Note that an r-submodule is a proper submodule N of M if for a € R, m € M,
and whenever am € N with annps(a) = 0, then m € N, see [7].

Theorem 2.3. Let M be an R-module. Then, the following statements are
equivalent.
(1) (0) is an n-submodule.
(2) (0) is a primary submodule.
(3) Z(M) = \/Amng(M).
(4) E

4) Every r-submodule is an n-submodule.

Proof. It is clear that (1) < (2) < (3).

(3) = (4) Let N be an r-submodule and am € N for a € R — \/Anng(M).
Since Z(M) = /Anng(M), annps(a) = 0. Hence, m € N. Therefore, N is an
n-submodule.

(4) = (1) Since (0) is an r-submodule, it is an n-submodule. O
By [1], Proposition 2.21 and Theorem 2.3 ((3) = (4)), we obtain the following

corollary.

Corollary 2.4. Let M be an R-module such that Z(M) = \/Anng(M). Then,
the notions of r-submodule and n-submodule coincide.

Corollary 2.5. Let M be a torsion-free R-module. Then, the notions of
r-submodule and n-submodule coincide.

Proposition 2.7. In a finitely generated R-module, every n-submodule is con-
tained in a maximal n-submodule.

Lemma 2.2. Let R be an integral domain. Then, T(M) = M or T(M) is an
n-submodule.

Proof. Let T(M) # M and am € T(M) for a € R — \/Anng(M) and m € M.
Then, there exists 0 # b € R such that bam = 0. Therefore, m € T'(M). O
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Remember that a nonempty subset S of R is multiplicatively closed precisely when
ab € S for any a,b € S. Assume M is an R-module and S is a multiplicatively closed
subset of R. The fraction module at S is thus denoted by Mg. It is worth noting
that Mg is both an Rg-module and an R-module. Let f: M — Mg be the natural
homomorphism with f(m) = m/1 as its definition. If L is a submodule of Mg, then
f7Y(L) is always a submodule of M, which is known as the L¢ of L contraction.

Theorem 2.4. Let M be an R-module and S be a multiplicative closed subset
of R. If (0) is an n-submodule of M, then the kernel of ¢: M — Mg is either (0)
or M.

Proof. Suppose that there exists 0 # y € ker(p). Then, there exists s € S such
that sy = 0. Since (0) is an n-submodule and 0 # y, s € SNy/Anng(M). Therefore,
Mg =0 and ker(p) = M. O

Corollary 2.6. Let M be a finitely generated R-module. Then, (0) is an
n-submodule of M if and only if the kernel of ¢: M — Mg is either (0) or M for
every multiplicative closed subset S of R.

Proof. By [1], Lemma 2.32 and Theorem 2.4, the proof is straightforward. O

Theorem 2.5. Let M be a finitely generated R-module, S be a multiplicative
closed subset of R, and (0) be an n-submodule. If L is an n-submodule of Mg,
then L€ is an n-submodule of M.

Proof. Let rm € L¢ for r ¢ \/Anng(M) and m € M. Assume that { €

VAnng, (Mg). Then, there exists n € N such that (%)n € Anng,(Mg). Since M is
a finitely generated R-module, there exists s € S such that sr”M = (0). Since (0)

is an n-submodule and ™ ¢ \/Anng(M), s € \/Anng(M). Therefore, Mg = (0),

which is a contradiction. Hence, { ¢ \/Anngg(Ms). We conclude that {5t € L and

T € L. So, m € L° and L¢ is an n-submodule of M. O

Proposition 2.8. Let M be an R-module, S be a multiplicative closed subset
of R, and L be a submodule of Mg. If L¢ is an n-submodule of M, then L is an
n-submodule of Mg.

Proof. Let - € L for - ¢ \/Anng,(Ms) and > € Mg. It is clear that

81 S2

r ¢ \/Anng(M). Since rm € L¢ and L° is an n-submodule of M, ™ € L. Hence, L

S2
is an n-submodule of Mg. O

Proposition 2.9. Let My and Ms be R-modules, \/AnnR(Ml) = \/ADDR(MQ)
and M = M1 X MQ.
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(1) If Ly is an n-submodule of My, then Li x Ms is an n-submodule of M.
(2) If Ly is an n-submodule of My and Lo is an n-submodule of My, then L1 X Lo
is an n-submodule of M.

Proof. (1) Suppose that r(mq,ms) € L1 x Ma, where r ¢ \/Anng(M; x Mo)
for r € R and (m1,m2) € M7 X M. Since

VAnng(My) = /Anng (M) = \/Anng(M;) N Anng(Ms) = +/Anng(M; x My),

we find that r ¢ \/Anng(M;). It follows that m; € Li. So, (m1,ma) € L1 X Ma.
(2) The proof is similar to that of part (1). O

In [9], Macdonald introduced the notion of secondary module. Recall that
a nonzero R-module M is said to be secondary if for every a € R, the endomorphism
of M given by the multiplication by «a is either surjective or nilpotent.

Lemma 2.3. If every proper submodule of M is an n-submodule, then M is
a secondary R-module.

Proof. Assume that »r € R and that ¢,: M — M is defined by ¢,.(m) = rm.
If ¢, is not surjective, then Im(p,) # M. So, there exists m € M — Im(y,). Thus,

or(m) = rm € Im(yp,). Since Im(y,) is an n-submodule, r € \/Anng(M). This
implies that ¢, is nilpotent. (]

Proposition 2.10. Let M be an R-module and \/Anng(M) be a finitely gen-
erated ideal of R. If every proper submodule of M is an n-submodule, then every
ascending chain of its cyclic submodules stops.

Proof. Let Rmy € Rmy C Rmg C ... C Rmy C ... be a chain of cyclic
submodules of M. Then

m1p =7To2Mg = ToT3M3z = ... =To2...TEM = ...

for r1,7r9,... € R. Since Rm; is an n-submodule, r; € \/m. On the other
hand, since \/Anng(M) is a finitely generated ideal of R, we conclude the existence
of n € N such that (y/Anng(M))™ C Anng(M). So, m1 = ra...rarpp1Mpe1 = 0.
It follows that m; = 0 for all ¢ € N, which is a contradiction. Therefore, every
ascending chain of cyclic submodules of M stops. O

Corollary 2.7. Let M be an R-module and \/Anng(M) be a finitely generated
ideal of R. Every proper submodule of M is an n-submodule if and only if every
ascending chain of cyclic submodules of M stops, and M is a secondary R-module.

251



Proof. =) This follows from Lemma 2.3 and Proposition 2.10.
<) By [1], Proposition 2.39, the proof is straightforward. O

Corollary 2.8. Let R be a Noetherian ring and M be a finitely generated
R-module. If M is a secondary R-module, then every proper submodule of M is an
n-submodule.

Proposition 2.11. Let M be an R-module. Then, the following statements are
equivalent.
(1) Every proper submodule of M is an n-submodule.
(2) Every proper cyclic submodule of M is an n-submodule.

Proof. (1) = (2) This is clear.

(2) = (1) Assume that K is a proper submodule of M, and that rm € K for
m ¢ Mandr € R — \/m. Then, there exists £ € K such that rm € Rk.
Since Rk is an n-submodule, m € Rk C K. Thus, K is an n-submodule. ([

Proposition 2.12. Let M be a finitely generated R-module. Then, the following
statements are equivalent.
(1) Every proper submodule of M is an n-submodule.
(2) /Anng(M) is a maximal ideal of R.

Proof. (1) = (2) Since M is a finitely generated R-module, M has a maxi-
mal submodule N. So, (N :g M) is a maximal ideal of R. By Proposition 2.4,
(N :gr M) C \/Anng(M). Therefore, \/Anng(M) is a maximal ideal of R.

(2) = (1) Let v/Anng(M) be a maximal ideal of R and N be a proper submodule
of M. Suppose that rm € N, where r € R — \/m and m € M. Since

Anng(M) is a maximal ideal of R, Aung(M) 4 (r) = R. Hence, there exist
s € Anng(M) and ¢t € R such that s +tr = 1. So, m = sm+trm =trm € N. It
follows that N is an n-submodule. ]

Corollary 2.9. Let Anng(M) be a maximal ideal of R. Then, every proper
submodule of M is an n-submodule.

Corollary 2.10. Let M be a vector space. Then, every proper submodule of M
is an n-submodule.

Theorem 2.6. Let M be an R-module. Every proper submodule of M is
an n-submodule if and only if for every submodule N of M and for every a €

R —\/Anngr(M), aN = N holds.
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Proof. =) Suppose that every proper submodule of M is an n-submodule, and
a € R— /Anng(M). We show that aM = M. If aM # M, then aM is an
n-submodule. Since am € aM for all m € M, m € aM and so aM = M, which is
a contradiction. Similarly, it can be shown that aN = N for every submodule N
of M.

<) Let N be a proper submodule of M, and am € N for a € R and m € M,
where a ¢ \/Anng(M). Since Rm = a(Rm), there exists r € R such that m = ram.
It follows that m € N. O

An R-module M is called a comultiplication module if for every submodule N
of M, there exists an ideal I of R such that N = (0:p; I), or equivalently, N =
(0 :pr Anng(N)), see [2].

Proposition 2.13. Let M be a comultiplication module and

VAnng(M) = Anng(M

If M has an n-submodule, then the following statements are true.
(1) Every n-submodule is maximal.
(2) (0) is an n-submodule.
(3) M is a simple module.

Proof. (1) Let N be an n-submodule and K be a proper submodule of M such
that N C K. Then, Anng(M) C Anng(K). So, there exists some a in Anng(K) —
\/m. Suppose that k € K. Then, ak =0 € N and so, k € N. Therefore, N
is a maximal submodule of M.

(2) Let N be an n-submodule of M. By (1), N is a maximal submodule of M.
So, (N :g M) is a maximal ideal of R. Hence, \/Anng(M) is a maximal ideal of R.
It follows that (0) is an n-submodule.

(3) By (1) and (2), (0) is a maximal submodule of M. Therefore, M is simple. [

Proposition 2.14. Suppose that N1, Na,..., N, are primary submodules of M
n
such that the radicals \/(N;:gp M) are not comparable. Then, (| N; is an

n-submodule if and only if N; is an n-submodule for each i € {1,2,..., ;}

Proof. =) Let am € Ny, for a € R and m € M, where a ¢ /Anng(M) and
1 < k < m. Since the radicals \/(N; :r M) are not comparable, there exists some 7 in

n
ﬂ \/ iR M) \/(Nk :r M). So, there exists ¢ € N such that rtam € (] N;.

i=1,i#k i=1
It follows that r'm € Ny for some k. Thus, m € Ny.
<) This follows from [1], Proposition 2.3 (ii). O



Theorem 2.7. Let {P,}aes be a family of prime submodules of M. If (| P, is

an n-submodule, then (| P, is a prime submodule. el

acl

Proof. Let am € (| Py, wherea € Rand m € M. If a ¢ (ﬂ P, : M),then

acl acl
a ¢ \/Anng(M). Since [ P, is an n-submodule, m € (| P,. It follows that () P,
acl acl acl
is a prime submodule. O

Theorem 2.8. Let {P,}ocr be a family of primary submodules of M. If () P,

is an n-submodule, then (| P, is a primary submodule. el

acl

Proof. Let am € () P,, where a € Rand m € M. If a ¢ (ﬂ Pa:M),

aecl ael
then a ¢ \/Anng(M). Since [\ P, is an n-submodule, m € (] P,. It follows that
acl ael
() P. is a primary submodule. O

acl

Lemma 2.4. Let M be a finitely generated R-module and N be an n-submodule.
Then, rad(N) is an n-submodule if and only if rad(N) is a prime submodule.

Proof. =) By Theorem 2.7, rad(N) is a prime submodule.

<) Suppose that am € rad(N), where a ¢ \/Anng(M) and m € M. Since N is
an n-submodule, by Proposition 2.4, (N :g M) C \/Anng(M). This implies that
V(N :g M) = \/Anng(M). Since (rad(N) : M) = /(N :g M) = /Anng(M),
m € rad(N). Hence, rad(N) is an n-submodule. O

Proposition 2.15. Let M and K be R-modules such that M C K and

VAnng(M) = /Anng(K). If N is an n-submodule of M, then there exists
an n-submodule L of K such that N = LN M.

Proof. Put
A={T: T<Kand TNM = N}.

Since N € 2, 2 is not empty. By using Zorn’s lemma, we find a maximal element L
of 2. Now, we show that L is an n-submodule of K. Suppose that rk € L for some
r€ R—+/Anng(K) and k € K. Assume that k ¢ L. Since L is a maximal element
of 2, (L+ (k)) "M ¢ N. So, there exist l € L, m € M — N and s € R such that
l + sk = m. Since 7l +rsk = rm € N and r ¢ \/Anng(M), m € N, which is
a contradiction. Therefore, L is an n-submodule. ([

Proposition 2.16. Let N be an n-submodule, and L be a prime submodule of an
R-module M such that (L:gp M) C \/Anng(M). Then, N N L is an n-submodule.
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Lemma 2.5. Let M be an R-module. Suppose that K is an n-submodule of M, L
is a primary submodule of M, and K ¢ L. Then, K N L is an n-submodule of M if

and only if (L :p M) C \/Anngr(M).

Proof. Let K N L be an n-submodule of M. Since K ¢ L, there exists some k
in K — L. Assume that r € (L :g M) — \/Anng(M). Then, rk € K N L and
since K N L is an n-submodule, k¥ € K N L C L, which is a contradiction. So,
(L :g M) C \/Anng(M). Now, for the converse, let (L :g M) C /Anng(M).
By Theorem 2.2, L is an n-submodule. By [1], Proposition 2.3 (ii), K N L is an
n-submodule of M. O

Proposition 2.17. Let N be an n-submodule and L be an r-submodule of an
R-module M. Then, N N L is an r-submodule.

Proposition 2.18. If (0) is the only r-submodule of an R-module M, then (0) is
an n-submodule.

Proof. Let rm =0 for r € R — \/Anng(M) and m € M. Then, r ¢ Anng(M)
and hence by [7], Corollary 1, Anns(r) = (0). Since (0) is an r-submodule, it follows
that m = 0. Therefore, (0) is an n-submodule. O

Proposition 2.19. Let M be an R-module, and S be a multiplicative closed
subset of R such that R — \/Anng(M) C S. If S* is an S-closed subset of M and N
is a submodule of M such that NNS* = (), then there exists an n-submodule L of M
such that N C L and LN S* = .

Proof. Put Q={L: NCL<M; LNS*=0}. Since N € Q, Q is a nonempty
set and by Zorn’s lemma, it has a maximal element like L. Since L N S* = (), L is
a proper submodule of M. Assume that L is not an n-submodule. Then, there exist
r € R— \/Anng(M) and m € M — L such that 7m € L. Since L is maximal in Q
and L G (L :pr 1), we deduce that (L :p 7) & Q. So, there exists y € S* such that
ry € L. Now, since S* is S-closed and r € S, ry € L N S*, which is contradiction.
Therefore, L is an n-submodule. O

Proposition 2.20. Let N be a submodule of an R-submodule of M. Then, N is
an n-submodule of M if and only if N[z] is an n-submodule of M [x].

Proof. Let N be an n-submodule of M. By [1], Proposition 2.41, N[z| is an
n-submodule of M|x]. Now, let N[z] be an n-submodule of M[z] and rm € N
for r € R — \/Anng(M) and m € M. Then, rm € N[z] and since N[z] is an
n-submodule, m € N|z]. Therefore, m € N and so, N is an n-submodule. 0
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Proposition 2.21. Suppose that R= Ry X Ry X ... X R, and M = M; x My X
... X My, where M; is a nonzero R;-module for 1 <i < n and n > 2. Then, M has

no n-submodules.

Proof. Assume that N is an n-submodule of M. Since N # M, there exists j,
1 <7 < n,such that (0,...,0, m ,0,...,0) € M — N. Then,
~—
jth

~—’ ~—
jth jth
So, (1,...,1, 0 ;1,...,1) € R — \/Anng(M) and since N is an n-submodule,
Jth
(0,...,0, m ,0,...,0) € N, which is a contradiction. O
—~
jth

Let M be a module over a commutative ring R, and N be a proper submodule
of M. We say that N has the star property if a« € R, m € M, am € N and
a ¢ Anng(M) imply m € N.

Proposition 2.22. Let N be a submodule of an R-module M that has the star
property. Then, N is an n-submodule.

Proposition 2.23. Let N be a submodule of an R-module M that has the star
property. Then, (N :p M) = Anng(M).

Proof. Assume that (N :p M) Z Anng(M). Then, there exists r € (N :g M)
such that » ¢ Anng(M). Thus, rM C N and since N is an n-submodule, we
conclude that N = M, a contradiction. Hence, (N :g M) C Anngr(M). We have
Anng(M) C (N :g M). So, (N :p M) = Anng(M). O

Lemma 2.6. Let N be a submodule of an R-module M that has the star property.
Then, N is a prime submodule.

Proof. The proof is straightforward. O

Lemma 2.7. Let N be a submodule of an R-module M that has the star property.
Then, Anng(M) is a prime ideal.

Proof. By Proposition 2.23, (N :g M) = Aung(M) and by Lemma 2.6, N is
a prime submodule. Therefore, (N :p M) is a prime ideal. Hence, Anng(M) is
a prime ideal. O
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Lemma 2.8. Let N be a submodule of an R-module M that has the star property.
If K is an n-submodule, then the following statements are true.
(1) For everya € R and m € M, am € K and a ¢ Anng(M) imply m € K.
(2) K is a prime submodule.
(3) (K : M) =Anng(M).

3. GENERALIZATION OF n-SUBMODULES

In this section, we introduce a new class of submodules, namely, the class of
G.n-submodules. The notion of G.n-submodule is a generalization of the notion
of n-submodule. We present some characterizations of G.n-submodules, and we
examine the way the aforementioned notions are related to each other.

Definition 3.1. Let M be a module over a commutative ring R. A proper
submodule N of M is said to be a generalization of n-submodule (G.n-submodule)
iffora€e Rand m € M, am € N and a ¢ /Anng(N) imply m € N.

Example 3.1.
(1) Suppose that R is a ring that has only one prime ideal. Then, every proper
submodule of the R-module R is a G.n-submodule.
(2) As a Z-module, Zg does not have any G.n-submodules.
(3) In Z4 as a Z-module, (2) is a G.n-submodule.
(4) In Z, @ 7 as a Z-module, (2) @(0) is a G.n-submodule.

Proposition 3.1. Every n-submodule is a G.n-submodule.

It is clear that in general, a G.n-submodule is not necessarily an n-submodule, see
Example 3.1 (4).

Lemma 3.1. In a torsion-free R-module, the notions of n-submodule and
G.n-submodule coincide.

Lemma 3.2. Let M be an R-module, and 0 be an n-submodule. Then, the
notions of n-submodule and G.n-submodule coincide.

Proof. Let N be a G.n-submodule and am € N for ¢« € R and m € M with

a ¢ /Annp(M). If a ¢ \/Anng(N), then m € N. If a € \/Anng(N), then there

exists k& € N such that a* € Anng(N). So, a**'m = 0. Since 0 is an n-submodule,
m = 0. Therefore, m € N. This implies that N is an n-submodule. (I
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Theorem 3.1. Let M be an R-module, and N be a proper submodule of M.
Then, the following statements are equivalent.
(1) N is a G.n-submodule of M.
(2) N = (N :p a) for every a ¢ \/Anng(N).
(3) For any ideal I of R and any submodule K of M, IK C N with I  \/Anng(N)
implies K C N.

Proof. (1) = (2) Let N be a G.n-submodule of M. For every a € R, the
inclusion N C (N :js a) always holds. Let a ¢ \/Anng(N) and m € (N 1y a).
Then, am € N. Since N is a G.n-submodule, we conclude that m € N and thus,
N = (N :p a).

(2) = (3) Suppose that TK C N for an ideal I of R and a submodule K of M,
where I ¢ \/Anng(N). Since I ¢ \/Anng(N), there exists a € I such that a ¢
V/Anng(N). Then, aK C N and so K C (N :pr a) = N, by (2).

(3) = (1) Let am € N for a € Rand m € M, where a ¢ \/Anng(N). To complete
the proof of the desired result, it is sufficient to take I := Ra and K := Rm. O

Proposition 3.2.

(1) If N is a G.n-submodule of M, then (N :p M) C \/Anng(N).

(2) If N is a G.n-submodule of M, then (N :p M) C \/Anngr(M).

(3) Let {N;}icr be a nonempty set of G.n-submodules of an R-module M. Then,
() N; is a G.n-submodule.
iel

(4) Let {N,}icr be a finite chain of G.n-submodules of a finitely generated
R-module M. Then, |J N; is a G.n-submodule of M.

el

Proof. (1) Assume that N is a G.n-submodule, but (N :g M) Z /Anng(N).
Then, there exists 7 € (N :gp M) such that 7 ¢ \/Anng(N). Thus, rM C N and
since N is a (G.n-submodule, we conclude that N = M, a contradiction. Hence,
(N :g M) C \/Anng(N).

(2) By (1), (N :p M) C \/Anng(N). Let r € (N :p M). Then, M C N.
Since N is a G.n-submodule, r € \/m. Therefore, there exists k €
N such that 7 € Anng(N). Hence, r**Y M = 0. This implies that r €

Anng(M).

(3) Let rme (| N; forr € Rand m € M — (| N;. Then m ¢ N; for some j € I.

i€l i€l
Since Nj is a G.n-submodule of M, we obtain 7 € \/AnngN; C \/Annpb(n N;). So,
() N; is a G.n-submodule. i€l
iel
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(4) Let rm e |J N; forr € Rand m € M — |J N;. Then, m ¢ N, for any ¢ € I.
= i€l
Since N; is a G.n-submodule for any i € I, we conclude that r € \/Anng(XV;) and

thus, the fact that I is a finite set implies r € AnnR(U Ni). Therefore, |JN; is

a G.n-submodule. el g
Proposition 3.3. Let K and L be submodules of M, and I be an ideal of R such

that I Z \/Anng(K)U /Anng(L). Then, the following statements are true.

(1) If K and L are G.n-submodules of M with IK = IL, then K = L.

(2) If IK is a G.n-submodule of M, then IK = K.

Proof. (1) Since K is a G.n-submodule and IL C K, Theorem 3.1 shows that
L C K. Likewise, K C L.

(2) Since IK is a G.n-submodule and IK C I K, we conclude that K C I K. This
completes the proof. O

By Lemma 3.1, the next lemmas provide a useful characterization of modules that
have G.n-submodules.

Lemma 3.3. Let M be a torsion-free R-module. Then, the zero submodule is
a G.n-submodule of M.

Lemma 3.4. Let M be a multiplication R-module.
(1) If M is torsion-free, then the zero submodule is the only G.n-submodule of M.
(2) If Anng(M) is a radical ideal, then the zero submodule is the only G.n-submo-
dule of M.

Proposition 3.4. Let N be a proper submodule of M. Then, N is a G.n-submo-
dule if and only if for every m € M, (N :g m) = R or (N :g m) C y/Anng(N).

Proof. Assume that N is a G.n-submodule. If (N :g m) € \/Anng(N), then
there exists r € (N :g m) — y/Anng(N). So, rm € N, where r ¢ \/Anng(N).

Since N is a G.n-submodule, then m € N. Hence, (N :g m) = R. Conversely, let
rm € N for r € R and m € M, where r ¢ \/Anng(N). Then, r € (N :g m) —
VAnng(N). By the assumption, (N :g m) and therefore, m € N. O

Corollary 3.1. Let N be a proper submodule of M. Then, N is a G.n-submodule
if and only if for every m € M — N, (N :g m) C \/Anng(N).

Recall that r € R is said to be a zero divisor of an R-module M if there exists
a nonzero element m € M such that rm = 0.
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Theorem 3.2. Let M be an R-module and N be a submodule of M. Then, N

is a G.n-submodule if and only if every zero divisor of the R-module £ is

N
in \/Anng(N).

Proof. Let N be a G.n-submodule and r be a zero divisor of % Then, there
exists m € M — N such that rm € N. Since N is a G.n-submodule, r € \/Anng(N).
For the converse, assume that rm € N for r € R and m € M, where m ¢ N. Then, r
is a zero divisor of & and thus r € /Anng(N). O

Proposition 3.5. A prime submodule N of M is a G.n-submodule if and only if
(N :g M) C \/Anng(N).

Proof. Suppose that NV is a prime submodule of M. If N is a G.n-submodule,
then by Proposition 3.2 (1), (N :g M) C /Anng(N). For the converse, assume that
(N :g M) C /Anng(N). Now, we show that N is a G.n-submodule. Let am € N
and a ¢ \/m for a € R and m € M. Since N is a prime submodule and
a ¢ (N :gp M), we find that m € N and thus N is a G.n-submodule. O

Lemma 3.5. Let N be a G.n-submodule of an R-module M such that (N :p M) =
/Anng(N). Then, N is a prime submodule.

Proof. The proof is straightforward. O

Proposition 3.6. Every G.n-submodule is an r-submodule.

Proof. Let N be a G.n-submodule of M, and am € N for some a € R and
m € M, with annj/(a) = 0. Assume that a € \/Anng(N). Then, there exists n € N
such that ¢ N = 0. Choose the smallest positive integer n such that a™ N = 0. Then,
a" 1N #0. Since a(a" " IN) = a"N = 0,a" !N C annys(a) = 0 and so, a" N = 0,
which is a contradiction. Thus, a ¢ \/m ). Since N is a G.n-submodule and
am € N, we conclude that m € N. Hence, N is an r-submodule of M. O

Lemma 3.6. Let M and N be R-modules such that N C M. If L is a G.n-
submodule of N and N is a G.n-submodule of M, then L is a G.n-submodule of M.

Proof. Let am € L for a € R — /Anng(L) and m € M. Since N is
a G.n-submodule of M and \/Anng(N) C /Anng(L), then m € N. Since L
is a GG.n-submodule of N and m € N, then m € L. O

Proposition 3.7. Suppose that R=R1 X RoX...XR, and M =My xMsx...xXM,,
where M; is a nonzero R;-module for 1 < i < n. If N is a G.n-submodule of M, then
there exists j, 1 < j < n, such that N = N1 x Ny X ...x Ny, N; is a G.n-submodule
and for any i with i # j, N; = 0.
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Proof. Assume that N is a G.n-submodule. Since N # M, there exists j,
1 < j < n,such that (0,...,0, m ,0,...,0) € M — N. Then,
—~—
Jth

(1,...,1, 0 ,1,...,1)(0,...,0, m ,0,...,0) € N.
~—
Jth Jth

So, (1,...,1, 0 ,1,...,1) € y/Anng(N). This implies that N = 0 x ... x
Jth
0x K x0x...x0, where K is a submodule of M;. We have Anng(N) =
jth
Ry x...xRj_1 xAnng,(K) x Rj11 X ... x R,. Assume that am € K for a € R; —
/Anng; (K) and m € Mj;. Since (0,...,0, a ,0,...,0)(0,...,0, m ,0,...,0) € N,
Jth Jth
0,...,0, m ,0,...,0) € N. It follows that m € K. Hence, K is a G.n-submodule
of M;. jth O

Proposition 3.8. Let M be an R-module. If N is a G.n-submodule of M such
that (N :g M) # Anng(N), then (N :p Anng(N)*) is a G.n-submodule of M
for k € N.

Proof. We have (Anng(N))**! C Anng((N :p (Anng(N))*)) € Anng(N).
Let am € (N :pr (Anng(N))¥) for a € R and m € M, with

a ¢ \/Anng((N s (Anng(N))L)).

Then, a(Anng(N))*m C N and since N is a G.n-submodule, (Anng(N))*m C N.
Hence, m € (N :p (Anng(N))F). O

Proposition 3.9. Let M be an R-module and R be an Artinian ring. If every
proper submodule of M is a G.n-submodule, then every ascending chain of its cyclic
submodules stops.

Proof. Let Rmy € Rmy C Rmg C ... C Rmy C ... be a chain of cyclic
submodules of M. Then

mip =ToMg =ToT3mz = ... =T2...TLME = ...,

for r1,72,... € R. Since Rm; is a G.n-submodule, r; € \/Anng(m;_1). On the other
hand, since \/AnnR(mi) - \/AnnR(mi,l), we conclude the existence of n € N such

that \/AnnR(mi) = \/AnnR(mn) for all n < i. So, m1 = r9... Ty pe1Mpt1 = 0.
It follows that m; = 0 for all ¢ € N, which is a contradiction. Therefore, every
ascending chain of cyclic submodules of M stops. Il
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