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Abstract. We study the regularity properties of bilinear maximal operator. Some new
bounds and continuity for the above operators are established on the Sobolev spaces,
Triebel-Lizorkin spaces and Besov spaces. In addition, the quasicontinuity and approxi-
mate differentiability of the bilinear maximal function are also obtained.
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1. INTRODUCTION

In recent years there has been considerable interest in investigating the regular-
ity properties of various maximal operators. The first work was due to Kinnunen
(see [9]) who proved that the usual centered Hardy-Littlewood maximal operator M
is bounded in the first order Sobolev space WP(R") for 1 < p < oo, where n > 1
and W1P(R") is defined as

WIPR™) = {1 R" = R: || fllwsoqan) = | oqan) + V]| oan)y < o0},

where Vf = (D1f,...,D,f) is the weak gradient of f. Kinnunen’s result was later
extended to various variants. For example, see [10] for the local case, [11] for the
fractional case, [1] for the bilinear case, [16] for the multisublinear case. Since the
maximal operator lacks the sublinearity at the derivative level, the continuity of
M: WHP(R™) — WHP(R™) for 1 < p < oo was posed by Hajlasz and Onninen (see
[7]) and addressed by Luiro, see [18]. On the other hand, the regularity properties
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of maximal operators on other smooth function spaces have been studied by many
authors. Korry in [12], [13] established the boundedness of M on the fractional
Sobolev spaces W*P(R™), the inhomogeneous Triebel-Lizorkin spaces FP*?(R™) and
inhomogeneous Besov spaces BP9(R™) for 0 < s < 1 and 1 < p, ¢ < oco. The
continuity of the Hardy-Littlewood maximal operator on the inhomogeneous Triebel-
Lizorkin (or Besov) spaces was proved by Luiro (see [19]) or Liu and Wu, see [17]. It
should be pointed out that in the bilinear setting, the regularity properties for the
maximal operators are more complex and refined. Particularly, Carneiro and Moreira
in [1] firstly considered the Sobolev regularity of the bilinear maximal operator

WMD) =BG o

[f (@ +y)g(x —y)ldy,

where x € R”™ and O = (0,0,...,0) € R™. This type of maximal operator 9t was
originally introduced by Calderén and was studied by Lacey, see [14]. The main
result of [1] can be listed as follows.

Theorem A ([1]). Let 1 < p1,p2 < 00, 1 < p < o0 and 1/p = 1/p1 + 1/p2.
The map M: WP (R") x WhP2(R") — WP(R"™) is bounded and continuous.
In particular, if f € WHP1(R") and g € W'P2(R™), then the following pointwise
estimate holds:

IVIR(f, g) ()| < MV £, 9)(x) +M(f, [Vg])(x)

for almost every x € R™.

Recently, Liu, Liu and Zhang in [15] established the following results.

Theorem B ([15]). Let 0 < s < 1,1 < p1,p2,p,q < oo and 1/p = 1/p1 + 1/p2.
Then both the maps M: FP9(R™) x FP2:9(R™) — FP9(R™) and 2M: BPVI(R™) x
BP2:9(R™) — BP9(R™) are bounded and continuous.

From Theorems A and B we see that 9t(f, g) enjoys better regularity properties
if both f and g belong to the same kind of smooth function spaces. It is natural
and interesting to ask whether the bilinear maximal operator enjoys better regular-
ity properties when the above operator acts on two distinct functions from smooth
function spaces. This is our main motivation for this work.

In order to formulate our main results, let us introduce Lipschitz space.
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Definition 1.1. Let 0 < v < 1. The homogeneous Lipschitz space Lipv([R”) is
defined as

Lip, (R") := {f: R" = C continuous || f{|ip, &) < o0},
where

h) —
||f||sz (R?) = sup sup |f((E + ) f($)| .
’ zeR" herm\ {0} I

The inhomogeneous Lipschitz space Lip., (R") is given by

Lip, (R") :={f: R™ — C continuous: | f|rip, ®n) := | fllLoe@n)+ | flILip, rn) < o0}

Remark 1.2. By Rademacher’s theorem, if f € Lip, (R™), then the weak partial
derivatives D;b, i = 1,...,n, exist almost everywhere. Moreover, we have

b(x + he;) — b(x)

Dib() = Jim - and | Dib()] < [bll ip, )
for almost every z € R™. Here ¢, = (0,...,0,4,0,...,0) is the canonical ith base
vector in R" fori =1,...,n.

We now list the main results as follows.

Theorem 1.3. Let 0 < v < 1,0 < s < vyand 1 < p,q < co. Then M is
bounded and continuous from Lip, (R™) x FP9(R") to FP?(R™). Moreover, there

exists a constant C' > 0 such that

(1.1) [M(f, 9)]

FPa(Rn) S C||f||Lipw(R") 9llpra(ny

for all f € Lip, (R") and g € FP9(R™).

Theorem 1.4. Let 0 <y < 1,0<s<~vyand 1l < p,q<oo. Then M is bounded
and continuous from M: Lip, (R") x BY4(R™) to BE4(R™). Moreover, there exists

a constant C' > 0 such that

(1.2) [M(f, 9)]

BPI(RM) S C||f||Lipw([R") 9llBz2(mny

for all f € Lip,(R") and g € BL(R").

It was pointed out in [5] that FP*2(R™) = W*P(R") for any s > 0 and 1 < p < oo.
Applying Theorem 1.3, we can get the following result.
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Corollary 1.5. Let 0 < v < 1,0 < s < v and 1 < p < oo. Then M is bounded
and continuous from Lip,(R") x W*P(R") to W*P(R"). Moreover, there exists

a constant C' > 0 such that

19(f, Dllwswrny < Cllf lLip, (rm)

for all f € Lip,(R") and g € W*P(R").

gHWs,p(Rn)

The third result focuses on the quasicontinuity of bilinear maximal function, which
is based on the Sobolev regularity of the bilinear maximal function. Let us recall
some definitions.

Definition 1.6 ([8], Sobolev p-capacity). Let 1 < p < oo and set
A(E) = {f € W"?(R™): f > 1 on a neighbourhood of E}.

The Sobolev p-capacity of the set £ C R™ is defined by
Cp(E):= inf A% P) dy.
WE) = int [ (@ + 90y

We set Cp(E) = 0o if A(E) = 0.

Definition 1.7 ([8], p-quasicontinuous and p-quasieverywhere). A function f is
said to be p-quasicontinuous in R" if for every ¢ > 0 there exists a set ' C R"
such that C,(F) < ¢, the set R™ \ F' is closed and the restriction of f to R™ \ F
is continuous. A property holds p-quasieverywhere if it holds outside a set of the
Sobolev p-capacity zero.

It was shown in [2] that the Sobolev p-capacity is a monotone and a countably sub-
additive set function. Also, it is an outer measure over R". It is well known that each
Sobolev function has a quasicontinuous representative, that is, for each u € W1P(R™)
there is a p-quasicontinuous function v € WP (R™) such that u = v a.e. in R™. This
representative is unique in the sense that if v and w are p-quasicontinuous and v = w
a.e. in R™, then w = v p-quasieverywhere in R", see [2] for more details.

In 1997, Kinnunen in [9] proved that M f is p-quasicontinuous if f € W1P(R") for
any 1 < p < co. Motivated by Kinnunen’s work (see [9]), Liu et al. (see [15]) estab-
lished the p-quasicontinuity of (£, g), provided that f € W1P1(R"), g € W1P2(R"),
1<pi,p2,p<ooand 1l/p=1/p1+1/ps.

In this paper we shall establish the following result.

Theorem 1.8. Let 1 < p < co. If f € Lip;(R") and g € WHP(R"), then we have

(1.3) I19(f, g)lwrr ey < Cll fllLip, (&)

Moreover, the function 9M(f, g) is p-quasicontinuous.

g”Wl,p(Rn).
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Finally, we study the approximate differentiability for the bilinear maximal func-
tion.

Definition 1.9 ([6], Approximate differentiability). Let f be a real-valued func-
tion defined on a set £ C R"™. We say that f is approximately differentiable at
xo € E if there is a vector L = (L1, Lo, ..., L) € R™ such that for any £ > 0 the set

b= fo e, ML= so0) ey

|z — 2o

has z( as a density point. If this is the case, then x( is a density point of £ and L is
uniquely determined. The vector L is called the approzimate differential of f at xzq
and is denoted by V f(zo).

In 2010, Hajtasz and Maly in [6] proved that M f is approximately differentiable
a.e. if f € L'(R") is approximately differentiable a.e. Motivated by Hajlasz and
Maly’s work, we shall establish the following result.

Theorem 1.10. Let f € Lip;(R") and g € L'(R™) be approximately differen-
tiable a.e. Then M(f, g) is approximately differentiable a.e.

Remark 1.11. Note that u is approximately differentiable a.e. if u € WH(R™).
Moreover, Theorem 1.8 yields that 9(f,g) is approximately differentiable a.e. if
f € Lip;(R") and g € WH(R™).

Remark 1.12. Let 1 < p < co. From Theorem 1.8 we see that 9t is bounded
from Lip;(R™) x WLP(R™) to W1P(R"). It is unknown whether 90 is continuous
from Lip, (R™) x WLP(R™) to W1P(R™). Another interesting question is whether the
map M: Lip, (R") x WHP(R™) — WP(R™) is bounded or continuous when ~ # 1.

This paper will be organized as follows. Section 2 is devoted to presenting the
proofs of Theorems 1.3 and 1.4. In Section 3 we prove Theorem 1.8. The proof of
Theorem 1.10 will be given in Section 4.

We would like to remark that the proofs of Theorems 1.3 and 1.4 are based on [15].
The proof of Theorem 1.8 (or Theorem 1.10) is motivated by the idea in [9] (or [6]).
However, some new techniques are needed. Throughout this paper, the letter C' will
stand for positive constants not necessarily the same one at each occurrence but is
independent of the essential variables. In what follows, let R, = {¢ € R™: % <
|| < 1}. For any p € (1,00), we let p’ denote the dual exponent to p defined as
1/p+1/p’ = 1. For any h € R™ and arbitrary function u: R" — R, we define the
first order difference of u by Apu(z) := up(x) — u(x), where up(x) = u(x + h).
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2. PROOFS OF THEOREMS 1.3 AND 1.4
In this section we will present the proofs of Theorems 1.3 and 1.4.

2.1. Proof of Theorem 1.3. In order to prove Theorem 1.3, let us introduce
some notation. For a measurable function g: R™ x Z x R,, = R we set

a/r\1/4
DyqTys T H(Z 2ks </9{ lg(x, k, Q)" d(:) )

kez

gl

Lr@®n)

Denote by £7:¢(R™) the homogeneous Triebel-Lizorkin spaces. In [22] Yabuta showed
that

(21) |‘fHF§MI(Rn) ~ HAQ—’“Cf”I),(Iﬂ"vS
for0<s<1,1<p<oo,1<qg<oo,1<r<min{p,q}.

The following properties for the Triebel-Lizorkin spaces are known, see [3], [5], [20]:

(2.2) [ fllEra@ny ~ 1 fllgra@ny + | fllLegny for s >0, 1 < p,q < oo,
(2.3)  fllFra@mny < [ fllpzya@ny  for sy < s2, 0 <p, ¢ < oo,
(24) | f] FPo2(Rn) S I f] pragny for s €R, 0<p <oo,0<q1 < g2 <oo.

In order to prove Theorem 1.3, we need the following lemmas.

Lemma 2.1 ([22]). For any 1 < p, q, 7 < 0o we have

1/q 1/q
(S it (X Whcl )

kez kez

< Cpﬂlﬂ“

LP(R™) Lr@®n)

Lemma 2.2. Let 0 < ¢ < 00, 0 < r < 00,0 < vy < ooand 0 < s < . If
f € Lip, (R™), then

1/q
(szquAQ—k(ﬂLw(R") %r(mn)) < Ol f lnip,, (rn)-

kez
Proof. Note that for any k € Z and ¢ € R,

[Ag—k¢ fllzoe@my < min{2(fl|Loo(nys 27 |1 fl| i, mmy }-

It follows that

120+ fllpo@m e < 1Rl min{2| ]l ny, 271 L ip, oy }-
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Therefore, we have

k 1/q
(ZZ Az fllzo @ %rmn))
kez
4 L © 1/q
<2l ”wa( > 2) + 1 F g ) (Z 2k<sv>q)

k=—o00 k=1
< Ol flLip, (rm)-

O
We now turn to prove Theorem 1.3.
Proof of Theorem 1.3. We divide the proof of Theorem 1.3 into two parts:
Step 1: Proof of the boundedness part. Fix x, h € R™, we have
(25) |ARM(f, g)(z)| = [(M(f, 9))n(x) — M(f, 9)(2)|
= |M(fhs gn) (@) — M(f, 9) ()|
< M(Anf, Ang)(@) + M(f, Ang)(z) + M(Anf, g)(2).
In view of (2.5), for any k € Z, ( € R,, and = € R", we have
(2.6) [Ag-kM(f, 9) ()] < M(Ag—r¢f, Ao-rcg) (@) + M(Ag—rc fr9) (@)
+M(f, Ag-rcg) ().
By (2.1), (2.6) and Minkowski’s inequality, we write
. a\1/q
1) 1970 ey < € (20 [ 10w wcmiraiac) )
keZ n LP(R")
a\1/a
< cH(ZW < JRE SR, dc) )
kez An Lr(R™)
a\1/4q
+C (Z 2ks (/ M(Ag-rcf,9) dC) )
kez Rn Lr(R™)
a\1/q
e (] maes))
kez R Lr(R™)
3
= ZL
i=1

It is clear that for any arbitrary functions w, v defined on R™,
(2.8) M(u,v)(x) < ||upoo@n)yMov(x).
Next we estimate I, I, I3, respectively.
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Estimate for I,. Let q1, g2 € (1,00) be such that 1/¢ = 1/¢1 + 1/g2 and r €
(1,min{qi,p}). By (2.1), (2.2), (2.4) and (2.8), Lemmas 2.1 and 2.2 and Holder’s
inequality, we get

(29) I <C <Z

kez

a\1/q
oksq (/m | Ag-i¢ fllLoo @y M (Ag-rcg) d§> >

Lr(R")

1/q
<C 2ksq”||A2—k<f||Lc>o(uw)||qrf " (M (Az—kcg)Hqu R,
(Rn) (Rn)
kez

Ly (R")

1/Q2
<o (S nar el o,
kezZ
1/‘11
(T2 I B e,
kez Lr(R™)
1/‘11
ks 1
< Clf sy, o) ](22 "8 scollhn,
kez Lr(R™)
< Cllf luip, @) 91l groar @y < CllfILip, ®7) 191 p2a2 (gmy
S CHfHLip.Y([R”) g| FP9(Rn)-

Estimate for I. In view of (2.1), (2.2), Lemma 2.2 and Holder’s inequality, we have

a\1/4q
(2.10) I < cH <Z oksq (/ ||A2—k<f||L°°(R”)M9dC> >
keZ

n Lp(Rn)
. 1/q
< CHMg (22 Sq””Aka(f”LOO([R”L) %1(9{”)>
kez Lr(R™)
Cll flLip, ey 1M gl owny < Clf lILip, re) 9]l Lo (r)

<
<

Cll fllLip, &my 19l 29 (-

Estimate for Is. Fix a € (1,min{q,p}). Applying (2.1), (2.2), Lemma 2.1 and
Holder’s inequality, one obtains

q\1/q
(2.11) 13<CH(22’“S‘1</ ||f||Loo(Rn>M<A2-k<g>d¢>)
ke7Z

n

k 1/q
<Z 9 sp”M(Angg)”qu(mn))

kez

k 1/q
(Zz sp||M(A2—k<g)||qLa(mn)>

kez

Lr(R™)

< O fllpewn)

LP(R™)

< O fllpe @)

LP(R™)
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< CllfllLip, rm)

. 1/q
(Z 2 SPHAQ—’C(g”%u(Rn))

kez Lr(R™)
< C”f”Lip,Y([R") 9l FP9(R™) < C”f”Lipw(R") gl FPa(Rn)-
It follows from (2.7) and (2.9)—(2.11) that
(2.12) 19Cf, 9l ra gy < Cllflluip, &) 19l 220 () -
On the other hand, it is easy to see that
(2.13) IS, Ol Lrwny < CllfllLoo@n) 19l e (@)

Then (1.1) follows from (2.2), (2.12) and (2.13).
Step 2: Proof of the continuity part. Let f; — f in Lip,(R") and g; — g in
FP9(R™) as j — oo. It suffices to show that

(2.14) 19S5, 95) = M(f, 9| prawny = 0 as j — oo

From (2.2) we see that g; — g in FP9(R") and in LP(R™) as j — oco. By the
sublinearity of 91, (2.13) and Minkowski’s inequality,

(2.15) ||fm(fjagj) - M(f, g)”LP([R")
<S5 = fr95 — 9llee@ny + M5 = f 9 e @ny
+19(f, 95 — @)l e wn)
SCOf5 = fllee@mllgy — gllze@ny + 1f5 = fllewn)
+ [ fllzeommyllg; — gllLe@ny) — 0 as j — oo.

QHLP([R")

In view of (2.2) and (2.15), for (2.14) it is enough to prove that

(2.16) 19S5, 95) = M(f, )l ppoagny = 0 as j — oo

We shall prove (2.16) by contradiction. If (2.16) is false, then we may assume
without loss of generality that there exists a constant ¢ > 0 such that

(2.17) 19S5, 95) = M D ppomny > ¢ ViZ 1

Since M(f;,9;) = M(f, g) in LP(R™) as j — o0, by extracting a subsequence we may
assume without loss of generality that |9(f;, g;)(x) — M(f, g)(x)| — 0 as j — oo for
almost every x € R™. It follows that
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for every (k,() € Z x R,, and almost every x € R™. For convenience, we set

Uji(2, k, C) = M(Ag—rc(fi — ), Dorc(gi — 9)) (@) + M(Ag—ke(fj — f), Ag—reg)(T)
+ M(Ao-rcf, Ao-rc(g5 — 9))(@) + M(Ao-kc(f5 — £), 95 — 9)(2)
+ M(Ag-wc(f; — 1), 9)(@) + M(Ag-rc f, 95 — 9)(2)
+Em(fj JNAYE kc(gj 9))(z) + ( — [, - kgg)( )
+M(f, Ag-r¢ (g5 — 9)) (@),
V(x, k, Q) = 20M(Ag—rc f, Ag—reg) () + 29M(Ag—rc f, ) () + 29N(f, Ag—rcg) ().

By (2.6), it is not difficult to check that

(2.19) Dok (M5, 95) = M(f, 9)) (@) < Ws(2, k, Q) + (K, )
for all (x,k,({) € R™ x Z xMR,,. Some computations similar to (2.9)—(2.11) imply that

pals S C(”f] - fHLipw([R") gj
+ 115 = flluip, (rm)
(2.21) [[¥lpq1.s < CllfllLip, e)

n

(2.20) ||l

))a

o+ 1 lLip, &) llg

/).
By (2.18)—(2.21) and the arguments similar to those used to derive the proof of

Theorem 1.1 in [15], one can get a contradiction for (2.16). The details are omitted.
(]

2.2. Proof of Theorem 1.4. Let Bqu(R”) denote the homogeneous Besov
spaces. The following properties are known, see [3], [5], [20], [22]:

(2.22) for s >0,1<p,q< 0,
(2.23) BP9 (Rm) < BP92 (Rn) forse R, 0<p<oo,0< g2 <q,
1/rq 1/q
(2.24) | )~ (Z oksq (/ |Ag—rc fI" dC) )
ke Ry LP(R™)

f0<s<l,1<p<oo,1<g<ocand 1 <r<p.
For a measurable functlon g: R" x 7 xR, = R we set

a/p\1/q
lglp.a.s = (ZW / / kadxdc) ) .

kez

By (2.24) and Fubini’s theorem, the following is valid:

(2.25) oy~ [ Aok fllp,gs for0<s<1,1<p<oo,1<g< 00

We now present the proof of Theorem 1.4.
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Proof of Theorem 1.4. We divide the proof into two parts.
Step 1: Proof of the boundedness part. Let 0 < s <1 and 1 < p,q < co. In view
of (2.6) and (2.25), one has

(2.26)
(RGN RTINS c(kzz oksq (/m / g R f,0) ()P d§>Q/p)1/q
€ n
<€ <Z 2 ( L st Ao @y arac) "
vo(Se([ [ oerrawraa)”)”
kez n
+C(;22’“q ( /m JRC ) dxd§>Q/p>1/q

3
== ZJl
=1

Estimate for Ji. Let q1,q2 € (1,00) be such that 1/g = 1/¢1 + 1/¢2. By (2.13),
Holder’s inequality, Lemma 2.2, (2.22), (2.23) and (2.25) one has

(2.27)
. a/p\1/q
a2 (02 ([ 180 e 180 rcallun 6 )
kez Rn
. 1/q
< C<Z2 Uy 1 o A2k<g|1p<wmn>>
keZ
i 1/q2 . 1/q1
< 0(22 SQ2IIA2k<f|%2x<RnXm>> (ZQ S“|A2k<9|%v<wmn>>
keZ ke?

1/q1
< O fllim, (Z ks ||A2-k<g||z;m,%))
keZ

gl BY M (R)

BPI1(Rn) < CHfHLiPW(R")

< Ol f luip, &) ll9l
< Ol fllip, & ll9]

Estimate for Jo. By (2.13), (2.22), (2.23) and Lemma 2.2, we have
. a/p\1/q
(225) 52 <02 ([ 18e e 91y 06) )

kez R
1/q
q
LP(R,,)

Bqu([Rn).

< Cllgllrem (Z 250 | Ag v [ oo,
ke7Z

< Ol fllLip, &) ll9]

Bg’vLI(Rn) .

287



Estimate for Js;. By (2.13), (2.22) and (2.25), we have

q/p\1/q
(2.29) J3<c<22ksq( R Aﬂggn’;p(mdc) )

kez Rn

. a/p\1/q
< Olemqeny (20 ([ 180 scallunyac) )

kez R
< C”fHLip.y([R") gl Bragn) S CHfHLip.Y([R") gl B Y(Rn)-
Finally, it follows from (2.26)—(2.29) that
IS, Dl groany < Cllf lLip, @ 19l 5272 (Rm) -

This together with (2.13) and (2.22) implies (1.2).

Step 2: Proof of the continuity part. Assume that f; — f in Lip, (R") and g; — ¢
in BP(R") as j — co. By (2.22) we see that g; — ¢ in B29(R™) and in LP(R") as
j — oo. From (2.15) we have that M(f;,g;) — M(f, g) in LP(R™) as j — oco. Hence,
it is enough to show that

(2.30) 19 f5,95) = (S, 9)l| groa(mny = 0 as j — oo

We now prove (2.30) by contradiction. Assume that (2.30) is not true. Without
loss of generality we may assume that there exists a constant ¢ > 0 such that

(2.31) I9R(f,97) — ML 9| gragamy > € Vi > 1.

Since M(f;,9;) — M(f,g) in LP(R™) as j — oo, then by extracting a subsequence
we may assume without loss of generality that |9U(f;, g;)(x) — M(f, 9)(z)] — 0 as
j — oo for almost every « € R™. Hence, we have

Ao-rc(M(f5,95) —M(f,9))(x) =0 asj— o0

for every (k,{) € Z x R, and almost every x € R". Let ¥; and ¥ be given as
in (2.19). Some arguments similar to (2.27)—(2.29) show that

[¥llp.q.s < ClifllLip, @ l9llBragn),
1¥5llpgs < CUS5 — f”Lipv([R")”gj -9 BEa(Rm) T If;— f||Lip7([Rn)||g| BY(Rn)
+ 1 fllip, &) lgs = gll B2 (rn))-

The rest of the proof follows from the arguments similar to the proof of Theorem 1.3.
We omit the details. O
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3. PrROOF OF THEOREM 1.8

In this section we shall present the proof of Theorem 1.8. Before presenting the
proof, let us introduce some notation. Let u € LP(R™) with p > 1. For all h € R,
|h] >0,y € R"and i =1,...,n, we define the function uy ; by setting

u(z + he;) — u(x)

up,i(x) = 5 , x€R"™

Here e; = (0,...,0,1,0,...,0) is the canonical ith base vector in R™. Set

A bR
G(u;p) = limsup 7H e an)
h—0 |h|

According to [4], Section 7.11, we have
(3.1) ueWH(R"), 1<g<ooeuclLiR") and G(u;q) < occ.

It is well known that for p > 1, up; — D;u in LP(R™) when h — 0 if u € WHP(R™).
Moreover, if w € LP(R™) for p > 1, then uj, — u in LP(R™) when |h| — 0.
We now prove Theorem 1.8.

Proof of Theorem 1.8. We divide the proof of Theorem 1.8 into three steps:
Step 1: Proof of M(f,g) € WHP(R™). Applying Minkowski’s inequality and (2.5),
one has that when |h| < 1,

(3:2)  [[ARD(f, 9)llLe®n)
< MUALS, Ang) | Lrmny + [I9(f, Ang)l Lo(rn) + [9UARS, 9)l| Lo (rn)
< C(|Anfll Lo rr) | Argll Lo mny + (| f | Loo (mm)
+ 1 Anfllpoe@ny
< C(I1f | pip, rmy
+ | £l Lip, (rm)
< CUf luip, (&)

This together with the fact that G(g;p) < oo leads to

[AR(M(f, 9)ll e (gn)

AngllLr@n)

9llLe(gny)

AngllLe@nylhl + | fll 2o mr) ARG L (w7)
gHLP([R") h|)

Anglle@ny + 1f 1 Lip, ()

QHLP([R") h|)~

G(OM(f,9);p) = limsup

h—0 |h|
. 1
< Climsup T(IIfIILipl(Rn) |Argl| Lo rn) + | fll Lip, ) 9] Lo (R7) |R])
h—0 | |

< C(”f”Lipl([R")G(g;p) + HfHLipl([R")”gHLI’(R")) < 0.
Combining this with (2.13) and (3.1) implies that 9(f, g) € W1P(R™).
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Step 2: Proof of (1.3). Let us fix | € {1,2,...,n}. By Step 1 we see that
M(f,g) € WHP(R™). Tt follows that (M(f, g))n: — DiMM(f,g) in LP(R™) as h — 0.
Moreover, g5 — D;g in LP(R™) as h — 0. By Riesz theorem, there exists a sequence
of numbers {hj} with kli_>n; hi = 0 and a measurable set E satisfying |R™ \ E| = 0

such that (MM(f, 9))n,.1(x) = DN(f, g)(z) and gp, 1(x) — Dig(x) as k — oo for
all z € E. Applying Fatou’s Lemma and (3.2), we obtain
IDR(F.9) v vy = |lemint (O ),
—00
< Chknigjf(n.fHLipl(R")

< O fllzip, mmy

Loy S Bminf NS 9D nictll Lo (rn)

ghitlloe@ny + 1 fll Lip, @) l9] Lo (7))

gllzrwny + Climsup || fllLip, me) | ghs ]l L ()
k—o0

< Ol fllLip, @y 19l Le@ny + Cll f llLip, (re) |[lim sup g,
k— oo

LP(R™)

< O fllip, (rm) 191w e &)

This together with (2.13) leads to (1.3).

Step 3: Proof of the p-quasicontinuity. We first prove that 0(f, g) is continuous
on R™ if f € Lip; (R™) and g € C§°(R™). Fix x,h € R™, by the mean value theorem
for differentials one has that [Axg(z)| < C|h| for a constant C' > 0. Then we get
from (2.5) that

AR, 9) ()] < [[ARfllLoo mr) | ARG oo (rry + [ f] Loo(rm)
+ |AnfllLoo(rm)
< Gl fllLip, &)

Angl noemmy

g”Loo([Rn)
gllzeomny + Cll fll Lo )| Rl

which leads to the continuity of M(f, g) at x. Thus, MM(f, g) is continuous on R™.

Next we assume that f € Lip;(R") and g € WP(R") for 1 < p < co. Without
loss of generality we may assume that g > 0. There exists a sequence of functions
{gr}r>1 C C°(R™) such that 0 < gi(x) < g(x) for any k > 1 and z € R™. Moreover,
gr — g in WHP(R™) as k — oo. We also assume that

(3.3) gk — gllwir@ny < 272 for k> 1.

For A > 0, we set Oy = {x € R™: M(f,g)(z) > A}. In view of (1.3), we can get the
following weak type inequality for the Sobolev capacity:

1/p
B o < 3( [ Ona@r + e )

1 1
< I 9 lwrr@ny < CS I lip, @) lgllwre @n)-
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For any k > 1, let Ay := {z € R™: M(f, 9)(z) — M(f, gr)(x) > 27%}. Since M(f, g)
is lower-semicontinuous and M(f, gx) is continuous, then M(f, g) —M(f, gx) is lower-
semicontinuous. Thus, for any k£ > 1, the set Ay is open. By the sublinearity of 9,
we have

This together with (3.4) yield that

(35) (Cp(ARNY? < C2*||f ipy (o)

9= grllwrewn) < Cllflluip, rm)2~".
Let By = |J A; with k& > 1. By the subadditivity and (3.5),

i=k
Cp(Bi) <D Cp(A) < CI Iy, @my D277 < C270P k=1,
i=k i=k

This gives that kli_}ngo Cp(Bg) = 0. It follows that for a fixed ¢ > 0, there exists
a positive integer Ky such that C,(Bk,) < €. On the other hand, we see that for
x € R"\ Bg,,

M(f, 9)(x) = M(f, g)(x) <27 Vk > Ko.
Thus, {M(f,gx)}k>1 converges to M(f,g) uniformly in R™ \ Bg,. Note that
M(f,gx) € C(R™). Therefore, M(f,g) is continuous in R™ \ Bg,. It is easy to see
that R™\ B, is closed. The above facts imply that 0t(f, g) is p-quasicontinuous. [

4. PROOF OF THEOREM 1.10

This section is devoted to presenting the proof of Theorem 1.10. Let us introduce
a characterization of a.e. approximate differentiable function.

Lemma 4.1 ([21], Theorem 1). Let f: E — R be measurable, E C R™. Then
the following conditions are equivalent:
(i) f is approximately differentiable a.e.
(ii) For any € > 0, there is a closed set F' C E and a locally Lipschitz function
g:R™ — R such that f=gonz € F and |[E\ F| <e¢.

In order to prove Theorem 1.10, we need the following result.

Lemma 4.2. Let f € Lip;(R") and g € L*(R"). For any ¢ > 0, we define the
truncated bilinear maximal operator M. by

1 n
me(fvg)(x):iggm Rn|f($+y)g($—y)|dy, xr € R".

Then for every ¢ > 0, the function M. (f, g) is Lipschitz continuous.
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Proof. Let z,y € R and € > 0. It is enough to show that

(4.1) 1M (f,9)(x) = M(f, 9) ()| < Cle —yl,

where C' > 0 is independent of z, y. Without loss of generality we may assume that
Me(f, 9)(x) > M(f,9)(y). When |z — y| > €/n, inequality (4.1) follows from the
following trivial estimate:

(4.2) 1M (f, 9)(@)] < Cre™" || fll oo (mny

Next we consider the case |z — y| < e/n. For convenience, we can redefine M. by

1

Let r > e. Note that B(x,r) C B(y,r+ |x - y|) Then we have

g”Ll(Rn).

|f(u)g(2z —u)|du, z€R"

1
lg(u) f(2y — )| du
|B(y7 T+ |.1? - y|)| B(y,r+|z—y|)
1
> g(u) f(2y —u)|du
B e = Jows |
1
> 9(u) (2 — u)| du
B e =D Joen

1
+
|B(ya T+ |£L‘ - y|)| B(z,r)
Noting that for any r > a > 0,b>0and 6 > 0

o 1N s Y =5 b b
—l=(—) —19= = de>-—-6>—-4.
(r—i—b) (1 + b/r) /0 (1 4 x)o+1 dz 7'5 a(s
It follows that
1
gu)f(2x — u)| du
B+ o= 0] oy "

___ IB(=1)| 1 )
=BG+ o =D 1B )] Jpy P B 70

1
|B(l‘, T)| Bla.r) |g(u)f(2x - ’LL)| du.

l9(w[(1f(2y = w)] = /(22 = w)]) du.

> (1= ne Yo — )
On the other hand, one gets

sr=iA
Ry —uw)| —|f(2x —u)|)du
Bl e =l Jop WG 0= e =)
1
|B(y,7'+|£[;—y|)| B(z,r)
< Cullfllzip, e " gl @m

lg(llf(2y —u) = f(2z — u)|du

x —yl.
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Thus, we have

1
|B(ya 4+ |£L‘ - y|)| B(y,r+|z—vyl)

lg(u)f(2y — w)| du
b

|B(l‘,’l‘)| B(xz,r)
- Cn||f”Lipl(R")E_n||9HLl(Rn) -yl

> (1—-ne |z —yl) 1/ (u)g(2z — u)| du

Since (1 — ne~t|z — y|) > 0, we have

M- (f,9)(y) = (1 = ne™ o — y)M=(f, 9) (@) = Cull fll i, wrye " 9]l 2 () 2 =yl

This together with (4.2) implies that

M- (f,9)(@) —M(f,9)(y)
< neHa = yIM(f, 9)(@) + Cull fll ip, )2 " gl L2 Ry 12 — 9]
< Cne I f ey llgll L1 @myne ™ o =yl + Cull fll Lip, Ry gl L1 (R
< Clz —y).

z —y|

This proves (4.1) and completes the proof of Lemma 4.1. O

We now prove Theorem 1.10.

Proof of Theorem 1.10. We set

1

pe{eer i [ et ote - play = 1) |

By an argument similar to the one that proves that almost every point is a Lebesgue
point, one can conclude that |R™\ E| = 0. Let z € E be such that M(f, g)(z) >
|f(z)g(x)|. We first prove that there exists > 0 such that

M(f, g) () = m o 7+ =)y

If not, we have

1
m(ﬁg)(a?):i;gm B(Om)lf(a:—i—y)g(a:—y)ldy vk > 1.

It is clear that

M(f,9)(x) < Cok™" || fllLoemyllgllLr@ny VE = 1.
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This yields that M(f, g)(x) = 0 by letting k¥ — oo. This is a contradiction. So we
can write

R" = (R"\ E)U{z e R": M(f,9)(x) = |f(z)g(x)|]} UF,

where F = |J Fj, and
k=1

F, ={z e R": M(f,9)(x) = My (f,9)(2)}.

Obviously, Fy, C Fi11. We get by Lemma 4.2 that 2, /. (f, g) is Lipschitz continuous
for any k > 1. Hence, for all k > 1 the function M(f, g)Xr,,,\F, is approximately
differentiable almost everywhere. Write

M(f, 9)xr = M(f, 9)xE + Y M, 90X\ P
k=1

Invoking Lemma 4.1, we have that 9(f, g)xr is approximately differentiable a.e. On
the other hand, from Lemma 4.1 we see that | fg| is approximately differentiable a.e.
So M(f,g) is approximately differentiable a.e. in the set {x € R™: IM(f,g)(x) =
|f(z)g(x)|}. Note that |[R™\ E| = 0. Therefore, M(f, g) is approximately differen-
tiable a.e. (]
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