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Abstract. We show that for any given integer k there exist infinitely many consecutive
square-free numbers of the type z? + y2 + 224 k, 22+ y2 + 22 + k+ 1. We also establish
an asymptotic formula for 1 < z,y, z < H such that 2+ y2 +224k 22+ y2 +224k+1
are square-free. The method we used in this paper is due to Tolev.
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1. NOTATIONS

Let H be a sufficiently large positive number and k£ be any given integer. The
letters m, n, I, t, q, q1, g2 stand for positive integers. Let ¢ be an arbitrarily small
positive real number which may not be the same in all appearances. Put e(y) = eV
and e,(y) = e*™¥/9. For any odd ¢, the Jacobi symbol is denoted by (7). The
symbol i, means the inverse of n modulo ¢ for (n,q) = 1. The greatest common
divisor of a1,...,a, is denoted by (ai,...,a,). Let u(n) be Mobius function. As
usual, the functions 7(n) and w(n) represent the number of positive divisors of n and
the number of distinct prime divisors of n, respectively.

Define the Gauss sum as follows:

G(¢;n,m) = Z eq(nz® +mz), G(gn) = Z eq(nz?).

1<z<q 1<z<q

The Salié sum is defined as

S(g;n,m) = Z (E)eq(nx—f—mf).
1<a<q 1
(z,q)=1
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Define

AMar, g2;n,m, 1) = Z €qrgs (NT +my + 12),
w2 (11)

where the summation is taken over the integers x, y, z satisfying the conditions
I<z,y,2<qige,

(1.1) 2?2+ y?+ 22+ k=0 (mod q1),
22+ 9y?+22+k+1=0 (mod ¢2).

We also define

(12) A(Q17Q2) = A(QlaQQ;anvo)'

2. INTRODUCTION

The problem for the consecutive square-free numbers was first studied by Carlitz
in 1932, see [1]. For any ¢ > 0, Carlitz proved that

> e+ =T](1- ]%)H + O(HY/3+),
1<a<H p

The error term was improved by Heath-Brown (see [5]) to H7/™ log” 2 and Reuss
(see [7]) to H(26+V433)/81 1n 2012, Tolev in [8] studied the square-free values of the
polynomial with two variables. For any € > 0, he proved that

v = T[(1- 282 2+ o),

where I'(H) is the number of the square-free values of #2 +y%+ 1 with 1 < 2,y < H
and A2(q) is the number of the integer solutions to the congruence equation

1<z,y<q, 2°+9*+1=0 (mod gq).

With the method developed by Tolev, Dimitrov in [2] studied consecutive square-free
numbers of the form z2+y%+1, 22+3%+2. He also established an asymptotic formula

> @+t + DpP(a? 4y +2) = cH? + O(HY/FF)
1<z, y<H

for an absolute constant c. It is worth mentioning that Dimitrov in [3] studied the
pairs of square-free values of the type n?+1, n? 4+ 2 and gave the asymptotic formula

> A+ DpA(n? +2) = 0X + O(X*/)

1<n<X

for an absolute constant o.
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Recently, with Tolev’s method and an estimate for the Salié sum, Zhou and Ding
in [9] studied the asymptotic formula of square-free values represented by the poly-
nomial 22 + y? + 22 + k. They obtained the asymptotic formula

S HAEt g2 k) = aH 4 O(HT),

1<z,y,2<H

where ¢; is an absolute constant.
Inspired by the work of Tolev, Dimitrov, Zhou and Ding, combining their methods,
we shall prove the following theorem.

Theorem 2.1. Let

SH)y= > P+’ + 2+ k)’ + 22 k).

1<a,y,2<H

For any given integer k and any € > 0, we have

_ _ /\(p251)+/\(17p2) 3 7/3+e
(2.1) S(H)_l;[(l 5 )H +O(HT/3+),

3. AUXILIARY LEMMAS

To prove Theorem 2.1, we need the following lemmas. The first one gives some
basic properties of the Gauss sum.

Lemma 3.1 ([4]). For the Gauss sum we have:
(1) If (q1,q2) =1, then

G(q1g2;m1¢2 + maq1,n) = G(q1;m143,n)G(g2; magi, n).
(2) If (¢,n) = d, then

dG(q/d;n/d,m/d) ifd|m,

Glgmm) = {0 itdtm.

(3) If (q,2n) =1, then

G(g;n,m) = eq(—(4n)qm2)(g)G(q; 1).

The next lemma gives us an estimate for the Salié sum.
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Lemma 3.2 ([6]). We have
1S(gsn,m)| < 20 /q.
The next lemma shows that A(¢1, g2;n, m, 1) has some multiplicative properties.

Lemma 3.3. If (q14/, 4393) = (¢4, 4{) = (43, 45) = 1, then

/1 1 i

Marays aza5:m,m, 1) = Xay, a5; a ayn, ¢ ddm, ¢ ¢41) - MaY, 455 di dhn, dhdym, ¢ dbl),

where ¢} ¢} is the inverse of ¢} q5 modulo q{ ¢4 and q}q4 is the inverse of ¢ ¢5 mod-

ulo ¢ ¢5.
Proof. The proof is similar to Lemma 2.2 of [9]. We skip the details and leave
it to the reader. O

We now use Lemmas 3.1, 3.2 and 3.3 to give the upper bound of \(q1, g2;n, m, ).
Lemma 3.4. If 8t ¢q1, 81 ¢2 and (q1,q2) = 1, then we have
a1, g2in,m, 1) < q127(q102)2° ) (q1g2, n, m, 1).
In particular, we have

Mg, g2inom, 1) < (q1g2) " (qrg2,n,m, 1) and  Aq1,¢2) < (q192)* .

Proof. We first consider the case 2 { g1¢2. By Lemma 3.1 (1) and the orthogo-
nality relations,

Z eq(ht) =

1<h<q

g ift=0 (mod q),
0 otherwise,

we have

)‘(qh qa;n,m, l)
= (@) D eqmmztmy+lz) Y eq (@’ +y 422+ k)
1<2,y,2<q1q2 1<hi<qr
x> eq(ha(@® +y + 27 +k+1))
1<ha<q2
=(qg2)™" Y eq(hak) D eg(ha(k+1))Gq1g2: haga + hagr, n)
1<hi<qr 1<ha<q2
X G(q192; h1gz + hag1, m)G(q162; higz + haqu, 1)
= (@)t Y eq (hik)Gar; h1g3,n)Glq1; hagd, m)G(qi; hag3, 1)

IShisq

XY egy(ha(k +1))G(g2 hagi, n)G(q2; hag?, m)G (ga; hagi, 1).

1<ha<q2
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Since 2 1 ¢1¢2 and (g1, ¢2) = 1, by Lemma 3.1 (2) and (3), the quantity A(q1, g2; n, m, 1)

equals to
(3.1) (@e)® Y, d® > ea(nk)G(disrigs, ndig; )
dilq1 1<ri<ds
(ql/d1)|(n,m,l) ('I"l,dl):l

x G(d; rlqg,mdqul)G(d; rlqg,ldqul)
x> dy? Y ey (ra(k+1))G(da; ragi, ndagy ')

dz|q2 1<r2<da
(g2/d2)|(n,m,0) (r2,d2)=1

x G(d2;r2¢?, mdagy V)G(d2; 7267, 1dagy ).

Note that if 2 1 ¢, d|g, (¢,q) = 1 and (r,d) = 1, then we have (d,2rq’) = 1. By
Lemma 3.1(3), we obtain

(3.2) G(d;rq ,ndqg " )G(d;rq',mdqg")G(d;rq,1dg™ ")

= (") (a1 ea( —Trg) (02 + m? + 2)2g72),

Thus, by equations (3.1), (3.2) and the properties of Jacobi symbol, we get

A(qla q2;n,m, l)
= (n1q2)* Z dy°G(dy;1)°

di|q1
(ql/dl)‘(nvmvl)

1 3 - =2, 2
x ) (d_) eay (rk — Zg,(n® +m® + ) diq; *ria3 )
1<r1<dy !
(T‘l,dl):l

x> dyPG(dy1)?
d2|q2
(q2/d2)|(n1mvl)

79 \3 _ -
X E (d_2) edy (ro(k + 1) — g, (n* + m? + 1?)d3q; 27“2(1%(12)
2
1<r2<d2
(T‘Q,dQ):l

= (qg2)? Z dG(dy; 1) S (ds by, —4g, (n® + m® + 12)d%q;2£d1)
dilq1
(q1/d1)|(n,m;l)

XY dyPG(da;1)°S(dask + 1, — g, (0 + m? 4+ 1%)d30; 7 qy,).

dz|q2
(g2/d2)|(n,m,l)
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It is well known that |G(d,1)| = V/d for 21 d, so we have by Lemma 3.2

Aa1, g2;n,m, 1) < (q1g2)? Z dy3d 2 d e ()

di|q1
(q1/d1)|(q1,m,m,l)

x> dtdy Ry P

dz|q2
(g2/d2)|(g2,m,m,l)

< (q1q2)2 Z d;12w(d1) Z d;le(dz)

(d1/q1)|(q1,m,m,l) (d2/g2)1(g2,n,m,l)
< (qrg2)?2¢(0)2+(a2) Z g ' Z g5 o
r1|(q1,m,m,l) r2|(gz,m,m,l)

< qa7(q1q2)2° %) (q1ga, n,m, ).

Now, in the general case 8 t ¢1, 8 { ¢2 and (g1,92) = 1, we can suppose that
q1 = 2"q} with 21 ¢} and h < 2. Our lemma follows from Lemma 3.3 and the trivial
estimate \(2",1;n,m,1) < 2°" < 64. O

Now, we use the above lemma to give an estimate which shall be encountered in
the proof of our theorem.

Lemma 3.5. Let H > 2,8t q1, 8t ¢2 and (q1,q2) = 1. Then for the sums

U: Z |)‘(q17q2;n7050)|7 V: Z |A(qlaq2;na’rnao)|7

n nm
1<n<H 1<n,m<H
o |>\((J1;(I2;n;m;l)|
W = ,
nml
1<n,m,I<H

we have

U< () T H®, V< ()" T°H®, W < (q1qo)' T H".

Proof. By Lemma 3.4, we have

q1q2,mn 1
U< (q1g2)""* E %« (q1g2)" " E d E -
1<n<H dlgigz 1<n<H
d|n

1
= (q1q2)*** Z d Z d < (q1q2) T*w(qig2) log H
dlgig2 1<ISH/d

< (qige) T HE.
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Similarly,

,M,m . 1 N
V<(pe)'™ > (g2, m, m) <(pg)™ Y — > (ngz. )

nm
1<n,m<H 1<Sm<H = 1<n<H

< (qug2)' T H®

and
1+e ((I1(I2, n,m, l) 1+4¢ 1 : ((J1Q2; TL)
W < (q142) Z —am < (q142) Z ooy Z .
1<n,mI<H 1<m<H 1<n<H
< (quqo)* e HE.
This completes the proof. O

The next one is a standard result in the Fourier analysis.

Lemma 3.6 ([8]). Let o(t) = 4 — {t}, where {t} is the fractional part of t. For
any H > 2 we have

o= 3 Ly o),

27in
1<In|<H
where g(H,t) is a positive, infinitely many times differentiable and periodic with
period one, function of t. It can be represented as a Fourier series

g(H,t) = cr(n)e(nt),
nez
with coefficients cy(n) satisfying

log H

cu(n) < for alln, and Z lew(n)| < H=A.

|n|>H1+e

Here A > 0 is arbitrarily large and the constant in the above equality depends on A
and €.

The finial three lemmas dealt with certain estimates involved with sums of frac-
tions.

Lemma 3.7. Let H > 2, 8t q1, 81 q2, (¢1,92) = 1 and q1q2 < H® for a given
« > 0. Define

Ni(H,q1,q2) = Z (Q(H_x)—.@(_—x)),

z,y,z: (1.1) Nz

then
Ni(H,q1,q2) < H H(q1g2)*t* + H* (q1g2) ",

where the implied constant may depend on € and «.
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Proof. By Lemma 3.6, we have

3 Q(H_x) =% 4+ O(y),

z,y,z: (1.1) 1192

where

eqg(M(H — ) eqiq2 (NH)A(g1, 25 —n, 0, 0)
ne Y Y amtlfion) 5 cnbiie
oz (11) 1< |nl<H 2min 1<Inl<H 2min

and

= > g(H,H_x>.

z,y,z: (1.1) a2

From Lemma 3.5 it follows that
1 < (quge) e HE.

By Lemmas 3.4, 3.5 and 3.6, we get

Yo = Z (CH(O) + Z ca(n)eg g (N(H —x)) + H‘A)

@,z (L1) 1< n|<H e

=cu(OMar,g2) + Y cn(n)eqq(nH)A(q1,g2: =n,0,0) + O(1)

1< |n|<H e
CH N q@)+HT" Y [Manq-n,0,0)| + 1
1 n|<H e

A 425 — 70a0
T Q2n n )|+

1

<H Yq@)*™+H )

I<n<H e
< HS Yq1qo)*™° + He(qugo)' .

Therefore,

H—=z
> 9( ) < H N qugo)*™ + H (quge)* =
q14q2
2y,2: (1.1)

The same argument gives that

—x
> Q(—> < H Yq1q2)*™ + H* (nq2)" .
z,y,z: (1.1) 0192

This completes the proof.
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Lemma 3.8. Let H > 2, 8t q1, 81 ¢2, (¢1,92) = 1 and q1q2 < H® for a given
«a > 0. Define

M)~ 3 <Q<H—x)Q(H—y)+Q(—_~T)Q<__y))

x,y,2: (1.1) 7192 4192 q142 q1492
H—=x —y
-2 ¥ oSG
q1492 q1492
z,y,z: (1.1)

then
No(H,q1,q2) < H Y q1g2)*t* + H* (qugo)" ",

where the implied constant may depend on € and «.

Proof. By Lemma 3.6, we have

(H—x) (H—y _ Z €q1q: (N +m)H)eq, g, (—nx — my)

02
q192 q192 L<Inl I <H (2ni)2nm

1 H— H— H—
ro( X a(m Ly g (m L)y o)),
n q1492 q1492 q192

1<|n|<H

By the estimate of ) in Lemma 3.7, we have
2

1 H-—=x — 5 £ £
Z Z —9(H7 )<<H6 "q1g2)*™ + H (q1g2)" T°.
n q192
z,y,z: (1.1) 1< |n|<H

It is easy to see

H—=x H —
> g(H, )9<Hv y) < H N q1q2)*™® + H (q1q2)" ",
4192 q1492
z,y,z: (1.1)

by some crude adjustments with the estimate of 5. Combining these together, we

have
S oo H_x)Q(H_y - ¥ eqiqs ((n +m)H)A(q1, g2; —n, —m, 0)
= A
ez (11) q192 192 L<Inlml<H (2ni)2nm

+ O(H* Hq1g2)*™ + H(q1q2)" )

|)\((J17 qz; —n, —m, 0)|
< Y —

1<Inl Iml<H
+ Ho Y q1g2)? e + HS(qugo)* T
< H Y q1q2)*™ + H (q142)"*,
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where the last estimate of the double summation evidently follows from Lemma 3.6.
The other terms of No(H,q1,q2) can be bounded by similar arguments. Hence,

No(H,q1,q2) < H* ' (q1q2)*™ + H (q142)" .
This completes the proof. O

Lemma 3.9. Let H > 2, 84 q1, 81 q2, (¢1,92) = 1 and q1q2 < H® for a given
a > 0. Define

winan= 3 ()

z,y,z: (1.1)
H—=z H— —z
- X (GG G)
q1492 4142 q142
z,y,z: (1.1)
and "
- — —z
Ny(H,q1,¢2) =3 > Q(—)Q(—y)g(—)
q1492 q1492 q142
z,y,z: (1.1)
—T —y —z
- X olgg)elm)eGn)
ez (11) 142 142 142
then

N3(H,q1,q2) + N3(H, q1,q2) < H* H(quq2)*™ + H*(q1q2)" "7,
where the implied constant may depend on € and «.

Proof. The proof of this lemma shares the same spirit as the former ones.
Namely,
H—=x H-—y H—=z
2 G e )Coy)
e (L1) 192 192 192

— Z etZ1qz((n+m)H)>‘(QIaQ2;_nv _ma_l)
(2ni)3nml

1<nl, Im|, I <H
+OH" (142)* ™ + H(q142)" ™)

< Z Mg _Z,m_lm7 =l + HT (q192)* + He (q1g2) "+
1<nl, Im| I <H

< H Nq1g2)*™ + H* (q1q2) .

All terms of N3(H,q1,q2) and N4(H,q1,q2) can be bounded by similar arguments,
so we have

N3(H,q1,q2) + Nj(H, q1,2) < H* ' (q1¢2)*™ + H* (q1q2)" *=.

This completes the proof. O

306



4. PrROOF OF THEOREM 2.1

Let
D(H7Q17(Z2): Z 1.

z,y,z: (1.1)

By the well-known identity

P2 (n) = pu(d),

d2|n
we obtain
(4.1) sH)= Y ST ud) > 1u(dy)
1<e,y,2<H d2|a2+y2+22+k d3|z24y2422+k+1
= > pldald) Yo 1
dy,dy @,y,2: (1.1)
(dl,dz):l
= > uldi)p(d)D(H, d2, d3).
di,d2
(dl,dz)zl

We split the above sum into the following three parts:
(4.2) S(H) = S1(H)+ S2(H) + S3(H),

where

Si(H)= > pld)u(dz)D(H,d3,d3),
dida2<n
(d1,d2)=1

So(H)= > pld)p(de)D(H, d3,d3),

n<dida <H*3

S3(H) = > pld)u(dz)D(H, di, d3),

dido>H?/?
((11,d2)=1

and 1 < H*? is a parameter to be decided later.
Firstly, we bound S2(H). Let, according to the Chinese remainder theorem, 6 be
the solution of the system

1< z,Yy,z < d%d%a
22+ y? + 22 = —k (mod d?),
22+ y?+22=—k—1 (mod d3)

307



such that 1 <0 < d%d%. Hence,

(43) Sy(H)= > pld)p(ds) > 1

n<dida<H3 1<z,y,z<H
(dy1,d2)=1 224y +22=0 (mod d2d2)

< ) > > > 1
n<dida<HY/3 0KIS(3H2—0)(d1ds) ~2 1<2<H 1<z,y<H

22 4y?=1d2d3 2246

< > > > (did3 - 22+ 0)° < H3Top .

n<dida<H/3 0KIK(3H2—0)(d1d2)~2 1<2<H

Secondly, we bound S3(H). We can write

Ss(H)| < (log H)* ) > > > > 1
D1<d1<2D1 D2<d2<2D> t<(3H2+k)d72 1<2<H 1<z, y<H
21— Lo o2 +y?=td?>—22—k
td7+1=0 (mod d3) Y 1

where

H1/3
<D1,Dy <V3H?2+k+1, DiDy> T

|~

Thus, we have

|S3(H)| < H'* > >, >, o1

D1<d1<2D1 ¢ (3H2+k) Dy 2 D2<d2<2D2 |(3H? +k+1)d; 2

td3+1=ld3
<H* Y > T(tdi+1)
D1<d1<2D1 ¢ (3H2+k) D] 2

< Hite Z Z 1< H3+6D1_1.
D1<d1<2D1 ¢ (3H2+k) D 2

Similarly, we have |S3(H)| < H***D; . It follows that
(4.4) S5 (H)| < HT/3+=.

From now on, we suppose that ¢ = d?, g2 = d%, where d; and do are square-free,
(¢1,92) = 1, and d1ds < n by the definition of D(H, g1, q2). We have

(45) D(H7q17QQ): Z N(Haqlquax)N(Hvqlquay)N(Haqlanvz)v

z,y,2z:(1.1)

where N(H,q1,q2,£) is the number of positive integers h < H satisfying h = ¢
(mod g1¢2). It is clear that

NH 0,00 = [Ifh;f} - [q:qi} B QZQ * Q<I§1;2£) B Q(q:—qi)
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This together with equations (4.5) give us that

H3N(d2,d3)  3H? 3H
’ Ny (H,d?, d3) + ———
@ad)e  (ddpyt ) ¥ T
+N3(H7d%7dg)+N§(H7d%7dg)a

D(H,d3,d3) = No(H, d?,d3)

where the symbols Ny (H,d3?,d3), No(H,d3,d3), N3(H,d?,d3) and Nj(H,d?,d3) are
defined in Lemmas 3.7, 3.8 and 3.9, respectively. Therefore, by these lemmas we have
H3)\(d?,d3)

(drd2)°

+ 0(((df222)4 + (dli)? + 1>(H5—1(d1d2)4+6 +H5(d1d2)2+5)>,

D(H,d?,d3) =

Substituting this into equation (4.1) and with (4.2), (4.3), (4.4), we find that

(d1)u(do)\(d2, d3)
— 3 u( 1,05
Z d1d2
+O(H1+E’I7+H2+677 1 +H6—1n5 +H€n3 +H3+€77_1 +H7/3+€).
From definition (1.2), Lemma 3.3 and (dy,dz) = 1 it follows that
A(d3, d3) = A(dF, 1)A(1,d3).

Then, by (55)-(59) of [2] and choosing the parameter n = H?/3, we obtain the
asymptotic formula (2.1).
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