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STABILIZATION IN DEGENERATE PARABOLIC EQUATIONS
IN DIVERGENCE FORM AND APPLICATION
TO CHEMOTAXIS SYSTEMS

SACHIKO ISHIDA AND TOMOMI YOKOTA

ABSTRACT. This paper presents a stabilization result for weak solutions of
degenerate parabolic equations in divergence form. More precisely, the result
asserts that the global-in-time weak solution converges to the average of the
initial data in some topology as time goes to infinity. It is also shown that the
result can be applied to a degenerate parabolic-elliptic Keller-Segel system.

1. INTRODUCTION: STABILIZATION RESULT

Let @ C RY (N € N) be a bounded domain with smooth boundary 9. Then we
consider the initial-boundary value problem for the degenerate parabolic equation,

ug =V - (f(w)Vu+g(u,z,t)), z€Q, t>0,
(1.1) (fw)Vu+g(u,z,t))-v=0, x€dQ, t>0,
U(Z,O) :Uo(m), x € Qv

where f is supposed to be a non-negative function satisfying

(1.2) f € C([0,00)) N C*((0,00)),

(1.3) f(o) > koo™ ! with some ko >0, m > 1 (Yo >0), limsupof'(c) < oo,
o\,0

and moreover, g is assumed to be a vector-valued function approximated by

ge € C([0,00) x Q x [0,00);RY) N CL1O([0,00) x Q x (0,00); RY) with some
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{e} € (0,1) fulfilling ¢ — 0 such that for all " > 0,
(1.4) 0 <w., we L*0,T;L>()),
we — w a.e. on 2 x (0,T) and weakly* in L°°(0,T; L>°(£2))
= ge(we, ) = g(w,-,-) weakly in L*(0,T; (L*(2)"),
(1.5) 0 <w e L>(0,00; L(Q)) with [|w]| zoe (0,005 () < €
= lge(w, - ) 22(0,00522(2))V) < M(c),
where M (c) > 0 is a constant depending on c.

We first state the definition of weak solutions to (|1.1)) as follows:

Definition 1.1. A non-negative function u(z,t) defined in © x (0, 00) is called a
global weak solution of (|L.1]) if the following conditions are satisfied for all 7" > 0:
~we L0, T; L(9)),

- /u f(o)do € L*(0,T; H(Q)), g(u, x,t) € L*(0,T; (L*()N),
0

— « fulfills (T.1) in the distributional sense: for every ¢ € L?(0,T; H(2)) N
Whi(0,T; LY(Q)) with supp p(z,-) € [0,7) (a.a. x € Q),

[ ([ 10 5ot o)
= /Quo(x)go(:mO) da .

We next give the following approximate problem:

(us)t:v'(f(ue+€)vus +g€(u57x,t)), zef), t>0,
(1.6) (f(ug—ke)VuE-i-ga(uE,x,t))-V:0, ze€ed, t>0,
us(z,0) = uoe (), zeQ,

where g. € C([0,00) x Q x [0,00); RY) N CL19([0,00) x Q x (0,00); RY) with
some {e} C (0,1) fulfilling ¢ — 0 is an approximation of g, which also appears in
, . The initial data wuo. is the regularization of ug such that ug. € C5°(£2)
and wge — ug in LP(2) as € — 0 for any p € [1,00). For example, we define it as
uge = [C-(pe*Up)]|a, where 1y denotes the zero extension of ug on RY. The function
pe is the mollifier such that 0 < p. € Cg°(R™N), supp p. C B(0,¢), [on pe(z) dx =1,
and (. is the cut-off function defined as (. (z) := {(ex), where ( is a fixed function
in C§°(RY) such that 0 < ¢ <1, ¢{(z) =1 (|| £ 1), {(z) = 0 (|| > 2). We assume
that possesses global classical solutions u. € C°(Qx [0, 00))NC%1 (2 x (0, ).
We now present a stabilization result established in [7].

Theorem 1.2. Let f, g satisfy (1.2), (1.3), (1.4), (1.5) and ug € L>°(Q), ug > 0.

Let u. be a global classical solution of (1.6)). Suppose that there exists a constant
Umax > 0, which is independent of € and t, such that

||ue<t)||L°°(Q) < Umax fO’I" all t > 0.
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Then there exists a global weak solution to (1.1), which is given by
ue — u weakly™ in L*°(0,00; L>(Q2)) ase — 0
for some subsequence of {e}, satisfying

u € Cy—«([0,00); L=(Q)),
lu(t)|| Lo (@) < Umax for all t >0,

u(t) — ug  weakly™® in L>°() ast — oo,
where Uy := fQ ug() dz.

The above theorem is applicable to some degenerate parabolic equations with
drift terms in divergence form, whereas a similar result on stabilization in the
case of non-divergence form with reaction terms has already been developed by [9].
In [7] we applied Theorem to a parabolic—parabolic Keller-Segel system with
degenerate diffusion. In this paper we give another application.

2. APPLICATION TO CHEMOTAXIS SYSTEMS

Consider the following degenerate parabolic—elliptic Keller-Segel system:

ug =V - (D(u)Vu — uVv), zeQ, t>0,

(2.1) 0=Av—v+u, reN, t>0,
(D(w)Vu+ Sw)Vo) -v=Vo-v=0, z€9Q, t>0,
u(z,0) = uo(x), x €,

where O C RY (N € N) is a bounded domain with smooth boundary 9. Assume
that the diffusivity function D fulfills the following conditions:

(2.2) D€ C([0,00)) NC%((0,00)),

(2.3) D(0) > koo™ ! (¢ > 0) with some ky > 0, m > 1, limsupoD’(c) < oo
o\.,0

and that the initial data (ug,vo) satisfies
(2.4) ug >0, wug € LDO(Q) .
We define weak solutions of (2.1)).

Definition 2.1. A couple (u,v) of non-negative functions satisfying the following
is called a global weak solution of :

e ue L>®(0,T;L>°()), [, D(c)do € L*(0,T; H'(2)) for all T > 0,

o v e L0, T; WhHe(Q)) for all T > 0,
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e (u,v) fulfills (2.1)) in the distributional sense: for all ¢ € L?(0,T; H'(2)) N
Whi(0,T; LY(Q)) with supp p(z,-) € [0,7) (a.a. x € Q),

/OT/Q <v</OuD(g) da) -V@—Wv-vw—wpt) e dt

- / uo(w)p(, 0) dar
Q

T
/ /(Vv~Vgo+vcpfuga)dxdt:0.
o Jao

In this section we deal with the sub-critical case that 2 — % < m, where
m = 2 — £ is the critical exponent whether possesses a global bounded
solution or not. In view of the results in [10] which dealt with a general quasilinear
chemotaxis term with NV > 3, solutions are global and bounded if 2 — % < m,
whereas there are many initial data producing unbounded solutions if m < 2 — %
A similar situation is found in the parabolic-parabolic system: for boundedness in
the case 2 — % < m, see |5,{12L{14] on bounded domains, [6L|13] on the whole space;
for blow-up in the case m < 2 — %, see [2,4l/11] and [16].

We would like to turn to the asymptotic behavior of global solutions. To the
best of our knowledge, there are few papers on this topic, e.g., the sub-critical
parabolic—parabolic case is studied in [1,3l[8] and [15]. For instance, the solution
(u,v) of non-degenerate systems converges to (%g,ug) in (L>°(Q))?, where ug :=
ﬁ Jo uo(x) dz, under some smallness condition for initial data (|1,34(15]), whereas,
when m > 2, an energy solution (u,v) tends to a non-negative stationary solution
(U, V) which is potentially non-constant or constant equilibria ([8]). From these
results, solvability has already been achieved for 2— % < m and stabilization has not
been achieved in the case that 2— 2 < m < 2. In [7] we could establish stabilization
in the fully parabolic version of by applying Theorem However, there
seems to be still room for consideration in the parabolic—elliptic Keller-Segel system
. In this section, we will extend the range of the application of Theorem

In stating the main theorem, we use the constant in the Poincaré inequality
through the embedding W1%(Q) — L?(Q) for any o > %:

(2.5) 19 = Pll72(q) < kpll VY70 (V¢ € WH(),
where ¢ 1= ﬁ fQ ¥ and kp = kp(a, N, Q) is a positive constant.
Theorem 2.2. Let D satisfy the conditions , with
2
2 N <m<2.

Let (ug,vg) satisfy (2.4]) and assume that

Ko
Tep

2—m

(2.6) HU’OHLl(Q) <
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where kp is the same one as in with o = 3_% Then, there exists a global
weak solution (u,v) of which satisfies

u € Cua(0,00): I¥(@),

lu(t)|| Lo (@) < Umax for all t >0,

lv(t) W) < Vmax for all t >0,

u(t) = uy  weakly* in L=(Q) as t — oo,
(2.7) v(t) = wg  strongly in L°(Q) as t — o0,

where Umax, Vmax > 0 are constants that appear in Lemma and g 1= ﬁ fQ Uug.
As in Theorem [1.2] we consider the approximate problem

(ue)y =V - (D(ue +€)Vu.) = V- (u-Vo.), z€Q, t>0,

0=Av: — v + ue, reN, t>0,
(28) Oue v,

W:W:O $€897t>07

ue(z,0) = [¢(pe * wo)]a, z €,

where g denotes the zero extension of ug on RY, p. is the mollifier and (. is the
cut-off function.

We first give existence of global bounded solutions to the approximate problem
, which can be proved by the same way as in [6] for the fully parabolic case;
note that in the parabolic-elliptic case it suffices to replace Av with v — u instead
of the use of the maximal Sobolev regularity in [6, (28)].

Lemma 2.3. Assume that D satisfy the conditions (2.2), [2:3) with 2 — % < m.
Then for any initial data satisfying (2.4)), there exists a pair (ue,ve) of non-negative
functions

(2.9) Ue,ve € C(Q x [0,00)) N C*HQ x (0,00)),
which solves (2.8)) classically, and (ue,ve) fulfills
e ()] oo (@) < Umaxs [[ve(t)][wio(@) < Vmax for all t € (0,T),

where Umax, Umax are positive constants which are independent of t, €. Moreover,
there exist a subsequence {,}, C {e} and non-negative functions

u € L°(0,00; L°(Q)), v € L>(0, 00; WH>(Q))

such that
Ue, — u  weakly® in L>°(0, 00; L™ (£2)),
U, — u a.e. on §2x (0,00),

(2.10) v, — v weakly* in L>(0,00; WH>°(Q))

as n — oQ.
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In order to apply Theorem we will verify the conditions (|1.2)—(1.5) with
flo)=D(o), gw,x,t)=wVv, g(w,z,t)=wVu,,

where ¢ := ¢, for large n. In the following proof, ¢; (i =1,2,---) denote positive
constants independent of ¢ and ¢.

Proof of Theorem [2.21 We first observe that (1.2) and (1.3)) are satisfied by

2-2) and ([2-3)). In view of (2.9) we can define g. € C(]0,00) x Q x [0,00); RY) N
CH10([0,00) x Q x (0,00); RY) as

ge(w, z,t) := wVu,,

where {e} C (0,1) fulfilling ¢ — 0 is defined as € := ¢,, appearing in Lemma [2.3| for
large n. From now on we omit the proviso that ¢ — 0.

Next, we will confirm . Let w,, w be non-negative functions which belong
to L*°(0,T; L>(Q2)) for all T' > 0 and satisfy

we — w a.e. on 2 x (0,T) and weakly™ in L°°(0,T; L>(12)).

Since there exists ¢; such that |[we|| e (0,7, ()) < €1, we see from the Lebesgue do-

minated convergence theorem that w. — w strongly in L?(0,T; L?(2)). Combining
this convergence with (2.10) ensures that

ge(we,-,-) = wVv = g(w,z,t) weakly in L*(0,T; (L*(Q))").

We next consider (L.5)). Let w € L>(0,00; L>°(2)) with [|w]|ze (0,00, () < Ca.
Then we have

(2.11) / |ge(w)|* dz dt < cg/ / Ve |? dz dt .
0o Ja 0o Jo

Set

ao(t) = v (t) — 0o0) = v (t) — ﬁ/ﬂvg(t).

Then, due to v.(t) = U, which is obtained by integrating the second equation in
(2.8) over £, z. satisfies

(2.12)

0=Az —z.+ (uc —7gz), z€Q, t>0,
Vz.-v=0, x € 00.

Testing the equation in (2.12)) by u. — up: and z., we obtain

0:—/Vus.vusd:c—/(us—uTs)zsda:Jr/(us—uTs)de,
Q Q

Q
0= 7/(|VZE|2+|25|2)dx+/(u5fuTE)zde.
Q Q

From the first equation in (2.8) we see that

g/(uglogug—us)dac:—/ M\V%Fdx—l—/V%-V%dm.
dt Jq Q Ue Q
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Adding the above three identities, we have
d

(2.13) — [ (uclogue —u.)dx
dt Jq

D(u. -
:—/(|Vz5\2+|z5|2)dx—/ Dlue +¢) +€)|Vug|2dx+/(ua—u05)2dx.
Q Q Ue Q

The condition (2.6)) and m < 2 help us to control the last term on the right-hand

side of the above identity by the second term on the same side. The fact that
2

Whe=m (Q) — L*(Q) as 2 — 2 < m and (2.5) provide the constant kp such that

Jue(t) = T @y < b IVuclOI? 2

From Hélder’s inequality along with ||u.(t)||z1() < |luollz1 () (¥t > 0) we infer

Vu,|? m
||Vus(t)||2L33m @ < </Q(u|+€)|2_mdx>(||uo||L1(Q) + Q)2 ™.

Thanks to (2.3)), it clearly holds that

2 1 D
/%d < = M|VUE|2dax.
o (ue +¢e)2—m ko Ja Ue

Connecting the above three estimates, we obtain

. k —m [ D(ue +¢€
(2.14) ||u5(t) — UOEH%fz(Q) < ?ﬁ(lluo”Ll(Q) + 6|Q|)2 /Q ( Z )|VUE|2 dr .
€

By virtue of (2.6)), if we take ¢ small enough to fit

kP 2—m

]?O(HUOHU(Q) +¢[9) —1<0(e€(0,e0)),
then (2.13]) together with (2.14) warrants that for € € (0, &),

D
— | (uclogue —u.)de < —/(|Vz€|2 + |zs\2) dx — 03/ M|VUE|2dl’,
dt Q Q Q Uge

where ¢3 = 1 — %(HUOHLl(Q) +0|Q2)2~™ > 0. Integrating this inequality with
respect to the time variable provides ¢4 such that for € € (0, g),

/ /|Vv5|2d9:dt:/ /\Vzg|2dxdt
0 Q 0 Q

< — / (ue logue — ue) dx + / (upe log uge — uge) dz
Q Q
(2.15) <c

in light of boundedness of f(§) = |£logé& — &| for £ € [0, Umax]|- Plugging (2.15))
into (2.11), we deduce that (1.5 holds. Thus, we can apply Theorem to the
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parabolic-elliptic Keller-Segel system (2.1]), so that there exists a global weak
solution (u,v) fulfilling

u € Cp—x([0,00); L (),
lu(t)]| oo (@) < Umax forallt >0,
u(t) = 1wy weakly* in L>(Q) as t — o00.
Moreover, from the Sobolev embedding W2N*+1(Q) — W1>(Q) and elliptic
regularity as well as [[u(t)|| o () < Umax (t > 0) we have
1
[v(E) . @) < eslv(@)[lwzn+r ) < collu)][Lyv+i0) < c6lQ T Umax = Umax
with some c5,cg > 0. We finally verify ([2.7)). Since u(t) — %y weakly in LY +1(Q)
as t — 0o, the compactness of (I —A)~! from LV T1(Q) in WHN+1(Q) implies that
v(t) =g = (I — A) " H(u(t) — ) — 0 strongly in WHNTHQ) as t — oo,
and also strongly in L°°(€2) by the Sobolev embedding theorem, which implies
(2.7). This completes the proof. O
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