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Degree polynomial for vertices in a graph

and its behavior under graph operations

REZA JAFARPOUR-(GOLZARI

Abstract. We introduce a new concept namely the degree polynomial for the
vertices of a simple graph. This notion leads to a concept, namely, the degree
polynomial sequence which is stronger than the concept of degree sequence. After
obtaining the degree polynomial sequence for some well-known graphs, we prove
a theorem which gives a necessary condition for the realizability of a sequence
of polynomials with positive integer coefficients. Also we calculate the degree
polynomial for the vertices of the join, Cartesian product, tensor product, and
lexicographic product of two simple graphs and for the vertices of the comple-
ment of a simple graph. Some examples, counterexamples, and open problems
concerning these subjects is given as well.

Keywords: degree polynomial; degree polynomial sequence; degree sequence;
graph operation

Classification: 05C07, 05C31, 05C76

1. Introduction

The degree sequence of a graph is one of the interesting invariants of a graph.
In recent decades, many mathematicians have investigated the various aspects
and applications of this invariant. Especially, several studies have been done
for testing whether a non-increasing sequence of nonnegative integers is a degree
sequence or not (the realizability of the sequence) and some interesting criterions
have been obtained, see [1], [3], [5], [6], [7], [8], [10], [11], [12].

The degree sequence of a graph, is not the only descriptive parameter on the
degrees of the vertices of that graph. A.N. Patrinos and S.L. Hakimi in [9]
introduced another parameter named the integer-pair sequence for a simple graph
and studied some aspect concerning this parameter. Y. Amanatidis, B. Green, and
M. Mihail have introduced and studied a reformulation of integer-pair sequences
named the join degree matrix.

The integer-pair sequence and also the join degree matrix give more informa-
tion about a graph than a degree sequence does. More recently, M. D. Barrus and
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E. A. Donovan in [2] have introduced another degree-related parameter known as
the neighborhood degree list (NDL) that yields still more. They studied several
various aspects about the neighborhood degree list. Specially, they prove a theo-
rem which gives a necessary and sufficient condition for a given feasible tableau
to be the neighborhood degree list of a simple graph [2, Theorem 2.1].

In this paper we introduce a concept, called the “degree polynomial” for the
vertices of a simple graph. This notion leads to the concept of degree polyno-
mial sequence which contains precisely the same information as the neighborhood
degree list.

Although the degree polynomial sequence is only a reformulation of the neigh-
borhood degree list, there are many advantages arising from recording the infor-
mations in polynomial form. Some of these advantages will be revealed in the
following.

After obtaining the degree polynomial sequence for some well-known graphs
as the cycles, the complete graphs, the complete bipartite graphs, etc., we prove
a theorem which gives a necessary condition for the realizability of a sequence of
polynomials with positive integer coefficients. Also we study the behavior of the
degree polynomial, under several graph operations. More precisely, we calculate
the degree polynomial for the vertices of the join, Cartesian product, tensor prod-
uct, and lexicographic product of two simple graphs and also for the vertices of
the complement of a simple graph. Some important examples, counterexamples,
and open problems are presented, as well.

2. Preliminaries

In the following, we use [4] for the basic terminologies and notation in graph
theory.

Let G be a simple graph. For two vertices u,v € V(G), if w is adjacent to v,
we write u ~ v.

Let G be a simple graph of order n. A non-increasing sequence of nonnegative
integers ¢ = (d1,...,dy) is said to be the degree sequence of G, whenever there
exists an ordering V7, ..., V), of the vertices of GG, such that d; is the degree of v;
for 1 < i < mn. A sequence ¢ = (di,...,dy) of integers is realizable, if there
exists a simple graph G, such that ¢ is the degree sequence of G. Since adding
a finite number of isolated vertices to a graph, and deleting a finite number of
such vertices from a nonempty graph makes no change in the degree of the other
vertices, we can consider only the case in which each d;, 1 < i < n, is positive.

Let G and H be simple graphs with disjoint vertex sets. The join of G and H,
denoted by G V H, is a simple graph with vertex set V(G) U V(H), in which for
two vertices v and v, u ~ v if and only if
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(1) u,v € V(G) and u ~ v (in G), or
(2) u,ve V(H) and u ~wv (in H), or
(3) one of the vertices u and v is in V(G), and the other is in V(H).

Let G and H be two simple graphs. The Cartesian product of G and H,
denoted by G x H, is a simple graph with vertex set V(G) x V(H), in which for
two vertices (u1,v1) and (ug,v2), (u1,v1) ~ (uz2,v2) if and only if

(1) w1 =ug and v1 ~ vy (in H), or
(2) v1 = v9 and u; ~ us (in G).

Also, the tensor product of G and H, denoted by G ® H, is a simple graph
with vertex set V(G) x V(H), in which for two vertices (u1,v1) and (ug,vz),
(u1,v1) ~ (ug,v2) if and only if u; ~ us (in G) and v; ~ vy (in H). Finally, the
lexicographic product of G and H, denoted by G[H], is a simple graph with vertex
set V(G)xV(H), in which for two vertices (u1, v1) and (ug,ve2), (ui,v1) ~ (uz,v2),
if and only if

(1) w1 ~ug (in G), or
(2) U1 = U and V1 ~ U2 (m H)

For a simple graph G, the complement of G, denoted by G¢, is a simple graph
with vertex set V(G), in which for two vertices u and v, u ~ v if and only if w is
not adjacent with v in G.

3. Neighborhood degree list (NDL)

Definition 3.1. Let G be a simple graph without any isolated vertex. The
neighborhood degree list (NDL) of G is a list

T(G) = (1155 7a ) (T T8 (1 )
for which there exists an ordering Vi,...,V, of the vertices of G, such that
(Tf,...,T}li) is the list of degrees of the neighbors of v; for 1 < i < n, and

dy >dy>--->d, while 71 > -+ > 17, for 1 <i<n, see [2].
Example 3.2. Consider the graph G with the following representation.
b

G,A od

Cc

G

The NDL of G is
((2,2,1),(3,2),(3,2),(3)).
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Definition 3.3. A tableau is a list

T: ((T1175TL}1)55(T{L55TL’?W))

of n lists of nonnegative integers, where dy > --- > d,, and 71 > --- > 74, for
1 <i<n,see [2].

A tableau T is called feasible whenever each integer in any list of T is equal
to one of the lengths of the lists of T, see [2].
For example, the list
((3a 2, 1)) (27 L, 1)7 (2a 1)7 (1))
is a feasible tableau.
It is clear that for a simple graph G, if

7(G) = ((711,...,7(}1),(7'12,...,7'32),...,(T{‘,...,Tgn)),

then the degree sequence of G is dy,ds, ..., d,.

4. Degree polynomial

Definition 4.1. For a simple graph G, the degree polynomial of G, denoted by
dp(G), is the polynomial Y, #;x’ in R[z], in which ¢; is the number of vertices
of G, each of degree i (specially, to is the number of isolated vertices of G). If A
is the maximum degree of G, dp(G) is of degree A.

Remark 4.2. It is obvious that if n is the order of GG, then the sum of all
coefficients of dp(G) (which is dp(G)(1)) equals n. Also, if m is the size of G,
then the sum of all coefficients of the derivative of f with respect to  (which is
(dp(G)) (1)) equals 2m. Therefore some important parameters of a graph G can
be achieved by the evaluation process on dp(G).

Remark 4.3. For two simple graphs G and H, the degree polynomials of the
graphs GVH, GXx H, G® H, and G° can be obtained by clear formulas only from
dp(@) and dp(H). Therefore working with polynomials is certainly convenient in
illustrating the effect of graph operations on degree information.

Remarks 4.2 and 4.3 provided motivation for reformulating the concept of
neighborhood degree list, with use of polynomials.

Before this, we introduce some notations for convenience. For a polynomial
f(z) =>"", a;z’ € Rz] with a,, # 0, we denote the sum of a;’s for 1 < i < n,
by sc(f). Also sec(f) and soc(f), are used for the sum of a;’s for even 4, and sum
of a;’s for odd i, respectively. We define sc(0) = 0, as well.
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)

We introduce a total order “<;q” on the set of all nonzero polynomials with
coefficients in nonnegative integers such that “<,,"” compares two distinct poly-
nomials f = > 1" ja;z" and g = > " bz’ with nonnegative integer coefficients,
and with a,,, b, # 0, as follows:

If sc(f) # sc(g), then which one of f and g has the sum of coefficients greater
(as an integer), will be greater.

If se(f) = sc(g), i1 = max{i: a; #0 or b; # 0} and a;, # b;,, then whichever
of f and g has greater coefficient in z*, will be greater.

If sc(f) = sc(g), ai, = by, 2 = max{i: ¢ < i1, a; # 0 or b; # 0}, and
a;, # b;,, then whichever of f and g has greater coefficient in 2%, will be greater;
and so on.

For example,

224 4+ 1223 >pol 3z + z2,
27t + 1222 <01 22° + 1227, 2° + 1327,
20* + 1227 >, 22* + 1127 + 7.

Let f =3, a;x* be a nonzero polynomial in R[x] with nonnegative integer
coefficients where a;x"’s are the nonzero terms of f. For n € N, we denote the
polynomial }, , a;x'™ by fA*". Also we set 0AX" = 0. If degf < n, we
denote the polynomial >7, _, a;z" % by fA"~. Also we set 02"~ = 0.

Definition 4.4. Let f = Za#o a;xt, g = Zbﬂéo bjz? be two nonzero polynomi-
als in R[z] with nonnegative integer coefficients where a;x'’s and b;a7’s are the
nonzero terms of f and g, respectively. The tensor product of f and g, denoted
by f ® g, is the polynomial > ¢;x! in which ¢’s are the distinct products of i’s

and j’s, and
Ct = Z aibj.

i.j=t
Also we set 0® 0 =0, 0® f =0, where 0 is the zero polynomial.

Under the conditions of Definition 4.4., it is observed simply that, first, f ® g
can be achieved by tensor-multiplying the nonzero terms of f by the nonzero
terms of g, one by one, and secondly for each f and g with variable z and
nonnegative integer coeflicients, f ® g = g ® f.

Now we introduce a new concept, that is the concept of degree polynomial.

Definition 4.5. Let G be a simple graph. For a vertex v of G, the degree
polynomial of v, denoted by dp(v), is a polynomial with nonnegative integer
coefficients, in which the coefficient of ! is the number of neighbors of v, each
of degree i. Especially, for an isolated vertex v, dp(v) = 0.
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Example 4.6. For the graph G with representation

b
a Z\C od
G
we have
dp(a) = 2% + 23,
dp(b) = 2% + 23,
dp(c) = 22° + z,
dp(d) = 2*

Since adding a finite number of isolated vertices to a simple graph, and deleting
a finite number of such vertices from a nonempty simple graph makes no change
in the degree polynomials of the other vertices, we will consider only the graphs
which has no isolated vertices.

Definition 4.7. For a simple graph G of order n without any isolated vertex,
a sequence ¢ = (f1, fa,..., fn) of polynomials is said to be the degree polynomial
sequence of G, if

(a) fl Zpol ce Zpol fn7

(b) There exists an ordering Vi, ..., V,, of the vertices of G, such that f; be
the degree polynomial of v; for 1 <i < n.

Example 4.8. For the graph GG in Example 4.6, the degree polynomial sequence
is
212 + Jc,x2 + Jc3,x2 + Jc3,x3.

Proposition 4.9. Let G be a nonempty simple graph. Graph G is r-regular if
and only if each term of the degree polynomial sequence of G be in the form rx".

If G is a nontrivial complete graph, K, it is obvious that the degree polynomial
sequence of G is
(n—1Da" 1 ... (n—1)z""*

where the number of terms is n. If G is a path with n vertices, P,, then if n = 2,
the degree polynomial sequence of G is

if n = 3, that will be
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if n =4, that will be

T+ azQ,z + :r2,:r2,z2,

and finally, if n > 5, that will be

222, ..., 222 x + 2%, x4+ 22, 22, 2
where the number of terms 2z2 is n — 4.
If G is acycle C,, (n > 3), then the degree polynomial sequence of G is
2x2, ey 2302,
where the number of terms is n.
If G is a complete bipartite graph, K, s where r > s, then the degree polyno-
mial sequence of G is

ra®, ..., re’, sz’ ..., sx",

where s terms are rz° and r terms are sx”.

Remark 4.10. In the following, we will see that the reformulation of the concept
of the neighborhood degree list in polynomial form has benefits similar to those
described in Remarks 4.2 and 4.3.

Remark 4.11. Supposing that ¢ = (f1,. .., fn) is the degree polynomial sequence
of a simple graph G, and f; is the degree polynomial of the vertex v;, the degree
sequence for G is

sc(f1), .- ysc(fn),

since sc(f;) is the degree of v;. Consequently, if a sequence ¢ = (f1,..., fn) of
nonzero polynomials is realizable, then the sequence

SC(fl),SC(fg), ce 5SC(fn)7

that is, the sequence
fi(1)s e, fa(1)

of integers is realizable. The following example shows that the inverse case is not
true in general.

Example 4.12. Consider the sequence
2z, 2% x,x,

of nonzero polynomials with nonnegative integer coefficients. Although the se-
quence
sc(2x), sc(x?), sc(x), sc(x), sc(x)

is realized by the simple graph with representation
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but the sequence
2x, Jc2, T,T,T

is not realizable, by Theorem 4.14 (part c).

Remark 4.13. Considering that the concept of degree polynomial sequence is
a reformulation for the concept of NDL, the following facts can be extracted
from [2]:
o Two simple graphs with the same degree sequence, can have different
degree polynomial sequences.
o Two non-isomorphic graphs can have the same degree polynomial se-
quences.

Now we prove a theorem which gives a necessary condition for the realizability
of a sequence of polynomials with nonnegative integer coefficients.

Theorem 4.14. If G is a simple graph without any isolated vertices, and q =
(f1,---, fn) where fi >pol --+ >pol fn Is the degree polynomial sequence of G,
then
(a) i sc(fi) is even,
(b) for each nonzero coefficient k of a term kx® in the degree polynomial of
a vertex v, there are at least k distinct vertices v1,...,vk, all distinct
from v, such that

se(dp(v1)) = -+ - = sc(dp(vx)) = i,

(C) Zsc(fj) is odd Sec(fj) and Zsc(fj) is even Sec(fj) are even.

PROOF: (a) Let f; = dp(v;) for 1 <i <n. We have Y ;" sc(f;) = > deg(vy).
Thus Y ., sc(f;) is even.

(b) Let k(# 0) be the coefficient of kz’ in dp(v). Therefore v has exactly k
neighbors v1, ..., v, of degree i. Now, vy, ..., v, are distinct from v, and

sc(dp(v1)) = -+ - = sc(dp(vg)) = 4.

(c) Let {a1,...,as} be the set of odd vertices of G. Then 77, deg(a;) is even.
That is, Y ;_; sc(dp(a;)) is even. Thus »77_, sec(dp(a;)) + >_7_; soc(dp(ay))
is even. For each a;, 1 < j < s, if aj is an odd neighbor of a;, then a; is
an odd neighbor of a;/, as well. Therefore the edge between a; and aj/, ac-
curs two times in calculating 2221 soc(dp(a;)), once in soc(dp(a;)) and again in
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soc(dp(ay)). Thus }7°_, soc(dp(a,)) is even and so is Y7, sec(dp(a;)). Hence

Zsc(fj) s odd Sec(fj), is an even integer.
The argument for second part is similar, with the difference that we should
start with the set of all even vertices, {b1,...,b;}. O

Example 4.15. The sequence
51 = (2z,2%, z, 1, 2)
of polynomials satisfies (a) and (b), but not (c); the sequence
sy = (2x, 2%, 2% 1, 7, x)
satisfies (b) and (c), but not (a). Finally the sequence
s3 = (22%, 2,2, 1, T)

satisfies (a) and (c), but not (b). Therefore by Theorem 4.14, the sequences s1, $2
and s3 are not realizable. Meanwhile it is possible that a non-increasing sequence
q = (f1, f2,.-., fn) of nonzero polynomials with nonnegative integer coefficients
satisfies (a), (b) and (c), but it is not realizable yet. Consider for example, the
sequence

222 22,2z, x, x.

Note that if the sequence was realizable, then any vertex v for which dp(v) = 2z,
should be adjacent only with two vertices with degree polynomials = and 2 (name
(a) and (b)). But in this case, the degree polynomial of (a) and (b) will not be z.

Remark 4.16. Of course, one can examine the non-realizability of the sequences
in Example 4.15 by Theorem 2.1 in [2]. But note that the use of this theorem
practically requires a long process but Theorem 4.14 uses only polynomial invari-
ants.

Now we study the behavior of the degree polynomial under graph operations.

Theorem 4.17. Let G and H be two simple graphs with disjoint vertex sets,
and u be a vertex in G. Then

dpgy g (u) = 2" dpg(u) + 2" dp(H),
where ny and ny are the orders of G and H, respectively.

PROOF: If w is an isolated vertex in G, then dps(u) = 0. In this case, u is
adjacent to all vertices of H in GV H (by definition of GV H) and u is not
adjacent to any vertex of G. If H has ty vertices of degree 0, t; vertices of
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degree 1,..., ta vertices of degree A (A is the maximum degree of H), then the
neighbors of u in G V H are restricted to

to vertices of degree ni + 0,

t, vertices of degree ny + 1,

ta vertices of degree nq + A,
and therefore the degree polynomial of v in GV H is
tox™ + tiz™ T 4 A TR = x"tdp(H),

and the conclusion holds.

Now let u be non-isolated vertex in G. Suppose that dpg(u) = Zle i b
where c¢;,’s are positive integers and ¢5’s are the distinct degrees of neighbors of u
in G. It means that the neighbors of u in GG are restricted to

¢;, vertices of degree i1,

c;,, vertices of degree iy.

Now by definition of GV H, u will be adjacent in G V H to all of the above
vertices, and also with any vertex in H. Thus the neighbors of v in GV H are
restricted to

¢;, vertices of degree ng + i1,

ci,, vertices of degree ng + i,
to vertices of degree ny + 0,

t, vertices of degree nq + 1,

ta vertices of degree mq + A,
where dp(H) = Y25 t;z". Therefore

dp(GV H) = et 4 4 cikac”ﬁi’“ +tox™ + ™M T 4 A TR
= z"dpg(u) + 2™ dp(H).
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Remark 4.18. Since for every two simple graphs G and H, GV H = H V G, the
above theorem, in practice, provides a tool for calculating the degree polynomial
of any vertex of GV H.

Theorem 4.19. If G and H are two simple graphs, and v and v are vertices
of G and H, respectively, then

dpay g ((u,v)) = xdeg“dp(v) + xdeg”dp(u).

PROOF: If w in G and v in H are isolated, then by definition of G x H, (u,v)
in G x H is an isolated vertex and therefore dp((u,v)) = 0. On the other hand,
dp(u) = 0 and dp(v) = 0. Therefore the conclusion holds.

If w is isolated in G but v is non-isolated in H, supposing that dp(v) =
er £0 rjzj where 7;’s are positive integers and j’s are the disjoint degrees of
the neighbors of v in H, by definition of G x H, each neighbor of (u,v) in G x H
is in the form (u,v") with v" ~ v since u has not any adjacent vertex in G. Mean-
while the degree of such (u,v") in G x H is degu+ degv’. Since for each j, v has
r; neighbors of degree j, the number of neighbors of (u,v) of degree degu + j will
be ;. Thus

AP ((u,v) = D rjates ™™ = g8 dp(v).
T
But in this case, dp(u) = 0 and therefore the conclusion holds.
The argument in the case that v is isolated but u is not, is similar to the

argument in the previous case.

Now let neither of w and v be isolated. Suppose that dp(u) = Z§:1 i e
and dp(v) = Zf/zl r;, 27, where ¢;.’s and r;,’s are positive integers, and i,’s and
j+’s are the disjoint degrees of the neighbors of u and v, respectively. This means
that the neighbors of u in GG are restricted to

¢;, vertices of degree i1,

ci,, vertices of degree iy,
and the neighbors of v in H are restricted to

rj, vertices of degree ji,

rj,, vertices of degree ji/.
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By definition of G x H, the adjacent vertices of (u,v) in G x H are of two kinds
below:

(i) the vertices in the form (u,b) where b is adjacent to v in H,
(ii) the vertices in the form (a,v) where a is adjacent to u in G.

Since, for all vertices of kind (i), u is fixed, such vertices are restricted to

r;, vertices of degree degu + ji,

rj,, vertices of degree degu + jy.
Also, since, for the vertices of kind (ii), v is fixed, such vertices are restricted to

¢;, vertices of degree i; + degwv,

ci,, vertices of degree iy + degv.
Note that the degree of each vertex, (z,y), in G x H is degq; x+degy y. Therefore

dpGxH((% U)) = (rjlxdegqujl 4.+ Tjk/l'dEg“Jrjk/)
+ (Cilxiﬁrdegv 4+ Cikl'ikerEg”)

= z%°€udp(v) 4 29°8Vdp(u).
(I

Theorem 4.20. If G and H are two simple graphs, and v and v are vertices
of G and H, respectively, then

dpgem((u,v)) = dp(u) @ dp(v).

PROOF: If at least one of u and v are isolated, then by definition of G® H, (u,v)
is an isolated vertex in the graph G ® H, and therefore dp((u,v)) = 0. On the
other hand, in this case, at least one of dp(u) and dp(v) is zero. Therefore by
definition of the tensor product of polynomials, dp(u) ® dp(v) is zero as well, and
the conclusion holds.

Now let none of u and v be isolated. Suppose that dp(u) = >, ¢;z’ and
dp(v) = Zj r;x?, where ¢;’s and r;’s are positive integers, and i’s and j’s are
the disjoint degrees of the neighbors of w and v, respectively. By definition of
G ® H, first, each neighbor of (u,v) in G ® H is in the form (u/,v") where v’ is
a neighbor of u, and v’ is a neighbor of v, and secondly if u is a neighbor of u of
degree i and v’ is a neighbor of v of degree j, then (u,v") is a neighbor of (u,v)
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of degree i - j. Since for each i, u has exactly ¢; neighbors of degree ¢, and for
each j, v has exactly r; neighbors of degree j, the number c¢;r; is calculated in
the coefficient of 2%/ in the degree polynomial of (u,v). This implies that
dpggm (4, v)) = dp(u) ® dp(v)

by definition of dp(u) ® dp(v). O
Theorem 4.21. If G and H are two simple graphs and u and v are vertices
of G and H, respectively, then

dpgpay ((u,v)) = (dp(u))**"2dp(H) + 298 "2 dp(v)

(= dp(u)(@"2)dp(H) + 21" dp(v)),

in which ns is the order of H.

PRrROOF: If w and v are both isolated, by definition of G[H], (u,v) is isolated
in G[H], and therefore dpg g ((u,v)) = 0. But in this case, both dp(u) and dp(v)
are zero polynomials, and therefore the conclusion holds.

If u is isolated in G, but v is not isolated in H, supposing that dp(v) =
Zflzl T, 27, in which r;,’s are positive integers and j;’s are the disjoint degrees
of the neighbors of v in H, the neighbors of v in H are restricted to

rj, vertices of degree ji,

rj,, vertices of degree ji/.

Since u has no any neighbor in G, by definition of G[H], every neighbors of
(u,v) is of the form (u,bd) with degree (degu)ns + degb, where b is a neighbor
of v in H. Hence since u is fixed, the neighbors of (u,v) are restricted to

rj, vertices of degree (degu)ng + ji,

15, vertices of degree (degu)na + jur.
Thus

dpG[H]((uaU)) = rjlx(degu)nﬁjl NI rjk/x(degu)mﬂ'k/ — x(degu)mdp(v)’

and since dp(u) = 0, the conclusion in this case holds.

If v is isolated in H but w is not isolated in G, since v has not any neighbor
in H, each neighbor of (u,v) is in the form (a,b) such that a is a neighbor
of u, and b is a vertex of H, and the degree of (a,b) in G[H] is (dega)na +

409
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degb. Suppose that dp(u) = Zle ¢;.x' where ¢; ’s are positive integers and
is’s are the distinct degrees of the neighbors of w in G. Supposing that dp(H) =
Zﬁzo l,xP where [,’s are the number of vertices of H, each one of degree p, and
A is the maximum degree of H, for each p, the neighbors of (u,v) whose second
components are of degree p, are restricted to

lpcs, vertices of degree i1my + p,

lpc;, vertices of degree ixng + p.

Therefore each l,¢;, is calculated in the coefficient of z%"2%P in dp((u,v)). Thus

dpG H] u 1) ZZZ ¢ zl;nz‘i‘? _ ZC zzazg Zl 2P

p=0s=1
= Zcisfc“”zdp(H) = (dp(u))*">dp(H),
s=1

and since dp(v) = 0, the conclusion holds.

Now let none of u and v be isolated. Suppose that dp(u) = Z§:1 z;, x' and
dp(v) = Zf/zl r;, 27t where ¢;.’s and r;,’s are positive integers and i,’s and j;’s
are the distinct degrees of the neighbors of u and v, respectively. The adjacent
vertices of (u,v) in G[H] are of two kinds below:

(i) the vertices in the form (a,b) where a is a neighbor of w in G, and b is
a vertex of H,
(ii) the vertices in the form (u,b) where b is a neighbor of v in H.
Let dp(H) = Zﬁzo l,z? where A be the maximum degree of H. For each p,
the neighbors of (u,v) of kind (i) whose second components are of degree p, are
restricted to
lpc;, vertices of degree i1m2 + p,

lpcs, vertices of degree ixng + p.

Therefore each [,¢;, is calculated in the coefficient of z’="2*P. On the other hand,

since in all neighbors of kind (ii), v is fixed, such vertices are restricted to
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rj, vertices of degree (degu)ns + ji,

rj,, vertices of degree (degu)na + jir.

Thus

dpep (( Z Zl i a2 tP Zr p(deg u)na+ji

p=0 s=1
= (dp(u))*"*dp(H) + x(deg“)mdp(v).

O

As we saw above, having the degree polynomial sequence of graphs G and H
without access to G and H, the degree polynomial sequences of GV H, G x H,
G ® H, and G[H] are calculatable. The following theorem shows that the degree
polynomial sequence of the complement of a graph can be calculated having the
degree polynomial sequence of that graph without access to the graph itself.

Theorem 4.22. Let G be a simple graph and u be a vertex of G. Then

dpge(u) = (dp(G) — dpg(u) — 218 G)A(=1)=
where n is the order of G.

PROOF: For each integer i > 0, the coefficient of z* in dp(G) is the total number
of the vertices of G, each one of degree i, and the coefficient of the same
in dp(u) is exactly the number of the vertices of G, each one of degree i, which
are adjacent to u in G. Therefore the coefficient of each x* in the polynomial

dp(G) — dpg(u)

is the number of the vertices of degree ¢ (in G) which are non-adjacent to u. Since
w itself is non-adjacent to u, the coefficient of x’ in the polynomial

dp(G) — dpg(u) — zdegc v

is exactly the number of the vertices of G, other than u, which are of degree @
and non-adjacent to w (in G), and by definition of G¢, this number is exactly
the number of the vertices of G¢ which are of degree (n — 1) — i and adjacent
to u (in G¢). Therefore for each i, the coefficient of 2("~V~% in the polynomial
dp(G) — dpg(u) — v9%8c ¢ equals exactly the number of the vertices of degree i
in G° which are adjacent to u (in G¢). Thus (based on the meaning of the
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notation (dp(G) — dpg(u) — z9%8c “)A(n=1=) the coefficient of x? in

(dp(G) — dpg(u) — zde8c u)r(n—1)=

is exactly the number of the neighbors of u in G¢ whose degree is 1. (]

5.

Some open problems

Many new questions and open problems can arise from the above topics. Some

of them are:

(1) Classify all degree polynomial sequences of connected graphs and trees.
(2) Characterize all graphs whose degree polynomial sequences are formed by
polynomials with only one term.
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