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Abstract. We are concerned with the null controllability of a linear coupled population dy-
namics system or the so-called prey-predator model with Holling type I functional response
of predator wherein both equations are structured in age and space. It is worth mentioning
that in our case, the space variable is viewed as the “gene type” of population. The studied
system is with two different dispersion coefficients which depend on the gene type variable
and degenerate in the boundary. This system will be governed by one control force. To reach
our goal, we develop first a Carleman type inequality for its adjoint system and consequently
the pertinent observability inequality. Note that such a system is obtained via the original
paradigm using the Lagrangian method. Afterwards, with the help of a cost function we
will be able to deduce the existence of a control acting on a subset of the gene type domain
and which steers both populations of a certain class of age to extinction in a finite time.

Keywords: degenerate population dynamics model; Lotka-Volterra system; Carleman
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1. INTRODUCTION

We consider the coupled population dynamics system

0 0 .
(1) 8_31 + 8_:2 - (kl (x)yx)z + M1 (tv a, x)y + b(ta a, x)yp = 19Xw m Qv
dp  Op :
a1 T 3g ~ (F2(@)ps)e + p2(t a,2)p — pa(t,a,x)yp =0 i Q,
y(t,a,1) = y(t,a,0) = p(t,a,1) = p(t,a,0) =0 on (0,T) x (0, 4),
y(O,a,x) = yO(avx); p(O,a,x) :po(a,x) in QA;
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(60,2 = [ Bult.a,2)yt.0.2)da in Qr,
0
A

p(t,O,a:)z/ Ba(t,a,z)p(t,a,x)da in Qr,
0

where @ = (0,T) x (0,4) x (0,1), Qa = (0,A4) x (0,1), Qr = (0,T) x (0,1),
w CC (0,1) and we denote ¢ = (0,T) x (0,4) X w. The variables y(t,a,x) and
p(t,a,x), which are in interaction, represent, respectively, the distributions of prey
and predator at time ¢, of age a and of gene type z. Recall that system (1) above
models the dispersion of gene in the two populations prey and predator. A further
details about what can our paradigm model will be provided later. The param-
eters 51 (t,a,x) (or Ba(t,a,x)), pi(t,a,x) (or pe(t,a,x)) can be interpreted as the
natural fertility rate of the prey population (or the predator population) and the
natural mortality rate of the prey population (or of the predator population) while b
stands for capturing rate of predator called also the ratio between the searching ef-
ficiency and attack rate of predator and pus = A2b is a positive constant where, As is
the measure of the predator’s efficiency to convert prey biomass to fertility (or pro-
ductivity). On the other hand, the parameters k; and ko are, respectively, the
coeflicients of dispersion of prey and predator populations which depend on the gene
type variable x; ¢ and w are, respectively, the control that we are looking for and
the region of gene type where it acts. Such a control can be viewed in our situa-
tion as the capture strategy and corresponds in general to an external supply or to
removal of individuals on the sub-domain w CC (0,1). Herein we emphasize that
since our aim is to steer the two populations on extinction and taking into account
the ecological relationship between prey and predator, it will be judicious that the
control acts on the prey population. Besides, yy and pg are, respectively, the initial
distributions of the prey and predator populations and fOA Bi(t,a,z)y(t,a,z)da and
fOA Ba(t, a,z)p(t,a,x) da are the distributions of the newborns of, respectively, prey
and predators. Finally, the two positive fixed constants 7" and A are, respectively,
the time of control and the maximal age of expectancy that we suppose here is
the same for both populations. A suitable and powerful condition will be required
later on 7T'.

The population dynamics models in their different aspects attracted many authors
and were investigated from many sides (see for example [4], [10], [28], [29], [31], [32],
[33], [36], [43], [49], [50], [52]). Among those questions, we find the null controllability
or in general the controllability problems for age and space structured population
dynamics models which where studied intensively in the literature like [1], [2], [3], [7].
In [1], [2], the author tried to prove both the exact and approximate controllability for
a population dynamics model where the coefficient is a positive constant. More pre-
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cisely, to prove the first type of controllability, Ainseba used the mean of observability
inequality which is a consequence of Carleman estimates based on the computations
done in [37] for a non-degenerate heat equation. The second result of the same paper
is reached by using an argument of density of the reachable set of states at time T on
L2-space for an age class (0, a1), where a; < A. Notice that the exact controllability is
equivalent to the null controllability of a linear model. Based on this rule, using again
the Carleman type inequalities and with the help of the characteristics method, the
workers in [3] proved under the assumptions of that the L°°-norm of the initial data
is small and the fact that the coefficient of dispersion is positive function for all point
of space domain, that their population model is exact controllable. Earlier in [7], a
result similar to the one in [1], [2] was shown but without the so-called Carleman esti-
mate. In fact, the method used here is a combination between a contradiction process
and the so-called Mizohata uniqueness theorem (see the reference for further details).

Nevertheless, the previous works were established with either a space independent
or a non-degenerate dispersion coefficient contrary to our paper and the works real-
ized in [6], [26], whose calculus are based on the papers investigating the degenerate
heat equation [18], [20], [21], [22], [23]. In fact, in [18] Cannarsa et al. showed weaker
properties than null controllability result for a nonlinear degenerate heat equation,
namely “regional null controllability” and “persistent regional null controllability”
(see also [23]). The degeneracy occurs on the left of the boundary of the space domain
and the nonlinearity involves a gradient term. Abstractly, the two major results were
derived firstly for an adequate linearized equation. Afterwards, they enchained their
proof with a tool invoking the notion of regional approximate controllability instead
of Carleman inequality. Finally, the purpose is achieved by a Schauder fixed point
technique. In [22], the authors assessed the two previous kinds of controllability of a
semi-linear degenerate heat equation in the case where the nonlinearity is not related
to the gradient term. Herein the employed approach was totally different and based
on the cut-off functions technique and the non-degeneracy of the studied equation on
a strip of the space domain which is somehow “far” from the point of degeneracy (see
also [21]). The weighted inequalities of Carleman estimates were well-exploited by
Boussaouira et al. in [9] and improved the results of the last three references. To be
more accurate, through a Caccioppoli and Hardy-Poincaré inequalities, a persistent
observability is gotten and then the global null controllability for a linear degenerate
heat equation and consequently for the semilinear case with the help of fixed point
technique. Let us stress that in [9], the authors treated only the divergence form.
But what happened if the degenerate operator is in the non-divergence form? For-
tunately, Cannarsa et al. in [20] confirmed that the result remains the same again
with the aid of the Carleman estimates dilemma. Staying on the same trend, we
advise the reader to take a glance on the items [19], [24].
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As we said before, the degenerate population dynamics model, as for the non-
degenerate case, follows the issues taken for the heat equation. In this context, [6],
[26] were the first to be concerned with such a problem, each of them used a different
technique and imposed also different conditions on time control T'. Indeed, in [6] the
authors allowed the dispersion coefficient to depend on the variable xz and verifies
k(0) = 0, i.e., the coefficient of dispersion k degenerates at 0 and they tried to obtain
the null controllability in such a situation with 8 € L>°(Q) following [9] via a new
Carleman estimate for a suitable full adjoint system and afterwards his observability
inequality. However, the main controllability result of [6] was shown under the condi-
tion T > A as in [12] and this constitutes a restrictiveness on the “optimality” of the
control time 7T since it means, for example, that for a pest population whose maximal
age A may equal to many days (may be many months or years) we need much time to
bring the population to the zero equilibrium. In [39], precisely in Theorem 1.1, the au-
thors showed, with the help of spectral theory, an interesting result concerning the (4)
property for all the age classes (0, A) for one equation. Nevertheless, the theorem was
brought out under a restrictive condition on the control time 7', namely it may be
greater than the age expectancy A, besides that the control ¥ is essentially bounded
in @ and these two assumptions will be improved in this paper (see Theorem 4.4 and
Remark 4.5) using the so-called Carleman estimates (see Section 3). In the same vo-
cation and to overcome the condition 7' > A, Maniar et al. in [26] suggested the fixed
point technique implemented in [56] and which requires that the fertility rate must
belong to C?(Q) and consists briefly in demonstrating in a first time the null control-
lability for an intermediate system with a fertility function f € L?(Qr) instead of
fOA B(t,a,x)y(t,a,z) da and in achieving the task via the Leray-Schauder theorem.

On the other hand, a huge amount of works are focused on the control problems
of (1), among them we find [5], [8], [60] and the references therein. In [5], a prey-
predator model is taken under a reaction-diffusion system describing interaction
between prey and predator populations. The goal is to look for a suitable control
supported on a small spatial subdomain which guarantees the stabilization of the
predator population to zero. The objective of [60] was different. Actually, an age-
dependent prey-predator system was considered and the authors proved the existence
and uniqueness of an optimal control (called also “optimal effor”) which gives the
maximal harvest via the study of the optimal harvesting problem associated to their
coupled model. Similarly to the case of one equation in the papers [1], [2], [3], [5], [7],
[60] assumed that their coefficients of diffusion are constants. This motivated Ait Ben
Hassi et al. in [8] to generalize these works, specially [5], and investigated a semilinear
parabolic cascade systems with two different diffusion coefficients allowed to depend
on the space variable and degenerate at the left boundary of the space domain.
Moreover, the purpose of this paper was to bring out the null controllability via a
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Carleman type inequality of the adjoint problem of the associated linearized system
using the results of [9] or [24] and with the help of the Schauder fixed point theorem.
Another interesting works in the trend of cascade degenerate parabolic systems
(without and with singularities) can be found also in the references [15], [38], [53].

But up till now and to our best knowledge, little is known about the global null
controllability question of the age-structured population dynamics coupled systems
both in degenerate and non-degenerate cases and the two only items which deal with
such a paradigm are the one of Boutaayamou et al. in [14] and the recent paper [27].
In [14], the authors assessed a degenerate cascade population dynamics model in a
non-divergence form and proved its null controllability like the one in (4) using the
classical procedure based on the observability inequality deduced from the weighted
estimates of Carleman kind (see more details in the introduction of [27]). Let us
stress that the results in [14] were obtained under continuity regularity and biological
assumptions on the natural fertility and mortality rates. Such hypotheses lead to
omit interesting mathematical computations and this steered Maniar et al. in [27] to
study (4) of a degenerate population cascade model governed with one control force in
a divergence form and with L°°-regularity on natural rates using some powerful tools
like Hardy-Poincaré and Caccioppoli’s inequalities, Gronwall lemma and semi-groups
theory, to get the observability inequality of the associated full-adjoint system which
leads to the desired goal. In this work, we address the control problem (4) related
to (1) and it will be a generalization of the results obtained in [6], [26] and [27].
More precisely, following the global strategy of [8] we expect in this contribution to
prove the global null controllability of the structured age and space Lotka-Volterra
system (1) with one control force and when

(2) T € (0,9)
with
(3) § = min(dy, §2),

wherein d§; and d2 are fixed small enough and belong to (0, A) and are defined by the
intervals (0,01) and (0, d1) which represent the age class of the prey newborns and
predator newborns, respectively. That is, we show that for all yo, py € L?(Q ) there
exists a control ¥ € L?(Q) such that the associated solution of (1) verifies

@) {y(T,a,x) =0, a.e. in (4,A4) x (0,1),

p(T,a,z) =0, a.e. in (4, A4) x (0,1).

It deserves to mention that the researched control ¥ depends on § and the two
initial distributions yo and py. Let us return back to condition (2) imposed on the

353



fixed time of control T'. This assumption is required not only for a technical cause
but is also meaningful in the cost of controllability in the sense that we will be
able to drive a very wide age classes of both populations to extinction fastly and
quickly instead of waiting for months or years like in [6] (see also [13], [30] for similar
explanation) and this will be an advantage of the optimality of the control J. By the
way, the null controllability property (4) does not allow to control the age class of
non-fertile individuals of prey and predator populations and this can be justified in
the mathematical standpoint (see the further proofs). Also, ecologically speaking, the
fact that all classes of age were not answered can find its justification, in our opinion,
as follows: the capture and the killing of the whole populations both prey and
predator in a given time can have a boomerang effects on the ecosystem surrounding
both populations. On the other hand, the paradigm (1) can model other prey-
predator systems but not in the context of both populations densities eradication. For
more precision, if one wants just to steer one of two species to extinction in finite time,
model (1) can be used for instance as a description of the“cottony cushion-vedalia
beetle” system, wherein the role of the control is to improve the number of vedalia
beetle to delete in plausible threshold, the cottony cushion or also in some cases
of host-paritoid systems, where the goal is to eliminate the parasitoid population.
These two examples are interested to kill the prey population, nevertheless the model
of cereal species (prey) and destructive fungal rust (predator) can be considered to
control and reduce considerably the predator density. In our situation, where we have
to catch and capture the populations densities of prey and predator, we give into
paragraph 2.2, as mentioned previously, two examples from two different scientific
specializations.

The result (4) is gotten under the conditions that all natural rates possess
L -regularity and this prevent us the use of the fixed point technique needed in
[26], [56]. Another striking difference with the cited references is that our prey-
predator model is a coupled dynamics system combining at the same time an age
and space structure and likewise the degeneracy occurring for the two different
dispersion coefficients k1 and ko on the left-hand side of the gene type domain,
that is, k;(0) = 0, ¢ = 1,2, e.g. k;(x) = z%, where a can be taken in [0,1) if we
impose the Dirichlet boundary conditions or in [1,2) if we consider the Newmann
boundary conditions (see assumptions (5) beneath). In this case, we say that (1)
is a degenerate populations dynamics cascade system. Genetically speaking, such a
property is natural since it means that if each population is not of a gene type, it
cannot be transmitted to its offspring. Another remark to do is that our system is
a prey-predator model with Holling type I functional response of predator. Finally,
we highlight that this work can be generalized in the case of interior degeneracy,
ie., ki(xo) = 0 and k2(yo) = 0 (e.g. k1(x) = |v — x0|* and ka(z) = |z — yo|%,

354



a € (0,1)), where xg,yo € (0,1) using the results proved in [13], which are based
essentially on the method applied for controllability problem of interior degenerate
parabolic equations [34] and can be extended to the non-smooth case in the light
of item [35].

The remainder of this paper is organized as follows: in Section 2, we give an
overview about some types of Holling functional responses of predators as well as
what can our system (1) model. Section 3 will be devoted to a discussion about
the well-posedness of (1) and establish a new Carleman estimate of an intermediate
adjoint system which helps us to provide an evidence of the main Carleman type
inequality of the associated full adjoint system. As an outcome of the latter, in
Section 4, an observability inequality is proved with the help of the semi-groups
theory, which allows us to obtain a non classical implicit formulas of the adjoint
system solution (see [13], [30] for a similar procedure). The obtained observability
inequality will play a crucial role is showing the main controllability result stated
in (4). We close this work with Section 5, which takes the form of an appendix,
wherein the proofs of some basic tools are provided.

2. AN OVERVIEW OF SOME HOLLING TYPES FUNCTIONAL RESPONSES AND
MODELLING OF SYSTEM (1)

As mentioned in the introduction, this section will be concerned with discussion
of the different Holling types functional responses and the modelling of (1). More
precisely, we give some references treating different questions of the prey-predator
models involving the different functional responses even if some of them do not belong
to the control problems just to amplify the importance of study of such coupled
systems. Concerning the modeling, we suggest two examples from different scientific
fields, namely ecology and bacteriology, and justify why we must look for a strength
control to govern the danger of the given populations on human in an optimal way
in the sense that the natural environment of prey and predator populations is not
destabilized.

2.1. An overview of some Holling types functional responses. In general,
the prey-predator systems called also Lotka-Volterra models describe different inter-
actions between two or more populations (maybe the competition can be included).
To have a more real relationship with ecological domains, Holling introduced earlier
what is known as a functional responses of predator, namely types I, II and III.
Another kinds can be also involved depending on the dynamics behavior of the con-
sumer (predator) and prey, like type IV and Ivlev’s functional responses, which will
be described concisely later on.
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Abstractly, a functional response can be defined as the relationship between an
individual’s rate of consumption (here we talk about a consumption of predator)
and food’s density (i.e., prey’s density). This amounts to saying that a functional
response reflects the capture ability of the predator to prey or in other words, the
functional response is introduced to describe the change in the rate of consumption
of prey by predator when the density of prey varies. In the plotting point of view,
each type of functional response I, IT or III has a special characteristic. In fact,
type I, or the linear case of the predator response, is the situation when the plot of
the number of prey consumed (per unit of time) as a function of prey density shows a
linear relationship between the number of prey consumed and the prey density. The
Holling type II, called also concave upward response, is the case when the gradient of
the curve decreases monotonically with increasing prey density, probably saturating
at a constant value of prey consumption. For information, the Lotka-Volterra model
involving this functional response is known as the Rosenzweig-MacArthur model.
The type III response is known between the specialists of population dynamics as
the sigmoid response having a concave downward part at low food density. Actually,
for the Holling ITI, a sigmoidal behavior occurs when the gradient of the curve first
increases and then decreases with increasing prey density. This behavior is due to
the “learning behavior” in the predator population.

Now, we address some “ecological” interpretations of the three first Holling types
functional responses. The type I response is the result of simple assumption that the
probability of a given predator (usually the passive one) encountering prey in a fixed
time interval [0, T}] within a fixed spatial region depends linearly on the prey density.
This can be expressed under the form Y = aT,X, where Y is the amount of prey
consumed by one predator, X is the prey density, T is the time available for searching
and a is a constant of proportionality, termed as the discovery rate (which is in our
case represented by the parameter b). In the absence of need to spend time handling
the prey, all the time can be used for searching, i.e., Ts = T}, and we have the type I
response: assuming that the predators (having the density P) act independently, in
time T} the total amount of prey will be reduced by quantity a73 X P. In addition, if
each predator requires a handling time A for each individual prey that is consumed,
the time available for searching T is reduced: Ts = T; —hY . Taking into account the
expression of Y in response type I, this leads to Y = aT: X — ah XY and this implies
Y = aT3:X/(1+ ahX) and this is exactly the type II response. Therefore, in the
interval [0, T3] the total amount of prey is reduced by the quantity aT; X P/(1 + ahX).
Let us point out that the term “ah” is dimensionless and can be interpreted as the
ability of a generic predator to kill and consume a generic prey and it possesses the
following characteristics times: “ah” is large if the handling time A is much longer
than the typical discovery time 1/a and “ah” is small in the opposite limit; in this case
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the type II response is reduced to type I. The Holling type III functional response can
be viewed as a generalization of type IT and takes the form aT; X* /(1 + ahX*) with
k > 1. In literature, this response is stimulated by supposing that learning behavior
occurs in the predator population with a consequent increase in the discovery rate
as more encounters with prey occurs (see [25] for more details). To see to wingspan
of the Lotka-Volterra models from many sides of investigations, we provide a non-
exhaustive list of some works dealing with crucial questions, which are discussed
widely. We begin with the system whose functional response is Holling I. One of the
important problems which takes a special attention, is the study of the steady states
and more accurately, in [40] a prey-predator system with nonlinear diffusion effects
is considered. Such nonlinear diffusion effects have an impact on a biological species
as well as their resource-biomass (i.e., the capacity of their environment). Herein,
the workers assume that the dispersive force and the diffusion depend on population
pressure from other species. The question of equilibrium of Lotka-Volterra systems
with Holling type I functional type response takes also a broad study theoretically
and numerically in [54], specially the interior one, as well as their dynamical behavior
such as the cyclic-fold, saddle-fold, homoclinic saddle connection. The Holling I
introduced here is from the range of the so-called Beddington-DeAngelis functional
response. Remaining in the type I, the authors in [44] tried to prove the existence
of an asymptotically stable pest-eradication for a prey-predator system modeled by
an ordinary differential equation, when the impulsive period is some critical value
less by implementing Floquet theorem and a small amplitude perturbation method.
Such a solution of eradication is somehow the mixing between a synthetic strategy
(insecticides or pesticides for instance) and biological control, e.g. the natural enemies
“killing” the dangerous pests (the prey here) without causing a serious damages to
the two population densities (see also [59] for a similar study).

Even the similarity appearance between their curves, functional responses of type I
and type II have two considerable differences: the first one was pointed out before
and it concerns the predator time handling of prey. Contrary to the Holling type II,
the time handling is missed for predators in type I, which means that the consumers
have a little difficulty capturing and assimilating prey but they switch their time
to other activities once their ingestion rate is great enough to satisfy their ener-
getic needs. The second difference is in the dynamical behavior. In fact, while the
Holling type II displays the local Hopf bifurcation, the Holling type I makes clear a
global cyclic-fold bifurcation. These differences between Holling I and Holling II, in
particular the first, lead a numerous works to take into account the predator time
handling in their different models. We emphasize here that Holling II possesses a
generalization, which is exactly Beddington-DeAngelis functional response cited pre-
viously. This functional takes the form ®pp (N, P) = ¢N/(e + N + h1P), where N
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and P should be the densities of prey and predator, while e stands for the half-
saturation constant, i.e., the amount of prey at which the per capita predation rate
is half of its maximum ¢ and h is a positive constant (see [54] for further details
about this functional response). Among the works interested in Lotka-Volterra with
Holling type II we cite for instance [48], [55]. In [55], a statistical study was pre-
sented to see if one can replace Holling type II by functional response from the type
of Beddington-DeAngelis, Crowly-Martin or Hassel-Valey model for a divers cases
related to the predator feeding rate. Peng et al. in [48] were concerned with the ques-
tion of the steady-states of some reaction-diffusion models and they established the
non-existence of a non-constant equilibrium solutions of two prey-predator systems
with Holling IT when the interaction between the two populations is strong as they
claimed and where the constant measuring the ability of generic predator to kill and
consume generic prey is equal to 1.

By the way, a wide classical ecological literature assumed that mathematical mod-
els with Holling type II (or in general the non-sigmoid) functional response involving
a diffusion terms match thoroughly in description of the pattern formation of a
phytoplankton-zooplankton system. The affirmative answers are basically related to
experiments realized in laboratories on zooplankton feeding, which are carried out in
small-sized containers or bottles. But if one wants to investigate zooplankton grazing
control in real ecosystems (may be the oceans), it will be more relevant to introduce
the Holling type III response as stated in the introduction of [46]. Actually, the
main focus of [46] was to set a generic model which explains the observed alteration
of type between the different functional responses of plankton systems and gives,
as he presumed, an evidence that for such a system the Holling type III is more
adequate than other kinds. In the vocation of well-posedness, the global existence,
uniqueness and the boundedness of a strong solution of partial differential equation
with a special case of Holling IIT was brought out in [11]. This strong solution was
approximated numerically using a spectral method and a Runge-Kutta time solver.
The modelling using the Holling type III does not stop here, it can play also a crucial
role to model the entomophagous species (see [16] for more details).

But when a functional response describes the interaction between predator and
prey when the prey exhibits group defense (like buffalo) or has ability to hide
itself (like chameleon), then we talk about the Holling type IV functional re-
sponse or the so-called Monod-Haldane function. This function takes the form
mX/(y+ b1 X + X?), where X is the prey density, m > 0 is the complete satu-
ration, whereas 7 and b; denote, respectively, the half-saturation constant and b,
the prey environmental carrying capacity. A space independent system of Lotka-
Volterra kind using type IV was under consideration in [45] and the principal purpose
of this item is to assess the impact of the harvesting on equilibria of both prey and
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predator populations. The quandaries used here are, as the authors cited, based on
the dynamical theory combined with a technique of Hopf bifurcation. A numerical
analysis is provided to compare the dependence of the dynamical behavior on the
harvesting effort for the prey between Holling types III and IV (see the reference
for more information). Of Course, there is a difference between the first three types
of functional responses and the fourth one is that the latter is non-monotonic for
X >0, contrary to type I, IT and III.

We close this overview by the so-called Ivlev functional response which can be
implicated to ecological applicabilities such as host-parasitoid system and animal
coat pattern. The Ivlev response is classified as a Holling type II according to [57]
and the references therein and its expression is given by g(X) = 1—e~ "X wherein \,
is the efficiency of predator capture of prey and X is the density of prey. For an
investigation of a limit cycle question of a two-dimensional prey-predator system
with the response g, one can take a glance in [42].

2.2. Modelling of system (1). In this paragraph, we try to answer to the fol-
lowing question: what can our system (1) model? Before responding, we recall, as
mentioned in the abstract and introduction, that (1) is an age and space structured
Lotka-Volterra with the Holling type I functional response. This choice of response
is not random because in our knowledge it has an effect to stabilize the densities of
the prey and predator populations.

To deal with our question, we must take into account that the two populations
must be deleted with a suitable control, either industrial or biological which consists
in growing up a common natural enemy’s density without passing a given threshold.
A close adaptation to this situation are two examples: the first one belongs to the
ecological field and concerns the mosquito-spiders, when the first population (prey)
must be killed since it is a cause of many harmful diseases which can lead to the death
of human, like the virus named West Nile Virus (in literature called briefly WNV).
The consumer, which are the spiders here have to be extincted because some kinds
of them are very venomous and can kill human, like the Funnel-Web spiders; we cite
for instance the Atrax-robustus and A. formidabilis.

The second example comes from bacteriology field, namely “Escherichia coli-
Bdellovibrio” system. It is well-known that Escherichia coli (E. coli) is a bacte-
ria which normally lives in the intestines of people and animals and most of them
are harmless and actually are an important part of healthy human intestinal tracts.
However, some of them become very dangerous for human life when one consumes
for example an undercooked meat; we mean here E. coli O157:H7. This type of
E. coli bacteria produces a toxin that causes hemolytic uremic syndrome (HUS), a
disease that can steer to a permanent kidney damage among very young and old
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people and even can kill them (see [41]). In general, the pathogenic E. coli can be
split into six pathotypes which can cause diarrhea: the shiga toxin-producing E. coli,
enterotoxigenic E. coli, enteropathogenic E. coli, enteroaggregative E. coli, enteroin-
vasive E. coli and diffusely adherent E. coli. On the other hand, we must be careful
on the use of the powerful strategy to stop emergence of these toxic bacteria in the
intestines like enhancing the amount of bdellovibrio bacteriovorus since this latter
is a predator of the so-called “gram-negative bacteria” specially the harmless and
healthy E. coli. Thus, it turns also out to control this bacterial predator.

3. WELL-POSEDNESS AND CARLEMAN ESTIMATES

3.1. Well-posedness result. For this section and for the sequel, we assume that
the dispersion coefficients k;, i = 1, 2, satisfy the hypotheses
%) ki € C([0,1]) N C*((0,1]), k; > 0 in (0,1] and k;(0) = 0,
Jy€(0,1): zkj(x) < vki(z), = € (0,1].

The last condition on k; means in the case of k;(z) = £ that 0 < «; < 1. Similarly,
all results of this paper can be obtained also in the case of 1 < «; < 2 taking, instead
of Dirichlet conditions on z = 0, the Newmann condition (k;(x)uz);(0) = 0. At this
level, we emphasize that our current analysis of the null controllability property (4) of
paradigm (1) with the Dirichlet boundary condition on z = 0 (i.e., the weakly degen-
erate case) is similar to the study with the Newmann boundary condition on z = 0
(i.e., the strongly degenerate case). However, there is a slight difference between the
two situations which is the only one and arises in the proof of Proposition 3.4 (see
the sketch beneath).
On the other hand, we assume that the rates u1, o, b, us, 51 and By verify

(6) {///17/'[/27175/-/’3)617/82 ELOO(@))

B, 2, b, 13, 81, B2 = 0 ae. in Q.

Here, we open parentheses to say that contrary to some references like [1], [2], [6], we
do not require the mortality rates to satisfy fOA wi(t —s,A—s,x)ds =00, i =1,2,
since these conditions do not play any role in the well-posedness of the result or in
the null controllability computations.

In summary, to justify that our model (1) is well-posed we rewrite it under an ab-
stract Cauchy problem, then we combine some references, namely [9], [17], [24], [30],
[47], [51], [58], to get our result. This result needs the introduction of a pertinent
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framework represented by a weighted Sobolev spaces defined for ¢ = 1,2 by
H} (0,1) = {u € L*(0,1): u is abs. cont. in [0, 1]:

(7) VEiug € L2(0,1), u(1) = u(0) = 0},
H? (0,1) = {u e H} (0,1): kju, € H'(0,1)},

endowed, respectively, with the norms
2
{ ”u”fq,;(o,n = ||“||2L2(0,1) + H\/k_iuwnﬂ(o,n’ u e Héi(o’ 1),
”u”?{gi(oyn = ”u”?{éi(oyn + ”(kiul’)IHQL?(Q?l)a u e ng, (Oa 1)7

with ¢ = 1,2 (see [9], [17], [24] or the references therein for the properties of such a
spaces).

Now, put for i = 1,2, A;0 = (k;(z)0,), with k; verifying (5). The domains of the
operators A;, i = 1,2, are exactly H,f (0,1),i=1,2, given in (7) and it is well-known
that such an operators are closed, self-adjoint and negative with dense domains in
L?(0,1), which implies that they generate a Cp-semigroups in L2(0, 1) (see [9], [17],
[24] for precise proofs).

On the other hand, consider the operators A;, i = 1,2, defined by

00
Aib =2+ A V0 € D(A),
0
®) D(A) = {u € L*(0, 4 D(A)); 52 € L*(0, 4; H} (0, 1))

u(0,z) = /OA Bi(a, x)u(a, ) da}.

From [58], Theorem 4, page 23 or [58], Theorem 5, page 26 and since (A;, D(A;)),
i = 1,2, are infinitesimal generators of Cy-semigroups as mentioned before, one can
conclude that (A;, D(A;)), i = 1,2, generate Co-semigroups in L?*(Q4). In this
context, we advise the reader to take a glance for a similar discussion of the well-
posedness result into [30], Theorem 2.1.

Adapting these notations, the abstract Cauchy problem associated to (1) is for-

mulated as
9) X'(t) = (A + B)X(6) + F(X(1) + (1), X(0) = (jj) ,
where
X(t)—(zgg), A—(“‘él 22), D(A) = D(Ar) x D(As),
s = (") reen= (") so= (")
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with the generators A;, i = 1,2, defined by (8),

Mua‘,w = — MW, 1= 1725 Mb(%p) = _byp and Mug (%p) = HU3Yp-

As we can see, the operator (A, D(A)) is a diagonal matrix of generators of Co-
semigroups; as a consequence, (A, D(A)) is also a generator of a Cp-semigroup in
L?(Q). On the other hand, the operator B(t) can be viewed as a bounded pertur-
bation of A so that one has D(A + B(t)) = D(A).

Gathering all these arguments with the results in [47], Lemma 3.1 and in [51],
Theorem 2.1 we somehow justify our theorem of well-posedness:

Theorem 3.1. The following points hold:

(1) The operator (A + B(t), D(A)) generates a Cy-semigroup in L?(Q).

(2) Under assumptions (5) and (6) and for all ¥ € L*(Q) and (yo,po) € D(A1) x
D(As), system (9) admits a unique mild solution X belonging to C([0,T1;
D(Ay) x D(A3)) and verifies the integral equation

(10)  Vte[o,T], X(t)ze(AJrB)th—i—/te(A*B)(t5)(F(X(s))+f(s))ds.
0

Before to continuing, we shall make the following remark:

Remark 3.2. Since D(A;), i = 1,2, are dense in L?(Q4), Theorem 3.1 can
be extended to the space L?(Q4) for the initial data (yo,po) as well as our null
controllability result (4).

3.2. Carleman inequality results. In this paragraph, we focus on the so-called
Carleman estimates. Generally speaking, Carleman estimates are a priori estimates
for the solutions of the adjoint systems and their derivatives. The first result of
this section concerns the adjoint system of the Lotka-Volterra system (1). Classi-
cally, the adjoint system is derived by multiplying the governing equations of the
direct problem by Lagrange multipliers which, means that the adjoint state is the
Lagrange multiplier for the studied PDE. To obtain this model, we afterwards inte-
grate over the domains of the existing variables (herein, the time, the gene type and
the age variables). Note that it is not necessary to multiply the boundary and the
initial conditions of the direct problem by Lagrange multipliers because they become
identically null.

In our case, the associated adjoint model of (1) is stated in the following proposi-
tion.
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Proposition 3.3. The adjoint system of (1) is given by

ou Ou
(11) ET + — 9a + (k1(2)ug )y — pa(t, a, 2)u — b(t, a, x)up
= - Blu(ta 07 :L') in Qv
90 4 2 4 (a(a)un)s — paltsa)o + st a, )
ot 9a 2 H2(t, a, x)v H3(t, a, T)vy
= _BQU(t7O)m) in Q7
u(t,a,1) =u(t,a,0) =v(t,a,1) = v(t,a,0) =0 on (0,T) x (0, A4),
’LL(T, a,x) :’LLT(G, (E), U(Ta a,x) = ’UT(G,CIJ) in QAv
u(t, A,z) =v(t,A,z) =0 in Qr,

where (y,p) is the solution of (1) and uw and v stand, respectively, for the adjoint
variables of y and p.

Proof. Firstly, we define the Lagrangian L related to (1) by

(12) L(y,p,u,v,ﬁ,uo,vo)
=J(y,p, V)

0 Oy

+ / (—y + 5 = (k1 (2)ye)e + pa(t, a,2)y + b(t, a, 2)yp — 19Xw> dtdadz
ot Oda
op Op

+/ (at + 355~ (he@pa)e + pa(t,a,2)p — us(t,aw)yp) dtdadz

+ /Q uo(y(0) — yo) dadx + /Q vo(p(0) — po) da dz,

where the functional J is given by

J(y,p,V // AT, a,z) +p*(T,a,z))dadx + = /ﬂxwdtdadx.

Now, put

_ dy Oy
I _/ (815 + =z %a — (k1(2)y x)x—l—ul(t,a,m)y—i—b(t,a,x)yp) dtdadz

and
B dp Op
12 - /Q’U(a + % - (kQ( )px):c + /-I’Q(taawx)p - u3(t,a,x)yp) dtdadx
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With the aid of the integration by parts technique, taking into account the first
newborns equation of (1) and assuming that

13 u(t, A, z) =v(t,A,2) =0 in (0,7) x (0,1),
(13) u(t,a,0) = u(t,a,1) =v(t,a,0) = v(t,a,1) =0 on (0,7) x (0, A),

we obtain
(14) L = / w(T,a,z)y(T, a,x) dadx
Qa
—/ (0, a, z)y(0, a,z) dadx
Qa

- / (glz + gu + (klux)z — pu+ ﬂlu(t’ 0, (E) - bup) dtda dz,

and
(15) .[2:/ (T, a,x)p(T, a,x) dadx
Qa
—/ v(0,a,x)p(0,a,z) dadx
Qa

— /Qp(% + % + (kovg) — pov + Pov(t, 0,2) + ;@,uy) dtda dzx.

Combining (12) with (14) and (15) we get the following formula of L:

L(?JJ%% v, 19) Uo, UO)

1
:—/<f@%m+ﬁamw»mm
2QA

—l—l/ ﬁzxwdtdadx—/ Jux,, dt dadx

2 Jq Q

+ [ (unlu0) = o) + w0(p(0) — o)) dadis
Qa

+/ u(T,a,m)y(T,a,x)dada:—/ u(0,a,z)y(0, a, z) dadx
Qa Qa

— du 4+ u + (k1ug)s — pau + fru(t,0,2) — bup ) dt dadz

ot ' da

+/ v(T,a,x)p(T,a,m)dadm—/ v(0, a,2)p(0, a, z) da dx
Qa Qa

dv  Ov
— /Qp<a + 90 + (k2vg)s — pov + B2u(t, 0,2) + uguy) dtdadz.
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The above expression of L can be rewritten as
(16) L(y7pauava’l9)u0;vo)

1
— / <§y2(T, a,z)x(s,4) + (T, a,z)y(T, a,x)) da dx
Qa
1,
+ (Ep (T, a,x)x(s5,4) +v(T,a,z)p(T, a,x)) dadx
Qa

—|—/ (1192)@, - ﬁuxw) dtdadz —|—/ y(0)(uo — u(0,a,x))dadx
Q\2 Q

A

—/ uoyodadx—l—/ p(O)(vo—v(O,a,x))dadx—/ vopo da dz
Qa

A A

ou Ou
_ / (5‘15 + = 90 (klux);c — piu + ﬁlu(t, 0, a?) — bup) dtda dz

dv  Ov
— /Qp(E + % + (k2vy)s — v + B2u(t,0,2) + muy) dtdadz.

Thus, for any h € L?(Q), one has dLh = GEh+GEh+ GEn+ GEh+ Peht Zhn+S5h.

Keeping in mind that 85 and du are, respectlvely, the main equatlon and the

initial condition satisfied by y, as well as g—ﬁ nd gUL are, respectively, the main

equation and the initial condition satisfied by p, dLh = h —|— h +3 oL 5h.
Now, to reach an optimum of L, one must resolve the equatlon dLh 0 for

all h € L*(Q). Generally, in our situation we will impose sufficient conditions like
OLp _ 9Ly _ 0Ly _
oy'" T op " T o9 T

Actually, to attempt the formula of the adjoint system (11), we just need to have

OLp — 9Lp — (). The third equation will be used later to express the control 9.

On the other hand, recall that for all h € L?(Q) we have
Soh= [ 0Taa)x +ulT a2 (T, 0.0) dod
dy Qa
+ / (uo — u(0, a,x))h(0,a,z)dadz

Qa
_ /Q h(({;; + gu + (k1ug)e — pru + Bru(t,0,2) — bup) dtdadx
——h= / (o(T, a,2)x(s5,4) +v(T,a,2))h(T,a,z)dadr

+ / (vo —v(0,a,z))h(0,a,z)dadx
Qa

ov  Ov
— /Q h( 5 + — 94 + (k2vy)e — p2v + Bou(t,0, ) + ugvy) dtdadz.
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Sufficient conditions which can be applied to get both g—ih = ‘Z—ﬁh = 0 are, re-
spectively,
U(T7 a, J)) = _y(T7 a, x)X(ts,A) in (07 A) X (07 1);
a7 u0,0,2) = uela,) in (0, 4) x (0,1),
ou  Ou .
en + 70 + (k1ug)s — pau — bup = —fu(t,0,z) in Q,
and
(T, a,z) = —p(T, a, )X (s,A) in (0,A4) x (0,1),
(18) v(0,a,z) = vo(a,x) in (0,A) x (0,1),
ov v .
ET + % + (k2vg)s — ov + psvy = —P2u(t,0,2)  in Q.

Finally, the thesis follows gathering (13), (17) and (18) with
U'T(aa J)) = _y(Ta a, x)X((S,A) (Cl) in (07 A) X (Oa 1)
and
vr(a, ) = —p(T,a,)x(5,4)(a) in (0,4) x (0,1).
O
For the strongly degenerate case, we follow the same computations to ob-
tain the adjoint system with the Newmann boundary condition at x = 0 (i.e.,
(ki(z)ug)z(0) = 0, i = 1,2) instead of Dirichlet boundary conditions at z = 0 in
system (11).
Traditionally, the proof of the Carleman estimates of the full adjoint system (11)

is based tightly on the choice of the so-called weight functions. In our case, these
functions are set for all (¢,a,x) € Q as

Pi = @(ta a)wz(x)v i=1,2,
Ot a) =

(19) Yi(x) == N (/Ox kin) dr — di), i=1,2,

where o is the function given by

o € C*([0,1]),
(20) o(z) >0 in (0,1), 0(0) = o(1) =0,
o:(x) #0 in [0,1] \ wo,
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where wy CC w is an open subset. The existence of o is proved in [37], Lemma 1.1
using a device of differential geometry. \;, d; and k are supposed to verify the

assumptions
1
dp > —————,
YR M(2 =)
)\1 S d2
)\_ - 1 .1 )
(21) 2 dy — fO Tkl ('r) dr
i)
" ol
5
dy > —————,
7 2 —7)
with
M€l = [k2(1)(2 _7)(62K|‘”|‘°° -1) 4(e2f€|\0Hm _ en||o'||oo))
’ doko(1)(2—7)—1 7 3d, ;

which can be shown nonempty (see the proof of Lemma 5.3 in Appendix). On the
other hand, in the light of the first and the fourth conditions in (21) on d; and ds, one
can observe that 1;(z) < 0,i=1,2, for all z € [0,1] and O(t,a) — cc ast — 0, T~
and a — 0.

The first step being our full w-Carleman estimate is to show an intermediate
Carleman type inequality stated in Theorem 3.9 beneath. To this end, one needs two
basic propositions concerned with Carleman type inequalities in both the degenerate
and non-degenerate case for one equation model. The first one is:

Proposition 3.4. Consider the following system with h € L*(Q), p € L>(Q)
and k verifying (5):

ou Ou .
02) P kau)e — pla,au=h inQ,
u(t,a,1) = u(t,a,0) =0 on (0,7) x (0, A),
w(T,a,z) = ur(a,x) in Qa,
u(t,A,x) =0 in Qr.

Then there exist two positive constants C and so such that every solution u of (22)
satisfies for all s > sy the inequality

2
(23) / $303 42625 dt dadz + / sOk(x)uZe** dt da dx
Q@ k) Q

A T
< c(/ h2e2s¢ dtdada:—i—sk(l)/ / Oug(t,a,1)2e2e D) dtda),
Q 0o Jo
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where ¢ and © are the weight functions defined by

= 0(t,a)Y(x),

O(t,a) := ﬁ,

</ k(r) CQ)’

with co > 1/(k(1)(2 — 7)), 1 > 0 and -y being the parameter defined by (5).

(24)

Proof. For the proof of Proposition 3.4, we refer the reader to [26], Propo-
sition 3.1. By the way, if we want to study the strong degenerate case, i.e., the
dispersion coefficient k verifies instead of (5), the assumptions

(25) { ke Wh([0,1]), k> 0 in (0,1] and k(0) = 0,

A5 € [1,2): zk'(z) < vsk(x), = € (0,1].

In this case and as is mentioned before, we must replace the Dirichlet boundary
condition on & = 0 in system (22) by the Newmann boundary condition on z = 0
given by (k(z)us):(0) = 0. On the other hand, if one takes a glance on the proof
of [26], Proposition 3.1, we see that the procedure is similar for the weakly and
strongly degenerate cases except the integral denoted I33 given by

(26) I3 = —25° /Q(k(x)gaml/m)(goik(x)u) dtdadz,

where ¢ is given in (24) and v = e*?u. Since (k(2))?(pz)® = (¢1)3(©)323 /k(x), we
deduce from (26) that
3 dv?

I33 = — 83(01)3/(9)3]6(.13) i dtdadz

1
= -4 (c1) / / 1/2} dtda

3 (3k( )—xk’( ) o
+ 5%(c1)? /Q(@) 20) v® dtdadz.

Taking into account that v(t,a,1) =0, a.e. in (0,7) x (0, A), we infer that

(27) Iyz = — s3(cy) // 1/2} _Odtda

+53(61)3/(@)3 (3k(k)2(_)xk/(x))u2dtdadx.
Q x
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In the light of the hypotheses (25), the function x — 27 /k(x) is nondecreasing
in (0,1). Therefore,

s 1
Vre(0,1), 0< @) < R0
Consequently,
x3 3=
Ve (0,1), O<M< R
Subsequently,
3 23—

x
1 — 2<
Ve e (0,1), 0< k(x)y ) v

Using (25) again, we conclude that lim 2%~ = 0. Hence,

z—0t1
x3775
li 20, . =
Jm gy e =0,
which involves that 5
T
lim —— (-, - =0.
Jm oy 6ne)

Finally, with the help of (27) we deduce that

I3z = 5%(c1)? /Q(@)?’xz(31(6(]”?2(;)xk,(m))1/2 dt da dz.

The remainder of the proof of [26], Proposition 3.1 can be treated similarly as for
the weakly degenerate case. O

Proposition 3.5. Let us consider the system

0z 0Oz .
(28) N + % + (k(x)zz)s — p(t,a,2)z =h  in Qq,
Z(ta a, bl) = Z(ta a, b2) =0 on (Oa T) X (07 A)a

where Ql = (OaT) x (OaA) x (blabZ)a (b17b2) C (07 1)’ h e L2(Q)’ ke Cl([oa 1]) is a
positive function and pu € L>°(Q1). Then there exist two positive constants C' and s
such that for any s > so, the solution z of (28) verifies the estimate

(29) / (830322 + spz2)e?*® dt da dx

A T
< C(/ h2e?5® dt dadz + / / / s3g0322e2sq’ dtda dx) ,
Q1 w JO 0

where the weight functions ¢, © and ® are defined by (19) and o by (20).
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For the proof of Proposition 3.5, careful computations allow us to adapt the same
procedure of [1], Lemma 2.1 to show (29) in the case where k is a positive general
non-degenerate coefficient, with our weight function © given by (19) and the source
term h. Besides the two last Propositions 3.4 and 3.5, we must bring out another
important result.

Lemma 3.6. Under assumptions (21), the functions ¢1, w2 and ® stated in (19)
satisfy the following inequalities:

Y1 < P2,

30 4

Proof. By the definitions of ;, ¢ = 1,2, and ® and taking into account that ©
is positive, showing the results of (30) is equivalent to showing

wl g ¢27

4

(31)

The first inequality in (31) is assured by the second assumption in (21), while the
second one is deduced from Ay € I and this completes the proof. O

Due to the nontrivial form of the adjoint system (11) and to ensure a “good”
calculus of its Carleman estimates and then the associated observability inequality,
the forthcoming notion, which we must introduce, is mollification. Abstractly, a
mollification of a given function f is an operator of convolution of f and a C°°-
function called “a mollifier”, whose support is exactly the closed ball of center 0
and radius € > 0 small enough. We recall abstractly and without evidence some
characteristics of a mollification.

Firstly, we call “a mollifier” in R™, n > 1, each function 13 satisfying the following
properties:

Supp(ys) = B(0, 1),
(32) P3(X) =0 VX e R",
P3(X)dX =1,
R
where B(0,1) stands for the closed ball of center 0 and radius 1. Many examples of

functions verifying (32) can be built but one of the most popular mollifiers is given by

L va-IxP) i x] < 1,
M

(33) P3(X) =
0 if [ X > 1.
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Here, M = f‘X|<1 e~ V/0=IX") 4X and || denotes one of the usual norms of R™ (for

example, take the euclidian norm).

Now, put for all X € R™, the function

(34) Yo e(X) = (2)

with £ > 0 small enough and 3 being the mollifier of (33). Usually and according

to the properties of mollifiers, it is well-known that hI%l/J&g(X ) = 0(X), where ¢ is
e—

exactly the Dirac’s function.

Using expression (34), we have the following definition.

Definition 3.7. Let G C R" be an open set and f € LL _(G). We call the

loc
mollification of f denoted by f: the convolution operator i3 s * f given by

(35) VX E€G, fo(X) = e x f(X) = /G s o(X — 1) f(r) .

It is worth pointing out that if G C R"™ is an open set, one can extend by the
value 0 any function f € LY(G), ¢ € [1,00) (or f € C*(G)) to LI(R™), ¢ € [1,00)
(or f € C(R™).

The definition of mollification (35) generates some interesting and useful properties
for the sequel, which are listed in the following proposition.

Proposition 3.8. Let G C R™ be an open set.

(1) If f € LYG), q € [1,00], then fz € C*(G) and || fel|pa(q) < [Ifllzaa);
(2) If f € Co(@), then f: — [ as & — 0 uniformly on G; i.e.,

lim sup |f=(X) — f(X)] = 0;
e—=0 xeq

(3) If f € LYQG), q € [1, 0], then lirr(l) Il.fe = fllza(e) = 0.
E—

At the end, we recall that the space C*°(G) with G C R™ is an open subset
endowed with the topology of the semi-norm

(36) VfeC®(G), pr;i(f)= _sup [0"f(X)],

XeK,|m|<j
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n

herein, m = (mq,ma,...,my) is a multi-index, |m| := E m;, K C G is a compact

subset and j € N arbitrarily large. For the sake of si;ﬁélicity we will denote this
semi-norm by ||-||;,x. This principal of mollification will be applied in our case via
two situations:

The first one is when n =3, G = Q = (0,T) x (0, 4) x (0,1) and ¢ = 2. Since
the solution (y,p) € L?(Q) x L?*(Q). Thus, if X and r are vectors from @, then the
mollifications associated, respectively, to y and p will be defined for all X € @ by

(37) { ye(X) = [os.e(X —r)y(r)dr,
pz(X) = fQ Y3,2(X —r)p(r)dr,

where 3¢ is defined by (34). Besides, since yz and ps are C°°(Q)-functions,
through (36) we have

lyzllj i == sup |0 ye(t, a,z)],
(38) (t,a,x)EK,|m|<)
Ipzllj i == sup |0 pe(t, a, x)],

(t,a,2)EK,|m|<j
where K C @ is a compact subset, j is still an integer arbitrarily large and m is the
3
multi-index such that |m| = Z m;.
i=1

The second one is when nz; 2, G=Qr=1(0,T) x(0,1) and g = 2. In fact, the
quantities y(¢,0,z) and p(¢,0,x) for all (t,z) € Qr given in the renewal equations
of (1) belong to L?(Qr) because (y,p) € L*(Q) x L?(Q) and the fertility rates 3;,
1 = 1,2, are in L>°(Q). The associated mollifications of y(¢,0,z) and p(¢,0,z) are
exactly the following convolution operators on Q7:

gys(t,x)
(39) {gm(t, 2) e

yé(t70a$) = ¢3,§*y(t70a37); (th) S QT7
5(ta 0,.13) = ¢3,5 *p(t7 0) J)), (th) S QT-

Like the first situation, since g, ¢ and g, ¢ are C*°(Qr)-functions, we have

lgyzllye = sup  [0"ye(t,0, )],
(40) (t,x)eK,|m|<j
lgpelljc == sup  |0"ps(t,0,2)],

(t,z) €K, |m|<)
where K C @Qr is a compact subset, j is still an integer arbitrarily large and m is
the multi-index such that |m| = 22: m;.
Henceforth, it will be suitable ;;é pertinent, in the light of the first point of Propo-
sition 3.8 (especially its first part) that the study of Carleman estimates and then
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observability inequality will be focused in a first time on the following intermediate

adjoint system instead of (11):

(41) % + gu + (k1 (@)ug)e — p1(t,a, x)u — b(t, a, x)ups = —fru(t,0,z)  in Q,
?;t] + gv + (k2(2)vg)x — po(t,a,2)v + ps(t, a, x)vys = —Pau(t,0,2) in Q,
u(t,a,1) = u(t,a,0) =v(t,a,1) = v(t,a,0) =0 on (0,T) x (0, A),
’LL(T, a,x) = UT(G,CIJ); U(Ta a,x) = ’UT(G, (E) in QAv
u(t,A,z) =v(t,A,x) =0 in Qp.

Obtaining the observability inequality of (41), the observability inequality of (11) is
an immediate consequence of the third point of Proposition 3.8.

Putting this arsenal of devices, we begin firstly by performing an intermediate
Carleman type estimate replacing the functions “—pgiu(t,0,z)” and “—SBu(t,0,x)”
in (41) with two L?(Q)-functions hy and hs, respectively. This result is stated in the

following theorem.

Theorem 3.9. Consider the system

0 0
(42) S+ 5o+ (ks (@)un)e — (b a, oy — blt,a,)ups = by in Q.
ov 0 .
S+ 5o+ (ka(@)vn)s — palt.a, ) + st a,@)oye = by in Q.
u(t,a,1) =u(t,a,0) =v(t,a,1) =v(t,a,0) =0 on (0,T) x (0, A),
w(T,a,z) = ur(a,z); v(T,a,x) =vr(a,z) inQa,
u(t,A,z) =v(t,A,x) =0 in Qr,

where hy and hy are L?(Q)-functions and yz and pz are given by (37). Assume that
the dispersion coefficients k;, i = 1,2, satisfy (5) (or (25)) and let A,T > 0 be fixed.
Then, there exist two positive constants Cz and sg such that every solution (u,v)
of (42) (or with Newmann conditions on x = 0) verifies, for all s > sg, the inequality

(43) /(53@3 T2 4 0k (x)u 22 di dada
o\ k(@) '
303 z? 2502
+/Q( O 2 4 sOky(a)v ) dt dadz

< C: (/ (hi + h3)e*** dtdadz + /5363(u2 +0?)e**?® dt da dx) ,
Q

q

where all the weight functions are defined by (19) and € is defined by (34).
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Proof. Let us introduce the smooth cut-off function £: R — R defined by

<&(z) <1, zeR,
(44) §(x) =1, z € [0, 1 (21 + 32)],
&(z) =0, z € (3222 + 1), 1],

where (21,22) C w. Let (u,v) be the solution of (42) and set w := &u and z := &v

v
and put w’ := (3(221 + 22), (222 + 21)). Then (w, 2) satisfies the following system:

ow Ow
(45) 2 T 9. T (k1 (2)wy)z — pa(t, a, x)w
=¢&hy + b(t,a,x)wps + Epkrug + (k1€u),  in Q,
0z 0z

ot o (ha(@)z)e — it 0, 2)2
:th - ‘Ltg(t, a, {E)Zyg + kaQUz + (k'Zgzv)a: in Qv

w(t,a,1) =w(t, a,0) = z(t,a,1) = 2(¢,a,0) =0 on (0,7) x (0, A),
w(T, a,z) =wr(a,x); 2(T,a,x) = zr(a,z) in Qa,
w(t,A,x) =z(t,A,x) =0 in Qr.

Using Proposition 3.4 for the inhomogeneous term “Shy + b(¢, a, z)wps + Exk1us +
(k1&,u),”, the definition of £ and Young’s inequality, we get the following inequality:

22
(46) / (8@k1w§, + 8393—1112>623‘P1 dt da dz
Q k1
<0 < / (€2 (h1 + bupz)® + (Exkrug + (k1€pu);)?)e®*?t dt dadz
Q
+ ski(1 / / Ow(t,a,1)e?#1 (hal) dtda)
C’/ (€203 4+ V*u’p? + (Epkyug + (k1€pu)z)?)e?™t dt da da.

Thanks again to the definition of &, we have

1
(4D [ (e + (g2 do < [ (8l + 2062t do
0

w’

< C/ (u? + u?)e? ¥ du.
w/

The third assumption in (5) (or the second assumption in (25)) implies that the
function = + x2/k1 () is nondecreasing.
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On the other hand, keeping in mind that ps: € C*°(Q) (see the first point of
Proposition 3.8) and the hypothesis on b in (6), the Hardy-Poincaré inequality in [9]
for the function we’#* implies

2222€1 |b|| lkl(x) Sp112
/b ‘Pda:\ il | €||jK/ 7 (ue®?1)? dz

[bl12

< HPkl )||Pe

1
[ b@ e s,
0

where Cuyp > 0 is the constant of Hardy-Poincaré and ||ps||; x is defined by rela-
tion (38). Thus, from the definition of ¢ in (19), we obtain

1 2
/ bruPpie® ¥ dax < C/ Ey(z)uZe®?t do + C/ 5202 x( u?e®* 1 de.
k
0 1
Hence, for s quite large we have

1 1 [ 1 22
48 b2up2e?*f1 do < —/ sOk 202501 dg 4 = / 303 = —u2e?%1 dx.
( ) /0 Dz 2 0 1( ) 2 0 k‘l(CIJ)

Gathering inequalities (46)—(48) for s quite large, the following inequality holds:

2
(49) / (59/61111325 + S3@3i—w2)ezw1 dtdadx
Q 1

A T
< 6/ h%eQS‘P1 dtdadz + C4 / / / (u? + ufg)ezw1 dtdadzx
Q w' JOo JO
1 2,25 303 z? u2e2s
+ = sOk1(z)uze®?t dtdadr + | s°0°—— 1 dtda dx

Applying the same on “Che — us(t,a,x)zys + Erkavy + (ko&,v),” and taking into
account that yz € C*°(Q), we conclude

2
(50) /(s@kngC + 503 2
0 k

2

A T
< a/ h%eQS‘p2 dtdadz + Cy / / / (v2 + vi)eQw2 dtdadzx
Q w' Jo Jo

1 2
+ = / $Oks(2)v2e?*?2 dt dadx + / 3032 _y2e?5%2 dt dadz ).
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Summing side by side (49) and (50), using the fact that ¢; < @2 (see Lemma 3.6)
we can see that for s quite large,

x? x?
/ (s@klwi + 53@3—11)2)e28¢1 dtdadx + / (s@kgzi + 53@3—z2)e23“’2 dt da dzx
Q k1 Q ke

<Cy / (h? + h2)e**2 dt da dx
Q

A T
+C5 / / / (u? +v? + u2 +v2)e**¥2 dt dada
w Jo Jo
1 2,25 303 z? u2e2s
+ = $Ok1(z)uze®?tdtdadx + | s°0°—— ?tdtdadzx

1 2
+—</ sOks(z)v2e25¢2 dtdada:—i—/ 303 L __y2e2sv dtdadx)
2\ /g ko (2)

Q 2(T

In the light of Caccioppoli’s inequality (127), the last inequality becomes

2
(51) /(s@k1w§+s3@3x—w2
0 k

) e2%?1 dt da dx
1

2
+ / (s@kgzi + 33@3x—22)e25"92 dtdadx
Q k2

< Cs < / (h? + h2)e**?2 dt dadx + / s202%(u? 4 v?)e?*¥2 dt da dx).
Q

q

Now, let W := nu and Z := nv with n = 1 —¢. Then W and Z are supported
in (x1,1) and verify the following system:

ow oW

(52) W_‘_ da (kl(x) ) _Ml(t7aax)W

=nh1 +b(t, a,x)Wpe + nzkiug + (k1nzu)z  in Quy,
O O (k@) Z2)e — ot 0,2)2
=nha — ps(t, a,2) Zye + Nukove + (k2mzv)e  In Quy,
W(t,a,1) =W(t,a,z1) = Z(t,a,1) = Z(t,a,21) =0 on (0,T) x (0, A),
W(T,a,x) =Wr(a,x); Z(T,a,z) = Zr(a,x) in Qa,
W(t,Ayx)=2Z(t,A,x) =0 in Qr,

where Q,, = (0,7) x (0, A) x (x1,1). Then the system satisfied by W and Z is
non-degenerate.
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Hence, applying Proposition 3.5 to the first equation of (52) for by = z7 and by = 1
and h = nhy 4+ b(t, a, x)Wp + npkiug + (k1nzu) ., the following estimate occurs:

/ (s3PW?2 + spW2)e??® dt da dx
Q

< C(/ (nh1 + b(t, a,2)Wps + nokiug + (kingu),)?e®® dt da da
Q

A T
+/// 53@3u2e23®dtdadx).
w JO 0

Accordingly, Caccioppoli’s inequality stated in [26], Lemma 5.1, the definition of
the cut-off function 7, Young’s inequality and s quite large lead to

(53) /(83¢3W2 + soW?2)e**® dt da dx
Q
< 5</( 2h2 2sd +b2W2 2 2€<I> (nxkluz + (klnzu)z)QQQSq)) dt dadzx

/// $203u? 25¢dtdadx>

< Cy (/( 2h2e2® + W 2pZe®?) dt dadx

A ,pT
+ / / / (8(k1ma) 22 + 2((k1na ) ) 2u2)e2® dtdada:)
+C// / $303u%e?*® dt da dx
CQ(/( 2h2 2€<I>+b2w2 2 29<I>)dtdadx
A T
+/ / / (u® 4 u2)e® dtdadx)
+C// / $303u2e?*® dt da dz

C3</( 2h2 2€<I>+b2w2 2 29<I>)dtdadx

AT
—|—/// 83@‘3u2e25¢dtdadx>,
wJ0 JO

where ® and ¢ are defined in (19) and w’ is given at the beginning of this proof.
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On the other hand, using the fact that z ~ 2/ke(x) is nondecreasing, pz €
C>=(Q), applying the Hardy-Poincaré inequality to the function We*® and taking s
quite large, the same procedure employed to obtain (48) steers to

(54) / VW2pte?s® dt da da
Q
2
< c( / kW 2e24® dt da dz + / 2021 _12e2® 4y dg dx)
Q Q ko ()
1
< 5 /Q(53303W2 + seW2)e*® dt da dz.

Therefore, injecting (54) in (53) we arrive to

(55) / (823 W? + spW?2)e?*® dt da da
Q

A T
<C4< / h2e*® dt da dz + / / / 53@3u2e23¢dtdadx).
Q wJo Jo

Replying the same device for the source term h := nha — us(t, a, ) Zys + nukovy +
(kamgv), and thanks again to the argument y: € C*°(Q) we infer that

(56) / (s°0*Z% + 50 Z2)e**® dt dadx
Q

A pT
< Cs (/ h3e*®* dt da da +/ / / $30%2e?*® dt da da:).
Q wJ0o JO

Subsequently, adding (55) to (56) side by side, we merely observe that
(57) / (s (W2 + Z%)sp(W2 + Z2))e**® dt dada
Q

< Cs (/ (h2 + h2)e**® dt da da
Q

A T
+ / / / 5203 (u? 4 v?)e*** dt da dx>.
wJOo JO

Using the fact that u = w+W and v = 2+ Z, ¢1 < 2 < D, estimates (51) and (57)
lead to estimate (43). O

For special functions h; and he, Theorem 3.9 play a crucial role in demonstrating
the following intermediate Carleman estimate.
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Theorem 3.10. Assume that assumptions (5) (or (25)) and (6) hold. Let T, A > 0
be fixed such that T' € (0,0) with ¢ satisfying (3). Then there exist two positive
constants Cz (independent of §) and sy such that for all s > sg, every solution
of (41) (or with Newmann conditions on x = 0) (u,v) satisfies

2
(58) /Q <83@3 kf(x) u? + 50k, (x)ui) e?*¢1 dt da dx

2
303 L 2509
+/Q(s O " 2 4 sOky(z)v ) dt da dz

< C: (/ s30% (u? +v?)e?*? dt da dx
/ / (a,) + v} (a, x))dadx),
where € is given by (34).

Proof. Let hy := —fju(t,0,2) and hy := —pov(t,0,x). Therefore, thanks to
hypotheses (6) on 51 and f2 and estimate (43) we have the existence of two positive
constants C' and sy such that for all s > sg the following inequality holds:

k() ka(z)
+s/ O (k1 (2)u2e®?t + ky(x)v2e?*%?) dt da dx
Q

2 22
(59) 5‘3/ @3< T y2e?er 4 v2e25"92) dtdadz
Q

< Cs </ ((Bru(t,0,2)) + (B2v(t,0,z))?)e**? dt da da
Q

/ s°03(u? + v?)e*® dt dadx)

q

( 2(t,0,2) +v%(t,0,2)) dt dz
+/ s°0°(u® +v?) QSq’dtdadx).
a

Set for all (t,a,z) € Q, U(t,a,z) =u(T—t,A—a,x), V(t,a,z) =v(T—t,A—a,x),
Yz(t,a,2) = ye(T — t, A —a,x), P:(t,a,z) = p:(T —t, A — a,x). Then one has

8U 8U

(60) at — (k1(2)Us)e + 1 (T = t, A —a,2)U + b(T — t, A — a,x)UP:
2,81( —t,A—a,z)U(t, A, x) in Q,

4 T alaVea + 2T — 1, A, )V — (T — b, A 0,2)VY:
=0o(T —t,A—a,z)V(t, A, x) in Q,
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,a,0) = V(t,a,1) = V(t,a,00=0  on (0,T) x (0, A),
,O,IE):O in QT;

0,a,z) =Vo(a,z) = vpr(A —a,x) inQa.

We emp

hasize here that similar implicit formulas of u and v given beneath are already

used in the proof of observability inequality in [30] and before in the one of the main

Carleman estimates and the observability inequality in [13].

In fact, integrating along the characteristic lines we get

and

(62)

U@ﬂfw—Aaﬂa—nqu—uA—haUmAf>
CWT — b, A— 1, U(t,1,-)Ps(t,1)) I ift>a,
Ult,a,-) = St)Uo(a—t,-)+ /0 St—10(B(T=1,A—a,)U(,A,-)
(T -1,A—a,)U(,a,)P:(,a,-))dl if t <a,

Vit a,-) = /0 Lia—D)(Bo(T — t, A — 1,V (L, 4, )
ps(T —t, A — 1,V (1, )Y=(E 1)) dl if 1> a,
V(tv a, ) = L(t)Vb(a —t, ) + /Ot L(t - l)(BQ(T - lv A— a, )V(lv Aa )
+us(T =1, A—a, ) V(l,a,)Yz(l,a))dl ift<a

where S(t);>0 and L(t);>o are the bounded semigroups generated, respectively, by
the operators AsU = —(k1(x)Us )z +p1(T—t, A—a,z)U and A4V := —(ko(2)Vy)s +
(T —t, A—a,x)V.

On the other hand, in the light of the transformations between U and u and also

between V and v and if one replaces ¢t by T'— ¢ and a by A — a in the implicit

formulas (61) and (62) the functions u and v can be expressed as
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A—a
uta)= [ S(A=a=D(EEA=1L)u(t0.)
=b(t,A—1,)u(t,A—1,)ps(t,A—=1))dl ifa>t+(A-T),
u(t,a,”) = ST —tur(a+T —t,-) / S —t)(81(,a,-)u(l,0,-)
=b(l,a,)u(l,a, )ps(l,a) ifa<t+(A-T),



and .
vaﬂfwzl L(A—a—1)(Balt, A—1,)0(t,0,")

st A— LYot A— 1Yyt A— 1) dl ifa>t+ (A—T),
0lta,) = LT = or(a+ T =)+ [ LU= )(Ball.a, )o(00,)

+us(l,a, vl a,)yz(l,a))dl ifa<t+(A-T).
Thus, by relations (39) the following equalities hold:

u(t,0,-) = S(T — t)yup(T —t,-) + /tTS(l —t)(B1(1,0,-) = b(1,0,)gp.2(1,))
xu(l,0, ) dl, .

(t0,9) = LT = ur(T — )+ [ LU= 0(82(0.0.) + pa(1.0, g1, )
(1,0, ) dl. t

(65)

Passing to the absolute value of the first equality in (65), we get the following relation:

lu(t, 0, )]

=|S(T = t)yur(T —t,x) + /tTS(l —t)(81(1,0,z) — b(1,0,2)gp (I, z))u(l,0,z) dl

< |S(T = t)ur(T — t,z)| + /t [S(—t)(B1(1,0,2) —b(1,0,2)gp (1, x))u(l,0,z)| dl.

Combining the last inequality with the fact that (S(¢))i>0 is a Cp-semigroup, we
deduce readily that

u(t, 0, ) )
< |S(T = t)ur(T — t,z)| + / | MM =D (B1(1,0, ) — b(1,0,2)gp (1, x))u(l, 0, z)| dl
t
T
<|S(T = tup(T —t,z)| + / |MeMT(By(1,0,z) — b(1, 0,2)gpe(l,x))u(l,0,z)| dl,
t
where
(66) M>1 and )\ €R.
Applying Holder’s inequality to the last estimate, we obtain
lu(t,0,z) > < 2|S(T — t)ur(T —t,z)|?
T 2
+2 (/ |MeMT (B,(1,0,2) — b(1,0,2)gp (1, x))u(l, 0, )| dl)
t
< 2IS(T — tyur(T — t,)?

T
+/ 2T M?2e*T|3,(1,0, ) — b(1,0, x)gp 2(1, 2)|*|u(l, 0, z) > dl.
t
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Accordingly,
|u(t7 0, (E)|2 < 2|S(T - t)uT(T -, CL')|2

T
+ / ATMPENT(B2(1,0,2) + B2(1, 0, 2)gp (1, ) (L, 0, 2)|2 dl.
t

Gronwall-Bellman’s lemma applied with respect to the time variable time ¢ in (67)
implies
T
lu(t,0,z)> < 2|S(T — t)yur(T —t,2)|* + / 8T M?e*M T (|S(T — s)up(T — s,x)[%)
t

x (B%(s,0,2) + b*(s,0, a:)gaé(s, x))
X exp </ AT M?e2M 7T (B2(5,0, x) 4 b?(s, 0, x)gié(s, x)) d’T) ds.

t

Thanks to hypotheses (6) on the natural rates 8;, i = 1,2, and b and using the second
relation of (40) we conclude

T
(67)  |u(t,0,2)|* < 2|S(T — t)ur(T —t,z)|* + M5/ |S(T — s)ur(T — s,x)*ds
¢
with N
Ms = 8TM?* M (|| Bul3, + AllblIZ N1 8213 19p.e15 1)

x exp (AT M2 ([| 8115, + AllblI 1| Ball36l9p.217 5))-
Integrating inequality (67) over (0,7) x (0,1), we can see that

(68) // t0x|dtdm<2// (T — tyup(T — t,z)|* dt dz
+M5/// (T — s)up(T — s,z)|>dsdt dz
// uTra:)| dtdz
Tt
—|—M5/// m)ur(m,z)* dsdt de,

herein, m =T — s and » = T — t. Taking into account that T € (0,d), we have the
existence of a positive constant Cg such that

1T _ploT
(69) // |u(t,0,a:)|2dtdx<08// lur(m, 2)[2 dm de
0 JO 0 JO
s
< Cg/ / lur(m, x)|? dm dz,
0 JO

where Cg = M2e2M7T (2 + T]TJ;) and M and A; are the same as in (66).
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Similarly and with the help of the first point of (40), we can prove that

1 /T 1T
(70) / / lo(t,0,z)? dt dz < Cg/ / lor (1, )| dl dz
0 0 0 0

1 p0
< cg/ / lor (1, z)|* di da.
0 JO

Implementing (69) and (70) in (59) we reach the Carleman estimate (58). O
Before continuing, we shall evoke the following remark.

Remark 3.11. In general, if we want to express the implicit formula of a popula-
tion dynamics model’s solution, the characteristic method is the pertinent candidate.
The principle of this method is to write the solution of the studied model covering
all the whole (0,7") x (0, A) by deleting one of the two variables, time or age in a
two main sub-parts of (0,7) x (0, A). Classically, these sub-parts are separated via a
given line whose equation is @ = t+c¢, where ¢ > 0, which in our case is equal to A—T.

Following this, we obtain the formula of our solution both in the two parts a > t+c
and a < t+ ¢ and this is exactly what happened in the implicit formulas of v and v
defined, respectively, by relations (63) and (64).

If A=T,1ie., (0,T) x (0, A) is a square, we get the classical implicit formulas in
the two parts a >t and a < t by dividing the pavement (0,7") x (0, A) with respect
to the first bisector given by the equation a = ¢.

Since our aim is to prove the null controllability property (4) for one control
force problem, one must somehow “delete” the adjoint variable to the non-controlled
solution, which is in our case v from the right-hand side of Carleman estimate (58).
Hence, we presume the following result:

Theorem 3.12. Let the assumptions on k;, i = 1,2, (5) (or (25)) and on the
natural rates (6) be verified. Let A,T > 0 be given and fixed such that T € (0, ),
where § verifies (3). Then every solution (u,v) of (41) (or with Newmann conditions
on x = 0) satisfies

2
1 303 L 2 2 2sp1
(71) /Q(s © —kl(x)u —l—s@k;l(x)um)e dtdadz

2
303 % 2 2 2509
+ /Q(s C) —kl(x)v + SG)kl(x)vm)e dtdadx

1 o
<C: </ u? dt da dz +/ / (uZ(a, ) + v%(a,x))dadx).
q o Jo

This theorem is an immediate outcome of Theorem 3.10 and the following lemma.
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Lemma 3.13. Assume that (5) (or (25)) and (6) hold and let A,T > 0 be given
and fixed such that T € (0,6), where ¢ verifies (3). Then there exists a positive
constant M (which is independent from §) such that for every solution (u,v) of (41)
(or with Newmann conditions on x = 0) the following inequality occurs

AT 18
(72) // / s303%0%e?*® dt dadx < M/ / v24(a,z) da dx;
wJo Jo o Jo

here M is different from the one in (66).

Proof. The proof of Lemma 3.13 is similar to the one of observability inequal-
ity (73) in the step to prove inequality (85) beneath specially relations (86) (in the
casea > t+(A—T)) and (113) and (114) (in the case a < t+(A—T)). We must also
take into account inequality (116) in Remark 4.2 and set Ry (t,a,z) := s3/203/2¢5®,
where © and ® are the weight functions given in (19).

Finally, it deserves to point out that the boundedness of R; (actually (R;)?) is a
consequence of the fact that for all 7 € R, Slclgp sTOTe?5? < 0. O

The full w-Carleman estimate (71) can be used in a standard way to obtain a
relevant observability inequality of system (41) (or with Newmann conditions on
2 = 0). This together with the third point of Proposition 3.8 lead to the observabil-
ity inequality of (11) and afterwards the null controllability result for the coupled
population dynamics system (1) with one control force.

4. OBSERVABILITY INEQUALITY AND NULL CONTROLLABILITY RESULT

4.1. Observability inequality result. This paragraph is devoted to the observ-
ability inequality of system (41) (or with Newmann conditions on = 0). The proof
is based essentially on Carleman estimate (71) and Hardy-Poincaré inequality with
the help of Gronwall-Bellman’s lemma.

Proposition 4.1. Assume that (5) (or (25)) and (6) hold. Let A,T > 0 be
given and fixed such that T < & with § verifying (3). Then there exists a positive
constant Cs z such that for every solution (u, v) of (41) (or with Newmann conditions
on x = 0) the following observability inequality is satisfied:

(73) / / 2(0,a,x) +v*(0,a,z)) da dzx

1 o
< Cse </ u? dt da dz +/ / (uF(a, ) + v} (a,z)) dadx).
q 0 Jo
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Proof. For sy > 0 to be defined later, let @ = "'y and ¥ = e*''v, where (u,v)
is the solution of (11). Then (@, ?) verifies the system

ou  Ou
(74) S + 50+ (a (@) — (4 51+ bpe)i = —Br(t, 0,2)  in Q,
ov O . - .
5+ e T Ra@)80)s = (2 K1 — )t = —Fo(t,0.2) i Q.
a(t,a,1) = u(t,a,0) = 0(t,a,1) = 0(t,a,0) =0 on (0,T) x (0, A),
fl‘(Ta a, CL‘) = eKITuT(a’ﬂ (E), 6(T7 a, (E) = eanvT(a’a (E) in QAv
a(t,A,x) =0(t,A,x) =0 in Qr.

Multiplying the first and the second equation of (74) by @ and o, respectively, and
integrating by parts the new equations over Q; = (0,t) x (0, 4) x (0,1), taking into
account the rest of equations in (74), we get

——// 2(t,a,r)dads + = // (0,a,z)dadz + = // (1,0,z)dr dx

—|—/ klﬂxdeadx—i—/ (k1 + p1 + bpz)ia® dr dada = Braa(r,0,2) dr dadx
t ¢ Q1

and

——// (t,a,z)dadx + = // (0,a,z)dadz + = // (1,0,z)dr dz

+ k;gf)x drdadz + / (k1 + p1 — psye)o? dr dade = B209(1, 0, z) dr da dz.
Q1 t Q¢

Summing (75) and (76), we have

// 2(0,a, ) +v(0ax))dadx+// 2(1,0,2) 4+ 92(7,0,2)) dr d=

+2/ (krii2 + ko2 )deadx+2/ (1 + bpz)i? dr da da
Q¢ t
2/ (2 — pzye)v? deadx—l—Z/ k1 (@% + 0%)dr dadz
Qt

t

+
= ( Brut(r,0,x) dr dadx + B200(7,0,x) dT da da:)
Qt

/ / 2(t,a,x) + 9%(t,a,z)) dadz.
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Thus,

(77) / / 2(0,a,) +9%(0,a,2)) dadx

—|—/ /(ﬂQ(T,O,x)+62(T,0,x))dex+2/ bpzi? dr da dz
0o Jo Q1
—2/ ugygf)Qdeadx—i—Z/ k1 (@% + %) dr dadz

Qt t

<2 < Sraa(r,0,z) dr dadx + B200(7,0,2) dr da dx)

Q1

/ / 2(t,a,z) + %(t,a,z)) da dz.

With the help of Young’s inequality, one can check out the following relations:

(78) 2 Brut(r,0,x) dr dadx
Q

= 2/ L G4ay/zi(r,0,z) dr dada
Q. Ve

< HﬂlHoo/ ﬂ2d7dadx+16€/ ﬂ2(7—’07x)d’rdadx
16¢ Q:

t

and

(79) 2 / B100(7,0,x) dr dadx

t

2
<—H6126”E°°/ T)Qdeadx—i—l&‘f/ ﬁQ(T,O,x)deadx.
Q¢

t

As a consequence of (77), (78) and (79) one has
1ot
(80) / / 2(0,a, ) 62(0,a,x))dadx+/ / (@*(,0,z) + 9%(r,0,2)) d7 dz
o Jo
+ 2/ bpgﬂ2 drdadx — 2/ ugygf)Q dr dadx
t t
+ 2/ /@1(712 + %) dr dadx

2
< ||61||OO/ ~2d dadz +||62||OO/ ﬁQdeadx
16¢ Qt Q1

+ 16A5/ / (7,0,2) + 9%(7,0, x)) dr dz

/ / 2(t,a,2) + %(t,a,2)) dadz.
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For ¢ < 1/(16A), we deduce from (80) that

/ / 2(0,a,x) + 92(0,a,x)) dadx + 2 bpzt? dr da dz
Qt

—2/ ugygﬁQdeadx—i—Z/ k1 (02 + 0%) d7 da dx

2 2
<mau((||51||ooa||52Ho<>)/ (@? + ) dr dadz

16¢

/ / 2(t, 0, 2) + 82(t, 0, 2)) da da.

(81) / / 2(0,a,2) (O,a,m))dadx—i—Z/ w1 (@2 + ) dr da do

t

Subsequently,

< -2 / bpzi? dr dadz + 2 / psyz0% dr da dx

2 2
_’_max(”Blygc;vHBQHoo)/ (62+62)deadx

/ / 2(t, 0, 2) + 52(t, 0, 7)) da da.

In the light of assumptions (6) on b and pgz and using the fact that yz, pz € C*°(Q),

relation (81) steers to

(82) / / 2(0,a,x) + 9%(0, a,)) dadx—|—2/ k1 (2% + %) dr dadz

t

< 2||b||oo||pg||§-,K/ @ dr dadx
Q

t

+2| u3||oo||yg||§,K/ 2 dr dadz
Q

t

2 2
ol A1) / (@ + ) dr dads

/ / 2(t,a,x) + 0%(t,a,z)) dadz

< (2 max(||bllso1pzl[3 s, ll 23l so 1215, 1)

max(||81 1%, [18211%.) / 2 o2
+ T6e ) t(u +v%)drdadz

/ / 2(t,a,x) + 9%(t,a,z)) dadz.
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Taking now 1 > max(||blloo|lpzl13 i, l1eslloc [9ell3 k) +max(]| 8112, 182]1%,)/ (32¢) and
thanks to the definitions of @ and ¥, inequality (82) is reduced to

/ / 2(0,a,z) + v (Oax))dadx<e"“T/ / 2(t,a,x) +v2(t,a,2)) dadz.

Integrating (83) over( T, T) we get

/ / 2(0,a, ) +v*(0,a,r)) da da
26/{1T 3T/4
/ // 2(t,a,z) + v2(t,a,z)) dt dadz.

Henceforth, the crucial step to establish the observability inequality (73) is to show

the existence of a positive constant C such that

5-3T/4 3T/4
(85) / / / 2(t,a,2) +v%(t,a,2)) dt dadx

T/4

1 8
< C/ / (u%(a, ) + v2(a, x)) da dx.
o Jo
To this end, we use the implicit formulas of v and v given, respectively, by (63)
and (64), the formulas of the initial datum with respect to the age (65) as well as the
expressions of (39). Such a proof will be split on the cases when a > ¢t + (A —1T) and

a < t+(A—T) (see again the two references [13] and [30] for a similar argumentation
and also Remark 3.11). In fact, if a >t + (A — T'), after careful calculus one has

A—a
u(t,a,-) :/0 S(A—a—-0p1t,A—=1,)S(T —t)up(T —t,-)dl
A—a T
+/0 S(A—a- l)(,@l(t,A _l -)/t S(m — t)(Bu(m, 0,)
—b(m, 0, -)gp.z(m, -))u(m,0,-) dm) dl
- /A " S(A—a— Dbt A — 1 Yult, A— 1, pe(t, A —1,-) dL,
A(ia
o(t,a,-) = /0 L(A—a—Dfa(t, A— 1, )L(T — tyop(T — t, ) dl
A—a T
+/0 LA—a-1) (52(15, A1, .)/t L(m — £)(B2(m, 0, )

+u3(m, Oa ')gy,é(mv '))’u(m, Oa ) dm> dl

A—a
—|—/ LA—a—Dus(t,A—1-)v(t, A—1Lz)ys(t,A—1-)dl,
0
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where (S(t))i>0 and (L(t))t>0 are the semi-groups defined after relations (61)
and (62). Thus, we claim from (86) that exists Ms, M4 > 0 such that

5—3T/4 (3T/4
/ / / %(t,a,z)dtdadr < Mg/ / u(a, z) da dz,
T/4
5—3T/4 (3T/4
/ / / 2(t,a,z)dtdadz < M4/ / v24(a, ) da dz.
T/4

The proofs of the two last inequalities are similar, so we restrict ourselves to show

(87)

the first one. From the first equality of (86) one has

A—a
(88) |u(t,a,z)| = /0 S(A—a—-0pt,A-1,2)S(T —t)up(T —t,z)dl

A—a T
+/0 S(A—a—l)<ﬂ1(t,A—l,x)/t S(m —t)(f1(m,0,x)
—b(m,0,2)gps(m,x))u(m,0, x) dm) dl

A—a
- / S(A —a—Db(t, A— L yu(t, A— 1, z)p(t, A —1,2) dl‘.
0
Subsequently,

A—a
(89) |u(t,a,z)| < /0 S(A—a—l),Bl(t,A—l,a:)S(T—t)uT(T—t,x)dl‘

+ /OA_as(A —a— l)(,@l(t,A —1,z) /tT S(m —t)(B1(m, 0, z)

—b(m, 0, x)gp.s(m, z))u(m,0,x) dm) dl‘

+

A—a
/ S(A—a—-0b(t, A=l x)u(t,A—1,z)p:(t,A—1,x) dl‘
0

A—a
< / |IS(A—a—0)p1(t, A—1,2)S(T — t)ur(T —t,x)|dl
0

A—a
+ /
0

— b(m, 0, 2)gp.z(m, z))u(m,0, z) dm> ‘ dl

S(A—a- l)(,@l(t,A _ l,a:)/t S(m — 1)(B1(m, 0, 7)

A—a
+ / [S(A—a—Db(t,A—Lx)u(t,A—1,z)ps(t,A— 1, z)|dl.
0
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With the variable change r = A — I, (89) becomes
A
ut.aa)| < [ 10— @B (ra)S(T - ur(T ~ ta)|dr

+/aA S(r—a) (ﬁl(t,r,ax) /tTS(m—t)(ﬁl(m,Ow)

—b(m,0,2)gps(m,x))u(m,0, x) dm>

dr

A
+ [ 186 = apttrautt ralpelt, o)
Since (S(t))i>0 is a Co-semigroup, then
(90) 1S(r — a)|| < M= < MM,

where M and \; are the same as in (66). Hence,
A
ut.aa)| < [ S0 = @) ra)S(T - ur(? ~ t)|dr
a

v * reAn </31 o) | " S(m — )81 (m,0,2)

—b(m,0,2)gp s(m,x))u(m,0, x) dm>

dr

A
+ / Me |b(t,r, z)u(t, r, x)pe(t, v, )| dr.
a

Afterwards,
A
O fulta)f < ( [ 186 = @81 ()T - ur(T — t.0)| ar

_|_/aAMeA’\1 (ﬁl(t,r,x)/tTS(m—t)(ﬁl(m,(%ﬂ?)

—b(m, 0, x)gp.s(m, z))u(m,0,x) dm)

dr

A 2
—|—/a MeMb(t,r, z)u(t,r, z)ps(t, T, x)|d7">

< 3(/: 1S(r — a)Bu(t, 7, 2)S(T — tyur(T — t,3)| dr)2

4 3(/; MM (,31 (t,r, ) /tT S(m —)(B1(m, 0, z)

—b(m, 0,2)gp,(m, x))u(m, 0, z) dm) dr>2

A 2
+3</ MeA’\1|b(t,r, x)u(t,r,z)ps(t,r, x)|dr> i
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Applying now Holder’s inequality to (91) we obtain
A
(92)  |u(t,a,2)|* < 3/ AlS(r —a)Bi(t,r,x)S(T — t)ur(T —t,z)>dm
YA
+ 3/ AMP2MM\b(t, ry x)u(t, r, x)pe(t, ry ) | dr
A T
w3 [ e () [ S 0(50m0.0)
a t
2
—b(m,0,x)gp s(m,x))u(m,0, x) dm> dr.
On the other hand, the relation
1S(m — £)]| < MeM =0 < MeT™,
together with the fact that g, s € C*°(Qr), hypotheses (6) on 51 and b and again

Holder inequality lead, respectively, to the following successive estimates
(93)

A
3/ AM?e24M
a . )
X (/Bl(tara J))/ |S(m—t)(,61(m,0,x)—b(m,O,a:)gp7g(m,a:))u(m,0,a:)|dm) dr
t
< 3AM*e2(A+T) M
A T 2
></ s</ Bi(t,r,z)(B1(m,0,z) — b(m, 0, x)gp s(m, x))u(m, 0, x) dm> dr
a t
A T 2
<BAMAAATTN (|62, + (1Bl [l gp.c]1%) / (/ Bu(t,r,x)u(m, 0, z) dm> ar
a t
A T
<OATMAEATIN (|53 2 + (b lgnel) [ [ B3ty (m,0,0) dmar
a t

wherein M and A; are the same as in (66).
The combination of (92) and (93) steers to the following inequality:

A
(94) lu(t,a,z)|* < 3/ AlS(r — a)Ba(t,r,2)S(T — t)up(T —t,x)|*dr
+GATM AN (|61, + 1)1 [l 9p,212)
A T
X / / B2(t,r, x)u?(m,0,z) dmdr
a t

A
+/ 3AM2e2A)‘1|b(t,r,x)pg(t,r,x)|2|u(t,r,x)|2dr.
a
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Put
Muy = GAT M AT (|| 8|2, + [1b]12 I gp.c]1%),
A
B(t,a,z) = 3/ AlS(r —a)Bi(t,r,x)S(T — t)ur(T —t,z)|* dr

A T
+M11/ / B2 (t,r, 2)u(m,0,2) dmdr in Q,
a t
D(t,r, ) == SAM?e24M|b(t, r, 2)p=(t, 7, z)|2.

Under these notations, (94) becomes

(96) lu(t,a,z)* < B(t,a, ) / D(t,r, x)|u(t,r,x)|* dr.

Applying Gronwall-Bellman’s lemma to (96) with respect to the age variable a we get
A s
O Ju(t,a,2)]? < B(t,a,7) + / B(t, 5,2)D(t, 5, x)els Dtra)dr g
a

where s denotes a variable of integration and not the parameter of Carleman esti-
mates.

”

To approve our claim (87), it remains to find upper bounds of “B(t,a,z)” and

“ff B(t,s,z)D(t, s, z)ela Pz dr g7,
Indeed, thanks again to (90), the formula of B given in (95) allows us to say that

A
(98) B(t,a,x) < 3AM?e 2’\1A||61H2/ |S(T — t)ur(T —t,z)|> dr

+M11H/51Hoo/ / (m,0,x)dmdr
< BATAPZPNAY |2, S(T — tur (T — 1,2)P

T
+M11A||/81||Zo/ u?(m, 0, ) dm,
¢
where the constant M is defined by (95). This involves

A
(99) / B(t,s,x)ds < 3A3M?*e® 41|12 |S(T — t)ur(T —t,z))?
’ N T
+M11A2|\/31||§0/ W2(m, 0, 2) dm.
t
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Also, one can check out in a straightforward way that

(100) ela Dlbra)dr — gen (3AM2e2A’\1 / b(t, r, x)p=(t,r, x)[? dr)

exp (BAM M [b]1% [Ipe| k(s — a))

<
< exp (342 M2e2AM ||b||go||p5||i}<)

Here in the first inequality, we employed the fact that p: € C*°(Q). The index j
and the compact K are defined in (40). Recall again that s here is the symbol of
an integration variable and not the parameter of Carleman estimates. Therefore, in
the light of the expression of D defined in (95) and estimates (99) and (100) we can
deduce that

A
(101) / B(t, s,2)D(t, s, z)ela P2 dr g
a
< BAMZEN b2, ]2
A
X exp (3AZM2AM B2 Ip: ]2 ) / Bt s,)ds

< 9A MM |8y |12 (BN 2, 19215 &
x exp (BAZMZ* 1b]|2, lIpell3 1 )|S(T — tyur (T — t,z)[?
+ M1 AP B |12 11b) 2 lIpz |2 AN

T
X exp (3A2M2||b||§o||pg||?’Ke2AA1)/ u2(m,0,x)dm.
t

Accordingly, via inequalities (97), (98) and (101) the following result holds:

(102) fu(t, a,2)f?
< (OATMA M B3, 110112 lpe I i exp (3AZM 224X [b]1 2, llpe| 1)
+3A2M%? 4| 61]12)|S(T — tyur(T — t,)|?
+ (BMuA® B 2 1Bl Iz 5 o™ exp (BAZMP B[ Iz 5 ee™ ™)

. T
ISYAVIENES / «2(m, 0, ) dm.
t

Set

Mys == 9A*M*e* 4N || 31|, 1|b]|%, [Ipe )2 4 exp (BAZM2e24M |[b]12[Ipz]|2 )
+3A2 MM A B2,

Mg := 3Mi1 A%|| B2, 10112 [z )13 e® A exp (BAZM2(b]|2, [Ipell? xe*4*)
+Mi1 A||B1]2

(103)
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Thus, inequality (102) is simplified in the following way:

T
(104) lu(t, a,z)* < Myo|S(T — t)yur(T —t,z)|* + M3 / u?(m, 0, z) dm.
t

3

Integration of (104) over (37, 3T) x (0,0 — 2T') x (0,1) steers to

§-3T/4 3T/4
(105) / / / u(t,a,2)|? dt da dz
T/4
§—3T/4 3T/4
Mlg/ / / T — tyurp(T — t,z)|* dt dada
T/4
§—3T/4 p3T/4
+M13/ / / / (m,0,z)dmdtdadz
T/4 Jt

3T/4

5—3T/4

<wma [
T/4
5——M13// mOxdmdx

The variable change § = T — t in the first integral of the right-hand side of (105)

T — tyur(T — t,z)|* dt da dz

allows us to say that

3T/4

5-3T/4
(106) / / / u(t,a,r)* dt da dx
T/4

3T/4
5—— Mlg// uTsx)| dsdx

6——M13// mOxdmdx

Since T' < ¢ and exploiting relation (69), one can transform (106) to
5-3T/4 3T/4

(107) / / / u(t,a,x)|? dt da da

T/4

37 1 3T/4
(6 - T)Mlg/ M?*M T yp (5, x)|? ds dx
0

T/4
T&——Mlg// (m,0,z)dmdz.
Hence,
5—3T/4 3T/4
(108) / / / u(t,a,z)*dt dadz < Mg/ / lur(a, ) dadx,
T/4
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where ]T/f3 =(—- %T)(MQeQ)‘lTMu + %Tégﬂlg) with M and \; being the same as
n (66), Cs is given in (69), the positive constants M5 and Ms are given in (103)
and Mn is defined by (95).

Consequently, the first relation of (87) is achieved. Likewise, we can prove the
second inequality of (87) using the same procedure as we mentioned previously.

Finally, inequality (85) is true in the case where a >t + (A —T).

Let us now address the case when a < t + (A —T'). Like the first case, mixing the
implicit formula (63) and (64) (in the case when a < t+ (A —T)) and (65) we obtain

(109)
u(t,a,r) = ST —tur(a+T —t,-)

/ S — 1)1, a,)S(T — Dup(T —1,-)dl

+/ S(l—1t)1(,a,-)

«( / S(m = (33 (01,0..) = b(m. 0. g lom, ) u(m. 0,y o )
—/t Sl —t)b(l,a, )ps(l,a)u(l,a,-)dl,

v(t,a,-) = L(T —t)vr(a+T —1t,-)

+ [ LU= 082, a, ) L(T = Dor(T =1, ) di
T
+ L(l_t)BQ(lvaa)

X

S— T — —

Lm — 1)(Ba(m, 0,) + 13(m, 0, gy (m, -))o(m. 0,) dm) dl

l
T

+ L(l_t):u‘3(laav ')yé(laa')v(lvaa') dl.

Set for all (t,a,z) € Q, R(t a,T) = ftT (—0)p1,a,)S(T — Dup(T —1,-)dl +
ft l -1 61 l a, (f - l Bl(m 0 ) b(mvoa')gpyé(ma'))u(mvoa') dm) dl —
ft S —t)b(l,a,)ps(l,a ) (l a,-) dl. Following this, the first solution u becomes

~

(110) V(t,a,x) € Q, wu(t,a,z)=ST —tur(a+T—t, )+ R(t,a,z).

If one mimics the same blend of semi-group theory, Gronwall-Bellman’s lemma and
Hélder inequality used in the computations in the case “a > t + (A —T)”, we can
establish the existence of the positive constant M3z of (108) such that

§-3T/4 3T/4
(111) / / / R(t,a,z)* dtdadz < Mg/ / lur(a,z)|? da dz.
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On the other hand, we can observe that
5—3T/4 3T/4
/ / / (T —tyurp(a+T —t,2)|* dtdada

5—3T/4 3T/4
/ / / tyur(a+t,2))? df da dz

§—3T/4 3T/4
< M2e 3>\1T/2/ / / lur(a+t,2)|? df da dz,

where M and \; are the same as in (66) and  := T — t. With the variable change
G = a+1, it follows that

5—3T/4 3T/4
112// / T —tyur(a+T —t,z)* dt dadx

§—3T/4 [a+3T/4
M2 3)\1T/2/ / / lur(a x)| da dadx
+T/4

5—-3T/4
< M2e3’\1T/2/ / / lur (@, r)|* da da dz
o Jo T/4
3T 1 A
< (5 - —)MQeBMT/Q/ / lur(a, ) da dx
4 T/4

3T
(5— 1 )M2 3)‘1T/2/ / lur(a,z)|? da d,

the second inequality obtained in (112) is an outcome of the inclusion (a + %T,
a+3T) C (31,6), for all a € (0,6 — 37)).

It is now clear from (110), (111) and (112) that there exists a positive constant M
such that

§-3T/4 3T/4
(113) / / / u(t,a,z)* dt dadz < M5/ / lur(a,z)|? da dz,

accurately, Ms := Q(Mg + (0 — 3T)M2e3MT/2),
In the same manner, one can bring out a similar inequality for the solution v
through the second implicit formula in (109), i.e., the existence of Mg > 0 such that

§-3T/4 3T/4
(114) / / / v(t,a,z)|? dt dadx < M6/ / lvr(a,z)|* da dz.
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Hence, summing up (113) and (114), inequality (85) holds in the current case. Ab-
stractly,

5—3T/4 3T/4
/ / / 2(t,a,x) +v3(t,a,2)) dt dada
g
gC/ / (u3(a,z) + v3(a,z)) dadz
o Jo

is satisfied in both cases a > t+(A—T) and a < t+ (A—T) and when C is a positive
constant. The last inequality together with (84) imply that

/ / 2(0,a,2) +v2(0,a,r)) da dz

9emiT (1 6 3T/4
< / / / 2(t,a,x) +v3(t,a,2)) dt dadz
5-3T/4

A2e’“T
/ / u3(a, ) + va(a,z)) dadz.

Subsequently, with the help of the Hardy-Poincaré inequality and the definitions
of ¢;, i = 1,2, stated in (19) we arrive to

/ / 2(0,a,z) +v2(0,a,2)) dadx

,\ZemT/ / (uZ(a, ) + v} (a, z)) da dz

__ 9mT 3T/4
+ My </ / / 5Ok (z)u2(t, a, x)e**# dt da da
5-3T/4

1 37/4
+ / / / 5Oky(2)v2(t, a, x)e***2 dt da da:) )
0 Js—3T/4

The proof of observability inequality (73) is finished thanks to (115) and applying
the Carleman estimate (71) stated in Theorem 3.12 in the second term on the right-

hand side of the last inequality. O

N

Remark 4.2. The proofs of (86), (113) and (114) can be adopted to demon-
strate that for any bounded function R; in @) depending on time ¢, age a and gene
type x, the functions @ := Rju and ¥ := Rjv realize the inequalities

A T g8
(115) // / [a(t,a,z)*dt dadx < M14/ / lur(a,z)|? dadz,
wJo Jo o Jo
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and

A T 1ol
(116) // / [5(t, a,2)|? dtdadx<M15/ / lur(a,z)|? dadz,
wJo Jo o Jo

where (u, v) is the solution of (41), w is the region where the control ¥ acts and My,
and M15 are given positive constants which do not depend on 4.

With the density dilemma provided in the third point of Proposition 3.8, one can

extend Proposition 4.1 to:

Proposition 4.3. Assume that (5) (or (25)) and (6) hold. Let A,T > 0 be given
and fixed such that T < §, where § verifies (3). Then there exists a positive con-
stant Cops,s such that for every solution (u,v) of (11) (or with Newmann conditions
on x = 0) the following observability inequality is satisfied:

(117) // 2(0,a,x) +v%(0,a,z)) dadx

1 45
< Cobs,s (/ v’ dtdadx + / / (u3(a, ) + v2(a, x)) da dx).
q 0o Jo

With the aid of the observability inequality (117) we are now able to show the
result of null controllability (4) related to the Lotka-Volterra model (1).

4.2. Null controllability result. This paragraph deals with the null controlla-
bility property (4) of the Holling type I functional predator response system (1) (or
with Newmann conditions on « = 0). It is stipulated as follows:

Theorem 4.4. Assume that (5) (or (25)) and (6) hold. Let A, T > 0 be given and
fixed such that T < &, where § verifies (3). Then for all (yo,po) € L*(Qa) x L*(Q4)
there exists a control ¥ € L?(q) depending on § such that the associated solution
(y,p) of (1) (or with Newmann conditions on x = 0) verifies

(118) {y(T,a,x) =0, ae in(5A)x(0,1),

p(T,a,2) =0, a.e. in (6,A) x (0,1).

Recall that ¢ = (0,T) x (0,A4) X w

Proof. Let e > 0 and consider the cost function

/ / 2T a,z) +p*(T,a,z))dads + = /ﬁQtam)dtdadm.
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We can prove that J. is continuous, convex and coercive. Then it admits at least
one minimizer 9, and we have

(119) Ve = —uc(t,a,z)xo(x) inQ

with u. being the solution of the following system:

Oou.  Ou.
(120) ot + da + (kl (x)(UE)z)z - ‘Ll,l(t, avx)ue - b(ta avx)ueps
= _Blue(t70)x) in Qa
ue(t,a,1) = us(t,a,0) =0 on (0,7) x (0, A4),
1
ue(Tya,x) = gye(T,a,m)X((;’A) in (0, A) x (0,1),
ue(t,A,z) =0 in Qp.

Consider also v the solution of the system

Oove  Ov,
(121) at + aa + (kQ(x)(UE)Qf)x - /’LQ(t7 a/a J“)’UE + /’1/3(t7 a/a J")’Ueye
= _ﬂQUE (tv O; IE) in Qv
ve(ta a, ]-) = ve(tv a, 0) =0 on (Oa T) X (Oa A)v
1 .
Ve (Tv a, (E) = gpe (Ta a, x)X(é,A) m QAv
ve(t, A,x) =0 in Qr,

where (ye, p:) is the solution of (1) associated to the control ¥.. Multiplying the first
equation of (120) by y. and integrating over ) we obtain

Ous  Ou,
/de(ﬁ + 0 + (k1(2)(ue)z)e — p1(t, a, x)us — b(t, a,x)ugpg) dt dadx

_ Oye  Oye
= - /Q ue( S+ 55 = (ki (@)(e)a)s + pua(t,a,2)y. + b(t, a,2)yep. ) dt dada

Ye(T,a,z)us (T, a,z)da dz

Ye (Oa a, $)U5 (0, a, .1?) da dx

T

|
S~ o~ s~
c\ﬁc\

Ye(t,0, 2)uc(t,0,z) dt dz.
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Thus,

(122) /de(a;; + C:};;E + (k1(x)(ue)z)s — pa(t,a, x)ue — b(t, a x)ugpe) dtdadx

= —/ugﬁgxwdtdada:—l—/ / —yE (T,a,x)dadx

// Ye (0, a, 2)us (0, a, z) dadx
_/ / / BlyE(t;avx)ug(t,o,x)dtdadx.
0o Jo Jo

(123) /ng (% + 8(,;;6 + (k1(x)(ue)z)s — pa(t, a, x)ue — b(t, a,x)u5p€> dtdadz

1 A T
= —/ / / B1ye(t, a, x)uc(t,0, z) dt da dz.
0o Jo Jo

Consequently, (122) and (123) lead to

1Ay 1 A
(124) /19? dtdadx + / / gyg (T,a,z)dadx = / / ¥:(0, a, x)us (0, a, z) da dz.
q 0o Js 0o Jo

Similarly, multiplying the first equation of (121) by p. and integrating over @, we

Also, one can see that

can conclude that

1Ay 1 A
(125) / / —p2(T,a,r)dadzr = / / 2:(0,a,x)v:(0, a, z) da dz.
o Js € 0o Jo

Summing (124) and (125) side by side and applying Young’s inequality we have

1 /1A
/19? dtdadx + - / / (y*(T, a,x) + p*(T,a,r))dadx
q 0 Jé

1 A
= / / yE(Ova;x)us(Oya,x) dadz
0 0
1 pA
+ / / p6(07aax)ve(0,a7$) da dz

400]085/ / 2(0,a,2) +v2(0,a,r)) dada

+ Cones / / (42, 2) + pB(a, 2)) dadz
0 0

with Cops,s being the constant of observability inequality (117).
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This together with observability inequality (117) allow us to say that

1 L oA
/19? dtdadz + E/ / (W2(T,a,z) + p2(T, a,z))dadzx
q 0 Jé

1 1 pd
< 1 (/ u? dt da dz + / / (uZ p(a,z) + v2 p(a,z)) da dx)
q 0o Jo
1 A
+ Cobs,s / / (yg(a,z) + pi(a,x)) dadz.
0o Jo

Replacing by the expressions of u. r and v, r in the last inequality and keeping in
mind relation (119), the last inequality reads as

1 /1A
§/19§d1§d0bdx—|——/ / (y2(T, a,z) + p*(T,a,z)) dadz
4 q € Jo F)

1 A
<Cunes [ [ GBa.2) + ph(a. ) dad,
0o Jo

Hence, it follows that

4 oDs,
/192dtdad Cob 6/ / ye(a, ) + pi(a, ) dadr,

(126) / / v2(T,a,z)dadr < ECobs(;/ / (a,x) + pj(a, ) dadz,

/ / pi(T,a,x)dada:SeC’obs,g/ / (yg(a,a:)—l—pg(a,x))dadx.
o Js o Jo

Then, we can extract two subsequences of (y.,p.) and . denoted also by (yc, pe)
and 9. that converge weakly towards (y,p) and ¢ in L*((0,T) x (0, A), H} (0,1) x
H}. (0,1)) and L?(q), respectively.

Now, by a variational technic, we prove that (y, p) is a solution of (1) corresponding
to the control ¥ and, by the second and the third estimates of (126), (y, p) satisfies (4).
Another deduction from (126), specially the first inequality, is that the researched

control ¥ depends on 4. [l

Remark 4.5. Theorem 4.4 is important since it amounts to saying that we can
control with one control force a very wide age classes of the two coupled populations
(prey and predator) in a minimum time of control and then with a minimum cost

control Cyps,s.
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5. APPENDIX

As is mentioned in the introduction, this section is devoted to the proofs of some
intermediate results useful to show the full w-Carleman estimate associated to sys-
tem (11). Firstly, we begin by Caccioppoli’s inequality stated in the following lemma.

Lemma 5.1. Let w’ be a subset of w such that w' CC w. Let (u,v) be a solu-
tion of (42) (or with Newmann conditions on x = 0). Then there exists a positive
constant Cz such that

A T
(126) / / / (u2 +v2)e?*?i dt da da
w Jo Jo

< Cs (/ 5202 (u* + v*)e?*?i dt dadx + /(h% + h3)e**¥i dtda dm)

q q
with ¢;, i = 1,2, defined by (19).

Proof. The proof of this result is similar to the one of [26], Lemma 5.1. Indeed,
consider the smooth cut-off function ¢ defined by

<(¢(x) <1, z€eR,
(127) C(x) =0, x < x1 and z > w2,
((z) =1, rew.

Put (-); = &, where I = t,a,z. For (u,v), the solution of (42), one has

T
(128) o—/ <// C2e**¥i (u? +v)dadx)dt
0
=2s // o) (u? +v?)e?*# dt da dx
+2/ // Cuuge®?i dt da dz
o Jo Jo
1 A T
+2/ // Cove?? dt da dz
0o Jo Jo
1 A T
=25 [ [T o+ et didads
o Jo Jo

A T
+ 2/ / / Cu(hy — ug — (k1tz)e + pru + bupz)e®*?i dt da da
o Jo Jo

1 A T
+ 2/ / / C2v(h2 — Vg — (kovg)a + pov — ugvyg)e%“""' dtdadz.
o Jo Jo
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Then integrating by parts we obtain
2 / C(k1u? 4 kov?)e?*#i dt da dx
Q
= - 23/ C(u? +vH)i(04 + 01)e* i dt da dx
Q
-2 / C*(uhy 4 vhy)e®?i dt dadx — 2 / C(pru? + pov?)e??i dt da da
Q Q
+ / (k1 (Ce?*%1),)pu? dt dadx + / (ko (Ce®*%1),)pv* dt da da
Q Q
— 2/ Chulpze®?i dtdadx + 2/ Cusv?yze®*?i dt da dz.
Q Q
On the other hand, by the definitions of ¢ given in (128), ;, i = 1,2, and © given

n (19), using Young’s inequality and taking s quite large, one can prove the existence
of a positive constant ¢ such that

2/ CQ(klui + kgvi)e%‘ﬁ" dtdadz
Q

22min(néink'1()m1nk‘2 /// w2 + v2)e?*% dt da dz,
TEW

/(kl(Ce%%)x)qudtdadxéc/// s20%u%e**% dt da dz,
/(kg(CeQS“”)x)xv dtdadz < /// s20%2e?*? dt da dx,

—28/ C(u? +v2)i(O4 + ©4)e**?i dt dada

// / s20%(u? + v*)e**¥ dt dadx,
- 2/ C?(uhy + vho)e**? dt da dz
Q
A T
C/// s20%(u? + v*)e**? dt dadx
w JO 0
A pT
+0/// (h? + h3)e*** dt da dz,
w JO 0

A T
— 2/ CQ(MUQ + ,ugv2)e23"" dtdadz < c/ / / 8292(u2 +v%)e?*¥i dt da du.
Q wJo Jo

Now, keeping in mind the first hypotheses in (6) on b and pg, since yz, ps € C°(Q)
and taking again s quite large, we can infer that there exist another positive con-
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stants ¢; and ¢y such that

—2/ Chupze®**i dt dade < cl// / s20%u2e*%i dt dadx,
/C psv’yze**?i dt da de < 02// / s20%%e?%i dt da dz,

where ¢; and ¢y depend, respectively, on the semi-norms of pz and yz defined by (38).
Combining all the previous inequalities we reach finally estimate (127). (]

Remark 5.2.

(1) In Lemma 5.1, the set w’ is chosen so that 0, which is exactly the point of
degeneracy of the dispersion coefficients k;, i = 1,2, does not belong to w’. More
generally, if the degeneracy occurs at a point zg € (0,1), one must take zy out
of W’ in the case of interior degeneracy to establish a Caccioppoli’s type inequality
(see [34] for more details in this context).

(2) Lemma 5.1 remains true in L?(Q) using the density argument cited in the third
point of Proposition 3.8 since ¢z and ps approximate, respectively, y and p, the
solutions of (1) in L?(Q) when & goes to 0.

We close this section by the following result.

Lemma 5.3. Assume that conditions (21) hold. Then the interval

R )@= )= — 1) el — erllol=)
o |: dgkz(l)(Q - ’y) -1 ’ 3d2 )

is not empty.
Proof. Indeed one has

4(e2kllolle — grllollee) ko (1)(2 — ) (e

3d dak2(1)(2 —7) —

A(e*rlolloe — erll7lle ) (daks(1)(2 — ) — 1) = 3daks(1)(2 — ) (eIl —1)

3da(d2k2(1)(2 =) — 1)

e2el7lloe (daky (1) (2 = 7) — 4) — derlloll= (daky(1)(2 —7) — 1)

3da(daka()(2 —7) = 1)
ko (1)(2 — )
daka(1)(2 —7) —1

erllolloe (erlloll (daky (1)(2 = 7) — 4) = 4(daka(1)(2 —7) — 1))

3da(dok2(1)(2 =) — 1)

2ol _ 1)
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Using the fact that do > 5/(k2(1)(2 —)), we can conclude that

4(d2k2(1)(2 =) — 1)
(daka(1)(2 =) — 4)

< 16.

Since k£ > 41n(2)/||0||oo, we have e*ll7lle > 16. Therefore, the previous difference is
positive and subsequently I # (). O
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editor.
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