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Abstract. The spatial behavior of solutions is studied in the model of Forchheimer equa-
tions. Using the energy estimate method and the differential inequality technology, expo-
nential decay bounds for solutions are derived. To make the decay bounds explicit, we
obtain the upper bound for the total energy. We also extend the study of spatial behavior
of Forchheimer porous material in a saturated porous medium.
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1. Introduction

In this paper, we introduce a semi-infinite cylinder whose generators are assumed

to be parallel to the x3 axis (see Figure 1), i.e.,

R = {(x1, x2, x3) | (x1, x2) ∈ D, x3 > 0},

where D is a bounded region in x1Ox2 and has smooth boundary ∂D.

Let Rz and Dz denote the sub-region of R and the cross section of R at x3 = z,

respectively. We introduce the notations

Rz = {(x1, x2, x3) | (x1, x2) ∈ D, x3 > z > 0},
Dz = {(x1, x2, x3) | (x1, x2) ∈ D, x3 = z > 0},

where z is a variable running along the x3 axis.
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Figure 1. Cylindrical pipe R.

Let u = (u1, u2, u3) and p denote the average fluid velocity and pressure in the

porous medium, respectively. The Forchheimer equations we consider in this paper

are (see [7])

ui,t = −aui − b|u|ui − c|u|2ui − p,i in R× (0,∞),(1.1)

ui,i = 0 in R× (0,∞),(1.2)

where a is the Darcy coefficient (viscosity divided by permeability), b and c are the

Forchheimer coefficients. Throughout this paper, the usual summation convention

is employed with repeated Latin subscripts summed from 1 to 3 and repeated Greek

subscripts summed from 1 to 2. The comma is used to indicate partial differentiation,

i.e., ui,j = ∂ui/∂xj, ϕα,α =
2
∑

α=1
∂ϕα/∂xα. Firdaouss et al. [6] and Giorgi [9] have

given the derivations of the equations (1.1) and (1.2). When b = 0 but c is nonzero,

Néel [31] considered the fluid by employing (1.1) and a temperature field. Payne and

Straughan [36] discussed the effect of the Forchheimer terms in (1.1) (b and c terms)

in the context of nonlinear stability in thermal convection. Franchi and Straughan [7]

obtained the continuous dependence on the Forchheimer coefficient if equations (1.1)

and (1.2) are defined in a bounded region.

The aim of this paper is to assume that the nonhomogeneous boundary conditions

are satisfied at the finite end of the main body, and prove that the solution decays

exponentially as z → ∞. This type of decay results can be regarded as the category
of the Saint-Venant principle. Saint-Venant’s principle is a famous mathematical

and mechanical principle which was conjectured by de Saint-Venant in his paper [5].

Early works on Saint-Venant’s principle primarily focused on the decay results for

the initial-boundary value problems for elliptic equation (see, e.g., [10]–[12]). After

the origin work of Boley [1], extensive attention has been paid to parabolic problems.

We mention in particular the papers of Knowles [16], [17], Quintanilla et al. [37], [38],

Knops and Quintanilla [14], [15], [30], [42], Liu et al. [25], [27]–[29], [39], Li et al. [4],

[19]–[23]. For more papers one can see [2], [3], [13], [18], [24], [26].

644



A major motivation of the present paper is to derive the spatial decay bounds of

solutions to Forchheimer equations in a semi-infinite cylinder. There is little attention

in the literature on the spatial properties of models with nonlinear terms. We also

extend this type of research to Forchheimer porous materials. The results of this

paper lay a foundation for further study of the structural stability of the solutions

to (1.1)–(1.2) in a cylinder.

Equations (1.1)–(1.2) also satisfy the initial-boundary conditions

ui = 0 on ∂D × {x3 > 0} × (0,∞),(1.3)

u3 = f(x1, x2, t) on D × (0,∞),(1.4)

ui(x1, x2, 0) = 0 in R,(1.5)

|u|, u3, p = o(x−1
3 ),(1.6)

where f is a differentiable function which is assumed to satisfy appropriate compat-

ibility conditions.

In this paper, we will frequently use the following lemmas.

Lemma 1.1 ([33]). Assume that D is a plane domain with sufficiently smooth

boundary ∂D, and v a sufficiently smooth function defined on the closure of D. If

v|∂D = 0, then

λ1

∫

D

v2 dA 6

∫

D

v,αv,α dA,

where λ1 is the smallest positive eigenvalue of

ϕ,αα + λϕ = 0 in D, ϕ = 0 on ∂D.

Lemma 1.2 ([33]). If v|∂D = 0, then there exists a positive k1 such that
∫

D

v4 dA 6 k1

∫

D

v2 dA

∫

D

v,αv,α dA.

Lemma 1.3 ([33]). If
∫

D
w dA = 0, then there exists a vector function v = (v1, v2)

such that

vα,α = w in D, vα = 0 on ∂D,

and a positive constant k2 depending only on the geometry of D such that

(1.7)

∫

D

vα,βvα,β dA 6 k2

∫

D

v2α,α dA.
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2. Main results

In this paper, we establish the “energy” function

(2.1) F (z, t) =

∫ t

0

∫

Dz

e−ωηpu3,η dAdη,

where ω is a positive constant to be determined later.

Using the divergence theorem and the equations (1.1)–(1.6), from (2.1) we have

(2.2) F (z, t) = −
∫ t

0

∫

Rz

e−ωηp,iui dxdη

=

∫ t

0

∫

Rz

e−ωη
[

ui,η + aui + b|u|ui + c|u|2ui

]

ui,η dxdη

=

∫ t

0

∫

Rz

e−ωη
[

ui,ηui,η +
1

2
aω|u|2 + 1

3
bω|u|3 + 1

4
cω|u|4

]

dxdη

+ e−ωt

∫

Rz

[1

2
a|u|2 + 1

3
b|u|3 + 1

4
c|u|4

]

dx.

Therefore,

(2.3) − ∂

∂z
F (z, t) =

∫ t

0

∫

Dz

e−ωη
[

ui,ηui,η +
1

2
aω|u|2 + 1

3
bω|u|3 + 1

4
cω|u|4

]

dAdη

+ e−ωt

∫

Dz

[1

2
a|u|2 + 1

3
b|u|3 + 1

4
c|u|4

]

dA.

We have the following result.

Theorem 2.1. Assume that u is the solution of (1.1)–(1.6) with
∫

D
f dA = 0.

Then u decays exponentially as z → ∞. Specifically,

(2.4)

∫ t

0

∫

Rz

e−ωη
[

ui,ηui,η +
1

2
aω|u|2 + 1

3
bω|u|3 + 1

4
cω|u|4

]

dxdη

+ e−ωt

∫

Rz

[1

2
a|u|2 + 1

3
b|u|3 + 1

4
c|u|4

]

dx

6 m6Q
2
1(0, t)e

−2z/m5 +m5Q1(0, t)e
−z/m5 ,

where m5 and m6 are positive constants, and Q1(0, t) is defined as

(2.5) Q1(0, t) =

[

√

F (0, t)

m6
+

m2
5

4m2
6

− m5

2m6

]

e2m6/m5

√
F (0,t)/m6+m2

5
/(4m2

6
).

R em a r k 2.1. From the definition of Q1(0, t) in (2.5), we find that Q1(0, t)

depends on F (0, t). To make the decay estimate explicit, we have to derive the

upper bounds for F (0, t). We have the following theorem.
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Theorem 2.2. Assume that u is the solution of (1.1)–(1.6) with
∫

D
f dA = 0 and

f ∈ C(R). Then

(2.6)

∫ t

0

∫

R

e−ωη
[

ui,ηui,η +
1

2
aω|u|2 + 1

3
bω|u|3 + 1

4
cω|u|4

]

dxdη

+ e−ωt

∫

R

[1

2
a|u|2 + 1

3
b|u|3 + 1

4
c|u|4

]

dx 6 s(t).

3. Proof of Theorem 2.1

We note that
∫

Dz

u3 dA =

∫

D0

u3 dA+

∫ z

0

∫

Dξ

u3,3 dAdξ

=

∫

D0

u3 dA−
∫ z

0

∫

Dξ

uα,α dAdξ =

∫

D0

f dA.

Since
∫

D0

f dA = 0, we have
∫

Dz
u3 dA = 0. According to Lemma 1.3, there exists

a vector function v such that

vα,α = u3 in D, vα = 0 on ∂D.

Therefore, using the divergence theorem and the equations (1.1)–(1.6), we have

(3.1) F (z, t) =

∫ t

0

∫

Dz

e−ωηpu3,η dAdη =

∫ t

0

∫

Dz

e−ωηpvα,αη dAdη

= −
∫ t

0

∫

Dz

e−ωηp,αvα,η dAdη

=

∫ t

0

∫

Dz

e−ωη[uα,η + auα + b|u|uα + c|u|2uα]vα,η dAdη

.
= I1 + I2 + I3 + I4.

Using the Hölder inequality, the Young inequality, Lemma 1.1 and Lemma 1.3, we

obtain

I1 6

[
∫ t

0

∫

Dz

e−ωηuα,ηuα,η dAdη

∫ t

0

∫

Dz

e−ωηvα,ηvα,η dAdη

]1/2

(3.2)

6
1√
λ1

[
∫ t

0

∫

Dz

e−ωηuα,ηuα,η dAdη

∫ t

0

∫

Dz

e−ωηvα,βηvα,βη dAdη

]1/2

6

√
k2√
λ1

[
∫ t

0

∫

Dz

e−ωηuα,ηuα,η dAdη

∫ t

0

∫

Dz

e−ωηvα,αηvα,αη dAdη

]1/2

647



6

√
k2√
λ1

[
∫ t

0

∫

Dz

e−ωηuα,ηuα,η dAdη

∫ t

0

∫

Dz

e−ωηu2
3,η dAdη

]1/2

6

√
k2

2
√
λ1

∫ t

0

∫

Dz

e−ωηui,ηui,η dAdη,

I2 6 a

[
∫ t

0

∫

Dz

e−ωηuαuα dAdη

∫ t

0

∫

Dz

e−ωηvα,ηvα,η dAdη

]1/2

(3.3)

6

√
k2a√
λ1

[
∫ t

0

∫

Dz

e−ωηuαuα dAdη

∫ t

0

∫

Dz

e−ωηu2
3,η dAdη

]1/2

6

√
2ak2

2
√
ωλ1

[

1

2
aω

∫ t

0

∫

Dz

e−ωη|u|2 dAdη +

∫ t

0

∫

Dz

e−ωηu2
3,η dAdη

]

,

I3 6 b

[
∫ t

0

∫

Dz

e−ωη|u|4 dAdη

∫ t

0

∫

Dz

e−ωηvα,ηvα,η dAdη

]1/2

(3.4)

6

√
k2√

cωλ1

b

[

1

4
cω

∫ t

0

∫

Dz

e−ωη|u|4 dAdη +

∫ t

0

∫

Dz

e−ωηu2
3,η dAdη

]

.

Noting Lemma 1.2, we have

I4 6 c

[
∫ t

0

∫

Dz

e−ωη|u|4 dAdη

]1/2[∫ t

0

∫

Dz

e−ωη(uαuα)
2 dAdη

]1/4

(3.5)

×
[
∫ t

0

∫

Dz

e−ωη(vα,ηvα,η)
2 dAdη

]1/4

6 c 4

√

k1

[
∫ t

0

∫

Dz

e−ωη|u|4 dAdη

]3/4[∫ t

0

∫

Dz

e−ωηvα,ηvα,η dAdη

]1/4

×
[
∫ t

0

∫

Dz

e−ωηvα,βηvα,βη dAdη

]1/4

6 c 4

√

k1
λ1

[
∫ t

0

∫

Dz

e−ωη|u|4 dAdη

]3/4[∫ t

0

∫

Dz

e−ωηvα,βηvα,βη dAdη

]1/2

6
123/421/2

55/4
4

√

ck1k22
λ1ω3

[

5

12
cω

∫ t

0

∫

Dz

e−ωη|u|4 dAdη

]3/4

×
[

5

2

∫ t

0

∫

Dz

e−ωηu2
3,η dAdη

]1/2

.

In (3.5), using the inequality

a3/4b1/2 6

(3

5
a+

2

5
b
)5/4

, a, b > 0,
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we have

(3.6)

I4 6
123/421/2

55/4
4

√

ck1k22
λ1ω3

[

1

4
cω

∫ t

0

∫

Dz

e−ωη|u|4 dAdη +

∫ t

0

∫

Dz

e−ωηu2
3,η dAdη

]5/4

.

Inserting (3.2)–(3.4) and (3.6) into (3.1), we find that

(3.7) F (z, t) 6 m1

[

− ∂

∂z
F (z, t)

]

+m2

[

− ∂

∂z
F (z, t)

]5/4

,

where

m1 =

√
k2

2
√
λ1

+

√
2ak2

2
√
ωλ1

+

√
k2√

cωλ1

b, m2 =
123/421/2

55/4
4

√

ck1k22
λ1ω3

.

Using the Young inequality again, we have

(3.8)
[

− ∂F

∂z
(z, t)

]5/4

=
[

− ∂F

∂z
(z, t)

]1·3/4[

− ∂F

∂z
(z, t)

]2·1/4

6
3

4

[

− ∂F

∂z
(z, t)

]

+
1

4

[

− ∂F

∂z
(z, t)

]2

.

Inserting (3.8) into (3.7), we obtain

(3.9) F (z, t) 6 m5

[

− ∂

∂z
F (z, t)

]

+m6

[

− ∂

∂z
F (z, t)

]2

,

where

m5 = m1 +
3

4
m2, m6 =

1

4
m2.

Thus, from (3.9) we get

−∂F

∂z
(z, t) >

√

F (z, t)

m6
+

m2
5

4m2
6

− m5

2m6
.

Therefore, we have

(3.10)
{

2m6 +m5

(

√

F (z, t)

m6
+

m2
5

4m2
6

)

−1

− m5

2m6

}

d

{

√

F (z, t)

m6
+

m2
5

4m2
6

− m5

2m6

}

6 −1.

Integrating (3.10) from 0 to z, we obtain

(3.11)

2m6

[

√

F (z, t)

m6
+

m2
5

4m2
6

−
√

F (0, t)

m6
+

m2
5

4m2
6

]

+m5 ln

[

√

F (z, t)

m6
+

m2
5

4m2
6

− m5

2m6

]

−m5 ln

[

√

F (0, t)

m6
+

m2
5

4m2
6

− m5

2m6

]

6 −z.
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Dropping the first term on the left-hand side of (3.11), we get

m5 ln

[

√

F (z, t)

m6
+

m2
5

4m2
6

− m5

2m6

]

6 −z + 2m6

√

F (0, t)

m6
+

m2
5

4m2
6

+m5 ln

[

√

F (0, t)

m6
+

m2
5

4m2
6

− m5

2m6

]

.

Therefore, we have

(3.12)

√

F (z, t)

m6
+

m2
5

4m2
6

6 Q1(0, t)e
−z/m5 +

m5

2m6
.

Squaring (3.12), we find that

(3.13) F (z, t) 6 m6Q
2
1(0, t)e

−2z/m5 +m5Q1(0, t)e
−z/m5 .

We can complete the proof of Theorem 2.1 by combining (2.2) and (3.14).

R em a r k 3.1. If b = 0 in (1.1), Theorem 2.1 also holds.

R em a r k 3.2. If c = 0 in (1.1), we recalculate (3.4) to obtain

(3.14) I3 6 b

[
∫ t

0

∫

Dz

e−ωη|u|3 dAdη

]2/3[∫ t

0

∫

Dz

e−ωη(vα,ηvα,η)
3/2 dAdη

]1/3

6 b

[
∫ t

0

∫

Dz

e−ωη|u|3 dAdη

]2/3[∫ t

0

∫

Dz

e−ωη(vα,ηvα,η)
2 dAdη

]1/6

×
[
∫ t

0

∫

Dz

e−ωηvα,ηvα,η dAdη

]1/6

6 b 6

√

k1

[
∫ t

0

∫

Dz

e−ωη|u|3 dAdη

]2/3[∫ t

0

∫

Dz

e−ωηvα,βηvα,βη dAdη

]1/6

×
[
∫ t

0

∫

Dz

e−ωηvα,ηvα,η dAdη

]1/3

6
b 6
√
k1

3
√
λ1

[
∫ t

0

∫

Dz

e−ωη|u|3 dAdη

]2/3[∫ t

0

∫

Dz

e−ωηvα,βηvα,βη dAdη

]1/2

6
122/3

√
3k2

3
√
b 6
√
k1

76/7 3
√
λ1ω2

[

7

12
bω

∫ t

0

∫

Dz

e−ωη|u|3 dAdη

]2/3

×
[

7

3

∫ t

0

∫

Dz

e−ωηu2
3,η dAdη

]1/2

.
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Noting that

a2/3b1/2 6

[4

7
a+

3

7
b
]7/6

, a, b > 0,

we have from (3.14)

(3.15)

I3 6
122/3

√
2k2

3
√
b 6
√
k1

76/7 3
√
λ1ω2

[

1

4
bω

∫ t

0

∫

Dz

e−ωη|u|3 dAdη +

∫ t

0

∫

Dz

e−ωηu2
3,η dAdη

]7/6

.

Combining (3.1), (3.2), (3.3) and (3.15), we arrive at

(3.16) F (z, t) 6 b1

[

− ∂

∂z
F (z, t)

]

+ b2

[

− ∂

∂z
F (z, t)

]7/6

,

where

b1 =

√
k2

2
√
λ1

+

√
2ak2

2
√
ωλ1

, b2 =
122/3

√
2k2

3
√
b 6
√
k1

76/7 3
√
λ1ω2

.

Using the Young inequality, we get

(3.17)
[

− ∂F

∂z
(z, t)

]7/6

=
[

− ∂F

∂z
(z, t)

]1·5/6[

− ∂F

∂z
(z, t)

]2·1/6

6
5

6

[

− ∂F

∂z
(z, t)

]

+
1

6

[

− ∂F

∂z
(z, t)

]2

.

Inserting (3.17) into (3.16), we have

F (z, t) 6 m9

[

− ∂

∂z
F (z, t)

]

+m10

[

− ∂

∂z
F (z, t)

]2

,

where m9 = 5
6b2 + b1, m10 = 1

6b2.

Similarly to (3.9), we have the following theorem.

Theorem 3.1. Assume that u is the solution of (1.1)–(1.6) with
∫

D f dA = 0 and

c = 0. Then u decays exponentially as z → ∞. Specifically,

(3.18)

∫ t

0

∫

Rz

e−ωη
[

ui,ηui,η +
1

2
aω|u|2 + 1

3
bω|u|3

]

dxdη

+ e−ωt

∫

Rz

[1

2
a|u|2 + 1

3
b|u|3

]

dx

6 m10Q
2
2(0, t)e

−2z/m9 +m9Q2(0, t)e
−z/m9 ,

where m9 and m10 are positive constants, and Q2(0, t) is a positive function which

depends on F (0, t).
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R em a r k 3.3. Clearly, Theorem 3.1 also holds for the Brinkman-Forchheimer

equations

ui,t −∆ui = −aui − b|u|ui − p,i in R× (0,∞),

ui,i = 0 in R× (0,∞),

whose convergence, continuous dependence and decay in a bounded region have been

studied by Payne and Straughan [35].

In this case, we can establish a new function

(3.19) F(z, t) =

∫ t

0

∫

Dz

e−ωηpu3,η dAdη +

∫ t

0

∫

Dz

e−ωηui,3ui,η dAdη.

We have

(3.20)

− ∂

∂z
F(z, t) =

∫ t

0

∫

Dz

e−ωη
[

ui,ηui,η +
1

2
ω|∇u|2 + 1

2
aω|u|2 + 1

3
bω|u|3

]

dAdη

+ e−ωt

∫

Dz

[1

2
a|u|2 + 1

2
|∇u|2 + 1

3
b|u|3

]

dA.

Note that

∫ t

0

∫

Dz

e−ωηui,3ui,η dAdη

6

√
2

2
√
ω

[

1

2
ω

∫ t

0

∫

Dz

e−ωηui,3ui,3 dAdη +

∫ t

0

∫

Dz

e−ωηui,ηui,η dAdη

]

.

Using the analysis presented in this paper, we have a result similar to Theorem 2.1.

R em a r k 3.4. The Forchheimer system including temperature can be written as

(see [41])

ui,t = −b|u|ui − p,i + giT in R× (0,∞),

ui,i = 0 in R× (0,∞),

T,t + uiT,i = ∆T in R× (0,∞).

Using the technique of Theorem 3.1, the continuous dependence on b can be also

obtained.
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4. Proof of Theorem 2.2

Noting (1.2) and
∫

D
f dA = 0, we see that there exists a vector function φ such

that

(4.1) φi,i = 0 in R× (0,∞), φini = uini on ∂R× (0,∞).

Clearly, φi(x1, x2, x3, t) has the same boundary conditions with ui. We note that

(4.1) can be satisfied easily. For example, we can choose

φ3(x1, x2, x3, t) = f(x1, x2, t)e
−σx3 ,

where σ is an arbitrary positive constant. Since φi,i = 0, we obtain

φα,α(x1, x2, x3, t) = σf(x1, x2, t)e
−σx3 .

We choose z = 0 in (2.1) and (2.2) to get

(4.2) F (0, t) =

∫ t

0

∫

D

e−ωηpu3,η dAdη =

∫ t

0

∫

D

e−ωηpφ3,η dAdη,

and

(4.3) F (0, t) =

∫ t

0

∫

R

e−ωη
[

ui,ηui,η +
1

2
aω|u|2 + 1

3
bω|u|3 + 1

4
cω|u|4

]

dxdη

+ e−ωt

∫

R

[1

2
a|u|2 + 1

3
b|u|3 + 1

4
c|u|4

]

dx.

From (4.2), we have

(4.4) F (0, t) = −
∫ t

0

∫

∂R

e−ωηpφi,ηnidS dη = −
∫ t

0

∫

R

e−ωηp,iφi,η dxdη

=

∫ t

0

∫

R

e−ωη[ui,η + aui + b|u|ui + c|u|2ui]φi,η dxdη

:= J1 + J2 + J3 + J4.

Using the Hölder inequality and the Young inequality, we obtain

(4.5)

J1 6
1

2

∫ t

0

∫

R

e−ωηui,ηui,η dxdη +
1

2

∫ t

0

∫

R

e−ωηφi,ηφi,η dxdη,

J2 6
1

2

∫ t

0

∫

R

e−ωη 1

2
aω|u|2 dxdη + a

ω

∫ t

0

∫

R

e−ωηφi,ηφi,η dxdη,

J3 6
2
3
√
3
ε1

∫ t

0

∫

R

e−ωη 1

3
bω|u|3 dxdη + b

3
√
3ε21ω

2

∫ t

0

∫

R

e−ωη(φi,ηφi,η)
3/2 dxdη,

J4 6
3

4
ε2

∫ t

0

∫

R

e−ωη 1

4
cω|u|4 dxdη + c

16ω3ε32

∫ t

0

∫

R

e−ωη(φi,ηφi,η)
2 dxdη,
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where ε1 and ε2 are positive constants. Choosing ε1 = 1
4

3
√
3 and ε2 = 2

3 , inserting

(4.5)–(4.8) into (4.4) and combining it with (4.3), we find that

(4.6) F (0, t) 6
1

2
F (0, t) +

1

2
s(t),

where

1

2
s(t) =

1

2

∫ t

0

∫

R

e−ωηφi,ηφi,η dxdη +
a

ω

∫ t

0

∫

R

e−ωηφi,ηφi,η dxdη

+
b

3
√
3ε21ω

2

∫ t

0

∫

R

e−ωη(φi,ηφi,η)
3/2 dxdη

+
c

16ω3ε32

∫ t

0

∫

R

e−ωη(φi,ηφi,η)
2 dxdη.

From (4.3) and (4.9), we can complete the proof of Theorem 2.2.

5. Forchheimer porous material

In 1998, Payne and Straughan [34] proposed a momentum equation in saturated

material of Forchheimer type which had the form

ui + c|u|2ui = −p,i + giT + hiT
2 + liT

3 in R× (0,∞),(5.1)

ui,i = 0 in R× (0,∞),(5.2)

T,t + uiT,i = ∆T in R× (0,∞),(5.3)

where gi, hi and li are given positive functions. Without loss of generality, we suppose

that gigi, hihi, lili 6 1. The form of temperature dependence in (5.1) can be found

in [40]. Gentile and Straughan [8] derived the structural stability of (5.1)–(5.3) in

a bounded region.

Equations (5.1)–(5.3) also satisfy the initial-boundary conditions

ui = 0, T = 0 on ∂D × {x3 > 0} × (0,∞),(5.4)

u3 = f(x1, x2, t), T = F (x1, x2, t) on D × (0,∞),(5.5)

T (x1, x2, 0) = 0 in R,(5.6)

|u|, u3, T, T,3, p = o(x−1
3 ),(5.7)

where F is a continuously differentiable function.
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Now, we establish a new function

(5.8) E(z, t) =

∫ t

0

∫

Rz

e−ωη
[

|u|2 + c|u|4 + 1

2
δ1ωT

2

+
1

4
ωδ2T

4 + δ1|∇T |2 + 3δ2|∇T 2|2
]

dxdη

+ e−ωt

∫

Rz

[1

2
δ1T

2 +
1

4
δ2T

4
]

dx,

where δ1 and δ2 are positive constants to be determined later. From (5.8), we have

(5.9) − ∂

∂z
E(z, t) =

∫ t

0

∫

Dz

e−ωη
[

|u|2 + c|u|4 + 1

2
δ1ωT

2

+
1

4
ωδ2T

4 + δ1|∇T |2 + 3δ2|∇T 2|2
]

dAdη

+ e−ωt

∫

Dz

[1

2
ωδ1T

2 +
1

4
ωδ2T

4
]

dA.

We obtain the following theorem.

Theorem 5.1. Assume that (u, T ) is the solution of (5.1)–(5.7) with
∫

D
f dA = 0.

Then (u, T ) decays exponentially as z → ∞. Specifically,

E(z, t) 6 m6Q
2
2(0, t)e

−2z/m5 +m5Q2(0, t)e
−z/m5 ,

where m5 and m6 are positive constants, and Q2(0, t) is defined as

Q2(0, t) =

[

√

E(0, t)

m6
+

m2
5

4m2
6

− m5

2m6

]

e2m6/m5

√
E(0,t)/m6+m2

5
/(4m2

6
).

R em a r k 5.1. By using the methods of Section 4, we can also obtain the upper

bound for E(0, t) in terms of known data.

P r o o f. We multiply (5.1) by e−ωtui and integrate in Rz × (0, t) to obtain

(5.10)

∫ t

0

∫

Rz

e−ωη[ui + c|u|2ui − p,i − giT − hiT
2 − liT

3]ui dxdη = 0.

Using the divergence theorem and (5.1)–(5.7), from (5.1) we have

(5.11)

∫ t

0

∫

Rz

e−ωη[|u|2 + c|u|4] dxdη

=

∫ t

0

∫

Rz

e−ωηgiuiT dxdη +

∫ t

0

∫

Rz

e−ωηhiuiT
2 dxdη

+

∫ t

0

∫

Rz

e−ωηliuiT
3 dxdη +

∫ t

0

∫

Dz

e−ωηu3p dxdη

:= K1 +K2 +K3 +K4.
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Using the Hölder inequality and the Young inequality, we get

K1 6
1

4

∫ t

0

∫

Rz

e−ωη|u|2 dxdη +

∫ t

0

∫

Rz

e−ωηT 2 dxdη,(5.12)

K2 6
1

4

∫ t

0

∫

Rz

e−ωη|u|2 dxdη +

∫ t

0

∫

Rz

e−ωηT 4 dxdη,(5.13)

K3 6
1

4
c

∫ t

0

∫

Rz

e−ωη|u|4 dxdη +
3

4
c−1/3

∫ t

0

∫

Rz

e−ωηT 4 dxdη.(5.14)

Using a method similar to (3.1), we have for K4

(5.15) K4 =

∫ t

0

∫

Dz

e−ωη[uα + c|u|2uα − gαT − hαT
2 − lαT

3]vα dAdη

.
= K41 +K42 +K43 +K44 +K45.

It is clear that

K41 6

√
k2

2
√
λ1

∫ t

0

∫

Dz

e−ωη|u|2 dAdη,(5.16)

K42 6
43/421/2

55/4
4

√

ck1k22
λ1

[

c

∫ t

0

∫

Dz

e−ωη|u|4 dAdη(5.17)

+

∫ t

0

∫

Dz

e−ωη|u|2 dAdη

]5/4

,

K43 6

√
k2√

2λ1δ1ω

[

1

2
δ1ω

∫ t

0

∫

Dz

e−ωηT 2 dAdη +

∫ t

0

∫

Dz

e−ωη|u|2 dAdη

]

,(5.18)

K44 6

√
k2√

λ1δ2ω

[

1

4
δ2ω

∫ t

0

∫

Dz

e−ωηT 4 dAdη +

∫ t

0

∫

Dz

e−ωη|u|2 dAdη

]

,(5.19)

K45 6
123/421/2

55/4
4

√

ck1k22
λ1δ32ω

3

[

1

4
δ2ω

∫ t

0

∫

Dz

e−ωηT 4 dAdη(5.20)

+

∫ t

0

∫

Dz

e−ωη|u|2 dAdη

]5/4

.

Inserting (5.16) and (5.20) into (5.15), we have

(5.21) K4 6 n1

[

− ∂

∂z
E(z, t)

]

+ n2

[

− ∂

∂z
E(z, t)

]5/4

,

where

n1 =

√
k2

2
√
λ1

+

√
k2√

2λ1δ1ω
+

√
k2√

λ1δ2ω
, n2 =

43/421/2

55/4
4

√

ck1k22
λ1

+
123/421/2

55/4
4

√

ck1k22
λ1δ32ω

3
.
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Combining (5.12), (5.13), (5.14), (5.21) and (5.11), we obtain

(5.22)

∫ t

0

∫

Rz

e−ωη
[1

2
|u|2 + 3

4
c|u|4

]

dxdη

6

∫ t

0

∫

Rz

e−ωηT 2 dxdη +
[

1 +
3

4
c−1/3

]

∫ t

0

∫

Rz

e−ωηT 4 dxdη

+ n1

[

− ∂

∂z
E(z, t)

]

+ n2

[

− ∂

∂z
E(z, t)

]5/4

.

To bound
∫ t

0

∫

Rz
e−ωηT 2 dxdη and

∫ t

0

∫

Rz
e−ωηT 4 dxdη, we multiply (5.3) by

e−ωtT and integrate in Rz × (0, t) to obtain

∫ t

0

∫

Rz

e−ωη[T,η + uiT,i −∆T ]T dxdη = 0.

Therefore, we get

(5.23)

∫ t

0

∫

Rz

e−ωηωT 2 dxdη + e−ωt

∫

Rz

T 2 dx+ 2

∫ t

0

∫

Rz

e−ωη|∇T |2 dxdη

=

∫ t

0

∫

Dz

e−ωηT 2u3 dAdη + 2

∫ t

0

∫

Dz

e−ωηTT,3 dAdη

6
2√
ωδ2

[

1

4
ωδ2

∫ t

0

∫

Dz

e−ωηT 4 dAdη +

∫ t

0

∫

Dz

e−ωη|u|2 dAdη

]

+
2√
2ωδ1

[

1

2
ωδ1

∫ t

0

∫

Dz

e−ωηT 2 dAdη + δ1

∫ t

0

∫

Dz

e−ωηT 2
,3 dAdη

]

.

Similarly, we obtain

(5.24)
∫ t

0

∫

Rz

e−ωηωT 4 dxdη + e−ωt

∫

Rz

T 4 dx+ 3

∫ t

0

∫

Rz

e−ωη|∇T 2|2 dxdη

=

∫ t

0

∫

Dz

e−ωηT 4u3 dAdη + 2

∫ t

0

∫

Dz

e−ωηT 2(T 2),3 dAdη

6
F 2
M√
ωδ2

[

1

4
ωδ2

∫ t

0

∫

Dz

e−ωηT 4 dAdη +

∫ t

0

∫

Dz

e−ωη|u|2 dAdη

]

+
2√
3ωδ2

[

1

4
ωδ2

∫ t

0

∫

Dz

e−ωηT 4 dAdη + 3δ2

∫ t

0

∫

Dz

e−ωη|∇T 2|2 dAdη

]

,

where F 2
M is the maximum value of F in D × (0,∞).
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Combing (5.22)–(5.24) and in view of (5.9), we have

(5.25)

∫ t

0

∫

Rz

e−ωη
[1

2
|u|2 + 3

4
c|u|4 + ωδ1T

2 + ωδ2T
4 + 2δ1|∇T |2 + 3δ2|∇T 2|2

]

dxdη

+ e−ωt

∫

Rz

[δ1T
2 + δ2T

4] dx

6

∫ t

0

∫

Rz

e−ωηT 2 dxdη +
[

1 +
3

4
c−1/3

]

∫ t

0

∫

Rz

e−ωηT 4 dxdη

+ n3

[

− ∂

∂z
E(z, t)

]

+ n2

[

− ∂

∂z
E(z, t)

]5/4

,

where we have chosen that δ1 > 2/ω, δ2 > 2/ω[1 + 3
4c

−1/3] and let

n3 = n1 +max
{ 2δ1√

ωδ2
+

F 2
M

√
δ2√

ω
,

√
2√
ω

}

.

In view of (5.8), we can conclude that the “energy expression” E(z, t) also satisfies

the inequality (3.7). Using a method similar to Section 3, we to have Theorem 5.1.

�

6. Conclusion

In this paper, the equations (1.1)–(1.2) are reconsidered in a semi-infinite cylinder

and the spatial decay bounds of solutions are obtained. In three different types

of a two-dimensional pipe, Payne and Schaefer [32] obtained Phragmén-Lindelöf

alternative results for biharmonic equation. As far as we know, there are few results

for this type of three-dimensional cylinder region (see Figure 2).

0
x3

x2

x1

Da

a

DZ

Ωa

Figure 2. Cylindrical pipe Ωa.

Therefore, it would be very interesting to replace the pipe R by

Ωa = {(x1, x2, x3) | (x1, x2) ∈ Dx3
, x3 > a > 0},

where Dx3
is defined as

Dx3
=

{

(x1, x2, x3) |
x2
1

m2
+

x2
2

n2
= xγ

3 , x3 > a > 0, m, n > 0, 0 < γ 6 1
}

.
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