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Abstract. The spatial behavior of solutions is studied in the model of Forchheimer equa-
tions. Using the energy estimate method and the differential inequality technology, expo-
nential decay bounds for solutions are derived. To make the decay bounds explicit, we
obtain the upper bound for the total energy. We also extend the study of spatial behavior
of Forchheimer porous material in a saturated porous medium.
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1. INTRODUCTION

In this paper, we introduce a semi-infinite cylinder whose generators are assumed
to be parallel to the x5 axis (see Figure 1), i.e

R = {(21,22,23) | (x1,72) € D, 23 > 0},

where D is a bounded region in 10z and has smooth boundary dD.
Let R, and D, denote the sub-region of R and the cross section of R at z3 = z,
respectively. We introduce the notations

R, = {(x1,22,23) | (x1,22) € D, 73 >

z 2 0},
D, ={(z1,72,23) | (v1,22) € D, 13 =22>0

2

where z is a variable running along the z3 axis.
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Figure 1. Cylindrical pipe R.

Let u = (u1,uz2,u3) and p denote the average fluid velocity and pressure in the
porous medium, respectively. The Forchheimer equations we consider in this paper
are (see [7])

(1.1) uiy = —au; — blulu; — clu*u; —p,; in R x (0, 00),
(1.2) U =0 in R x (0, 00),
where a is the Darcy coefficient (viscosity divided by permeability), b and c are the
Forchheimer coefficients. Throughout this paper, the usual summation convention
is employed with repeated Latin subscripts summed from 1 to 3 and repeated Greek
subscripts summed from 1 to 2. The comma is used to indicate partial differentiation,

ie, ui; = 0u;/0xj, a0 = Z 0¢qa/0zo. Firdaouss et al. [6] and Giorgi [9] have

given the derivations of the equatlons (1.1) and (1.2). When b = 0 but ¢ is nonzero,
Néel [31] considered the fluid by employing (1.1) and a temperature field. Payne and
Straughan [36] discussed the effect of the Forchheimer terms in (1.1) (b and ¢ terms)
in the context of nonlinear stability in thermal convection. Franchi and Straughan [7]
obtained the continuous dependence on the Forchheimer coefficient if equations (1.1)
and (1.2) are defined in a bounded region.

The aim of this paper is to assume that the nonhomogeneous boundary conditions
are satisfied at the finite end of the main body, and prove that the solution decays
exponentially as z — oo. This type of decay results can be regarded as the category
of the Saint-Venant principle. Saint-Venant’s principle is a famous mathematical
and mechanical principle which was conjectured by de Saint-Venant in his paper [5].
Early works on Saint-Venant’s principle primarily focused on the decay results for
the initial-boundary value problems for elliptic equation (see, e.g., [10]-[12]). After
the origin work of Boley [1], extensive attention has been paid to parabolic problems.
We mention in particular the papers of Knowles [16], [17], Quintanilla et al. [37], [38],
Knops and Quintanilla [14], [15], [30], [42], Liu et al. [25], [27]-[29], [39], Li et al. [4],
[19]-[23]. For more papers one can see [2], [3], [13], [18], [24], [26].
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A major motivation of the present paper is to derive the spatial decay bounds of
solutions to Forchheimer equations in a semi-infinite cylinder. There is little attention
in the literature on the spatial properties of models with nonlinear terms. We also
extend this type of research to Forchheimer porous materials. The results of this
paper lay a foundation for further study of the structural stability of the solutions
to (1.1)—(1.2) in a cylinder.

Equations (1.1)—(1.2) also satisfy the initial-boundary conditions

(1.3) u; =0 on 9D x {z3 > 0} x (0, c0),
(1.4) uz = f(x1,x2,t) on D x (0,00),

(1.5) ui(x1,22,0) =0 in R,

(1.6) Jul,us, p = o(a3"),

where f is a differentiable function which is assumed to satisfy appropriate compat-
ibility conditions.
In this paper, we will frequently use the following lemmas.

Lemma 1.1 ([33]). Assume that D is a plane domain with sufficiently smooth
boundary 0D, and v a sufficiently smooth function defined on the closure of D. If

)\1/ 02 dAé/ VU, dA,
D D

where A1 is the smallest positive eigenvalue of

vlgp = 0, then

Yaa+Ap=0 inD, =0 ondD.

Lemma 1.2 ([33]). If v|gp = 0, then there exists a positive k1 such that

/v4dA<k1/ v2dA/ V00,0 dA.
D D D

Lemma 1.3 ([33]). If [, wdA = 0, then there exists a vector function v = (v1,vy)
such that
Voo =W InD, wve=0 ondD,

and a positive constant ko depending only on the geometry of D such that

(1.7) / Vo, 8Va,8 dA < k?g/ v2 o dA.
D D
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2. MAIN RESULTS

In this paper, we establish the “energy” function

t
(2.1) F(z,t):// e “puy , dA dn,
0 D,

where w is a positive constant to be determined later.
Using the divergence theorem and the equations (1.1)—(1.6), from (2.1) we have

¢
(2.2) F(z,t) = —/ / e “pju; dzdn

/ / 'U'z T au; + blulu; + clul uz} u;y dadn
1 . , 1
u”]u”,—f— aw|u| + bw|u| +4cw|u| ]dxdn
+ ef‘*’t/ [la|u|2 + —b|u|3 + 1c|’u|4} dx
n L2 3 4
Therefore,
1 1

(2.3) __FZt / / uznuzn+2aW|U|2+ bw|’u,|3 4cw|u|4 dAdn

ot /D [Solul? + S0l + jelul’] da

We have the following result.

Theorem 2.1. Assume that w is the solution of (1.1)~(1.6) with [, fdA = 0.
Then u decays exponentially as z — oo. Specifically,

1
(2.4) // uznuzn+2aw|u|2+ bw|u|3 ch|u|4} dzdn
—wt 2 3 4
- Ly ks ]d
te /}%z[2a|u| + S0lul +4c|u| .

< mGQ% (07 t)6722/m5 + m5Q1(Oa t)eiz/msv

where mj and mg are positive constants, and QQ1(0,t) is defined as

2
(2.5) Q1(0,t) = £(0,1) L5 M5 | g2me/ms\/F(0,t)/mo+m2/(4m3)
’ meg 4m6 2mg

Remark 2.1. From the definition of Q1(0,¢) in (2.5), we find that Q1(0,¢)
depends on F(0,t). To make the decay estimate explicit, we have to derive the
upper bounds for F'(0,¢). We have the following theorem.
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Theorem 2.2. Assume that w is the solution of (1.1)~(1.6) with [, f dA = 0 and
f € C(R). Then

1 1
(2.6) / / ul Wi + 2aw|u|2—|— bw|u|‘3+ 4cw|'u| }dxdn

+e vt /R ba|u|2 + §b|u|‘3 + ZC|U|4} dz < s(t).

3. PROOF OF THEOREM 2.1

We note that

/ U,gdAZ/ U3 dA+/ / U373dAd§
D. Do 0 D¢
:/ u3dA—/ / vaadAdé = [ fdA.
Do 0 Dg DO

Since fDo fdA =0, we have [, usdA = 0. According to Lemma 1.3, there exists
a vector function v such that

Voo =U3 in D, v,=0 onadD.

Therefore, using the divergence theorem and the equations (1.1)—(1.6), we have

¢ ¢
(3.1) F(z,t):/ / e*‘*’"pU3,ndAd77:/ / e “"pug,an dAdn
o /b, 0 JD.
¢
—// e P qVa,ndAdn

/ / Nty + Ay + blu|ug + clul?uq]ve , dAdn
=h+1L+ 13+ 1.

Using the Holder inequality, the Young inequality, Lemma 1.1 and Lemma 1.3, we

1/2
[/ / uanua,,dAdn/ / vanvandAdn}
1/2
[/ / Mgy U,y AA dn/ / “Mq, 80V, gy AA dn}
1/2
[/ / e Mg ey dA dn/ / “Ma,anVa,an dA dn]

obtain
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\/L_ {/ / My e,y dA dn /t /Dz e*“’"ugm dA dn} v
2\/_// s gy dAdn,
(3.3) ILb< [/ / TN U, dAdn/ / “Mg nvandAdn} v
< Vha [ / / ey ug dAdy / / e_“"ug’ndAdn] v
< 250‘3_’;?{ / / *“”’|u|2dAdn+/ / “’"ugndAdn}
(34) I3< [/ / ‘”7|u|4dAd77/ / Mg, nvandAdn} v
chl [ / / *‘*”7|u|4dAdn+/ / “"’ugndAdn}

Noting Lemma 1.2, we have

12 1/4
vl [ eeatanan] T e ntun asa)
1/4
[// vanvan) dAdn}
3/4 1/4
<evk [// _“”7|'u,|4dAd77} [// UanvandAdn}
1/4
X {// e“’"va,ﬁnva,ﬂndAdﬂ}

0 JD,

- . 3/4 1/2
cd _1{// ew’|u|4dAd7]} {// ewnva,gnva,ﬁnd/ldn}
VALl Jo.

123/421/2 Ck1k2 3/4
< ~ |t
<~ 1//\1w3[12 // |ul dAdﬂ}

5 [ &

% |:_/ / ew’fiu%_ndAdn]

2Jo Jp. ’

In (3.5), using the inequality

3 2 \5/4
a®/ /2 < (ga—l— gb) , a,b>0,
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we have

(3.6)

12374212 | cky k2 5/4
L< %5 ”ifw[ // w"|u|4dAdn+// “”’u3ndAdn] .

Inserting (3.2)—(3.4) and (3.6) into (3.1), we find that

(3.7) F(z,t) <m [ - %F(z,t)] +me [ . %F(z,t)} ,

oy — Vka N V2aks N Vka by = 123/421/2 cklk;
2V 2vVwh Vewd 55/4 w3

Using the Young inequality again, we have

where

oF 5/4 OF 1.3/4 2:1/4
(38) [~ Fen] =[] [ e
3 oF 1 8F 2
<il-Fmen]+gl-Fen)
Inserting (3.8) into (3.7), we obtain
0 0 2
(3.9) F(z,t) < mS[— aF(z,t)} +m6[— %F(z,t)} ,
h
where B 3 1
ms =m1 + 4m2, me = 4m2.
Thus, from (3.9) we get
oF F(z,t)  m2  ms
——(z,t) =2 — .
0z (2,) me + 4mi  2mg
Therefore, we have
(3.10)
F(z,t) m2\ '  ms F(z,t)  m2  ms
5 M) 8 Ly - < -1
{2m6 + m5< me + 4m§ 2mg me + 4m§ 2mg

Integrating (3.10) from 0 to z, we obtain
(3.11)

F(z,t m? F(0,t m?
2m4¢< ), %_V( ), ]
me 4mg me 4mg

F(z,t)  mi mS]—mg)ln{ F(0,t) = mi m5}

+
me 4mi  2mg me 4mi  2mg

—|—m5ln{ < -z
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Dropping the first term on the left-hand side of (3.11), we get

F(z,t 2
m51n|: (Za ) 7”52 s :|
me dmg  2mg
F(0,t m2 F(0.1 2
<—Z+2m6 M_’_ +m51n (Oﬂ)+ m52_ ms )
me 4m me 4mi  2mg
Therefore, we have
F(z,t)  m2 3 ms
3.12 ik kA AT H 0,t z/ms .
( ) me + 4m% Ql( )e + —2m6
Squaring (3.12), we find that

(313) F(z,t) < moQ3 (0, t)e™ /™% +m5Q:(0,)e /™.

We can complete the proof of Theorem 2.1 by combining (2.2) and (3.14).
Remark 3.1. If b=0in (1.1), Theorem 2.1 also holds.

Remark 3.2. If c=01in (1.1), we recalculate (3.4) to obtain

2/3 1/3
(3.14) I5< U / ‘“"7|u|3dAdn] [/ / (Vg V)2 dAdn]
2/3 1/6
|:/ / wn|u|3 dAd?]:| |:/ / Ua ,nVa, »,]) dAdﬂ:|
[/ / vanvandAdn}
2/3 t 1/6
< bvk [/ / e_“”|u|3dAdn} [/ / e_‘”"va7ﬁnva7ﬁndz4dn}
0o Jp.
1/3
[/ / vanvandAdn}
T 2/31 ot 1/2
< 7 {/ / e‘*”7|u|3dAdn} {/ / e“’"va,gnvaﬁnd/ldn]

2/3 /3
122/3/3ko Vo kr [ 7 el dAd
e |12 g

1/2
—wn, 2
X [5/0 /Dze ‘”"u&ndAdn] .
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Noting that
4 3 17/6
2/3p1/2 [ 2 o
a“’°b \[7a—l—7b} , a,b>0,

we have from (3.14)
(3.15)

122/3 /2%y 7/6
I5 < i \/_\/_[ / / _“"7|'u,|3dAd77+/ / “”’u?,ndAdn} .

76/7/ A w?
Combining (3.1), (3.2), (3.3) and (3.15), we arrive at

(3.16) F(z,) < by [ - %F(z,t)} + by [ - %F(z,t)r/ﬁ

)

where

NI \/2al<:2 ; 12232 Vb ke
i avan 2T T e

Using the Young inequality, we get

by =

(3.17) {_ %—Z(z,t }7/6 [ Z, )}15/6[_ Z_Z(Z;t)}zl/ﬁ
< %[—%—f@,w} )"

Inserting (3.17) into (3.16), we have

F(z,t) < mo [ - %F(z,t)} + mao [ - —ZF(z,t)]Q,

where mg = %bg + b1, mig = %bg

Similarly to (3.9), we have the following theorem.

Theorem 3.1. Assume that w is the solution of (1.1)~(1.6) with [, fdA =0 and
¢ = 0. Then u decays exponentially as z — co. Specifically,

1
(3.18) / / uz Ui + 2aw|’u,|2 + bw|u| } dzdn
—wt - 2 - 3
+e /Rz[2a|u| + 3b|u| }da:
< mlOQ%(Ovt)872z/m9 + mQQQ(Oat)eiz/mgv

where mg and myo are positive constants, and Q2(0,t) is a positive function which
depends on F'(0,t).

651



Remark 3.3. Clearly, Theorem 3.1 also holds for the Brinkman-Forchheimer
equations

t — Au; = —au; — blulu; —p,; in R x (0,00),
Ui i = 0 in R x (O, OO)7

whose convergence, continuous dependence and decay in a bounded region have been
studied by Payne and Straughan [35].

In this case, we can establish a new function

¢ ¢
(3.19) F(z,t) :/ / e “pus dAdn—i—/ / e M, 3u; , dAdn.
o Jp, 0 JD.
We have
(3. 20)
F(z,t) / / uz UWin + w|Vu|2—|— 2aw|’uj|2—|— bw|u| }dAdn

1
—wt 2 v 2 3
- - _b
‘ / [2a|”| +2| " gbll

z

Note that

t
// e “Mu; su; p dAdn
0 JD,
V2 1 ¢
5 1,3 Ui, dAd i,nUi, dAd
[ [t [ nmiaa]

Using the analysis presented in this paper, we have a result similar to Theorem 2.1.
Remark 3.4. The Forchheimer system including temperature can be written as

(see [41])

uis = —blulu; —p,; + ¢;T in R x (0,00),
uj; =0 in R x (0,00),

T,+uT;=AT in R x (0,00).

Using the technique of Theorem 3.1, the continuous dependence on b can be also
obtained.
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4. PROOF OF THEOREM 2.2

Noting (1.2) and [,, fdA = 0, we see that there exists a vector function ¢ such
that

(4.1) ¢ii =0 in Rx (0,00), ¢in; =u;n; ondR x (0,00).

Clearly, ¢i(x1,22,x3,t) has the same boundary conditions with u;. We note that
(4.1) can be satisfied easily. For example, we can choose

¢3(z1, w2, 23, ) = f(21,22,t)e” 772,
where o is an arbitrary positive constant. Since ¢; ; = 0, we obtain

ba,a(T1, 22, 23,t) = 0 f(x1, 22, t)e” 772,

We choose z =0 in (2.1) and (2.2) to get

(4.2) F(0,t) / / ““Mpus , dAdn —/ / ““pgs , dAdn,

and
1 1
(4.3) F(0,t) / / ul Wi + 2cu,u|u|2 + bw|u|‘3 + 4cw|'u| } dz dn
+ e*“’t/ [1a|u|2 + —b|'u|3 + lc|’u|4} dx
w2 3 4

From (4.2), we have

t t
(4.4) F(0,t) = —/ / e pgignidS dn = —/ / e “p iy dzdn
o Jor o Jr

t

= / / e “Muiy + au; + blulu; + clu*u]@i, dadny
0

=D+ J2+ I3+ Jy.

Using the Holder inequality and the Young inequality, we obtain
(4.5)

J1 < < / / T nuzndxdn"_ / / e ¢1 n¢l7]dxdn7
Js < —/ /e_“’"—aw|u|2dxdn+—/ /e‘“’”qﬁi,nqﬁi,ndxdn,
—w 3 3/2
Js < \/_ / / n bw|u| dJ)d’ﬂ-f— 3 %(,UQ/ / ¢zn¢z n) da:dn,
—w 4 —w 2
Ju < 162/0 /Re T]ZCOJ|U| dxdﬂ'f‘m/o /Re n(¢i,n¢i,n) dz dn,
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where €1 and ¢4 are positive constants. Choosing e; = i V3 and &5 = %, inserting

(4.5)—(4.8) into (4.4) and combining it with (4.3), we find that

(4.6) F(0,1) < 5F(0,1) + 55(0),

|~

where

1 1 t t
—s(t) = —/ / e P nip drdn + 2/ / e “p; ndi, drdn
2 2Jo Jr wJo JR
b t
+ e iy in)¥/*dd
\3/36%0.)2 l /}:2 (¢ 777¢ 777) n
c t
—wn i . 2
+ 160.)36% /0 /Re (Ginbin)” dadn.

From (4.3) and (4.9), we can complete the proof of Theorem 2.2.

5. FORCHHEIMER POROUS MATERIAL

In 1998, Payne and Straughan [34] proposed a momentum equation in saturated
material of Forchheimer type which had the form

(5.1) u; + clul?u; = —pi+ 9T+ hT? 4+ 1;T? in R x (0,00),
U =0 in R x (0,00),
(5.3) T:+uwT, =AT in R x (0,00),

where g;, h; and [; are given positive functions. Without loss of generality, we suppose
that g;gi, hihi, ;il; < 1. The form of temperature dependence in (5.1) can be found
n [40]. Gentile and Straughan [8] derived the structural stability of (5.1)—(5.3) in
a bounded region.

Equations (5.1)—(5.3) also satisfy the initial-boundary conditions

(5.4) u; =0, T=0 on 0D x {z3 > 0} x (0, 00),
(5.5) us = f(x1,22,t), T = F(x1,22,t) on D x (0,00),

(5.6)  T(x1,22,0) =0 in R,

(5.7) |ul,us, T, T3,p = o(a3"),

where F' is a continuously differentiable function.
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Now, we establish a new function
t
1
(5.8)  B(xt) = / / e [Juf? + clul* + 6T
0 JR. 2
1
+ Zw52T4 —+ 51|VT|2 + 352|VT2|2 dx d’l7
—wt 1 2 1 4
+e 5072+ 8T d,
R, L2 4
where §; and dy are positive constants to be determined later. From (5.8), we have
9 ! —w 2 4, 1 2
(5.9) ——B(z,t) = emwn [|u| Felult + 26wT
82 0 D, 2
1
+ Zw52T4 + 51|VT|2 + 352|VT2|2 dA d77
1 1
+e*‘*’t/ {—wélTQ + Zwd, T dA.
DZ 2 4
We obtain the following theorem.

Theorem 5.1. Assume that (u,T) is the solution of (5.1)~(5.7) with [, fdA = 0.
Then (u,T) decays exponentially as z — co. Specifically,

E(Z, t) < mGQ% (Oa t)ei22/m5 + m5Q2 (07 t)eiz/ms)a

where ms and mg are positive constants, and (QQ2(0,t) is defined as

me 4mi  2mg

02(0.1) = [ E(0,t)  m2  ms :|eng/mg,\/E(O,t)/m6+m§/(4m§).

Remark 5.1. By using the methods of Section 4, we can also obtain the upper
bound for E(0,t) in terms of known data.

Proof. We multiply (5.1) by e “*u; and integrate in R, x (0,¢) to obtain
t
(5.10) / / e “Mu; + clulPu; —p; — ¢;T — hiT? — 1;T3u; dzdn = 0.
0 JR.
Using the divergence theorem and (5.1)—(5.7), from (5.1) we have

¢
(5.11) // e “M|ul? + clu|*] dzdn
o JR.

t t
:// e_“’"giudexdn—l—// e “"hu;T? dz dn
0 JR. 0 JR,
t t
—l—// ef“’nliuiT?’dxdn—l—// e “Tugpdadn
o JR. o JD.

=K1+ Ky + K3+ Ky.
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Using the Holder inequality and the Young inequality, we get

1t t
(5.12) K < —/ / e*“’"|u|2dxdn—|—/ / e T2 dx dn,
4Jo Jr. 0o JR.
1 [t t
(5.13) K, < —/ / e_“"7|u|2dxd77—|—/ / e 1T dz dn,
4Jo Jr. o Jr.
I 3 !
(5.14) K3 < —c/ / e_‘”"|u|4dxdn+—c_1/3/ / e 1T dx dn.
4" Jo Jr. 4 o JR.

Using a method similar to (3.1), we have for K,

(5.15) K, = / / Mg + c|u|?te — goT — haT? — 1,T3v, dAdn
= Ky + Kyo + Kyz + Kyg + Kys.

It is clear that
k t
(5.16) K41<2—\\//_>%/0/D e~ u|? dAdn,
43/421/2 / 2
(517) K42< 55/4 Cklk |:// wT]|u|4dAd,'7
5/4
+// e_‘“"|u|2dAdn} ,
0 D,
Vka [1 /t / 2 Y
5.18 K3 € ———|=61w e T2 dAd +// e “MNul2dAdn],
NG ] Al Ty Jp A
il [ [, masan [ [ e aaa
) wnt dAdn + wyl?dAdy|,
i (1% )y o€ ! ¢l dAdy
123/421/2 | cky k2
e wn 4
(520) K45 < 55/4 )\153 3|: 52(U/ / T dAd?’]
5/4
+// e‘*”’|u|2dAdn} :
0 D,

Inserting (5.16) and (5.20) into (5.15), we have

(5.19) Kuya <

i|5/4

)

) )
(5.21) Ky <nil— aE(z,t)} + 1 [ — 5-B(z1)

where

= Vka N V2 N V2 ny — 43742172 | cky k3 N 12374212 | ckyk3 .
2\/)\1 \/2)\1(51&) \/)\1(52&)’ 55/4 /\1 55/4 )\15%&)3
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Combining (5.12), (5.13), (5.14), (5.21) and (5.11), we obtain

¢
1
(5.22) // e v —|u|2+§c|u|4}dxd77
0
// “”’Tzda:dn—l— 1+ 1/3 // —enTd da dn

9 B, )} +n2[ 8 2B, t)r/4

+n1[ 92

0z

To bound fot Jr e “1T?dzdn and fot Jr e “1T* dzdy, we multiply (5.3) by
e”“!'T and integrate in R, X (0,t) to obtain

// ML, +uw,T; — AT|T dedn = 0.

Therefore, we get

¢ ¢
(5.23) / / ef‘*’"wTdedn—l—e*‘”t/ T da:—|—2/ / e “|\VT|* dz dn
0 JR. R, 0 VR,
¢ t
= / / e W2y dAdn—i—Q// e “MTT3dAdn
0o Jp. 0o JD.
2 [1 i . K 5
—— |-wd e T dAd —|—/ / e “Nu dAd]
Vwoz {4 2/0 /Dz T D. e !

2 1 t t
+——|Zws // ~nT24dAdn + 6 // —wn72 qAd ]
V2w [QM ! 0 Dze 7 ! 0 Dze 3 7

Similarly, we obtain
(5.24)

¢
// Tt dzdn + e ‘*’t/ T4dx—|—3// e “NVT?? dzdy
R 0 JR.
¢
:// e_“”’T4u3dAd77—|—2// e “1T(T?) 3dAdn
0 Jb. 0o Jp.

Fiy [1 5 /t/ 1Tt dAd +/t/ ‘*”7|u|2dAd}

—w e e
Vwés |4 ? 0 JD. ! 0 JD, !

2 1 t t
+ —why / / e 1T dAdn + 36, / / e “MNVT?12dA dn},
V 3wéa {4 o Jp, o Jb. | |

where FZ, is the maximum value of F in D x (0, 00).
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Combing (5.22)—(5.24) and in view of (5.9), we have
(5.25) / / |u|2 c|u|4 - WO T + woaT* + 26, VT2 + 36,|VT??] dir

+ et / [(51T2 + 52T4] dx
R,

t t
< / / e~ W% dz dn + {1 + §c_1/3} / / e T4 dzdn
o JR. 4 0 Jr.

%E(z,t)} +n2[— %E(z,t)r“

where we have chosen that &; > 2/w, 6> > 2/w([l + 3¢71/3] and let

2(51 +F1%/I\/$ ﬁ}
Vwh, Vo TVl

In view of (5.8), we can conclude that the “energy expression” E(z,t) also satisfies

?

+’I’L3|:—

ns =ni + max{

the inequality (3.7). Using a method similar to Section 3, we to have Theorem 5.1.
O

6. CONCLUSION

In this paper, the equations (1.1)—(1.2) are reconsidered in a semi-infinite cylinder
and the spatial decay bounds of solutions are obtained. In three different types
of a two-dimensional pipe, Payne and Schaefer [32] obtained Phragmén-Lindelsf
alternative results for biharmonic equation. As far as we know, there are few results
for this type of three-dimensional cylinder region (see Figure 2).

<

Therefore, it would be very interesting to replace the pipe R by

Figure 2. Cylindrical pipe Qq.

Qo = {(z1, 22, 23) | (x1,22) € Dygy, 3 > a > 0},

where D, is defined as
v | 23
Dm:{(xhxz,xgﬂﬁ—l—ﬁ:xg, x3>a>0, m, n>0, 0<’y<1}.
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