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Abstract. The strong convergence for weighted sums of widely orthant dependent (WOD)
random variables is investigated. As an application, we further investigate the strong con-
sistency of the least squares estimator in EV regression model for WOD random variables.
A simulation study is carried out to confirm the theoretical results.
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1. INTRODUCTION

As we know the limiting behavior for weighted sums of random variables is very
important for probability theory and statistics as many useful linear statistics, like
least squares estimators, nonparametric regression function estimators and jackknife
estimators, are of the form of weighted sums. Therefore, the study of the limiting
behavior for weighted sums is of great importance, especially studies on strong con-

n
vergence for > an; X;, where {X,,,n > 1} is a sequence of random variables defined

on a fixed prl(;gability space (9,.%, P) and {an;,? = 1,n > 1} is a triangular array
of constants.

There is a lot of literature on the limit properties of weighted sums when
{Xn,n > 1} are assumed to be independent random variables. For instance, Te-
icher [18] established the following result: Let {X, X,,n > 1} be a sequence of
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independent identically distributed (i.i.d.) random variables with EX = 0. If

Jmax lani| = O(1/(n'/?logn)) and E|X|P < oo for some 1 < p < 2, then 3 a,i X;
<ign P

converges to zero a.s. Choi and Sung [5] proved the result of Teicher [18] for

p = 1 under the weaker condition max lani| = O(1/(n'/?(logn)*=1/7)). Sung [17]
weakened the Teicher’ condition ax lani| = O(1/(n'/?logn)) for the case p = 2.
However, scholars later found that the independence assumption gradually cannot
satisfy the requirements of statistics, therefore many dependence structures were put
forward to meet the requirements of it, and many classical results for weighted sums
under independence assumptions were extended to various dependence assumptions
even though many of them could not be so optimal as those of the independent
case. Xu and Miao [27] extended the results of Choi and Sung [5] and Sung [17] for
i.i.d. random variables to the case of identically distributed negatively associated
(NA) random variables. Deng et al. [8] generalized the result of Xu and Miao [27]
for identically distributed NA random variables to the case of negatively orthant
dependent (NOD) random variables.

In this paper, we will further investigate the strong convergence for weighted sums
of WOD random variables. First let us recall some concepts of dependence structures.
The concept of WOD random variables was introduced by Wang et al. [19] as follows.

Definition 1.1. For the random variables {X,,,n > 1}, if there exists a finite
real sequence {gy(n),n > 1} satisfying for each n > 1 and for all z; € (—o0,0),
1<i<n,

n
(1.1) P(Xl >, X > x0,..., X, > J)n) < gU(’I’L)HP(Xz > x;),

i=1

then we say that the {X,,,n > 1} are widely upper orthant dependent (WUOD); if
there exists a finite real sequence {gr(n),n > 1} satisfying for each n > 1 and for all
x; € (—00,00), 1 < i< n,

(1.2) P(Xy <21, Xp w2, Xn < 1) < gr(n) [[ P(XG < a0),

then we say that the {X,,n > 1} are widely lower orthant dependent (WLOD);
if they are both WUOD and WLOD, then we say that the {X,,n > 1} are
WOD, and gy(n), gr(n), n > 1 are called dominating coefficients. Denote

g(n) = max{gy(n),gr(n)} for n > 1.

An array {X,;,7 > 1,n > 1} of random variables is called row-wise WOD if for
every n > 1, {X,;,7 > 1} is a sequence of WOD random variables.
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By the definition of WOD random variables, we can suppose that gy(n) > 1 and
gr(n) = 1. If both (1.1) and (1.2) hold with gy(n) = gr(n) = M for all n > 1,
where M is a positive constant, then the random variables are said to be extended
negatively dependent (END). If both (1.1) and (1.2) hold with gy(n) = gr(n) =1
for all n > 1, then the random variables are said to be NOD. Obviously, NA ran-
dom variables are NOD. Moreover, Hu [11] pointed out that negatively superadditive
dependent (NSD) random variables are NOD. Hence, the class of WOD random vari-
ables includes independent random variables, END random variables, NOD random
variables, NSD random variables and NA random variables as special cases. Hence,
studying the limit behaviour of WOD random variables is highly desirable and of
considerable significance in theory and application.

Some applications in different fields for WOD sequence have been found. See,
many authors have been devoted to the study of risk theory and renewal theory of
WOD random variables. For more details, we may refer to Wang and Cheng [22],
Wang et al. [23], Wang et al. [19], Chen et al. [4]. Many authors have been devoted
to the study of the limiting theory of WOD random variables. For more details, we
can refer to Shen [15], Wang et al. [21], Xi et al. [26], Wang and Wang [24].

For convenience, we give the definition of stochastic domination here.

Definition 1.2. A sequence {X,,n > 1} of random variables is said to be
stochastically dominated by a random variable X if there exists a positive constant C
such that

P(|X,| > ) < CP(|X| > x)
forallz >0 and n > 1.

Our main result for weighted sums of WOD random variables is presented as
follows.

Theorem 1.1. Let {X,,,n > 1} be a sequence of WOD random variables which
is stochastically dominated by a random variable X. Suppose that E|X|?*’ < oo for
some p > 0 and EX,, = 0 if p > 1. Assume further that there exists some 9 > 0
such that g(n) = O(n”). Let {an;,i > 1,n > 1} be an array of constants satisfying
Z |lani? = O(n=%) for some § >0 if 0 <p<2,
i=1

max |an;| = O(n~/?), and n
Z lani)® = o((logn) ™) if p>2.
i=1

1<i<n

Then
n
Z aniX; — 0 a.s.

i=1
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Remark 1.1. Compared with Yi et al. [28], they obtained the strong law of

large numbers for weighted sums satisfying 3 |an:|* = O(n), and showed the strong
=1

1=

law of large numbers under the moment conditions that E|X|? < oo, where 1/p =
1/a+1/Bfor 1 <p<2and0 < «, f < co. But the weighted sums and the moment
conditions of our result are quite different from that of Yi et al. [28]. According to
the proof of Theorem 2.4 obtained by Yi et al. [28] and the properties of stochastic
domination, the condition of identical distribution in Theorem 2.4 can be weakened
to stochastic domination in this paper.

The rest of this paper is organized as follows. Some important lemmas are pre-
sented in Section 2. The proof is provided in Section 3 and an application of our main
result is stated in Section 4. In Section 5 we give a simulation study. Throughout
this paper, C represents a positive constant whose value may vary in different places.
Let I(A) be the indicator function of the set A. a,, = O(by,) stands for |a,| < C|by|
for all n > 1. Denote log z = In max(z, e).

2. PRELIMINARY LEMMAS

To prove the main results of the paper, we need the following important lemmas.
The first one is a basic property for WOD random variables, which was presented
by Wang et al. [21].

Lemma 2.1. Let {X,,,n > 1} be a sequence of WOD random variables.
(i) If{fn(-),n > 1} are all nondecreasing (or all nonincreasing), then { f,(X,),n > 1}

are still WOD.
(ii) For eachm > 1 and any t € R,

n

Eexp {tZXi} < g(n)ilj[lEexp{tXi}.

i=1

Lemma 2.2. Let X1, Xo,...,X, and Y1,Ys,...,Y,, be both WOD random vari-
ables with the dominating coefficients g1(n) and g2(n), respectively. If random
variables X1, Xo,..., X, and Y1,Y5,...,Y,, are independent, then for any 3 € R,
X1+ Y1, Xo+ BYs, ..., X,, + BY, are also WOD random variables with the same
dominating coefficients g1(n)ga(n).
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Proof. For any t1,ts,...,t, € R, by the independence of X, Xs,..., X, and
Y1,Ys,...,Y,, Lemma 2.1 and the definition of WOD random variables, it follows
P(Xl"i_ﬂyl >t1;~"7Xn+BYn >tn)
- /.../I(a:l—l-ﬁzﬂ Sty By > )
X dFXl,...,X”,Yl,...,Y,L (xla ey Ty Y1y 7yn)

= /~~~/P(X1+5y1 >ty X+ Byn > ) dFy, Ly, (Y1s - Un)

< gi(n) / . / P(X1 4 By > 1) . P(Xo + Byn > t) dFrs. .y (411 )

= gl(n)E(H/I(xi + BY; > t;)dFx, (fﬂi))

i=1

< g1(n)ga(n) HE/I(%' + BY; > t;) dFx, (z;)

= 91(n)g2(n) | | P(Xi + BY: > ).

=

i=1

Similarly, we have

n
P(X1+ BY1 <ty ., X+ BYy < tn) < g1(n)ga(n) [[ P(Xi + BY: < t).

i=1

Hence, by the definition of WOD random variables, we can see that X; + Y1,
Xo + BYa, ..., X,, + BY,, are WOD random variables with dominating coefficients
g1(n)gz2(n). The proof is completed. O

The following lemma is a Fuk-Nagaev type inequality for WOD random variable
which is due to Shen et al. [16].

Lemma 2.3. Let {X,,,n > 1} be a sequence of WOD random variables with
dominating coefficients g(n) forn > 1. If EX,, = 0 and EX? < oo for n > 1, then
for any x > 0 and y > 0,

P >

>
i=1

> x) < 2P< max | Xi| > y) + 2g(n)exp{—2(x72)},

1<ign xy + Mn

n
where M,, = > EX2.

i=1
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By the definition of stochastic domination and integration by parts, we can get
the following property for stochastic domination. For the details of the proof, one
can refer to Wu [25].

Lemma 2.4. Let {X,,,n > 1} be a sequence of random variables which is stochas-
tically dominated by a random variable X. Then, for any o > 0 and b > 0, the
following two statements hold:

E[Xn|"I(|Xn] < b) < CL(EIX]I(|X] < ) + b P(|X] > b)),
E[Xn [ I(|Xn| > b) < C2E[X[*I(]X] > ),

where Cy and Cs are positive constants. Consequently, E|X,,|* < CE|X|*, where C
is a positive constant.

3. PROOF OF THE MAIN RESULT

With the lemmas in Section 2, we will present the proof of the main result.

Proof of Theorem 1.1. Without loss of generality, we can assume that a,; > 0,
and note that a,; = a;, —a_ .. For any o > 0, choose a small @ > 0 and large N > 1
(w and N be specified later).

Denote forn > 1 and 1 <7 < n that

XT(L? = —a'n " aX; < —n" %)
+ XzI(|asz| < ’I’Liw) + a;ilnfwl(am‘Xi > nfw),
XD = (Xi = ap!n ™) (077 < aniXi < o/N),

XO = (X, 4 a; =) (=" > a,X; > —o/N),
X9 = (X, = ay =) (a0 Xs 2 0/N) + (X + ay =) (a0 X; < —0/N),

ni ?

Sulk) = D aniX), k=1,2,34.
=1

For fixed n > 1, it is easy to obtain > an; X; = Sn(1) + Sn(2) + Sn(3) + Sn(4),
i=1

(3

and it follows from Lemma 2.1 and the definition of Xr(i) that {amXT(i) - Eaer(l?,
1 <4 < n} are still WOD random variables.
In what follows, we consider two cases.

Case I. p > 2. In order to obtain Y a,;X; — 0 a.s., it suffices to show S, (k) — 0
a.s. for k =1,2,3,4. =1
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Firstly, S, (1) — 0 a.s. is valid if we can show that ES, (1) — 0 and S,(1) —
ES,(1) = 0 a.s. as n — 00.

Taking w sufficiently small such that 0 < w < (1 —-2/p)/(p—1),s0 (p — 1)w —
14+ 2/p < 0, then we have by EX,, = 0, Markov’s inequality and Lemma 2.4 that

(3.1) |ES,()] <n =Y PlaniXi| >n"7) +
i=1

Z amEXzI(|ale| < nw)‘

i=1

n
=0~ PllaniXi| >n" %) +
i=1

n
Z amEXzI(|ale| > nw)‘

i=1

n n
S n(p_l)w Z E|amXi|p + n(p—l)w Z E|am-Xi|pI(|amXi| > ’I’L_w)

i=1 i=1
p—2
1 2
< onP~Y= (fg&x |am|> z; a;
1=
< OnP=V==1+2/P(Jogn)™t - 0 as n — oo,

which yields that £S,(1) — 0 as n — oo.
In order to show S, (1)—ES, (1) — 0 a.s., we only need to prove that for any ¢ > 0,

(3.2) > P(ISn(1) = ES,(1)] > o) < 00

From the definition of X'V

ni ?

(3.3) lréllaxn |amX7(ll) EamX(l)|

and by Lemma 2.4, we have
(34)  My=Y B(anX.) — Ban X)) ZE|amX(1) ZE|amX 2.

Noting that g(n) = O(n”) for some ¥ > 0, then using Lemma 2.3 with 2 = ¢ and
y =2n~%, we derive by (3.3), (3.4) and Lemma 2.3 that

ZP(lsn(l) — ESn(1)] > o)

(2

X0 _ B x®

¢
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Z (max |amX(1) EamX(l)| > 2n*w)

1<i<n

92

exp{ 2(20n~= —l—o((logn)—l))}

|M8

C’Zg )exp{—(2+ 9)logn}

< C’ZeXp{—Zlogn} < 00,

n=1
which yields (3.2). The proof of S, (1) — 0 a.s. is finished. O

Next, we will consider S,(2). It follows from the definition of XT(L? that 0 <
n

ani X2 < o/N. Then |S,(2)] = > am'X,(LQi) > p gives that there are at least N
i=1

nt

i’s such that amX,(LQi) # 0. Noting that g(n) = O(n?) for some ¥ > 0, we take w
sufficiently small and N > 1 sufficiently large such that 1 — 2/p — pw > 0 and
(1-2/p—pw)N > 9+1. Hence, we have by Markov’s inequality and Lemma 2.4 that

P([Sn(2)] > o)

< P(there are at least N i's such that amX( #0)

< > Plam X3 # 0,05, X5 # 0, tniy X3, #0)
1<i1 <ia<...<in<n

< Z PlamXi, >n % ani, Xiy >0 7,0 aninyXiy >0 7)
1<i1<i2<..<iN<N

< g(n) Z PlapgXi, >n F)P(aniy, Xiy, >n" 7). PlaniyXiy >n" )

1<i1<i2<...<in<n

< g(n)(i P(an X; > n‘w)>N < g(n) (i P(laniX;| > n_w))N

i=1 i=1

n N p—2 n N
(% 3 BlawXi) < gt (= (e o) S, )
=1

=1
< g(n)n—(l—Q/p—pw)N(logn)—N < Cnﬂ—(l—Q/p—pw)N(logn)—N

Y

which yields

> P(1Sa(2)] > 0) <

n=1

So, we have S,(2) — 0 a.s.
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Based on —p/N < amX( ) < 0, then [Sn(3)] = = > amX,(g) > p proves that
i=1
there are at least IV i’s such that am'Xni # 0. Similarly to the proof of S,,(2) — 0
a.s., we obtain S, (3) — 0 a.s. immediately.
Finally, we will prove S,,(4) — 0 a.s. By Lemma 2.4 and E|X|?*’ < oo, we can
obtain

P(ISn(®)] > 0) < YD PllaniXi| > ¢/N) < C > nP(|X|> Cn'/)

n=1 n=1 i=1 n=1

<CY KP(CKY? < |X| < Clk+ 1)) < CBIX " < o,
k=1

which implies that S,,(4) — 0 a.s.

Case II. 0 < p < 2. We first need to prove ES,(1) — 0. If p > 1, taking w
sufficiently small such that 0 < @ < (1 —2/p)/(p — 1), which means that (p —1)w —
1+2/p<0, by EX,, =0, Markov’s inequality and Lemma 2.4, we have

Z amEXiI(|am~Xi| < nfw)
i=1

|ES, ()] <™= Y PlaniXi| >n" <) +

i=1

n n
< nlP—b= Z Elan: Xi|P + nP—H= Z Elan: Xi|PI(|an: Xi| > n~%)

i=1 i=1

n
< CnP- 1)w( max |am|) Z az;
i=1

1<isn

< OnP~ V== 1+2/P(log n) ™1 5 0 asn — oco.

So, we can obtain ES, (1) — 0 immediately.
If 0 < p < 1, we conclude from Lemma 2.4 that for any @w > 0,

n
|ES,(1)] < *WZP |ani Xi| > n"") + > Blani Xl I(|ani X <n %)
i=1 i=1
n n
< n(p_l)w Z E|amXi|p + n(p_l)w Z ElamXilpI(|amXi| < ’I’L_w)
=1 =1
<On®P V=0 50 asn — oco.

Consequently, for all 0 < p < 2, we get £S,,(1) — 0.
Now, we prove S,,(1) — ES,(1) — 0 a.s. Recall that |amX7($)| <n % and

n
My =3 Blan X)) — BaniX\))? ZE|amX(1

i=1
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Noting that g(n) = O(n”) for some ¥ > 0, then using Lemma 2.3 with 2 = ¢ and

y = 2n~ %, we have by Lemma 2.3 that
S _ S 1) 1) —w
;qunu) 1) > o) ; (fgfm\xﬂ lani XY — B XD| > 2n )

2

o) exp{ 5 220n= +Qo<aog n)-1) j

Mz

<C Z )exp{—(2+ ¥)logn}

< CZexp{—ﬂogn} < 00,

n=1
which ensures that S, (1) — ES,(1) — 0 a.s., and thus S, (1) — 0 a.s.
For S, (2 ), it follows from the definition of XT(LZi) that 0 < amX,(j) < ¢/N. Then
|Sn(2)| = Z niX ) > o0 gives that there are at least N 4’s such that amX,(j) # 0.
Noting that g( ) = O(nﬂ) for some ¥ > 0, we take w sufficiently small and N > 1

sufficiently large such that 6 — pew > 0 and (6 — pw)N > ¢ + 1. Hence, we have by
Markov’s inequality and Lemma 2.4 that

P([Sn(2)] > o)

< P(there are at least N #’s such that amX( #0)

< Z P(anlxml # 0, aniy X 7”2 7& 0,...,aniny X TMN # O)
1<i1 <ia<...<in<n

< Z PlamXi, >n % ani, Xiy >0 7,0 aninyXiy >0 7)
1<i1<i2<..<iN<N

< g(n) Z PlanXi, >n F)P(ani, Xiy, >n" 7). PlapiyXiy >n" )

1<i1<i2<...<in<n

< g(n)(i P(an X; > n‘w)>N < g(n) (i P(laniX;| > n_w))N

i=1 i=1

N
n) <””w ZEianiXilp) < gn)n==IN < Ot =N

which yields

So, we have S,(2) — 0 a.s.
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n
Based on —p/N < amX,(L?;) < 0, then |S,(3)| = —Zame(j) > p proves that there
i=1

are at least N i’s such that am'Xy(j) # 0. Similarly to the proof of S, (2) — 0 a.s.,
we obtain S, (3) — 0 a.s. immediately.
For S,,(4), by Lemma 2.4 and E|X|* < co, we can obtain

P(ISu(4)] > 0) < D> > PllanXs| > o/N) < C Y nP(|X| > Cn'/?)
n=1 n=11=1 n=1

<CY KP(CKY? < |X] < C(k+1)/7) < CE|X| < o0,
k=1

which implies that S, (4) — 0 a.s. From the statements above, the proof is completed.
O

4. APPLICATION OF THE MAIN RESULT

In this section, we will present an application of our main result established in
Section 1.
Consider the following simple linear EV model

(4.1) n =0+ pBr;+ei, & =x+6;, 1<i<n,

where 7; are the response variables, 0, 5, x; are unknown constants (parameters),
and ¢; are random errors with mean zero. Due to the measuring mechanism or the
nature of the environment, the variables x; are measured with error and are not
directly observable. Instead, x; are observed through & = x; 4+ d;, where §; are the
measurement errors with mean zero and {e;,7 > 1} is independent of {d;,7 > 1}.
Meanwhile, {e;,% > 1} and {d;,7 > 1} are both mean zero WOD random variables
with identical distribution.

The EV regression model (4.1) was first proposed by Allen [1] and subsequently has
been studied by many authors. For instance, Deaton [7] corrected it for the effects of
sampling error and found it is somewhat more practical than the ordinary regression
model, which includes many usual parametric, partially linear and nonparametric
regression models. For more details about the EV regression model, we can refer to
Fuller [10], Carroll et al. [2], and so on. As we all know, many authors focused on
the estimation of the involved parameter in the EV model. Moreover, the limiting
behaviors for the LS estimators of 8 and 6 in the EV model have been extensively
studied. For example, for the case that the errors are sequences of independent ran-
dom variables, Cui [6] for asymptotic normality, Miao et al. [13] for the central limit
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theorem, Chen et al. [3] for strong and weak consistency, and so on. Under the case

that the errors are sequences of dependent random variables, Fazekas and Kukush [9]

for asymptotic normality, Miao et al. [14] for the strong consistency, Wang et al. [20]

for asymptotic properties, and so on. Inspired by the above literatures, the main pur-

pose of this section is to further study the strong consistency for the LS estimator in

the EV regression model under WOD errors by using the result obtained in Section 1.
From (4.1) we have

(42) Ui:9+ﬂfi+yi, l/iIEi—ﬂ(Si, 1<i<n.

Considering formally (4.2) as a usual regression model of n; on §;, we get the LS
estimators of S and 6 as

IR SIUEL SIS -

(43) 6n == — ) HTL = ﬁn - 6n€na

n
i=1

p— n p—
where £, = n=!>°¢&;, and other similar notations, such as 7,,, d,, Z, and g, are
i=1 n
defined in the same way. Denote S,, = 3" (z; — Ty,)? for each n > 1. Based on the
i=1
notations above, we can get that

> i (0 = On)ei + 3500 (@i — Tn)(ei — BOi) — BYTI 1 (8 — 0n)?

44) B, —B= - ,
( ) 6 6 Z?:l(fi - En)Q

and

(4.5) B, — 0= (B~ Bu)Tn+ (B — Bn)on +5n — B

These relations play important roles in the proofs of the main results in this section.
As an application of Theorem 1.1, we obtain the following strong consistency of
the LS estimator in a multiple linear EV regression model.

1. Suppose that
C,n"/\/S, <C
and n'=%//S, — 0. Assume further that k > 1/p —1/2 if 1 < p < 2. Then
VS

nf'i

Theorem 4.1. Let E|e1|*? < 0o and E|61|*? < oo for some p >
there exists some k > 0 such that max |z; — Tn|/(V/Sun~1/P) <
<i<n

(Bn —fB) =0 a.s.
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Theorem 4.2. Suppose that the conditions of Theorem 4.1 are satisfied. Assume
further that there exist some 0 < v < min(l — 1/p,1/2) and p > 1 such that
"7 /\/Sp|Tn| < C. Then

m(ﬁn —0) =0 a.s.

Remark 4.1. The conditions of our Theorems 4.1 and 4.2 are relatively general,
which has been used by Wang et al. [20]. It is easy to see that n'=%/\/S, — 0
implies n*/1/S,, < C when 0 < k < 1/2 and n*//S,, < C implies n'=*/y/S, — 0
when £ > 1/2. Compared with Theorem 2.3 in Miao et al. [14], we can see the
condition in /S, /n! =" — 0o (v > 0) for p = 2 of Miao et al. [14] is stronger than
nt=%/\/S, — 0 of this paper.

Proof of Theorem 4.1.  Noting that Fd? < oo by E|6; [ < oo for p > 1, it

follows

1 " - 1 i 1 i
S 5 —on)? < 52 — E§? E&?
S 0B € e S B+ =S

_ \/S_ln“ SO (@215 > 0) — ES2I(5; > 0))
n =1

1 n 1—k
o S (621(5 < 0) — ESI(5, < 0)) + ——E8}
nne
11—k

VS
. n
= In1 + Ino + —S—nE(sf
By Lemma 2.2, we easily see that {021(5; > 0) — E6?1(6; > 0),i > 1} and
{621(8; < 0) — E21(6; < 0),i > 1} are still WOD random variables. For I,
denote a,; = 1/(v/Syn”) and X; = 621(5; = 0) — E§21(5; > 0).
It follows from E|d;|*” < oo that E|X1|?? < E|6;|*? < co. Since n'=*//S, — 0,

one has

+

i=1

1 nl=F 1

| = < . = —-1/p
e el = Zom=m < i O,
and
- n nl=rNP
Qpj P = = nl—p . (—) =0 n_(p_l) if1<p< 2;
21l = vl

n272n

n
Z ;
a., . = .
n
: Sn
i=1

if p=1, by n*/y/S, < C, we have

=o((logn)™1) if p> 2,

S|

- nl=* n
o = B e 2
i=1 S S
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where k > 1/2, since K > 1/p—1/2if 1 < p < 2. Thus, applying Theorem 1.1, we
can prove I,; — 0 a.s., we can also prove I, — 0 a.s. in the similar way to that
of I,,1. Moreover, recall that E|§;|* < oo implies Ed7 < oo, then

1 n

T \2
Like with the arguments in the proof of (4.6), we can obtain

(4.7) ﬁ ;(ei —2)2 = 0as.

Note that
n _ n _ 1 n _ n
512_6n51 = 57,_5n € —&n)| < 61_6n2+ Ez_gnQ)
>0 =Fuge = | 20 =Tl 7| < 5 @( EDICEEN

So, from (4.6) and (4.7), we can obtain

n

1 _
4.8 —_— 0; —O0n)e; — 0 a.s.
(49) o 26

Denote an; = (x; — Zn)/(V/Sun®), X; = &; — 86;. We have by Lemma 2.2 that
{ei—pdi,i > 1} is still a sequence of WOD random variables. Meanwhile, recall that
Ele1|*? < 0o and E|§;[*? < oo implies

E|X1|*” = Ele1 — 86,1|** < CE|e1|** + CE|§;|*? < 0.

Since Jnax lz; — Tp|/(v/Sun~1/P) < C, we have
i<n

=O(n~V/P).

max |a,;| = m |2 —Tn] 1
1<ign ni 1<z<n \/Spnt— 1/p pl/p

If 1 < p < 2, note that x > 1/p — 1/2, it follows

n 1 n p/2
> lanil? = p/Q - Z lzi — TnlP < p/Q o (5 > fai - Enlz)
i=1 Sn'“np Sn i=1

— pl-p/2- p"‘:O(n (pr+p/2— 1))’

if p> 2,
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Hence, applying Theorem 1.1, we can prove that

n

(4.9) ﬁ > (xi = Tn)(ei — B8) = 0 aus.
n i=1

For any A > 0 we conclude that

n

Z |Ti — T - [0 _5n| < Z(% —Tn)?- \J 2(51 _gn)z

i=1 i=1

=1 i=1
AN (@ = T)? + 1A (6 — 80)°
- 2
*25”+2A;(5l 3n),

which means that

& -¢
=1

(4.10)

VAN
]
NgE
E]
|
El
E
|
O«)
=
i[>
O«)
;

i=1

Obviously, by n*/v/S, < C, (4.6) and (4.10), it follows

n n

1 = .9 1
1+X n" -
<A+ . Z 2 5 Nas.,
A VS, —

n

since A > 0 is arbitrary, so that

(& —E,)% — 1‘ — 0 a.s., which yields
i=1

(4.11) SLZ(@ —£)? > 1as.
=1

According to relation (4.4), the desired result follows by (4.6), (4.8), (4.9), and (4.11).
The proof is completed. O
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Proof of Theorem 4.2. It is observed that
_ 1 <
Y (En = f0n) = = > (e — B6).
i=1

Denote a,; = 1/n'™7, X; = &; — 36;. Recall that 0 < v < min(1 — 1/p,1/2) and
p > 1, we get
E|X1|* = Eley — 861 < CE|e1|*” + CE|6;]*F < oo,

— == — O(n=1/P
108X |ang| =1 =O0(n=/7),

noting that p — 1 — py > 0, we have

Z |anz| p(l ) O(ni(pilipv)) if 1< p <2,
2 _ _ “1 .

;ani—ﬁ—o((logn) ) ifp>2.

1=

Hence, applying Theorem 1.1, we can prove that
(4.12) nY (&, — B0,) — 0 as.
It can be checked that

/5, G

hence, by n"*t7/y/S,|Z,| < C and Theorem 4.1, we have

(4.13) n"(B = Bn)Tn — 0 as.

nV(B - Bn)fn -

Like with the arguments in the proof of (4.12), we can obtain

1 n
(4.14) — > 6 =0 as.
i=1

Note that

n

S5 Sn ~ n 1
n’y(ﬂ - Bn)(sn = e (5 - Bn) : \/—S_n : iy ;(51‘7

thus, it follows from n”/y/S,, < C, Theorem 4.1 and (4.14) that

(4.15) 1 (B = Bp)on — 0 as.

According to relation (4.5), the desired result follows by (4.12), (4.13), and (4.15).
The proof is completed. O
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5. SIMULATION STUDY

In this section, we will carry out a simulation to study the numerical performance
of the strong consistency result that we established in Theorems 4.1 and 4.2. The data
are generated from model (4.1). For any fixed n > 3, let (c1,€2,...,&,)" ~ N(0,%),

and (01,62,...,0,) " ~ N(0,%), where O represents zero column vector, Y is
1 —x 0 ... 0 0 0
-x 1 —x 0 0 0
0 —y 1 0 0 0
Y= : , x=0.1
0O 0 0 1 —x 0
0 0 0 -x 1 —x
0 0 0 0 —x 1/,

By Joag-Dev and Proschan [12], we can see that {e;,7 > 1} and {J;,7 > 1} are both
NA vectors for each n > 3 with finite moment of any order, which are special case
of WOD vectors. Here taking x = 0.45, v = 0.05 and z; = i/no'2 forall 1 <i<n,
it is easy to show that the conditions required in Theorems 4.1 and 4.2 are satisfied.
For example, n**7/\/S,|Z,| = \/3(n + 1)/(n — 1). Considering the different values
of B and 6, we will choose two cases as follows.

Case I. B = 2 and 6 = 3. By taking the sample sizes n as n = 100, 300, 700, 1200,
1800 respectively, we compute B\n — (8 and @L — 6 300 times and plot the boxplots of
them in Figure 1. We find that the differences B\n — (3 and é\n — @ approach to the
zero line and the ranges of Bn — f and §n — 6 decrease as n increases.

0.3F =
0.020 - . . :
i (51 S il
0.015F ! i 4 01k T ! | i -
1 + ! ' ; .
0.010F | i - OF ' §
! | % -0.1+ E ; +
0.005 F E ! .- E L
! 4+ —-0.2+ | 1 1
ob T B B S e 1
! ! | 1 + ! *
—0.005 ! ¥ 4 “04r H ]
—05F + -
—oow0f T 07 1 _o6k * i
n=100 n="700 n = 1800 n=100 n="700 n = 1800
n=1300 n = 1200 n=1300 n=1200

Figure 1. The boxplots for B\n — B (left) and 0 — 0 (right) with 8 =2 and 0 = 3.

Case II. =3 and 0 = 4. We also compute B\n — [ and é\n — 6 200 times and plot
the boxplots of them in Figure 2. We also see that the performances of 8, — f and
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@n — @ fluctuate to zero uniformly as n increases. These provide verifications to our
theoretical results.

0.025

: 02F * i -
0.020- -T_ 0.1F + % % '-£ i ]

ot | : 1 | \ ! !
0.015 : _; s 0F E 1 E E E _
0.010 ! _?_ . 1 —0.1} B . ! +
0.005 | : | —f— o —0.2+ S ! ! 'f' B
ot 1T H B3 & & et L ;
—0.005]- j{ E ; + - _8"51' . iy
— - 1 -

—0.010 + E3 E ’ T
+ + 706 - + —
n =100 n="700 n = 1800 n =100 n="700 n = 1800
n =300 n=1200 n =300 n=1200

Figure 2. The boxplots for B, — 3 (left) and 8y, — 6 (right) with 3 = 3 and 6 = 4.
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