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Abstract. Let G be a simple connected graph with vertex set V (G) = {v1, v2, . . . , vn} and
edge set E(G), and let dvi be the degree of the vertex vi. Let D(G) be the distance matrix
and let Tr(G) be the diagonal matrix of the vertex transmissions of G. The generalized
distance matrix of G is defined as Dα(G) = αTr(G) + (1 − α)D(G), where 0 6 α 6 1.
Let λ1(Dα(G)) > λ2(Dα(G)) > . . . > λn(Dα(G)) be the generalized distance eigenvalues
of G, and let k be an integer with 1 6 k 6 n. We denote by Sk(Dα(G)) = λ1(Dα(G)) +
λ2(Dα(G))+. . .+λk(Dα(G)) the sum of the k largest generalized distance eigenvalues. The
generalized distance spread of a graph G is defined as DαS(G) = λ1(Dα(G))−λn(Dα(G)).
We obtain some bounds on Sk((Dα(G))) and DαS(G) of graph G, respectively.

Keywords: graph; generalized distance matrix; generalized distance eigenvalue; general-
ized distance spread

MSC 2020 : 05C50, 05C12, 15A18

1. Introduction

In this paper, all graphs considered are finite, simple and connected. Let G be such

a graph with vertex set V (G) = {v1, v2, . . . , vn} and edge set E(G), where |V (G)| = n

and |E(G)| = m. Let dvi denote the degree of vertex vi, N(vi) denote the neighbor

set of vi, and let ∆(G) be the maximum degree of all vertices in G. For S ⊆ V (G),

we use G[S] to denote the subgraph of G induced by S. The distance between

vertices vi and vj in G is the length of a shortest path connecting vi to vj , which

is denoted as d(vi, vj). The diameter of G, denoted by diam(G), is the maximum

distance between any two vertices of G. The distance matrix (see [5]) of a graph G

is an n× n matrix D(G) = (dij), where dij = d(vi, vj) for i, j = 1, 2, . . . , n.
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The transmission of vertex vi, denoted by TrG(vi) or Tri, is defined to be the sum

of the distances from vi to all vertices in G, that is, TrG(vi) = Tri =
∑

u∈V (G)

d(u, vi).

A graph G is said to be k-transmission regular if TrG(v) = k for each v ∈ V (G).

The transmission of a vertex v is also called the distance degree or the first distance

degree of v. The sequence {Tr1,Tr2, . . . ,Trn} is called the transmission degree se-
quence of G. The second transmission of vertex vi, denoted by Ti, is defined to

be Ti =
n∑

j=1

dijTrj , and {T1, T2, . . . , Tn} is called the second transmission degree

sequence of G.

Let Tr(G) = diag(Tr1,Tr2, . . . ,Trn) be the diagonal matrix of vertex transmissions

of G. The adjacency matrix A(G) ofG is a square matrix of order n whose (i, j)-entry

is equal to unity if the vertices vi and vj are adjacent, and is equal to zero otherwise.

Let Deg(G) = diag(d1, d2, . . . , dn), where di = dvi for i = 1, 2, . . . , n. The matrices

L(G) = Deg(G)−A(G) and Q(G) = Deg(G)+A(G) are called the Laplacian matrix

and the signless Laplacian matrix of G, respectively. Aouchiche and Hansen in [2], [3]

introduced the distance Laplacian matrix and the distance signless Laplacian matrix

of a graph. The matrix DL(G) = Tr(G) − D(G) is called the distance Laplacian

matrix of G, while the matrix DQ(G) = Tr(G)+D(G) is called the distance signless

Laplacian matrix of G.

In 2019, Cui et al. in [6] proposed the generalized distance matrix Dα(G) =

αTr(G) + (1− α)D(G) by using the convex linear combination of Tr(G) and D(G),

where 06α6 1. As you can see, D0(G)=D(G), 2D1/2(G)=DQ(G), D1(G)=Tr(G),

andDα(G)−Dβ(G) = (α−β)DL(G). Since the matrixDα(G) is real and symmetric,

all its eigenvalues are real, denoted by λ1(Dα(G)) > λ2(Dα(G)) > . . . > λn(Dα(G)).

The generalized distance spectral radius of G is defined as ̺(Dα(G)) = λ1(Dα(G)).

The Wiener index (see [18]) of G is defined as

W (G) =
1

2

n∑

i=1

n∑

j=1

dij =
1

2

∑

vi,vj∈V (G)

dij =
1

2

∑

vi∈V (G)

TrG(vi).

In [4], Brouwer conjectured that the sum of the k largest Laplacian eigenvalues

of G is at most

Sk(G) 6 e(G) +

(
k + 1

2

)

for k = 1, 2, . . . , n, where e(G) is the number of edges of G. Haemers et al. in [8]

proved Brouwer’s conjecture for k = 2, and they also showed that if G is a tree, then

the sum of the k largest Laplacian eigenvalues of G is at most e(G)+2k−1. Let G be

a connected graph of order n, and let ̺1(D(G)) > ̺2(D(G)) > . . . > ̺n(D(G)) be the

distance eigenvalues ofG. Lin in [11] put forward a concept of the sum of the k largest
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distance eigenvalues of G as Sk(D(G)) = ̺1(D(G)) + ̺2(D(G)) + . . . + ̺k(D(G)).

For an integer 1 6 k 6 n, the sum of the k largest generalized distance eigenvalues

of Dα(G) is defined, that is,

Sk(Dα(G)) = λ1(Dα(G)) + λ2(Dα(G)) + . . .+ λk(Dα(G)).

Let M be a symmetric matrix of order n having eigenvalues wi, i = 1, 2, . . . , n.

If w1 and wn are, respectively, the largest and the smallest eigenvalues ofM , then the

spread of M is defined as S(M) = w1 −wn. From [9], [13], we know that the spread

of a matrix is a very interesting topic. The distance spread of G was considered

in [20] and is defined as SD(G) = ̺1(D(G)) − ̺n(D(G)). Various lower and upper

bounds for the parameter SD(G) can be found in [20]. Motivated by the results

obtained for the distance spread, You et al. in [19] put forward the concept of the

distance signless Laplacian spread ofG as SDQ(G) = q1(DQ(G))−qn(DQ(G)), where

q1(DQ(G)) and qn(DQ(G)) are the largest and smallest distance signless Laplacian

eigenvalues of G, respectively, and obtained various lower and upper bounds for the

parameter SDQ(G) in terms of different graph parameters.

The paper (see [16]) defines the generalized distance spread of a graph G as the

difference between the largest and smallest eigenvalues of Dα(G), that is,

DαS(G) = λ1(Dα(G))− λn(Dα(G)),

and obtains some bounds for the generalized distance spread DαS(G) and also ob-

tains the relation between the generalized distance spread DαS(G) and the distance

spread SD(G). Furthermore, they obtained the lower bounds for DαS(G) of bi-

partite graphs involving different graph parameters and obtained the lower bounds

for DαS(G) in terms of clique number and independence number of G and character-

ized the extremal graphs for some cases. However, the generalized distance Laplacian

spread seems less well-known because it was introduced somewhat later, see [16]. Up

to now, there are only very limited results on the Laplacian spread. We think the

results are only of theoretical interest.

Motivated by these, we study the sum of the k largest generalized distance eigen-

values Sk(Dα(G)) and the generalized distance spread DαS(G) of a graph G of

order n, where 1 6 k 6 n and 0 6 α 6 1. This paper is organized as follows. In

Section 2, several lemmas are given to prove the following theorems. In Section 3, we

determine some bounds on Sk(Dα(G)) of G. In Section 4, we obtain some bounds

on generalized distance spread DαS(G) of G.
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2. Lemmas

In this section, we state some previously known results that are needed in the next

two sections.

Lemma 2.1 ([15], Cauchy alternating theorem). LetA be a real symmetric matrix

of order n andB be a principal submatrix of orderm ofA. Suppose A has eigenvalues

λ1 > λ2 > . . . > λn, and let B have eigenvalues β1 > β2 > . . . > βm. Then for all

k = 1, 2, . . . ,m, λn−m+k 6 βk 6 λk.

Lemma 2.2 ([1], Ramsey theorem). The Ramsey function R(k, l) is defined as

the minimal integer n such that any graph on n vertices contains either a clique of

size k or an independent set of size l.

Lemma 2.3 ([7]). Let G be a tree of order n > 4. Then

̺(Dα(G)) >
αn+ 2(n− 2) +

√
n2(2− α)2 + 4(n− 1)(2α− 3)

2

with equality holding if and only if T ∼= Sn, where Sn is a star of order n.

Lemma 2.4 ([7]). Let G be a graph with n vertices and m edges. Then

̺(Dα(G)) >
2W (G)

n

with equality holding if and only if G is a transmission regular graph.

Lemma 2.5 ([11]). Let G be a graph of order n. If ∆(G) 6 l and diam(G) 6 d,

then

n 6 1 + l + l(l− 1) + l(l − 1)2 + . . .+ l(l− 1)d−1.

Lemma 2.6 ([11]). Let G be a graph with n vertices and m edges. Then

W (G) > n(n− 1)−m.

Lemma 2.7 (Turán theorem). Let G be a graph with n vertices and m edges

without k-vertex clique. Then

m 6
(k − 2)n2

2(k − 1)
=

(
1− 1

k − 1

)n2

2
.
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Lemma 2.8 ([17]). Let G be a graph of order n having transmission degrees

Tr1,Tr2, . . . ,Trn and Wiener index W (G). Let λ1, λ2, . . . , λn be the eigenvalues of

the generalized distance matrix Dα(G) of graph G. Then

(1)
n∑

i=1

λi = 2αW (G);

(2)
n∑

i=1

λ2
i = α2

n∑
i=1

Tr2i + (1− α)2
n∑

i=1

n∑
j=1

dij .

Lemma 2.9 ([12]). If M is an n× n nonzero Hermitian matrix, then

S(M) >
∣∣∣ tr(M

3)

tr(M2)
− tr(M)

n

∣∣∣.

Lemma 2.10 ([14]). Let ti > 0, T =
n∑

i=1

ti, a 6 ai 6 A and b 6 bi 6 B for

i = 1, 2, . . . , n. Then

∣∣∣∣
1

T

n∑

i=1

tiaibi −
1

T 2

n∑

i=1

tiai

n∑

i=1

tibi

∣∣∣∣ 6
1

4
(A− a)(B − b).

Lemma 2.11 ([10]). Let a1, a2, . . . , an and b1, b2, . . . , bn be real numbers such

that a 6 ai 6 A and b 6 bi 6 B for i = 1, 2, . . . , n. Then

∣∣∣∣
1

n

n∑

i=1

aibi −
1

n

n∑

i=1

ai
1

n

n∑

i=1

bi

∣∣∣∣ 6
1

n

⌊n
2

⌋(
1− 1

n

⌊n
2

⌋)
(A− a)(B − b),

where ⌊x⌋ denotes the integer part of x.

Lemma 2.12. Let G be a graph of order n, and 2 6 k 6 n. If n is sufficiently

large with respect to k, then λk(Dα(G)) > kα− 2.

P r o o f. We divide the proof into two cases.

Case 1 : ∆(G) > R(k − 1, k − 1). Let v ∈ V (G) with dv = ∆(G). By Lemma 2.2,

G[N(v)] either contains a clique A of size k−1 or an independent set B of size k−1.

If the first case occurs, then H = G[A ∪ {v}] = Kk. By Lemma 2.1, λk(Dα(G)) >

λk(Dα(H)) = kα − 1. If the second case occurs, then H = G[B ∪ {v}] = Sk. By

a simple calculation, the generalized distance spectrum of Sn is

{
[α(2n− 1)− 2](n−2),

αn+ 2n− 4±√
s

2

}
,

where s = n2(2−α)2+4(n−1)(2α−3). It is easy to verify that 1
2 (αn+2n−4+

√
s)

is the generalized distance spectral radius of Sn, and
1
2 (αn+2n−4−√

s) is the least

eigenvalue of Sn.
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By Lemma 2.1,

λk(Dα(G)) > λk(Dα(H)) =
kα+ 2k − 4−

√
k2(2− α)2 + 4(k − 1)(2α− 3)

2
> kα− 2.

Case 2 : ∆(G) < R(k − 1, k − 1). Take l = R(k − 1, k − 1)− 1 and d = k. Recall

that n is sufficiently large with respect to k, so we may let n > 1+ l+ l(l− 1)+ l(l−
1)2 + . . . + l(l − 1)d−1. Then by Lemma 2.5, we have diam(G) > d+ 1. So Dα(Pd)

is a principle submatrix of Dα(G). By Lemmas 2.1 and 2.3, we have λk(Dα(G)) >

λk(Dα(Pd)) > λk(Dα(K1,k−1)) > kα− 2. This completes the proof. �

3. On the sum of the k largest generalized distance

eigenvalues of a graph

This section mainly introduces some bounds on Sk(Dα(G)).

Theorem 3.1. Let k > 2 be an integer and let n be sufficiently large with respect

to k. Let G be a graph of order n. Then

Sk(Dα(G)) > (k − 1) + (k − 1)(kα− 1).

P r o o f. By a simple calculation, we have that ̺(Dα(Kk)) = k − 1, and

λi(Dα(Kk)) = kα− 1 for i = 2, 3, . . . , k. Hence,

Sk(Dα(Kk)) = (k − 1) + (k − 1)(kα− 1).

By Lemmas 2.4 and 2.6, we have

̺(Dα(G)) >
2W (G)

n
= 2(n− 1)− 2m

n
.

If m 6 1
2n(n− k), then ̺(Dα(G)) > n + k − 2. By Lemma 2.12, if n is sufficiently

large with respect to k, then λk(Dα(G)) > kα− 2. So

Sk(Dα(G)) = λ1(Dα(G)) + λ2(Dα(G)) + . . .+ λk(Dα(G))

> n+ k − 2 + (k − 1)(kα− 2) = k2α− kα+ n− k

> (k − 1) + (k − 1)(kα− 1) = Sk(Dα(Kk)).
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If m > 1
2n(n − k), then m > (1 − (k − 1)−1)12n

2 when n > k2 (recall that n is

sufficiently large with respect to k). By Lemma 2.7, G contains Kk. Thus, we have

λi(Dα(G)) > λi(Dα(Kk)) = kα− 1 for i = 1, . . . , k.

We obtain Sk(Dα(G)) > Sk(Dα(Kk)) = (k − 1) + (k − 1)(kα − 1). This completes

the proof. �

Theorem 3.2. Let G be a graph of order n, and 1 6 k 6 n. Then

4αW (G) −
√
t

2n
6 Sk(Dα(G)) 6

4αW (G) +
√
t

2n
,

where

t = 4k(k − n)

[
α2

( n∑

i=1

Tri

)2

− n

(
α2

n∑

i=1

Tr2i + (1− α)2
n∑

i=1

n∑

j=1

dij

)]
.

P r o o f. Let λ1, λ2, . . . , λn be the eigenvalues of the generalized distance ma-

trix Dα(G) of G. It is clear that

tr(D2
α(G)) =

k∑

i=1

λ2
i +

n∑

i=k+1

λ2
i >

(∑k
i=1 λi

)2

k
+

(∑n
i=k+1 λi

)2

n− k
.

Let Sk(Dα(G)) =
k∑

i=1

λi and note that tr(D
2
α(G)) = tr(D2

α). Then

tr(D2
α) >

S2
k(Dα(G))

k
+

(2αW (G)− Sk(Dα(G)))2

n− k
,

that is,

(3.1) nS2
k(Dα(G))− 4αW (G)kSk(Dα(G)) + 4α2W 2(G)k − (n− k)ktr(D2

α) 6 0.

Letting A = n, B = −4αW (G)k and C = 4α2W 2(G)k − (n − k)ktr(D2
α), by

Lemma 2.8, we have

B2 − 4AC = 16α2W 2(G)k2 − 4n[4α2W 2(G)k − (n− k)ktr(D2
α)]

= 4k(k − n)[4α2W 2(G)− ntr(D2
α)] = 4k(k − n)

[( n∑

i=1

λi

)2

− n

n∑

i=1

λ2
i

]

= 4k(k − n)

[
α2

( n∑

i=1

Tri

)2

− n

(
α2

n∑

i=1

Tr2i + (1− α)2
n∑

i=1

n∑

j=1

dij

)]
> 0.
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Then we can get

4αW (G) −
√
t

2n
6 Sk(Dα(G)) 6

4αW (G) +
√
t

2n
,

where

t = 4k(k − n)

[
α2

( n∑

i=1

Tri

)2

− n

(
α2

n∑

i=1

Tr2i + (1− α)2
n∑

i=1

n∑

j=1

dij

)]
.

The theorem holds. �

4. Lower bounds on generalized distance spread

In this section, we first provide three lower bounds on DαS(G) by using Lem-

mas 2.9, 2.10 and 2.11. Secondly, we introduce the concept of quotient matrix and

obtain a lower bound on DαS(G) of a graph with diameter. Finally, we present

a lower bound on DαS(G) of a cactus with circumference.

Theorem 4.1. Let G be a graph of order n, and let the transmission degree

sequence of G be {Tr1,Tr2, . . . ,Trn}. Then

DαS(G) >
∣∣∣a
b
− 2αW (G)

n

∣∣∣,

where

a = α3
n∑

i=1

Tr3i + (1 − α)2α

n∑

i=1

n∑

j=1

d2ijTri + (1− α)3
n−2∑

i=1

n−1∑

j=i+1

n∑

m=j+1

dijdimdjm,

b = α2
n∑

i=1

Tr2i + (1 − α)2
n∑

i=1

n∑

j=1

d2ij .

P r o o f. Denote D(G) = D and Tr(G) = Tr. Then

tr(D3
α(G)) = α3tr(Tr3) + α2(1 − α)tr(DTr2) + α2(1− α)tr(TrDTr)

+ (1− α)2D2tr(D2Tr) + α2(1− α)tr(Tr2D)

+ α(1 − α)tr(DTrD) + α(1− α)tr(TrD2) + (1− α)3tr(D3)

= α3
n∑

i=1

Tr3i + (1− α)2α

n∑

i=1

n∑

j=1

d2ijTri

+ (1− α)3
n−2∑

i=1

n−1∑

j=i+1

n∑

m=j+1

dijdimdjm.
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By Lemma 2.8, we have

tr(Dα(G)) =

n∑

i=1

λi(Dα(G)) = 2αW (G),

tr(D2
α(G)) =

n∑

i=1

λ2
i (Dα(G)) = α2

n∑

i=1

Tr2i + (1 − α)2
n∑

i=1

n∑

j=1

d2ij .

By Lemma 2.9, the theorem follows. �

Theorem 4.2. Let G be a graph of order n, and let the transmission degree

sequence of graph G be {Tr1,Tr2, . . . ,Trn}. Then

DαS(G) >

√∣∣∣ 2a

αW (G)
− b2

α2W 2(G)

∣∣∣,

where

a = α3
n∑

i=1

Tr3i + (1 − α)2α

n∑

i=1

n∑

j=1

d2ijTri + (1− α)3
n−2∑

i=1

n−1∑

j=i+1

n∑

m=j+1

dijdimdjm,

b = α2
n∑

i=1

Tr2i + (1 − α)2
n∑

i=1

n∑

j=1

d2ij .

P r o o f. By the proof of Theorem 4.1, we have

n∑

i=1

λ3
i (Dα(G)) = tr(D3

α(G)) = α3
n∑

i=1

Tr3i + (1 − α)2α
n∑

i=1

n∑

j=1

d2ijTri

+ (1 − α)3
n−2∑

i=1

n−1∑

j=i+1

n∑

m=j+1

dijdimdjm,

By Lemma 2.8, we have

n∑

i=1

λ2
i (Dα(G)) = α2

n∑

i=1

Tr2i + (1 − α)2
n∑

i=1

n∑

j=1

d2ij ,

n∑

i=1

λi(Dα(G)) = 2αW (G).

Let λ1(Dα(G)) > λ2(Dα(G)) > . . . > λn(Dα(G)) be the eigenvalues of the gener-

alized distance matrix Dα(G) of G. Taking ai = bi = ti = λi(Dα(G)) for 1 6 i 6 n,

A = B = λ1(Dα(G)), and a = b = λn(Dα(G)). By Lemmas 2.10 and 2.8, we have

∣∣∣∣
1

2αW (G)

n∑

i=1

λ3
i (Dα(G))− 1

4α2W 2(G)

n∑

i=1

λ2
i (Dα(G))

n∑

i=1

λ2
i (Dα(G))

∣∣∣∣ 6
1

4
DαS

2(G).
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Then ∣∣∣ a

2αW (G)
− b2

4α2W 2(G)

∣∣∣ 6 1

4
DαS

2(G),

where

a = α3
n∑

i=1

Tr3i + (1 − α)2α

n∑

i=1

n∑

j=1

d2ijTri + (1− α)3
n−2∑

i=1

n−1∑

j=i+1

n∑

m=j+1

dijdimdjm,

b = α2
n∑

i=1

Tr2i + (1 − α)2
n∑

i=1

n∑

j=1

d2ij .

This completes the proof. �

Theorem 4.3. Let G be a graph of order n, and let the transmission degree

sequence of graph G be {Tr1,Tr2, . . . ,Trn}. Then

DαS(G) >
1

n
√
ξ(n)

√√√√n

(
α2

n∑

i=1

Tr2i + (1 − α)2
n∑

i=1

n∑

j=1

d2ij

)
− 4α2W 2(G),

where ξ(n) = 1
4 (1 − (1 + (−1)n+1)/2n2).

P r o o f. Let λ1(Dα(G)) > λ2(Dα(G)) > . . . > λn(Dα(G)) be the eigenvalues of

the generalized distance matrix Dα(G) of G. By Lemma 2.11, taking ai = bi =

λi(Dα(G)) for 1 6 i 6 n, A = B = λ1(Dα(G)), and a = b = λn(Dα(G)), we have

∣∣∣∣n
n∑

i=1

λ2
i −

( n∑

i=1

λi

)2∣∣∣∣ 6
1

n

⌊n
2

⌋(
1− 1

n

⌊n
2

⌋)
n2DαS

2(G).

Since

ξ(n) =
1

n

⌊n
2

⌋(
1− 1

n

⌊n
2

⌋)
=

1

4

(
1− 1 + (−1)n+1

2n2

)
,

and by the proof of Theorem 4.1, we have

n∑

i=1

λ2
i (Dα(G)) = α2

n∑

i=1

Tr2i + (1 − α)2
n∑

i=1

n∑

j=1

d2ij ,

n∑

i=1

λi(Dα(G)) = 2αW (G).

Then

DαS(G) >
1

n
√
ξ(n)

√√√√n

(
α2

n∑

i=1

Tr2i + (1 − α)2
n∑

i=1

n∑

j=1

d2ij

)
− 4α2W 2(G).

The proof is completed. �
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Definition 4.1 ([16]). Let M be a real matrix of order n described in the fol-

lowing block form

(4.1) M =




M11 M12 . . . M1t

M21 M22 . . . M2t
...

...
. . .

...

Mt1 Mt2 . . . Mtt


 ,

where the diagonal blocks Mii are ni × ni matrices for any i ∈ {1, 2, . . . , t} and
n = n1 + . . . + nt. For any i, j ∈ {1, 2, . . . , t}, let bij denote the average row sum
of Mij , that is, bij is the sum of all entries in Mij divided by the number of rows.

Then B(M) = (bij) is called the quotient matrix of M . If in addition for each

pair i, j, Mij has constant row sum, then B(M) is called the equitable quotient

matrix of M .

Lemma 4.1 ([4]). LetM be a symmetric matrix which has the block form as (4.1)

and B(M) be the quotient matrix of M . Then the eigenvalues of B(M) interlace

the eigenvalues of M . That is, if a1 > a2 > . . . > an and b1 > b2 > . . . > bt are the

eigenvalues of the matrices M and B(M), respectively, then ai > bi > an−t+i for

all i = 1, 2, . . . , t.

Theorem 4.4. Let G be a graph of order n and diameter d. Suppose that

P̃1, P̃2, . . . , P̃k are all the diameter paths of G, and Si =
∑

vj∈V (Pi)

Tr(vj) for 1 6 i 6 k.

(1) If d = 1, then DαS(G) = (1− α)n.

(2) If d > 2, then

(4.2) DαS(G) > max
16i6k

√
a2i − 12bi(d+ 1)(n− d− 1)

3(d+ 1)(n− d− 1)
,

where ai = 6(d + 1)(Si −W (G)) − 3αnSi − (1 − α)nd(d + 1)(d + 2), and bi =

2(1− α)d(d + 1)(d+ 2)W (G) + 3Si(2αW (G) − Si).

P r o o f. (1) If d = 1, then G isKn. By direct calculation, the generalized distance

spectrum of G is {n− 1, (nα− 1)n−1)}. Thus, DαS(G) = (1− α)n.

(2) If d > 2, for 1 6 i 6 k, let V (P̃i) = {ui1, ui2, . . . , ui,d+1}, and let V (G)\V (P̃i) =

{m1,m2, . . . ,mn−d−1}. By suitably labelling the vertices of G, it can be seen that
the generalized distance matrix of G can be written as

Dα(G) =

[
X (1− α)Y

(1− α)Y T Z

]
,

11



where

X =




αTr(ui1) 1− α 2(1− α) . . . d(1− α)

1− α αTr(ui2) 1− α . . . (d− 1)(1− α)
...

...
...

. . .
...

d(1 − α) (d− 1)(1− α) (d− 2)(1− α) . . . αTr(ui,d+1)


 ,

Y =




d(ui1,m1) . . . d(ui1,mn−d−1)

d(ui2,m1) . . . d(ui2,mn−d−1)
...

. . .
...

d(ui,d+1,m1) . . . d(ui,d+1,mn−d−1)


 ,

Z =




αTr(m1) (1 − α)d(m1,m2) . . . (1− α)d(m1,mn−d−1)

(1− α)d(m2,m1) αTr(m2) . . . (1− α)d(m2,mn−d−1)
...

...
. . .

...

(1− α)d(mn−d−1,m1) (1− α)d(mn−d−1,m2) . . . αTr(mn−d−1)


 .

We let T =
∑

vs,vj∈V (Pi)

dsj . Then when d is even, we have

T = 2(1 + 2 + . . .+ d) + 2[1 + 1 + 2 + 3 + . . .+ (d− 1)] + . . .

+ 2
[
1 + 1 + 2 + 2 + . . .+

(d
2
− 1

)
+
(d
2
− 1

)
+

d

2
+
(d
2
+ 1

)]

+ 2
[
1 + 2 + . . .+

(d
2
− 1

)
+

d

2

]

= d(d+ 1) + [(d− 1)d+ 2× 1] + [(d− 2)(d− 1) + 2× 3] + . . .

+
[(d

2
+ 1

)(d
2
+ 2

)
+
(d
2
− 1

)d
2

]
+

d

2

(d
2
+ 1

)

= 12 + 22 + 32 + . . .+ d2 + 1 + 2 + 3 + . . .+ d

=
d(d+ 1)(d+ 2)

3
.

When d is odd, we have

T = 2(1 + 2 + . . .+ d) + 2[1 + 1 + 2 + 3 + . . .+ (d− 1)] + . . .

+ 2
(
1 + 1 + 2 + 2 + . . .+

d− 1

2
+

d− 1

2
+

d+ 1

2

)

= d(d+ 1) + [(d− 1)d+ 2× 1] + [(d− 2)(d− 1) + 2× 3] + . . .

+
(d+ 1

2

)(d+ 1

2
+ 1

)
+
(d− 1

2

)(d− 1

2
+ 1

)

= 12 + 22 + 32 + . . .+ d2 + 1 + 2 + 3 + . . .+ d

=
d(d+ 1)(d+ 2)

3
.
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Now V (G) is partitioned into two parts which are V (P̃i) and V (G) \ V (P̃i). Cor-

responding to this partition, the quotient matrix B of Dα(G) can be written as

B =


αSi +
1
3 (1− α)d(d + 1)(d+ 2)

d+ 1

(1− α)(Si − 1
3d(d+ 1)(d+ 2))

d+ 1

(1− α)(Si − 1
3d(d + 1)(d+ 2))

n− d− 1

2W (G) + (α− 2)Si +
1
3 (1− α)d(d + 1)(d+ 2)

n− d− 1


 .

The eigenvalues of the matrix B are

λ1,2(B) =
−ai ±

√
a2i − 12bi(d+ 1)(n− d− 1)

6(d+ 1)(n− d− 1)
,

where ai = 6(d + 1)(Si − W (G)) − 3αnSi − (1 − α)nd(d + 1)(d + 2) and bi =

2(1− α)d(d + 1)(d+ 2)W (G) + 3Si(2αW (G)− Si).

By Lemma 4.5, λ1(Dα(G)) > λ1(B) > λ2(B) > λn(Dα(G)). So we get (4.2). �

Corollary 4.1. Let G be a graph of order n and diameter d. Suppose that

P̃1, P̃2, . . . , P̃k are all the diameter paths of G, and ai and bi (1 6 i 6 k) are defined

as Theorem 4.6. Then

(1) λ1(Dα(G)) > max
16i6k

−ai +
√
a2i − 12bi(d+ 1)(n− d− 1)

6(d+ 1)(n− d− 1)
;

(2) λn(Dα(G)) 6 min
16i6k

−ai −
√
a2i − 12bi(d+ 1)(n− d− 1)

6(d+ 1)(n− d− 1)
.

A graph G is a cactus if any two of its cycles have at most one common vertex.

Circumference is the length of the longest cycle of a graph. In the next theorem, we

present a lower bound on DαS(G) of a cactus with circumference.

Theorem 4.5. Let G be a cactus on n vertices with circumference l (l > 3) and

Wiener index W (G). Suppose that C̃1, C̃2, . . . , C̃k are all the cycles of length l of G,

and Si =
∑

vj∈V (Pi)

Tr(vj) for 1 6 i 6 k. Then

(4.3) DαS(G) > max
16i6k

√
a2i − 16bi(n− l)l

4(n− l)l
,

where

ai =

{
−(1− α)nl3 − 4αnSi + 8l(Si −W (G)) if l is even,

(1− α)nl − (1− α)nl3 − 4αSi − 8l(W (G)− Si) if l is odd,

and

bi =

{
4Si(2αW (G) − Si) + 2(1− α)l3W (G) if l is even,

4Si(2αW (G) − Si) + 2(1− α)W (G)(l3 − l) if l is odd.
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P r o o f. Corresponding to C̃i, V (G) is partitioned into two parts which are V (C̃i)

and V (G) \ V (C̃i).

Case 1 : l is even. Then for any v ∈ V (C̃i), the sum of the distances from vertex v

to all other vertices on cycle V (C̃i) is
1
4 l

2. Corresponding to the above partition, the

quotient matrix B of Dα(G) is written as

B =




αSi

l
+ (1− α)

l2

4
(1− α)

(Si

l
− l2

4

)

(1− α)
Si − 1

4 l
3

n− l

2W (G)− (2− α)Si + (1− α)14 l
3

n− l


 .

The eigenvalues of the matrix B are

λ1,2(B) =
−ai ±

√
a2i − 16bi(n− l)l

8(n− l)l
,

where ai = (1 − α)nl3 − 4αnSi + 8l(Si − W (G)), and bi = 4Si(2αW (G) − Si) +

2(1− α)l3W (G). Now using Lemma 4.5 we get (4.3).

Case 2 : l is odd. Then for any v ∈ V (C̃i), the sum of the distances from vertex v

to all other vertices on cycle V (C̃i) is
1
4 (l

2−1). Corresponding to the above partition,

the quotient matrix of Dα(G) is written as

B =




αSi

l
+ (1− α)

l2 − 1

4
(1 − α)

(Si

l
− l2 − 1

4

)

(1 − α)
Si − 1

4 (l
2 − 1)l

n− l

2W (G)− (2− α)Si + (1− α)14 (l
3 − l)

n− l


 .

The eigenvalues of the matrix B are

λ1,2(B) =
−ai ±

√
a2i − 16bi(n− l)l

8(n− l)l
,

where ai = (1−α)nl−(1−α)nl3−4αSi−8l(W (G)−Si) and bi = 4Si(2αW (G)−Si)+

6(1− α)W (G)(l3 − l). Now using Lemma 4.5 we get (4.3). �

Corollary 4.2. Let G be a cactus of order n and circumference l (l > 3). Suppose

that C̃1, C̃2, . . . , C̃k are all the cycles of length l of G, and ai and bi (1 6 i 6 k) are

defined as Theorem 4.8. Then

(1) λ1(Dα(G)) > max
16i6k

−ai +
√
a2i − 16bi(n− l)l

8(n− l)l
;

(2) λn(Dα(G)) 6 min
16i6k

−ai −
√
a2i − 16bi(n− l)l

8(n− l)l
.
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