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Abstract. We study the non-existence of global classical solutions to 1D compressible
heat-conducting micropolar fluid without viscosity. We first show that the life span of
the classical solutions with decay at far fields must be finite for the 1D Cauchy problem
if the initial momentum weight is positive. Then, we present several sufficient conditions
for the non-existence of global classical solutions to the 1D initial-boundary value problem
on [0,1]. To prove these results, some new average quantities are introduced.
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1. INTRODUCTION

In 1966, Eringen in [13] introduced the model of micropolar fluid, which can de-
scribe many phenomena appeared in a large number of complex fluids such as the
suspensions, animal blood, liquid crystals. For more background, we refer to [18]
and the references therein. In the last two decades, the model of micropolar fluid
received considerable attention and many works about the mathematical analysis
results to this model have been published. Here, we only mention some results about
the one-dimensional case. The one-dimensional compressible micropolar fluid was
first described by Mujakovi¢ in [19], and the local existence, the global existence,
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the regularity, the large time behavior and the stability of the solution for the non-
isentropic compressible micropolar fluid model were analyzed in [1]-[4], [11], [12],
[14], [20]-[29]. The global attractors of the model were first proved in [16]. Recently,
the asymptotic behavior of solutions to the initial boundary value problem for the
model in a half line was studied in [6], [15]. Moreover, the vanishing coefficients
limit of the viscosities to the one-dimensional initial boundary value problem for the
model was investigated in [5].

The motion of a viscous non-isentropic compressible micropolar fluids in R® can
be modeled by the following system with Eulerian description (see [5] for instance):

(1.1) o+ div(eW) =0,
(12) oW+ -VU)+VP(0,0) = (n+ ) AT + (4 A — pr) Vdiv e

+21,V X o,
(1.3) g(ﬁt + - Vﬁ) + 4, W = (ca + ca)Aﬁ + (co + ca — ca)Vdivﬁ

+24,V % o
(1.4) 0Cy (0 + W - VO) + P(p,0)dive = div(kVh) + ¥
where

1 2

(1.5) U = \(div@)? + 2uD* : D* + 4ur(§v X T — ﬁ) +eo(divid)?

+(Cat+ca)VW : VT +(cg— )V : (VW) T
denotes the dissipation function of the mechanical energy per mass unit, and D*
represents the deformation tensor:

« 1
(16) D* = 5(’[141"]‘ + ’U,jﬂ‘).

Here the fluid density p, the fluid velocity @, the microrotation velocity W and the
temperature 6 are unknown variables, P(p,0) = Rpf is the pressure with R > 0
being a constant. Furthermore, \ and p are coefficients of viscosity and u, denotes
the dynamic of microrotation viscosity, ¢y, ¢, and cq are the angular viscosities.
k = k(0) represents the heat-conduction coefficient. Equations (1.1)—(1.4) indicate
the balance laws for mass, momentum, momentum moment and energy, respectively.

We will consider the one-dimensional and non-viscous flow of the fluid described
by (1.1)—(1.4). As in [4], we have

(1.7) o(T,t) = o(x, 1),
(1.8) W (7, t) = (u(x,1),0,0),
(1.9) (T, t) = (w(x,t),0,0),
(1.10) 0(2,t) = 0(x,t)
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Moreover, we assume that u =X =0, C, = 1, 4u, = co + 2¢q = A with A > 0 being
a constant, then system (1.1)—(1.4) becomes the following one-dimensional model in
the Eulerian description:

(1.11) ot + (eu)e =0,

(1.12) (ou)e + (u*)a + Po =0,

(1.13) (ow)t + (ouw)z + Aw = Awgg,

(1.14) (00) + (0ub) . + Puy = (k(0)0.) + A(w,)? + Aw?.

In this paper, we study the non-existence of global classical solutions to sys-
tem (1.11)-(1.14). As mentioned in [14], when w = 0, system (1.1)—(1.4) reduces
to the classical Navier-Stokes system. If we further assume that g = 0, then sys-
tem (1.1)—(1.4) reduces to the compressible Euler equations. It is well known that the
smooth solutions of the compressible Euler equations and the compressible Navier-
Stokes equations generally blow up in finite time; for the blowup results about the
smooth solutions to these two systems we refer to [17], [30]—[33] and the references
therein. In particular, Jiu, Wang and Xin in [17] proved the blowup of smooth solu-
tions with decay at far fields to the Cauchy problem for the full compressible Navier-
Stokes equations and the isentropic compressible Navier-Stokes equations with con-
stant and degenerate viscosities in R™ under some restrictions on the initial data.
For further generalization of the blow-up results of [17] about the full compressible
Navier-Stokes equations and isentropic compressible Navier-Stokes equations with
constant viscosities, we can refer to [31]. The main idea of [17], [31] is to establish
some relationships between some physical quantities such as mass, momentum, mo-
mentum weight, momentum of inertia, kinetic energy, internal energy, total energy
and some combined functionals of these quantities. The method of [17], [31] has been
applied to the viscous two-phase model (see [10]), the compressible Euler equations
with damping (see [8]), the compressible isentropic Navier-Stokes-Poisson equations
(see [9]) and the compressible quantum Navier-Stokes equations, see [7].

Motivated by [17], [31], we will prove the non-existence of global classical solutions
with decay at far fields to system (1.11)—(1.14) on the whole real line R. As opposed
to [7]-[10], [17], [31] for the model of micropolar fluid, the sum of the kinetic en-
ergy and the internal energy is not conserved or decreasing, but increasing in time,
see (2.22) below. This makes us hard to estimate the upper bound of the momentum
of inertia (see (2.33)—(2.34) below), which is crucial in establishing the Ricatti type
inequality for the momentum weight, see (2.36) below. To overcome this difficulty,
we introduce the micro energy % fu{e ow? dz. We find that the sum of the kinetic en-
ergy, the internal energy and the micro energy is conserved (see (2.14) below), which
enables us to obtain the upper bound of the momentum of inertia. In fact, we can
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extend the above result to the one-dimensional bounded interval case [0, 1] under
some boundary conditions. Furthermore, we will present several other sufficient con-
ditions for the non-existence of global classical solutions to the 1D initial-boundary
value problem on [0, 1] by introducing some new average quantities.

Similarly to [14], we specify exactly a classical solution (g,u,w,f) to system
(1.11)~(1.14) as

(1.15) 0€C([0,T); H?), o€ C(0,T;HY), o€ W >(Qr),
(1.16) uwe L>®([0,T]; H* N HY), we L*™(0,T); H> N HY),
Vous, Jowr € L=([0,T); L?),
(1.17) ouy, owy € L=([0,T]; Hg), g, wy € L*([0,T); HY), /b € L=([0,T); L?),
(1.18) o0, € L>=([0,T]; HY), 6 e L>=([0,T]; H®), 6, L>=([0,T];H"),

where Qr = [0,T] x I with I =R or T =0, 1].

This paper is organized as follows. In Section 2, we study the non-existence
of global classical solutions to system (1.11)—(1.14) on the whole real line R. In
Section 3, we present several sufficient conditions for the non-existence of global
classical solutions to the 1D initial-boundary value problem on [0, 1].

2. NON-EXISTENCE OF GLOBAL CLASSICAL SOLUTIONS IN R

In this section, we consider the following Cauchy problem:

ot + (Qu)a: T e [Ra
(ou): + (ou )+Px—0 zeR,
(2.1) (ow)t + (ouw)y + Aw = Awgy, r € R,
(00)¢ + (oub) s + Puy = (k(0)0), + A(wz)? + Aw?, z € R,
(Qau7w79)|t =0 — (90( ) UO(QJ),WO(QI),H()((E)), z €R.
We will use the following physical quantities in this section:
1 2 N
(2.2) I(t) = 5/ odz (momentum of inertia),
R
(2.3) F(t) = /xgu dz (momentum weight),
R
1 1
(2.4) E(t) = —/ ou? dz + —/ ow? dz —|—/ ofdx (total energy),
2 Jr 2 Jr R
1
(2.5) Ex(t) = 5/ ou?dz  (kinetic energy),
R
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1
(2.6) E,(t) = 3 /R ow?dx (micro energy),

(2.7) Ei(t) = /99 dz (internal energy).
R
We assume that
(2.8) 0 < 1(0), F(0), E(0) < 00, En(0)+ E;(0) > 0.

We only consider the classical solutions with decay at far fields. Precisely, for any
T > 0 we require that the solutions (o, u,w, #) satisfy the following condition:

(2.9) olula?, olul?|z], Plzl, o|ul®, 08lul, k(0|0 olulw?, lwws| € L*((0,T); L*(R)).

We remark that condition (2.9) guarantees that the integration by parts in our
calculations makes sense, see also [7]-[10], [17], [31].
Our result in this section is stated as follows.

Theorem 2.1. We denote

(2.10) c1 = max{2, R}, ¢o=/2c1E(0)I(0) — F(0)2.
Let the initial data (2.1)5 satisfy (2.8)—(2.9) and

€2 + arctan F(O) < T
F(O) Co 2 '

(2.11)

If the Cauchy problem (2.1) has a classical solution such that (2.9) holds, then its
lifetime T' is given by
£(0)

2
t tan ——
0) an(F(()) + arctan o )

£(0)
¢ E0)

Co
ClE(

(2.12) T <

Remark 2.1. We do not know whether the classical solutions of problem (2.1)
satisfying (2.8)—(2.9) locally exist or not. In Theorem 2.1, we only show that if
problem (2.1) has a local-in-time classical solution satisfying (2.8)—(2.9), then the
life span T of the classical solution satisfies (2.12).

Remark 2.2. Condition (2.11) is used to ensure that the upper bound in (2.12)
is positive. In fact, when (2.11) holds, by using the monotonicity of the function

tanz in (0, 37), we have

Co Co (0) Co F(O) F(O)
2.1 t t . =
( 3) ClE(O) an(F(O) +arctan C2 ) = ClE(O) C2 ClE(O)
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To prove Theorem 2.1, we need the following two lemmas.
Lemma 2.1. Under the assumptions of Theorem 2.1, it holds that

(2.14) E(t) = E(0).

Proof. We multiply (2.1); and (2.1)2 by — u and u, respectively, and sum up
the two resultant equations to obtain

1 )
—(gu3)x + (Rof),u = 0.

1
_(QU2)t + 5

2.1
(215) :
Integrating (2.15) over R, one has

d

(2.16) o

L 50U Zdx + ; /(gu‘?’)m dz + R/(g@)xu dz = 0.
R R

By the condition o|ul? € L>((0,T); L'(R)) in (2.9), we know that

1 .
= /((Qu‘S)x dz = 0.
2 Jr

Using integration by part and the condition of|u| € L>((0,T); L*(R)) in (2.9), we get

(2.17)

(2.18) R/(Q@)xudxz —R/ 00u, dz.
R R

We integrate (2.1)4 over R to have

(2.19) ;t/Q@dx—i—R/gﬂumdx:A/(wm)de—i—A/dex,
R R

where we have used

(2.20) /R(qu@)x dz=0

and

(2.21) /(k(e)ex)x dz =0
R

due to the condition gf|ul,k(0)|0.] € L*((0,7);L*(R)) in (2.9). Combining
(2.16)—(2.19), (2.5) and (2.7), one has

(2.22) %[Ek(t)—i—Ei(t)] jt/ 1gu dx—f——/gf)dx—A/R(wx)Q dx+A/Rw2 dz.
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Multiplying (2.1); and (2.1)3 by —%wQ and w, respectively, and summing up the
two resultant equations, we obtain

2.23 1 ow?); + 1 ouw?)y = Awgzw — Aw?.
2 2
We integrate (2.23) over R to have
d [1 4 2 2
(2.24) — [ cow'dz=—-A | (wy)°dz— A | w”dz,
dt Jgp 2 R R
where we have used
1
(2.25) = / (ouw?), dz =0
2 Jr
and
(2.26) A/wmwdx = —A/(o.)gg)2 dx
R R

due to the condition glu|w?,|ww,| € L>®((0,T); L}(R)) in (2.9). It follows from
(2.22), (2.24) and (2.4) that

(2.27) S E(t) =0,
which implies that (2.14) holds.

Lemma 2.2. Under the assumptions of Theorem 2.1, we have

(2.28) I'(t) = F(t),
(2.29) F'(t) = /R ou? dz + R/[R 00 dx,
(2.30) I(t), F(t) > 0.

Proof. By (2.2), (2.1)1, the condition plu|z? € L>((0,7); L'(R)) in (2.9), inte-
gration by part and (2.3), we get

(2.31) I'(t) = l/l‘QQthTZ—1/$2(Qu)xdl‘=/Jﬁg’u,dl‘:F(t).
2 Jr 2 Jr R

In view of (2.3), (2.1)2, the condition o|u|?|z|, P|z| € L>((0,T); L*(R)) in (2.9) and
integration by part, one has

(2.32) F'(t) :/x(gu)t dz = —/Rx(QUQ)I dx—/Rxdex:/Rqudx—f—R/Rgﬁdx,

R
which together with the condition F(0) > 0 in (2.8) lead to F(t) > 0. By (2.28),
F(t) > 0 and the condition I(0) > 0 in (2.8), we know that I(¢) > 0. O
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With Lemma 2.1 and Lemma 2.2, we can prove Theorem 2.1.

Proof of Theorem 2.1. By (2.28), (2.29), (2.4), (2.10) and (2.14), we obtain
(2.33) () = F'(t) = / oudz + R / 00 de < max{2, R}YE() = c1 E(0),
R R

We integrate (2.33) over [0, ¢] twice and use (2.28) to have

1
(2.34) I(t) < 5clE(o)t2 + F(0)t + 1(0).
Using the Holder inequality, one has

2
(2.35) F(t)? = (/ mgudm) < / r?odx - / ou? dx = 4I(t)EL ().

R R R

From (2.29), (2.5), (2.35), (2.34) and (2.10), we can deduce that

, F(t)? F(t)?
(2.36) F'(t) > 2Ex(t) 2 5 1(6) ~ & B0)2 + 2F(0)¢ + 21(0)

F(t)?
c1E(0)[(t + F(0)/(c1E(0)))? + ¢3/(c: E(0))?]

By (2.10), (2.4), the condition F,,(0) + E;(0) > 0 in (2.8) and (2.35), we know that
(2.37) 2 =2¢,E(0)I(0) — F(0)? = 4E(0)I(0) — F(0)? > 4E,(0)I(0) — F(0)* > 0,
which implies that

(2.38) cg > 0.

Dividing (2.36) by F()? and integrating the resultant inequality over [0, 7], we obtain

1 1 1 T dt
(2.39) F(0) > F(0) - F(T) 2/0 a E(0)[(t + F(0)/(c1£(0)))? + c3/(c1E(0))?]

BT+ FO/EEO) 0, PO

1
= — [arctan
C2

where we have used (2.30) and (2.38). We can solve out T by (2.39) as (2.12). We
complete the proof of Theorem 2.1. O
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3. NON-EXISTENCE OF GLOBAL CLASSICAL SOLUTIONS ON [0, 1]

In this section, we first consider the following initial boundary value problem:

ot + (ou), =0, z € 0,1],
(ou)r + (ou?), + P, =0, z € 0,1],
(3.1) (ow)t + (ouw)s + Aw = Awgy, x €[0,1],
(00)¢ + (ouf)y + Puy = (k(0)0:) + Alw,)? + Aw?, z € [0,1],
(0,u,w, 0)|1=0 = (20(x), uo(x), wo(x), bo(x)), z € [0,1],
(u,w, 0z)|z=0,1 =0, 00]|z=1 =0.

The boundary condition (3.1) means that the fluid velocity and the microrotation
velocity are both zero on the boundaries x = 0 and x = 1, the temperature is insulate
on the boundaries x = 0 and = 1, and the fluid density or the temperature is zero
on the right boundary.

We will use the following physical quantities in this section:

1
(3.2) m(t) = / odz (total mass),
0
1 /1
(3.3) Li(t) = 5/ r?pdr  (momentum of inertia),
0
1
(3.4) Fi(t) = / zoudr (momentum weight),
0
1 1 /1 1
(3.5) Ei(t) = —/ QUQdJ?—l-—/ Qdem—i—/ 00 dz
2 Jo 2 Jo 0
= E1;(t) + Eim(t) + E1i(t)  (total energy),
! x
(3.6) L(t) = /O 9(1— E)xdx,
1
(3.7) B(t) = / ou(l — z)da,
0
1
(3.8) Fs(t) = / oue '/ d.
0

For problem (3.1), we can use the similar method as in Section 2 to obtain the
following theorem.

Theorem 3.1. We denote

(3.9) c1 = max{2, R}, c3=1/2c1F1(0)1(0) — F1(0)2.
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Let the initial data (3.1)s satisfy

(310) 0< 11(0),F1(0),E1(0) < 00, Elm(O) + EM(O) >0
and
C3 F1 (O) T

3.11 t —.

(3.11) Fi(0) + arctan o <5
If the Cauchy problem (3.1) has a classical solution, then its lifetime Ty is given by

C3 C3 F1 (0) F1 (0)
3.12 T < tan( + arctan ) — .
( ) 1 C1 E1 (O) F1 (O) C3 C1 E1 (0)

We remark that the boundary condition (3.1)g can guarantee that the integration
by parts in our calculations makes sense as in Section 2. Although the proof of
Theorem 3.1 is similar to the one of Theorem 2.1, for the sake of completeness, here
we provide a sketch of it.

Proof of Theorem 3.1. Similarly to Lemmas 2.1 and 2.2 for problem (3.1) we

have

(3.13) Eq(t) = E1(0),

(3.14) IL(t) = Fi(b),

(3.15) F{(t) :/0 ou dx+R/0 00 dx,
(3.16) L(t), Fi(t) > 0.

By (3.14), (3.15), (3.5), (3.13) and (3.9), we obtain
1 1
(3.17)  I{(t)=F(t) = / ou? dx + R/ 00dr < max{2, R} E1(t) = c1 E1(0).
0 0
We integrate (3.17) over [0, ¢] twice and use (3.14) to have

(3.18) L < %clEl(O)tQ + FL(0)t + 1 (0).

Using the Holder inequality, one has

(3.19) Fi(t)? = </01 xgudx)2 < /01 z?odx - /1 ou® dz =4I, (t) By, (t).

0
From (3.15), (3.5), (3.19), (3.18) and (3.9), we can deduce that

/ Fi(t)? R (t)?
(3.20) Fi(t) 2 2B (t) > 2}1 (t) > c1E1(0)t2 + 21F1 (O)t + 21,(0)

_ Fi(t)?
~ aBEi(0)[(t+ Fi(0)/(c1E1(0)))? + 3/ (1 E1(0))2]
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By (3.9), (3.5), the condition F1,,(0)+ E1;(0) > 0 in (3.10) and (3.19), we know that
(3.21)
c2 =2¢1E1(0)1,(0) — F1(0)% > 4E1(0)1;(0) — F1(0)* > 4E1,(0)I;(0) — F1(0)* > 0,

which implies that

(3.22) e3> 0.

Dividing (3.20) by F;(¢)? and integrating the resultant inequality over [0,71], we
obtain

(3.23)

L1 1 /Tl dt
Fi(0) © F1(0) F(Ty) ~ Jo cBEr(0)[(t+ F1(0)/(c1E1(0)))2 + c3/(c2 E1(0))2]
= L retan ELO)@ + F1(0)/ (1 E4(0) o F1(0) 7
c3 Cc3 C3

where we have used (3.16) and (3.22). We can solve out T by (3.23) as (3.12). We
complete the proof of Theorem 3.1. O

Next, we replace the boundary condition (3.1)g by
(BC1) Ulz=0,1 =0, 00]z=0 =0.

The boundary condition (BC1) means that the fluid velocity is zero on the boundaries
x = 0 and z = 1, and the fluid density or the temperature is zero on the left
boundary. Using the average quantities (3.6) and (3.7), we can obtain the following
result about the non-existence of global classical solutions to problem (3.1);—(3.1)s5
and (BC1) on [0, 1].

Theorem 3.2. Let I5(0) > 0 and F»(0) < 0. Then the life span Ts of the classical
solution to problem (3.1)1—(3.1)s and (BC1) satisfies that To < —I2(0)/F5(0).

Proof. By (3.6), (3.1)1, the condition u|,—1 = 0 in (BC1), integration by part
and (3.7), one has
(3.24)

Ié(t)z/olgt(l—g)xdm:—/o (Qu)x(l—g)xdmz/olgu(l—m)dszg(t).

In view of (3.7), (3.1)2, the condition u|z—o = 0, gf|z=0 = 0 in (BC1) and integration
by part, we have

1

(3.25)  Fy(t) — /O (ou),(1 — z) dz — —/O (ou?)a(1 — 2) da —/O Po(1 - 2) da

1 1
= —/ qudx—/ Pdz <0,
0 0
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which implies that

(3.26) Fy(t) < F»(0).
Combining (3.24) and (3.26), it holds that

(3.27) IL(t) = Fy(t) < F»(0).
We integrate (3.27) over [0, T3] to obtain

(3.28) 0 < Ir(T3) < 12(0) + F5(0)T3,

which together with the conditions I5(0) > 0 and F»(0) < 0 lead to the fact that
Th < —IQ(O)/FQ(O) O

Finally, we replace the boundary condition (BC1) by
(BC2) U'|;c=0,1 =0, Q9|:c=1 =0.

The boundary condition (BC2) means that the fluid velocity is zero on the boundaries
x = 0 and x = 1, and the fluid density or the temperature is zero on the right
boundary. Using the average quantities (3.2) and (3.8), we can obtain the following
result about the non-existence of global classical solutions to problem (3.1);—(3.1)5
and (BC2) on [0,1].

Theorem 3.3. Let m(0) > 0 and F3(0) > 0. Then the life span T5 of the classical
solution to problem (3.1)1—(3.1)5 and (BC2) satisfies that T3 < m(0)/(eF5(0)).

Proof. By (3.2), (3.1)1, the condition u|z=p1 = 0 in (BC2), we know that

1 1
(3.29) m/(t) = / ordr = —/ (ou), dz =0,
0 0
which means that
(3.30) m(t) = m(0).

In view of (3.8), (3.1)2, the condition u|,=; = 0, pf|y=1 = 0 in (BC2) and integration
by part, we have

1 1 1
(3.31) Fy(t) = / (ou)e™ /" dz = —/ (ou?)zeV/ dz — / P Y*dg
0 0

0

1 9 1 1 2

= &efl/x dx + R Q—eefl/“’ dx > &efl/x dz.
o 2 o 2 o 2
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By the Holder inequality, it holds that

(3.32) F3(t)? = (/01 oue™ /T dx)

By

1 1
t
(3.33) / e 17 dr < efl/ pdo = () _ m(0)
0 0 e

2

19 1
u
S/ Q—2e_1/‘”dx-/ 22V g du.
0o T 0

(3.2) and (3.30), we know that

Combining (3.31)—(3.33) and the condition m(0) > 0, we obtain

(3.34) Fi(t) >

ng(t)2
m(0) ’

which together with the condition F5(0) > 0 imply that F3(t) > 0. We divide (3.34)
by F3(t)? and integrate it over [0, T3] to have

1 1 1 eTs

(3.35) > -

Fo(0) ~ F3(0)  Fa(Ts) ~ m(0)’

which means that T5 < m(0)/(eF5(0)). O
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