Czechoslovak Mathematical Journal

Xiaohui Zhang; Wei Wang; Juzhen Chen
Parametric representations of BiHom-Hopf algebras
Czechoslovak Mathematical Journal, Vol. 74 (2024), No. 1, 45-86

Persistent URL: http://dml.cz/dmlcz/152268

Terms of use:

© Institute of Mathematics AS CR, 2024

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/152268
http://dml.cz

Czechoslovak Mathematical Journal, 74 (149) (2024), 45—-86

PARAMETRIC REPRESENTATIONS OF BIHOM-HOPF ALGEBRAS

XIAOHUI ZHANG, Qufu, WEI WANG, JUZHEN CHEN, Nanjing

Received May 19, 2022. Published online November 3, 2023.

Abstract. The main purpose of the present paper is to study representations of BiHom-
Hopf algebras. We first introduce the notion of BiHom-Hopf algebras, and then discuss
BiHom-type modules, Yetter-Dinfeld modules and Drinfeld doubles with parameters. We
get some new n-monoidal categories via the category of BiHom-(co)modules and the cat-
egory of BiHom-Yetter-Drinfeld modules. Finally, we obtain a center construction type
theorem on BiHom-Hopf algebras.
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1. INTRODUCTION

Hom-type algebras first appeared in describing the g-deformations of Witt and Vi-
rasoro algebras, see [11], [12]. In 2008, Makhlouf and Silvestrov introduced the defini-
tion of Hom-associative algebras (see [22]), where the associativity of a Hom-algebra
is twisted by an endomorphism (here we call it the Hom-structure map). They are
rapidly developing into a hot topic in algebra theory. The generalized notions, includ-
ing Hom-bialgebras, Hom-Hopf algebras are developed in [17], [20]-[24], [27]-[30].

An interesting question of Hom-type algebras is how to explain them based on the
theory of monoidal categories. In 2011, in order to provide a categorical approach
to Hom-type algebras, the notions of Hom-categories and monoidal Hom-Hopf al-
gebras were introduced by Caenepeel and Goyvaerts, see [3]. Note that a monoidal
Hom-bialgebra is a bimonoid in the Hom-category, and a Hom-bialgebra (with the
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bijective Hom-structure map) is a bimonoid in a (strict) duoidal category, see [31].
That is the main difference between Hom-bialgebras and monoidal Hom-bialgebras.
Further results on monoidal Hom-Hopf algebras can be found in [9], [32], [33] and
references cited therein. One of the important features of (monoidal) Hom-bialgebras
is that they have parametric (co)representations, which means that there exist in-
finite monoidal structures in the category of Hom-(co)modules, see [29]. Although
they are monoidal isomorphic to each other, it still provides examples of higher
monoidal categories.

BiHom-(co)algebras and BiHom-bialgebras were investigated by Graziani et al.
in [8]. It is a more generalized definition. Precisely, a BiHom-bialgebra is a special
bialgebra on which the associative law and unit law are twisted by two automor-
phisms (« and f), coassociative law and counit law are twisted by the other two
automorphisms (¢ and ). It becomes a usual Hom-bialgebra when o = 8 = ¢ = ¢,
and becomes a monoidal Hom-bialgebra when o~ = 87! = ¢ = 1. Further research
on BiHom-type algebras could be found in [6], [10], [15], [16], [31] and so on.

Although the description of BiHom-(co)algebras and BiHom-bialgebras in [8] is
detailed, the discussion of BiHom-Hopf algebras is not clear enough. Note that the
antipode S of the Hopf algebra H is the convolution inverse of idy in End(H), and
is both an anti-algebra map and an anti-coalgebra map. The above properties still
hold in the setting of Hom-Hopf algebras and monoidal Hom-Hopf algebras. But
in the case of BiHom-Hopf algebras, it is different. We find that the antipode (the
convolution inverse of id ) of a BiHom-Hopf algebra is neither anti-algebra map nor
anti-coalgebra map, but a map which satisfies some similar properties, see Proposi-
tion 2.8. Moreover, the existence of S is closely connected with the Hom-structure
maps, see Proposition 2.9. Based on these properties, some classical theory of Hopf
algebras, such as Yetter-Drinfeld modules and the Center Construction Theorem,
could be possible to develop in the setting of BiHom-Hopf algebras.

Note that the definition of BiHom-Hopf algebras in [8] is slightly different from
ours. Recall from [8], Definition 6.9, the antipode S is defined by SB¢(h1)aw(he) =
e(h)1g = Bp(h1)Sa(hsg) for any h € H. Although it may induce some similar prop-
erties and theories, we choose the traditional definition of antipode (the convolution
inverse of idy ) to complete our theoretical analysis.

In order to give a categorical interview of the quantum double for a Hopf alge-
bra, Drinfeld introduced the notion of the center Z(C) of a monoidal category C,
see [13], [18]. Note that if C is the representation category of a Hopf algebra H,
then Z(C) is isomorphic with the category of D(H)-modules, where D(H) means
the Drinfeld double of H. Furthermore, Z(C) is also isomorphic with the Yetter-
Drinfeld categories of H, see [14], [25]. Generalized results have been obtained by
many scholars. The theory of center constructions on quasi-Hopf algebras was de-
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veloped in [19], [34]. In [26], Nenciu discussed the theory of center constructions on
weak Hopf algebras, see also [4]. In 2014, Chen and Zhang researched the center
constructions on monoidal Hom-Hopf algebras, see [5]. In 2019, Zhang, Guo and
Wang discussed the Drinfeld codoubles of Hom-Hopf algebras, see [30]. The natural
consideration is to ask how this result appears in BiHom-Hopf algebras. That is the
motivation of our paper.

The paper is organized as follows. In Section 2 we first recall some notions of
category centers and BiHom-bialgebras, and then introduce the definition of BiHom-
Hopf algebras. In Section 3, we describe the monoidal structure of the category of
BiHom-modules, and show it forms an n-monoidal category. We also prove the quasi-
triangular structures can provide new solutions of the BiHom-Yang-Baxter equation.
In Section 4, we mainly introduce the parametric BiHom-Yetter-Drinfeld category,
and show that it is a full braided category of the center of the category of BiHom-
modules. In Section 5, we discuss the parametric Drinfeld doubles of BiHom-Hopf
algebras, and then prove that its representation category is braided isomorphic to
the BiHom-Yetter-Drinfeld category.

2. PRELIMINARIES

Throughout the paper, a,b,¢,0,¢,... always mean integers in 7. Let k be a fixed
field and char(k) = 0, and Vecy be the category of finite dimensional k-spaces. All
algebras are supposed to be over k. For the comultiplication A of a k-space C, we use
Sweedler-Heyneman’s notation A(c) = ¢; ® ¢2 for any ¢ € C. When we say “BiHom-
algebra” or “BiHom-coalgebra”, we mean the unital BiHom-algebra and counital
BiHom-coalgebra. We always assume that the Hom-structure maps are invertible.

2.1. Higher monoidal category. Recall from [1], Definition 6.1 that a 2-
monoidal category (or equally, a duoidal category, or a nonstrict 2-fold monoidal cat-
egory) is a category M equipped with two monoidal structures (M, ®1, I1,a1,1;,11)
and (M, ®aq, I3, a2,12,12), along with a natural transformation (called the inter-
change law)

Capep: (A B)®1 (C®:D) = (A®1C)®2(B®1 D) VYA B,C,DeM
and three morphisms
L—=>1L&6L, L&L—L, I1—1I,

such that the axioms below are satisfied.
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Associativity. For any A, B, C, D, E, F in M, the following diagrams commute.

((A®s B)®1 (C ®2 D)) @1 (E @3 F) —> (A®2 B) @1 ((C ®2 D) ®1 (E ®; F))
<®1idl (A1) lid@l(
(A®1C)®2 (B®1 D)) @1 (E®2 F) (A®y B) ®1 ((C ®1 E) ®2 (D @1 F))
<l l<
(A®1C)®1 E) @2 (B®1D)®1 F) o (A®1 (C®1 E)) @2 (B®:1 (D®; F)),

ax®@i1az

(A®2B)@20) @1 (D@2 E) @2 F) —— (A®2 (B®2C)) @1 (D ®2 (E ®3 I))

Cl (A2) lc

((A®2 B) ®1 (D ®2 E)) ®2 (C®1 F) (A®1 D) @2 ((B®2C) @1 (E®2 F))

C®21dl lid®24

(A@1 D) @2 (B@1 E)) ® (C&1 F) —> (A@1 D) @3 (B @1 E) @ (C @1 F)).

Unitality. For any A, B in M, the following diagrams commute.

id
I ® (A®2 B) wolg (I ®2I1) ®1 (A®3 B)

1ll (U1) lc

A®y B (I®1 A) ®2 (I ® B),

11 ®211

id®q
(A®2 B)®1 Ih oy (A®2 B)®1 (I ®2 1)

rll (U2) l(

A®, B (A®1 1) ®2 (B®1 1),

ri®ari

w®oid
(I ®1 1) ®2 (A®1 B) 2222 I, @, (A @1 B)

CT (U3) lb

(I ® A) ®1 (I2 ®2 B) A®1 B,

12012

1d®ow
(A®1 B) ®2 (I; @1 I2) G2y (A®1 B)®2 I

(T (U4) lrz

(A®2 ) ®1 (B ®2 I2) o, T A% B

ra
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Compatibility of the units. The monoidal units I3 and I satisfy:

> (I2,w0,7) is a monoid in (M, ®1, I1,a1,11,r1),

> (I1,w, ) is a comonoid in (M, ®a2, I3, az,1z,13).

Now assume that there exists a category M with n monoidal structures. We
denote such a structure by the tuple

(M, @i, i ai, 1, 1) fi=1.2,... n}»

where ®1,®o,...,R®, are the monoidal products and I, I, ..., I, are the respec-
tive unit objects. We write M; for (M, ®;, I;, a;, 1;, 1;), M, ; for (M, ®;,1;, ®;,1;),
M g for (M, ®;,1;,®;, I;, ®, It), and so on, for short.

Recall from Definition 7.24 of [1], that we call M = (M, ®;, Ij,a;, 1, 1i) {i=1,2,....n}
an n-monoidal category (or equally, a nonstrict n-fold monoidal category) if the
following formulae are satisfied:

> for any 1 <1 < j < n, M;; forms a 2-monoidal category;
> forany 1 < i < j < k < n, M,;; forms a 3-monoidal category, namely, the

Diagrams I. commute.

Remark 2.1.
(1) Ifl; = r; = id for any ¢ = 1,2,...,n, then the above n-monoidal category is
exactly the n-fold monoidal category defined in [7].
(2) If M, is a strict monoidal category forany i = 1,2,...,n,and [ = b = ... = I,
then the above n-monoidal category is exactly the n-fold monoidal category
defined in [2].

2.2. The center of a monoidal category. Suppose that (C,®,I,a,lr) is
a monoidal category. Recall from [14], that a new category Z(C) is defined as follows
(and called the center of C):

> the object of Z(C) is a pair (V,T_v), where V € C and Ty is a family of natural

isomorphisms

TX7\/: XRV-2VeJX,
where X € C, such that

1
Iy ry

(C1) Trv=18V v Vel,
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and the diagram

1id®T ay,
2 Xo¥YoV)—Y _XgVeY)—" L (XeV)eY
ax?y,vl lTx,v®1d
T ay!
XeY)oV —"VeXeY) —" = (VoX)oY

commutes for all objects X,Y € C;
> the morphism from (V,T_v) to (W,T_w) is a morphism f: V — W in C, such
that for any X € C we have the commutative diagram

Tx v

(C3) XeV VeX

id® fl l f®id
T

X, W
XeW WeX.

Note that Z(C) is a braided monoidal category with the following structures:
> the tensor product of (V,T_v) and (W, T_w) is (V @ W, T_vew ), where

Txvew = ayy .y © (ldv ® Txw) o av,xw o (Tx,v @idw) o ayly y;
> the unit object is (1,7 1), where

—1
rx Iy

Txr= X®I X I®X

for any X € C;
> the braiding is given by

Tvywi (Vv, T_ﬁv) ® (VV, T_’W) — (W, T_J/V) ® (V, T_’V) for any Vv, W elc.

It is a direct computation to check that (Z(C),®,(I,T 1),a,1,r,T) is a braided

category.

2.3. BiHom-bialgebras. In this section, we review several definitions and nota-
tions related to BiHom-bialgebras.

Recall from Section 5.2 of [31], that if C = (C,®,I,a,l,r) is a monoidal cate-
gory, a« = {ax: X — X}xcovic, 8 = {fx: X — X}xconjc are two families
of isomorphisms (not necessarily natural) satisfying the monoidal condition, i.e.,
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axey = ax Q@ay and Bxgy = Bx ® By for all X|Y € C, then we can define a new
monoidal category C{*F} = (C,®,I,a%P 18 r*F) as follows:

> the objects in C{*#} are the same with C;

> the morphism f: X — Y in C1®#} is a morphism f € Mor¢(X,Y) such that

ayof=foax, Pyof=fopx;

> the tensor product and the unit object in C1*#} are the same with C;
> the associativity constraint a®# and the unity constraints 1%7, r®# are given by

a®’ = ((a®id)®@p Hoa: (@ )®_.=_®(-®.);
1017/3:501; I®_=_ r*? =qor: _@I= _.

Now let a, 8, @, ¥ (the Hom-structure maps) be families of isomorphisms (not
necessarily natural) in Vecy satisfying the monoidal condition, and commute with
each other. Recall from Theorem 5.12 in [31], that there exists a 2-monoidal
category Vecﬂga’ﬁ’w_l’w_l} = (Vecuga’ﬁ},®,Ve(:ﬂ£¢_l’w_l},®,§,w,w,7), where w =
w =7 = idy, and

Capap: (AB)® (A eB)— (A A)e(Be B,
(ab) @@ @b)— (e®@d)® (beb) VA B,A, B € Vec.
A BiHom-algebra over k is a monoid in Vecuga’ﬁ}. Namely, a BiHom-algebra A is
a 5-tuple (A, pa, 1y, ca, fa), where A is a k-linear space, 14 € A is an element (the
unit), aa, Ba: A — A are both bijective linear maps, pa: A®A — A is a linear map
with the notation u(a ®b) = ab, satisfying the following conditions for all a, b, c € A:

aa(la) = Ba(la) =14, ala=aala), laa=pa(a), aala)(bc)= (ab)Ba(c),
agofa=paoas, aalab)=as(a)aa(d), Balab)=Ba(a)Ba(b).

Remark 2.2.
(1) Note that the second line of the above identities can be derived from the first
line, see [31], Proposition 2.9.
(2) If a BiHom-algebra A is commutative, then we immediately get that a4 = Sa.

Example 2.3.
(1) If A= (A, ua,14) is an associative algebra and «, 8 : A — A are both algebra
isomorphisms, then (A4, pa o (@ ® B),14,a, ) is a BiHom-algebra.
(2) f A= (A, pa,lu, aa,Ba) is a BiHom-algebra, then AP = (A, 5, 14,84, a)
is also a BiHom-algebra.
(3) If « = f, then the BiHom-algebra becomes a Hom-algebra.
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—1 -1
A BiHom-coalgebra over k is a comonoid in Vecu?p S Precisely, a BiHom-
coalgebra C' is a 5-tuple (C,A¢,ec, pc,¥e), in which C' is a linear space, v¢, ¥¢:
C — C are linear isomorphisms, ec: C' — k and A¢: C — C ® C are linear maps,

such that

ciec(e) =pc(c), ecler)ca=vc(c),
ec(pc(c)) =ec(vc(c)) =ec(c), wclcr) ® Ac(c2)=Ac(c1) ® Ye(cz),
pc oo =vcopc, Ac(pc(c))=pc(c) ® pc(ez), Ac(Pe(c))=1vc(c1) @ Po(cs).

Remark 2.4.
(1) Note that the third line of the above identities can be derived from the first two
lines, see [31], Proposition 2.11.
(2) If a BiHom-coalgebra C is cocommutative, then we immediately get that
o = .

Example 2.5.
(1) If (C,A¢,ec) is a coassociative coalgebra, ¢,1: C — C are both coalgebra
isomorphisms, then (C, (¢ ® ¥) o Ac,ec, p, ) is a BiHom-coalgebra.
(2) If C = (C,Ac¢,ec, ¢, ) is a BiHom-coalgebra, then CP = (C, A&, ¢, v, ¢)
is also a BiHom-coalgebra.
(3) If o =, then the BiHom-coalgebra becomes a Hom-coalgebra.

-1 ,,—1
A BiHom-bialgebra over k is a bimonoid in the duoidal category Vecﬂga’ﬁ’w S

Namely, a BiHom-bialgebra H is a 9-tuple (H, pg, g, Ay, e, amg, B, ou, Yr) with
the property that (H, pm, 1y, ayg, Bu) is a BiHom-algebra, (H, Ay, em, o, Y¥m) is
a BiHom-coalgebra, and Ap,epy are all morphisms of BiHom-algebras preserving
unit, i.e., for all h,g € H,

Ap(hg) = h1g1®haga, en(hg) =en(h)en(g), Au(lm)=1g®@lg,ex(ly) = lk.

Moreover, it is easy to check that ay, Sy are BiHom-coalgebra maps, ¢, ¥y are
BiHom-algebra maps, and they commute with each other, see [31], Proposition 2.14.

Example 2.6.
(1) If (H, ug, 1y, Ag,en) is a bialgebra and «, 8, p,%: H — H are all bialgebra
isomorphisms, then H2 = (H, ug o (a ® B), 1g, (p @) o Ay, em,a, B, ¢,) is
a BiHom-bialgebra.
(2) If H = (H,py,lg,Ag,en, o, B,9,%) is a BiHom-bialgebra, then H°P =
(Ho P, L, A2, By g p,00), HEP = (H, g, L, AP, e, 0, 8,9, ) and
HoPeP = (H, 157 1, AYP en, B, a, 1, ) are all BiHom-bialgebras.

93



3) f H=(H,uy,ly,Au,en,a,B,p,1) is a finite dimensional BiHom-bialgebra,
H* = hom(H, k). Define the multiplication *, the comultiplication Ag+ (with
the notation Ay« (p) = p1 ® p2) and ey~ by

(pxq)(h) = pla™ "™ (h)a(B~ Y™ (ha)), en-(p) = p(Ln),
(1 ®@p2)(h @ g) = pla™ Y™ (h)B™ 0™ (g)),

where p,q € H*, h,g € H. Define ay~, By, o+, g+ by
ag-(p) =poa™", Bu-(p) =pof~', wu-(p)=povp", Yu-(p)=poy .

Then H* = (H*,%x,eg, A+, e+, o, B, ¢u+,Yu~) is a BiHom-bialgebra.

Proof. We leave most of the details to the reader and only show Ag-(p x¢q) =
Ap-(p) * Ap«(q) for any p,q € H*. For all a,b € H, we compute

(p1 % q1 @ p2* q2)(a @ D)
=pi(a™ o (a1)an (B (a2))p2(a™ o7 (b1)) g2 (871 T (b2))
=pla?p " (a1)a *15 e 2(b1)g(a B (a2) B2 T (b2))
= (p*q)(a” P (@) D) = (p*9)1(a) @ (p*q)2(D).
Therefore, Ay~ preserves the multiplication, as needed. O

(4) Let H be a finite dimensional BiHom-bialgebra and H* = hom(H, k). We
present another BiHom-bialgebra structure on H*. Define the multiplication *
(the usual convolution product) and the comultiplication A’ g« (with the nota-

tion Ay (p) = pa) ® p(2)) by
(pxq)(h) = p(h1)q(h2), (P(r) ® p2))(h ® g) = p(hg),
where p,q € H*, h,g € H. Define /., By, Olyes Ve by
ap-(p)=poa, Bu-p)=pof, ¢ () =pop,d g (p)=pot,
where p € H*. Then we immediately get that
H* = (H*,x,eg, A g e, o e, B ey @ oy W o)

is also a BiHom-bialgebra.

(5) If « = B = ¢ = 1, then the BiHom-bialgebra becomes a Hom-bialgebra. If
a”! = 87! = ¢ = 7, then the BiHom-bialgebra becomes a monoidal Hom-
bialgebra.
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2.4. BiHom-Hopf algebras. In this section we will present the definition of
BiHom-Hopf algebras which is little different from [8], Definition 6.9.

Definition 2.7. Let H = (H,pu, 1y, A e,a,5,,%) be a BiHom-bialgebra. If
there exists S: H — H (the antipode) such that S commutes with «, 8, ¢, 1, and
satisfies, for any h € H,

hls(hg) = S(hl)hg = €(h)1H,
then (H,S) is called a BiHom-Hopf algebra.

Proposition 2.8. If H is a BiHom-Hopf algebra, then for any a,b € H, the
antipode S satisfies

(2.1) S(ab) = Sa~'B(b)SaB  (a), S(lg)=1g,
(2.2) A(S(@) = Spva2) © S~ l(ar), oS =<
Proof. We ounly prove (2.2). Consider the morphisms 0, A € hom(H,H ® H)

given by

O(a) = Sy~ (az) ® S ' P(a1), Ala) = S(a), ® S(a), Va€H.

Now we show that A is the left convolution inverse, and © is the right convolution
inverse of the comultiplication A. We compute

(AxA)(a) = (S(a1), ® S(a1),)(an ® az) = S(a1)ag, ® S(a1)as, =e(a)ly @ 1n

and
(A% 0)(a) = a115¢Y ' (az) ® 1280 " (az)

= p(a1)Sp~ (ag) @ ¢~ (az211)S¢ ™ (az12)
= ¢(a1)Sp(az) ® 1g = e(a)ly ® 1u,
which implies the first formula of (2.2). To prove the second one, we have

e(S(a)) = e(S¥~" (e(a1)az)) = e(ar)e(S(az)) = e(a15(az)) = e(a),
hence, (2.2) holds. d

Proposition 2.9. If H is a BiHom-Hopf algebra, then
(1) the antipode S satisfies

(2.3) Sa?p? =SB
(2) if S is a bijective map, then

(2.4) a?p? = B2
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Proof. We only need to check (2.3). Indeed, for any a € H, we have

S(a) = ea)S(a" v (az) 1) =) c(a) 1458 v (a2)
= (SB7%Y 2 (a11)B 2 %(a12))SB " (a2)
= Saf 2oy % (a1)(B 2 (a21)SB Y (az2)) = Sa’B72p*Y % (a),
which implies (2.3). O

Proposition 2.10. Assume that H is a BiHom-Hopf algebra with the bijective
antipode S. Then for any a,b € H, S~! satisfies

(2.5) S~ Yab) = S ra"1B(b)S aB  a), ST (1k) = 1u,
26)  AS (@) =S v (an) @ S g (ar), coS =,
(2.7) S™la™?p%(az)ar = azS™ a2 %(a1) = e(a)lg.

Proof. We only check (2.5). Actually, we have
S(S7(ab)) = ab = S(S~(a))S(57 (b)) &) S(57 a1 B(b)S  aB(b) ),

which implies the conclusion. O

Remark 2.11.
(1) Obviously (2.7) is equal to

(2.8) ST 22 (ag)ar = axS o %% (a1) = e(a)ly.

(2) The antipode of a BiHom-bialgebra H may not exist. Namely, some special
BiHom-bialgebras cannot become BiHom-Hopf algebras, see Example 2.12 (3)
and (4) below.

Example 2.12.
(1) If (H,S, ug, 1g, An,ep) is a bialgebra, a, 8, 0,%: H — H are all Hopf algebra
isomorphisms and satisfy Sa?p? = S3%¢?, then

HBiH: (H,&MHO(Oé®5)a1Ha(¢®¢)OAH75H7047/87<Pa¢)

is a BiHom-Hopf algebra.
(2) Let Hy be Sweedler’s 4-dimensional Hopf algebra Hy = k{ly,g,7z,y: ¢> = 1y,
2?2 =0,y = gz = —xg} with the following structures:

Alg) =g g, Ax)=z@1lg+gz, Aly)=y®g9+1lg®y,
e(g)=1, e(x)=¢e(y)=0, S(g) =g, S(z)=-y,S) =z
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1
R, =

(2.9)

Recall from [25], Example 10.1.17 that H, is a quasitriangular Hopf algebra
with the R-matrix

K
5(1H®1H+1H®g+g®1H—g®g)+5(m®x—x®y+y®x+y®y),
where k € k.

Note that any bialgebra isomorphism «: Hy — H,4 takes the form

S O O =
o O = O
S e O O
Q o O O

where a,b € k and ab # 0. Moreover, « is a Hopf algebra map if and only if
b=0.

It is easy to check that the group of the bialgebra automorphisms Aut(Hy)
is an Abelian group. From Example 2.6 (1) it follows that for any «, 8, ¢, 9 €
Aut(Hy), HP' = (Hy,po (a® B),1m,, (0 @ pr) o Ae,a, B, p,1) is a BiHom-
bialgebra.

Moreover, assume that

1000 100 0
(o100 o 10 0
““loo0aol oo ol

000 a 000 b

100 0 100 0
o100 (o100
=loocol Y“looadol

000 ¢ 00 0 d

where a,b,c,d € k. Obviously they are all Hopf algebra isomorphisms. If
a%c? = b2d?, then from (1), HP = (HP!, S) is a BiHom-Hopf algebra.

It H=(HS uly,Ae B, 1) is a BilHom-Hopf algebra, then recall from
Example 2.6 (2) that H°P, H®P and H°P°P are all BiHom-bialgebras, and
(H°PP S 1 1y, Aje, B, a,1, ) is a BiHom-Hopf algebra. Moreover, neither
H°P nor HP have antipode.

Ift H=(H S uly,Ae afB,0,1) is a BiHom-Hopf algebra, then recall from
Example 2.6 (3) that H* = (H*,x,e, A+, e, (a™H)*, (371, (=1, (¢ 1))
is a BiHom-bialgebra. Clearly there is no Sy« € hom(H*, H*) such that
(H*, Sp+) becomes a BiHom-Hopf algebra.
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(5) Under the same consideration above, if S is a bijective map, then it is not hard to
check that H*“P = (H*, , &, ASP e, (S™Y), (a™)*, (B~ (¢~ )%, (¥~ 1)*)
and H*P = (H*, %P, &, Ape, e+, (™))", (B7H)*, (1), ()", (¢~ 1)*) are
all BiHom-Hopf algebras.

(6) If H=(H,S,u,1yg,Ae,a,8,p,v) is a BiHom-Hopf algebra, then recall from
Example 2.6 (4) that H* = (H*,*,e,A'g«,epg-,a*, 0%, ¢*,¢*) is a BiHom-
bialgebra. Moreover, (H*, S*) is a BiHom-Hopf algebra.

(7) If « = 8 and ¢ = v, then the BiHom-Hopf algebra becomes the so-called
monoidal BiHom-Hopf algebra. If & = § = ¢ = %, then the BiHom-Hopf
algebra becomes the usual Hom-Hopf algebra. Similarly, if o= = 87! = ¢ = v,
then the BiHom-Hopf algebra becomes the usual monoidal Hom-Hopf algebra.

3. THE BIHOM-TYPE REPRESENTATIONS WITH PARAMETERS

In this section, we always assume that H = (H,S,pu,1u,Ae,a,8,¢0,1) is
a BiHom-Hopf algebra.

3.1. The category of BiHom-modules. Recall that a k-space M is caled a left
BiHom-module of H (shortly an H-BiHom-module) if there exist k-linear isomor-
phisms ang, Bar, on, Yar: M — M (the Hom-structure maps) and an H action
Op: H® M — M (with the notation 0p(h ® m) = h - m), such that for any
h,ge H,yme M,

au, Bua, pm, Y commute with each other,
a(h) - anr(m) = an(h-m),  B(h) - Bar(m) = Brr(h - m),
@(h) - ern(m) = on(h-m),  ¥(h)-a(m) =Pa(h-m),
a(h) - (g-m) = (hg) - Bu(m), 1g-m = Bu(m).
If (M,an, By, pm,¥m) and (N, an, BN, on,¥n) are left H-BiHom-modules

with H-actions 0j; and 6y, respectively, a morphism of H-BiHom-modules f €
homy (M, N) is an H-linear map satisfying the conditions

anof=foam, Byvof=fobu, enof=fopmu, ¥nof=[fotu.
The category of H-BiHom-modules and morphisms is denoted by g BM.

Remark 3.1.
(1) Obviously H € Obj(gBM).
2 Ifa=p=¢ =1y and ayy = By = om = Yy, then the BiHom-modules
become the Hom-modules of Hom-bialgebra H.
(3) The definition of the right BiHom-module of H can be given in a similar way.
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For any integers a,b,¢,0,¢,h,i,j € Z, M,N,P € gBM, consider the following
structures:

> the tensor product of (Mv anﬂM; SOMva) and (Na O‘NaﬂNa SOvaN) is
(M ®N,apmen,am Qan, Bu @ By, om @ on, U @ YN),

where the H-action on M ® N is given by
h-(m@n)=a®B0 ¢ (hy) -m @ a®BY%'Y (hy) - n

where me M, ne N, h € H;

> the unit object is (k, idy, idy, idk, idx) with the trivial module action;

> for any m € M, n € N, p € P, the associativity and the unit constraints are
given by

aun,p((m®n) ©p) = arf Bl eal Ui (m) @ (n® abBpepvE ! (p);

1M(1k®m):aM5M SOMwM '(m), ru(m® Ly )*aMﬂMb%v Yar (m).

Theorem 3.2. yBM forms a monoidal category under the above structures.

Proof. We only show the linearity of a and the others are left to reader. For
any h € H, we have

ay,n,p(h- ((m&n)@p))
_ aM,N,P((a2u62b¢2c'¢20(hll) ‘me a“+gﬁb+b¢°+iwb+j(h21) . n)
® a®8Y0' (hs) - p)
= B Y% (h1) - anf Baf oar Ual (m) © (atTE BT YO (hyy) -
® a®8 320" (hyy) - O‘PBPSOPQ/))JFI( )
= h-aynp(((m@n) ®p)),

which implies the conclusion. O

Remark 3.3. We write gBM by HBM;’g’ic’ja if the monoidal structure of FBM

is given as above.
Now, if we assume that the antipode S is a bijective map, then we have the

following result.

Theorem 3.4. HBMg’g’f)a is a rigid category.
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Proof. Suppose that (M,an,Bum,pm,¥a) is an H-BiHom- module, M* =
hom(M, k). Define the following structures:

> O+ H® M* — M* is given by
(h-£)(m) = f(S(h)) - By (m) YheH, meM, feM
> the Hom-structure maps of M* are given by

ar- = (ap)*s B = (Ba)"s oar = ()", Yare = (U3))%

> the evaluation evy: M* ® M — k and coevaluation coevys: k — M ® M* are
given by
evur(f @m) = flagr* By el i (m),

coevy(ly) = Zau -1 346905\7 2/1_)(61‘)(357
where e; and e’ are dual bases of M and M*, respectively.

Next we show that (M™*, evyr,coevys) is the left dual of M. Firstly, it is easy
to check that (M*, anr+, Bars, ©a+,Yar+) is an H-BiHom-module. Secondly, since
we have

evar(h- (f @m)) = (a8 () - f)(ady * By "5 iy
x (a8 (ho) - m))
= F((Sa" B0 ¢° (h1)a® ! B¢ 4° (ha))
XO(?V[g 1 b h+1 c— 1wa J( ))
=h-evy(f® m)
for any h € H, m € M, f € M*, evy is H-linear. Similarly, coevy, is also an
H-linear map.
At last, we obtain

((ldM X eVM) oaps,pm,M © (COGVM (24 ldM))(].k X m)

= > (i ® evar)(anf  Batons Wit (e ® (¢ ® (o BY bt (m)))

—g—2 pb—bh+2 1,,0—j+1
= A )

(2. 5[3 h c— 1“1/)0 j— 1( ) (r]T/[lolM)(l[k@)m)

and similarly we can get
(evy ®idps+) 0 a]}[lmM’M* (idar ® coevar) = 13} orase,
which implies that g BM®2 %2 is a left rigid category.

g,b,1,j
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Similarly, one can show that HBMg’g’f’ja

dual of M is *M = hom(M, k), where

is a right rigid category. Indeed, the right
> O«pr: H®*M — *M is given by
(h- £)(m) = F(S~\(h)) - B2(m) VheH, meM, fe"M;
> the Hom-structure maps of *M are given by
oo = (o) Bear=(Bar)"s oonr = (ear)"s $om = (U3)";

> the evaluation evy;: M ® *M — k and coevaluation coevys: k — *M @ M are
given by

Sar(m® f) = flay o gy 0 ety (m)),
coev s (1k) Ze R« u+9+15—b+h 2 _c+11/) 0+J( D,

where e; and e are dual bases of M and *M, respectively.

O

Proposition 3.5. For any a,b,¢,0,9,b,1,j,a’,b',¢/, 0", ¢, 0,1, € Z, HBMS:Z:S;
u',b',c',b'

is monoidal isomorphic to wBM ¢, 05

Proof. Define the functor .¥ = (., %%, %): Mg;’ff — HBM; ;’, f,)b, by

F(M) =M as H-BiHom-module, Z(f) = f,

where (M, anr, Bu, o, ) € uBM, f € Mor(gBM). Further, ) = id, Sy N
is given by

Faun(m@n) =afr® B e v (m) @ o By " el i (n)

for any M, N € gBM, m € M, n € N. It is direct to check that . = (¥, S, H)
is a monoidal isomorphic functor. ([

Theorem 3.6. Let n € Z+. If H is a cocommutative BiHom-bialgebra, then
gBM forms an n-monoidal category.
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Proof. Let a;, b;,¢;,0;, 94, 0i,14,s € Z, wherei = 1,2, ..., n. We use the notation

ai,bi,ci,08 ai,bi,ci,04 -
aBM vt = (e BM gt @ik ag, ). For any i, € {1,2,...,n}, we

define the following maps in g BM:

> the interchange law is

GijA,B,C,D: (A®; B)®,; (C®; D)= (A®,; C)®; (B®; D),
(6®;b)®; (c®id)— (a®;c)®; (b, d),

where A, B, B,C,D € gBM,;
> since (k,idy, idy, idk, idy) is the unit object of all the monoidal structures, w, w
and 7 are given by

wij = Wij = Ti,j = idi.
Clearly (; ; is a natural isomorphism in gBM since H is cocommutative.
Moreover, note that if the diagrams (A1l)-(A3) and diagrams (U1l)-(Ull) are
satisfied, then (HBM;:f)D, ®i,k, a;,1;,r;) forms an n-monoidal category. O

Remark 3.7. Let H be cocommutative. Since (, w, w, 7 given above are all
isomorphisms, then for the given integers a, b, ¢, 9, g, b, i, j and a’, b/, ¢/, ', ¢/, b/,

i i, yBM = (HBMg;’f)a, HBM;:;:::?) forms a strong 2-monoidal category (see [1],

Definition 6.3) for the definition of strong 2-monoidal category).

3.2. Quasitriangular BiHom-Hopf algebras and BiHom-Type QYBE.
Let R and R’ be two elements in H ® H. For any M, N € HBM;:;:::?, we can define
families of maps C: ® = ®°P and C': ®°P = ® as follows:

> Cyn: M®N — N® M is given by

(B mens YUt R) af B T )

® ag/@bwiwj(R(l)) . a&”gﬁ;j’“714,0&(*1711&;/[0““(m).
> C'un: N®M — M ® N is given by

(82)  nome YT T R ol 0B el ey (m)

® agﬂhwifleJrl(R/(Q)) . a;{“'ﬁ‘gﬂ&b'i‘b—1<p;/vt+i—lwxfb+j+1(n).
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Definition 3.8. Let (H,«,f,p,%) be a BiHom-bialgebra. If there exists an
invertible element R € H ® H, such that the conditions
Q) (@@ )R = (8@ BR = (p® ¢)R = (¥ @ ¥)R = R;
(Q2) X RWe™(h1) @ RPpyt(ha) = Y a ' B(he) RV @ @' f(h1)RP);
(Q3) TR @Ry ©9R®) = T apRO) @ gY(RY) @ RORE);
(Q4) RV @ B @ Ry = Y RVRD @ fp(RP) @ ap(R)
hold for any h € H, where R =R = >, RM @ R® = " RM @ R?), then R is called
an R-matriz or a quasitriangular structure of H, (H,R) is called a quasitriangular
BiHom-bialgebra.

Assume that R and R’ are two elements in H® H, C and C’ are defined as in (3.1)
and (3.2). Then we have the following results.

a,b,c,0

Lemma 3.9. C is a natural transformation in ,rj(B./\/lg’h’i’j

fies (Q1) and (Q2).

if and only if R satis-

Proof. Firstly, it is easy to check that C is compatible with the Hom-structure
maps of BiHom modules if and only if R is an invariant under «, 3, ¢, 9.

Secondly, if (Q2) holds, then for any M, N € HBM;:Z:S:J.D, we have

Cun(h-(m®n))
3 a8 (RP) - ol 98N T el T T (0080 () - )
® a?3 I (RD) - ocv*m““‘lW*‘—lw;f““(a“ﬁ"socw<h1> -m)
B3 (@8 R (R®)a 81197 (o) - oy O8% "o Uk ()
® (agﬁbgaiwj(R(l))agﬁb_lgai_lw”l(hl)) . a_u+g,81\_/[b+h<p;j+i_lw;f+j+l(m)
L) $ 0t R (07 ()R - 0 By sy g ()
® agﬁhwiwj (a—l(hQ)R(l)) . a]T/[qug/B]\f/[bJrh(pXjJriflw]T/[DJriJrl(m)

= h- CM7N((m®n)),

where m € M, n € N. Thus, C is H-linear.
Finally, if C is H-linear, then we have Cy g(h-(1g ®1p)) =h-Cu u((lx®1w)),
which implies (Q2). O
Lemma 3.10. C’ is the inverse of C if and only if R’ is the inverse of R.
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Proof. «: If R’ is the inverse of R, then for any M, N € HBMS’Z’f’jD, we have

C' uNCun(m@n)
Zaaﬁbchrlwafl(R/(l)) . (auﬁbflchrlwafl(R(l)) /81\—/[2(m))
®a9B0 YTHRP)) - (a2 T T RP)) - 812 (n))
1 _ _
1y Bt m) @ 1y By () = men,
where m € M, n € N. Similarly, we can get Cy,nC) y(n ® m) = n @ m. This
means that C’ is the inverse of C.

=: Conversely, if C’ is the inverse of C, then Cy ;Cy .y = id = Cy,uaCly y,
which implies RR=RR' = 15 ® 1g. O

Lemma 3.11. C satisfies a;,lM,N oCyen,po aA_/Il,N,P = (Cu,p®idy)o aK/I{RN o
(idps ® Cn,p) if and only if (Q3) holds.

Proof. «<: If (Q3) holds, then for any M, N, P € HBM;E::, we have

(aphyn © Cuen.poay v p)(m® (n@p))
_ Zail]\/[,]v(a“ﬂbs@cil}a(f{(z))' 29513 2h—1 c 21+1w0 2j— ( )
® (o u+gﬁb+b c+iw0+i( gl))a?\/lﬁ @MwJJrl( )®a2952b¢21¢2j(Rél))
X af BT e TR T ()
(QLQ3) a—1.b ¢ 1 0/15(2)\ 2a—g a2b—h—1 2c—it+l  20—j—1/1(2)
=) (@B (RP)a” 9 Py (R®))
Xa?;u 2g 123b 2h— 1302; 21+2w1230—2j—2(p)
® a8 (RM)ad, Bh  phhl (m)
® (P RW) - ay® By ey oy (n)
Y (@t py o (idy ® Cn p)(m ® ("B ¢ Y (RP)

XOéP ,Bb h—1 c it+1 ?_—:jfl(p)

® a8y (R‘”) o OB T T T P ()

=  ((Cup@idy)oay pyo (idy ® Cn,p))(m® (n®p)),

where m € M, n € N, p € P, as needed.
=-: Conversely, we have

(a4 © Cremmoay y g) (e © (lr © 1w))

((CH,H & idH) o aI_{,lH,H o (idH ® CH,H))(lH X (1H X 1H)),
which implies (Q3). O
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In a similar manner to Lemma 3.11, we have:

Lemma 3.12. C satisfies aN p M © CM,N@P cap,N,P = (1d]\] & CM’p) can,M,pP°
(Cm,n ®1idp) if and only if (Q4) holds.

Combing Lemma 3.9 to Lemma 3.12, we immediately get the following result.

Theorem 3.13. Let H = (H, «, 8, p, %) be a BiHom-bialgebra, R, R’ be elements
in H® H, C, C' be families of maps defined in the way of (3.1) and (3.2) for any
a,b,¢,0,9,h,i,j € Z. Then C is a braiding in HBM;:E:S; with the inverse C' if and
only if R is a quasitriangular structure of H with the inverse element R’.

Proof. Straightforward. O

Corollary 3.14. IfR is a quasitriangular structure of H, then for any a,b, ¢, 0, g,

P . . ’b’ ,D . . . . ,,b,, /’a/
b,i,i, 0,0, ¢, 0, ¢, 0.1, € Z, HZS’/\/l;l o1 is braided isomorphic to HBM;, A

Proof. Obviously the functor . defined in Proposition 3.5 is a braided monoidal
functor, as needed. O

Example 3.15.

(1) If (H,py,1y,An,en,R) is a quasitriangular bialgebra, «, 8, ¢,¢: H — H
are all bialgebra isomorphisms and R is an invariant under «, 3, ¢, 1, then
HB = (H,pgo(a®B),1u, (p @) o An,em, R, a, B, 9,%) is a quasitriangular
BiHom-bialgebra.

(2) f H=(H,pg,1g,Ay,eu, R, a, B, 0,1) is a quasitriangular BiHom-bialgebra,
then HP? = (H,pp, 1y, AR, eq,Ro1,a, 8,1, ) is also a quasitriangular
BiHom-bialgebra.

(3) Under the consideration of Example 2.12(2), it is easy to check that H}' =
(Hy,po(a®p),1m,, (p@9) oA, e, RB a, B, 9,7) is a quasitriangular BiHom-
bialgebra, where RP! takes one of following forms:
> when a,b,c,d = £1,

. K
RB — (1H®1H+1H®9+9®1H_g®g)+§($®$—$®y+y®x+y®y) Vk €k,

N =

where a, b, ¢, d are defined in (2.9);
> in other cases, for a,b,c,d # +1, RP' = %(1H®1H+1H®g+g®1H—g®g).
(4) If & = = ¢ =, then the quasitriangular BiHom-bialgebra

H: (H)R’)/J’71H)A)€)a)/8)sp7w)

becomes the usual quasitriangular Hom-bialgebra. Similarly, if a=! = 87! =
@ =1, then H becomes the usual quasitriangular monoidal Hom-bialgebra.
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Theorem 3.16. If R is a quasitriangular structure of a BiHom-bialgebra H,
then R satisfies the BiHom- Yang-Baxter equation

Ri2((¢ ®id ®@ id)R13(id ® ¢ ® id)Ras) = ((id ® ¢ ® id)Re3(¢ ® id ® id)R13)Ra.

Proof. Recall that Rjz = > RYU @R @1y, Ris =Y. RD @15 @ R®, and
Roz =Y 1y ® RM @ R, We have

Y ’WaypRM) @ RO Bp(RM) @ BRP)BR®A)
Qb ZR@)B 1 _1¢(R(1)) R@)ﬁ—lwp—l(R(l))®a‘1<p_1(R(2)),B_1w_1(R(2))
Q3 . _ _ . _ _
B RO RY) @ B8 ow (R © R
D S0 ®RMED © o RP)RD o RO
(Q3) Z R(l R(l ®a~ (R(l))f{@) ®ailgfl(f{(z))ﬂflwfl(f{@))
‘L3 B RORD © apRO)RP @ oRP)a®RP),

which implies the conclusion. O

3.3. The dual case: coquasitriangular BiHom-Hopf algebras. The results
in this section are dual to the corresponding results above, so we will not give the
complete proof.

Let (H,«,f,p,1) be a BiHom-bialgebra. Recall from [31], Definition 5.3 that
a right H-BiHom-comodule is a 5-tuple (M, apnr, Bur, oar, ¥ar), where M is a linear
space, an, Bar, em,Yav: M — M are linear isomorphisms and we have a linear
map (called a coaction) o: M — M ® H, with the notation o(m) = mg ® m; for all
m € M, such that the following conditions are satisfied:

©a, Yam, aa, By commute with each other,

(am ®@a)oo=goan, (Bu®pB)oeo=00pu,

(e @p)oe=copm, (Pu@¢)oo=ootun,
om(mo) ® mip ® miz = mep ® mo1 ® P(my ), moe(mi1) = @ (m).

If (M, an, By, ensar) and (N, an, By, on,¥n) are right H-BiHom-comodules
with coactions gy and oy, respectively, a morphism of right H-BiHom-comodules
f: M — N is a linear map satisfying the conditions

ayof=foay, Bynof=foBu, enof=foou,
Ynof=fovy, onof=(f®idy)oonm.

The category of H-BiHom-comodules and H-colinear morphisms is denoted by BM .
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Theorem 3.17. If (H,«a,,¢,v) is a BiHom-Hopf algebra with bijective an-
tipode S, then BM™ is a rigid category.

Proof. For any ¢, [ m,n,p,q,t,s € Z, define the following monoidal structures
on BM by:

> the tensor product of H-BiHom-comodules
(U,au, Bu,pu,vuv) and (V,av,Bv,pv,v)
is (U®V,ay ® ay, Bu @ By, ou @ oy, Yy & Py) with the H-coaction oV®Y
UR V= Uy @ V(o) @ akﬂ[apmw"(u(l))apngwﬁ (vay);

> the unit object is (k, idy, idy, idk, idy) with the trivial coaction;
> the associativity constraints a and the unit constraint 1 and r are given by

avvw ((u®@v) ©w) = ai Buefvy (u) © (v @ ay By oy vy (w));
ro(u® 1) = o Bpepytu), lo(ly@u) = apﬁl‘}“%wfu),

After a direct computation we can get that (BMH, ®, (k,id,id, id, id), a, 1, r) forms

glmmn

a monoidal category. We denote this category by (BMH)p’q’tﬁs.
Moreover, if (U, oy, fu, ov,vv) € BMY, U* = hom(U, k), define the following
structures:

> oV U* — U* @ H is given by
folu) @ f1 = feg*(uo)) - S(ur) YueU,feU

> the Hom-structure maps of U* are given by

ag- = (ag')s Bu-= By, wu-=(ep')* Yu- = Wp)5
> the evaluationevy: U*®U — k and coevaluation coevy: k — URQU™ are given by

evy(f @u) = flag" Py g™ g (),
coevy 1k Za—E-i-p/B—H-q 7m+t+2wUn+571(ei) ®ei7

where e; and e’ are dual bases of U and U*, respectively. Clearly (U*,evys, coevay)
is the left dual of U and hence (BMH )g [q“t‘; is a left rigid category. Similarly, it
is also a rigid category.

O
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Definition 3.18. (H,«,f,¢,) is a BiHom-bialgebra, if there is a bilinear map
0: H® H — k, such that o is invertible, under the convolution invertible, and the
following formulae are satisfied:

(CQ1) a(a(a),a(b)) —U(ﬂ(a) B(b)) = a(p(a), (b)) = a(i(a), (b)) = o(a,b);
(CQ2) (a1, b))y~ (a2)pyp~ ! (b2) = a~ ' B(b1)af " (a1)o(az, ba);

(CQ3) a(ap(a),bec) = a(a(ar), p(c))o(B(az),1(b));

(CQ4) o(ab, p(c)) = a(a(a), ¥(c1))a(B(b), p(c2)),

then o is called a coquasitriangular form of H, (H, o) is called a coquasitriangular
BiHom-bialgebra.

Remark 3.19. Obviously (CQ3) is equivalent to the one of the next identities:
o(ap(a),be) = o(alar), B(c))o(alaz), ¥(b)),
o(pi(a),be) = o(i(ar), B(c))o(p(az), a(b)),
o(Bp(a), be) = o(P(ar), p(c))o(B(az), (b)).
Equation (CQ4) is equivalent to one of the following identities:

o(ab, arp(c)) = o(p(a),¥(c1))o(B(b), alcz)),
o(ab, aB(c)) = a(p(a), B(c1))o (¥ (b), a(cz)),
o(ab, Be(c)) = a(ala), Blcr))a (P (b), p(cz)).
For any bilinear form o € hom(H® H, k), U,V € (BMH)E’[q’ t's, define the families

of maps Cyy: U®V =V ®U by

—ttp—1 p—1 1 1,
UR v ay, +p 6 +a+ @Vm+t 11/) n+5( 0)

® ag P B T on T T R (o) o (af Bro™ Y™ () )P BTt (v(ay).-

Theorem 3.20. Under the condition above, ¢ is a coquasitriangular form of H
if and only if (BM™)p4"8 is a braided category with the braiding C.

Proof. Dual to Theorem 3.13. O

Proposition 3.21. If H is a BiHom-bialgebra, then for any ¢,[,m,n,p,q,t,s, ¢,
m' ' p g, v, €7, (BMH)S,;“Z: is monoidal isomorphic to (BMH)'E [q'nz/ v . Fur-
thermore, if H is a coquasitriangular BiHom-bialgebra, then (BMH)E [q"t‘ o is braided

) . ¢, m’ 0
isomorphic to (BMH)p,’q/:/:, .

Proof. Dual to Theorem 3.5 and Proposition 3.14. O

Theorem 3.22. Letn € Z*. If H is a commutative BiHom-bialgebra, then BM™
forms an n-monoidal category.

Proof. Dual to Theorem 3.6. O
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4. THE YETTER-DRINFELD CATEGORY OF BIHOM-HOPF ALGEBRAS
4.1. The parametric BiHom-Yetter-Drinfeld modules. From now on we
always assume that (H,S) is a BiHom-Hopf algebra and S is a bijective map.

Definition 4.1. For any m,n,p,q € Z, a k-space U is called an (m,n,p,q)th
BiHom-Yetter-Drinfeld module of H, if there exist morphisms ay, Sy, pvu,Yu €
Aut(U) such that (U, ay, Bu, pu,vu) is both a left H-BiHom-module and a right
H-BiHom-comodule, and the compatibility condition

(4.1) hg - u, ® hg - u,a™B P (hy) = P(hy) - up ® ™ B GPTPIT (hg)a(uy)

is satisfied for all w € U and h € H. We denote by yYD(m,n,p,q) the cat-
egory of (m,n,p,q)th BiHom-Yetter-Drinfeld modules, morphisms being H-linear
and H-colinear.

Proposition 4.2. Equation (4.1) is equivalent to the equation
(4.2) o(h-u) =9~ (hy) - uo ® (@ 2B OP I3 (hgg)a ™ (un)
x §~lamBn—lpb+Llypa=2(p ),
whereuw € U, h € H.
Proof. For any u € U, h € H, in order to prove (4.2), we have
hag -, ® (hgg - u o™ B PP (hg1)) S~ ™ 2B TP T (hy)
= P(he) -u @ a(i(he) - ul)(am5n¢p¢q(hlz)sflamwﬁndwpwq(hn))

D 20wy © 0P (WP (h) - u))

and then
o(h-u) = 7 2(he) -u, @ o™ (Y2 (haa) - u, a™ B (han))
x 5 lam g1ty ()
4.
(:1) 'Lpil(hﬂ) S ® a72(amflﬁnJrl(perlwqf?)(h22)a(u1))
x S lam gLyt (),
hence, the conclusion holds. Conversely, if (4.2) holds, we have
(h2 - u)o @ (h2 - u)1a™ B Y% (h1)
4.2
(:) h(21) g ® (am726n+1¢p+1wq72(h22)ul)
X (STHam B P T I 72 (hyg)a™ B P T (hay)
(2;3) ’lﬂ(hl) Uy ® am_lﬁn+1¢p+1wq_l(hQ)Oé(U1),

thus, we get (4.1). O
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Example 4.3.
(1) For any integers m, n, p, ¢, define the right H-coaction on H ® H by

0(a®b) =a1 @) ®ap for any a,b € H

and define the left H-action —"% on H ® H by

B (e @) = (@AM T (hg)a” a)

x S7ra™ Bt oP 173 (hy) @ hopb,

then (H® H, "™ o a®a,f® 8,00 ¢, @) is an (m,n,p, q)th Biom-
Yetter-Drinfeld module.

Proof. We only check the Hom-associative law of the H-action and (4.2).
For any h, g,a,b € H, we have

a(h) = (g T (a@b)
= (o™ 2B P T I (hgg ) (@™ B T P14 (gn) a2 (a)
% S—lam—lﬁn—l<p13+1wq—3(gl)))
x STHa™ BN P I3 (hy) @ a(har ) (g21b)
(@™ 2B P9 (hgggao)a™ B(a))
x STLa™ B P T3 (hygy) @ (ho1ga1)B(b)
= (hg) = Bla®b),

25)

thus, the Hom-associative law holds. Furthermore, we have

o(h 225 (4 ® b))
O (@38 LGP L (o1 Yo (a1)) S L™ AP LpP 2 ()

® pha)p(b) © (a8 1P 1 (aa)a ™ a2))
% Slam P ()

(am73ﬂn+1¢p+1wq75(h2122)a71 (al))Sflamﬂnflwp+1wqf4(h211)

® 9~ (hai21)p(b) @ (™2 B QP TLpI75 (hgs) ! (az))

% S_loémﬁn_l@p-i_lwq_Q(hl)

= ¢ (har) T @ @by @ (@™ 3P YT (hyy)a (a2 by))
x 57 1am g P Hyn—2(ny),

thus, (4.2) is satisfied.

70



(2) Similarly, define the H-coaction on H ® H by
d(a®@b) =1~ (ag) @by @ (a”? B2~ (az2)b2)S™ ' (a1) for any a,b € H
and define the left H-action on H ® H by
h— (a®b) =™ 1" 1P T1p972(h)a @ (D),

then (H® H,—, 0, a®a,B8,pQ ¢,y @1) is an (m,n, p, q)th BiHom-Yetter-
Drinfeld module.

(3) f a =p =¢p =1, ie, His a Hom-Hopf algebra, then the above (m,n,p,q)th
BiHom-Yetter-Drinfeld modules become the usual Yetter-Drinfeld modules
of H. For example, take « = 8 = ¢ =1 and m = 2, n = p = q, then it becomes
the left-right Hom-Yetter-Drinfeld modules defined in [21], Definition 5.2.

(4) Similarly, if a=! = 37! = ¢ = 9, i.e., H is a monoidal Hom-Hopf algebra,
then the above (m,n,p, q)th BiHom-Yetter-Drinfeld modules become the usual
Yetter-Drinfeld modules over H. For example, take a~! = 37! = ¢ = ¢ and
m=n=p = q =0, then they become the Hom-Yetter-Drinfeld modules defined
in [9], Definition 3.2.

For any a,b,¢,0,9,h,i,j € Z, we are able to define the monoidal structures in
HyDH(m, n,p,q) as follows:

> the monoidal product of (U, ay, Bu, vu,Yuv) and (V,av, fv,ev,vv) is (U RV,
ay @ ay,Bu @ Bv,ou ® vv, Yy @ Yy ), where the BiHom-module and BiHom-
comodule structures are given by

B - (’U,® U) _ auﬁb@cwb(hl) u® Oégﬁbgoiwj(hQ) -,
"V (@) =u®@v®@a BT T T (0n)a BT T T T (w);

> the unit object is (k,id,id,id, id) with the trivial action and trivial coaction.

Theorem 4.4. y YD (m, n,p,q) is a rigid braided category.

Proof. Firstly, for any u € U, v € V, we have

o(h-(u@w)) = a®B°Y° () -u ® a8 (hy) -v @ 8 B0 iy
x (@28 ) (hg) v a7 ™ Tl (a8 Y () - w))
a® B P° (h21) - uo ® a® B¢ ! (ha21) - vo

® ((am_4ﬁ“+1ga"+1wq_4(hzzg)a_g_Q/ﬁ_bgo_iw_j_l(vl))

xS L™=l BNl Pt a3 (1)

X (@™ 2P I (hagz)a™ BT T T 0 (wy))

x §71a™ B2 P2 (hay))
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= "B Y°  (hi21) - uo ® a®B0' (ha1) - vo
® (2B PP (hgp)a™ 8 B0 T (0r))
X (((S™ram™ 2B P T 1pa75 (hy90)a™ 38" 1P 1h973 (hy901))
% a*ﬂ*lﬂfbflapfcflwfa(ul))sflamﬂnf2appwq72(hu))
a®BPo P (haa) - ug @ af B (hat) - vo
] G (2 e A B UY)
% (a_u_lﬁ_bgo_c_lw_a(ul)S_lozm,B"_ngpwq_Q(hn))
= a®B% Y (ha11) - uo @ agﬁb@i¢j_l(h212) - Vo
® (am—Bﬂn+lwp+1wq—3(h22)
% (Oéigizﬂih(piiwijil(Ul)aiailﬂibilﬁpicilwia(ul)))
% Silamﬂnilﬁpp+1wqi2(h1)
= 7 (ha1) - u v, ® (@ PGP YT ()T (w @ v, )
x S_lamﬁn_1@p+lwq_2(h1),

(2.8)

which implies (4.2). Hence, U ® V € g YD (m,n,p,q).
Secondly, define the the the associativity a and the unit constraints 1, r by

avvw (u®v) @ w) = ag* By v 1oy (1) @ (v @ o, Boy Pl (w)),
Iy (e ®u) = a8y o'y’ (), to(u® L) = a8y ey vy (u),

where U, V,W € g YD (m,n,p,q), then it is not hard to check that
(HyDH(ma np, q)v X, ka a, 17 I')

is a monoidal category.
Thirdly, define t: ® = ®°P by

tU,V('U' ® ’U) = a?/—ﬂﬁ‘f‘/—b@;;i ‘0/71*1(1]0) Q a—m+1/8—n—180—|3—1w—q+1(v1)

_ BBl —etid i
« aUaJrg/BU +b SOUCJrI le0+J+1(u).
Obviously t is compatible with the Hom-structure maps. Since we have

toy(h-(u@v) = af B8y el )T (a8 W (he) v, )
©a T TPy (0980 ol (hy) - w))

X ag OB T oy Tl T (0 8000 () - w)
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= oy o8y el ey T (@08 Y (he) - v )
Qo mﬁ n— 1<p—p 1w—q+1
X (agﬂhapid)’(hg)vlam”ﬂ“*hgop“wqﬂ(hl))
u+gﬂab+b¢—c+i—1¢—b+j+l(u)

><aU

) an gty () - OBy (vo)
® (180" (R 2)04 mHaT 130*"*%*““(1)1))
% a5u+gﬁab+b¢5c+i—1wan+j+1(u)
= h-tyy((u®v)),
where t is H-linear. Similarly we have
(bo.v @idg) 0 0"V = 0"*Y oty v,

which implies that t is H-colinear. Moreover, we also have

((idy ® tuw) cav,uw o (tu,y ®idw))((u ® v) @ w)
= (idy @ tuw)(ay® By ey 1y (vo)
®( —m+1ﬂ—n—1¢—p 11/} q+1( 1) aJrgﬂberhfl
x g T I (w) @ oy Bl iyl ()
:avgﬂv _1 11/1 - 1(”0)

® (aﬁvﬁvv@WTﬂW(wo) ® (« ®
—u+g—m+1/8—b+b—n—2¢—c+i—p—2w—b+j—q+2(Ul))

7m+gﬁfn+hfl 7p+iflw7q+j+2(
X o

2a+2gﬂ72b+2b 19052c+21 ¢E2D+2j+2(u))

0)1(

X Oy

=aywul(ay gﬂv oy v0) ® oy By ol ¥y (wo))

® o~ m+1ﬂ n— 1907;:: 11/) q+1(a71( ) 7aﬂfbfl 7c71¢70(v1

% a5u+g/85b+b—1¢5c+i—1w50+j+l(aUuﬁ (,O_C 1w50(u))

= (av,wv o tuvew cavv,w)((u®v) ® w),
and similarly we can get
a;V}Uy otygy,w © a[;,lww = (tyw ®idy) o a[;’lW,V o (idy ® tv,w).

Note that the inverse of t is t': ®°P = ®, where

thy (v @u) = Sa ™A 2Py T (vy) oy 0BG el T T T (u)

—atg g—b+h —cti-2  —0+i+l
® ay By h%OVCJr1 Yy +)+ (vo)-

This means that (YD (m,n,p,q),®,k, a,1,r,t) is a braided category.

wl)

)
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Finally, set U* = homy(U,k) with the BiHom-module and BiHom-comodule
structure

Ou-: U @ H = U*, (f h)(u):=f(S(h)- B (u)),
VU= UTRH,  fo)(uw) @ fay = fleg (ue) @ STHB e (ur))

and the Hom-structure maps

ay* = (a[j/'l)*v BU* = (6(}1)*a Yu= = (50[}1)*; wU* = (w&l)*v

then U™ is an object in HyDH(m,n,p,q). Furthermore, we define the evaluation
evy: U*®U — k and coevaluation coevy: k - U @ U™ as

1 b 2
evu(f @u) = flag 2o (w)),
coevy (1) = Zau g-1 b b i,‘ ?J’(ei)@)ei,

where e; and e’ are dual bases of U and U*, respectively. It is easy to check that
(HyDH(m,n,p, q),®,k,a,1,r,t) is a left rigid category. Similarly, it is also a right
rigid category. O

Remark 4.5. We denote (m,n,p,q)th BiHom-Yetter-Drinfeld category (under

a,b,c,0

the monoidal structures given above) by (YD (m,n,p, 9))gpi) -

Proposition 4.6. For any a,b,¢,0,g,5,1,5,a’,6,¢/,0', ¢, 0,1,y € Z we have that

(g YD (m,n,p, q))ggff is braided isomorphic to (YD (m,n, p, q));:;if;)a,/

Proof. Define the functor .%¥% = (.&,.%%,%): (HyDH(m,n,p,q));:g:i’ja —
(5 YD (m,1,p,0))5 757570 by

F(U)=U as a BiHom-Yetter-Drinfeld-module, .Z(f) = f,

where (U, v, Bu,ou.¥v) € gYD"(m.np,q), f € Mor(5YD"(m,n,p,q)), and
Sy is given by

Favy (@ v) = al ¥ BEY o P (u) @ a8 BT Tyl (v)

for any U,V € gYD"(m,n,p,q), u € U, v € V. Obviously ¥ = (.7, .S,.%) is
a braided isomorphic functor. ([

Theorem 4.7. Let n € 7Z+. If H is both commutative and cocommutative, then
g YD (m,n,p,q) forms an n-monoidal category.
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Proof. It is similar to that of Theorem 3.6. Indeed, for a;, b;, ¢;, 0;, 9;, bs, 15,3 € Z,
a;,bi,¢,0;

define the following morphisms in HyDH(m,n,p,q) = ((HyDH(m,n,p, q))gi;hi;ihji ,

®i, k, a;, L, 1;):

> the interchange law is

GijAB,C,D: (A®; B)®; (C®; D) = (A®; C)®; (B®; D),
(a®;b)®; (c®id)— (a®jc)®; (b, d),

where A, B, B,C,D € gYD® (m,n,p,q);
> w, w and 7 are given by

wij = @ij = Ti,j = idi.

It is easy to check that ((HyDH(m,n,p,q));z:i:flf:;i,®i,lk,ai,li,ri) forms an

n-monoidal category. O

4.2. The center of the category of BiHom-modules. In this section, we
discuss the relations between BiHom-type Yetter-Dinfeld categories and the center
of the category of BiHom-modules.

a,b,c,0 -

Theorem 4.8. For any a,b,¢,0,g,b,1i,j,m,n,p,q € Z, (H))DH(m,n,p,q))g’h’i?j is

a full braided subcategory of Z(HBMg;’f)a)

Proof. For any V € (HyDH(m,n,p,q));:z:ff, X e HBM;:;::}’?, define T'x v :
XV ->V®X by

Txy(x®v) = oy 28y o 7~ (vo) @ a7 BT TP T (o)

« a}—(u+gﬁ)—(b+h—1<p)—(c+i—1w)—(0+j+l (a?)

Note that T'x,y is a morphism in gBM, and Ty is natural. Obviously the diagrams
(C1) and (C2) hold. Moreover, if f: V — W is a morphism in #YDg(m,n,p, q),
then the diagram (C3) holds since f is H-linear. Thus, (7D (m,n,p, q))ggff is
a braided subcategory of Z(gBM®»0?),

(LA
Next we show that (HyDH(m,n,p,q))g:;’:f”ja is a full subcategory. Actually, if
V,W € gYD" (m,n,p,q) and f: V — W is a morphism in Z(HBMEZEZEJJD)’ then for

any v € V, 1y € H, we have (TH,W [¢) (ldH X f))(lH X ’U) = ((f ® ldH) o TH7\/) X
(1g ®w), ie.,

gy By i v (f(v0)) ® a” MBI TRy Ta (£ ()

= f(ay 98y ey Y (v0)) ® T BTN TPy (),
and hence, f is H-colinear, which implies f € Mor(¥? YDy (m,n,p,q)). O
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Let a,b,¢,0,9,h,1,) € Z. For any U € Z(HBMg’g’f’ja), if we define the H-coaction

0Y: U — U ® H (with the notation 0" (u) = u() ® u(1)) as
(4.3) wo) @uay =Y oy B o T ur) @ 1T €U H VYuel,

where S ur ® 157 = Th,u(lg ® u), then it is easy to check that o is compatible
with the Hom-structure maps. Furthermore, we have the following results.

Lemma 4.9. For any u € U, u(e(u)) = pv(u).

Proof. Obviously € is H-linear. Thus, we have the commutative diagram

T,
HoU i U H

Tk, u

id®sl lid@s
— T
kK@U ——U—> U8k
Ty

which implies Y ur ® e(157) = r;;'1y(1x ® u), and hence the conclusion holds. [
Lemma 4.10. For any u € U, we have

(4.4) w) @ afuy) = u) @ Bluy) = uwe) @ ¢(ua)) = ue) @ Y(ua)) = wE) @u)-

Proof. For any m,n,p,q € Z, we have

((idy @ a™B P9 0 0)(u)
= (ag™" 98, 0o T @ ™ BRI Ty (1 @ )
= T u(a™B Py (1) ® ag o8 Py T (u)

— (aau'i‘gﬁab'i‘hw[;b‘riwab"rj"rl ® 1dH)TH7U(1H ® ’U,) — Q(U)
That completes the proof. O

Corollary 4.11. For any (U, T y) € Z(HBngzjf”ja), (U, 0) is an H-BiHom-

comodule, where ¢ is defined in (4.3).

Proof. We only need to prove the Hom-coassociative law. Define Ap: H —
H ® H by

Ap(h) = a®B°0 9° (h) © a® B (ha),
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where h € H. Obviously Apy € Mor(HBM;:g:f:ja). Hence, the diagram

idel; " 1 ®@NE®id id®Tu,u
kU ko koU) 22 H o (HoU) —% He (U@ H)
| | |
Ny ®id r, ®id a-1! al
\\&‘ nu@nuid

HoU kok)@U ——=(HRQH)®U (HeU)® H
TmUl \\\\\\\\‘~£H®M—~¥4////)? lTh®mU leU®ﬂ

U H U (H®H) (U®H)® H

1d®£H a"!
is commutative. From Lemma 4.10, for any u € U, we have
Y abBey vh(ur) @ nly @ 1T, =D ol Aleu vt (w)

which implies the conclusion. (I

T T
TT’®1H ®1H )

Remark 4.12. Note that for any m,n,p,q € Z, U € gD (m,n,p,q), (4.4) is

not always satisfied. That implies that the objects in Z(HBMa’b’c’a

ob.ij ) are not objects

in (YD (m,n,p, q));gff in general, and consequently, (y YD (m,n,p, q));gff is
a real subcategory of Z(HBMEZIC)D)

5. THE DRINFELD DOUBLES OF BIHOM-HOPF ALGEBRAS

Let H be a BiHom-Hopf algebra with bijective antipode S. In this section, we
always assume that > e; ®e’ and Y 0; ® 0o* are dual bases of H and H*, respectively.

5.1. The BiHom-type Drinfeld doubles with parameters. Recall from Ex-
ample 2.6 (3) and Example 2.12 (5) that

H* = (H* %, Mg+, eq-, (@) (87" (071", (971)")
is a BiHom-bialgebra,
H*P = (H*,%,6, A%, eqr, (57D, (571", (=), (0~ 1)", (1))
is a BiHom-Hopf algebra.
Theorem 5.1. For any t,s,t,u € Z, the (v,s,t,u)th Drinfeld double
D(H){r,s,t,u} = H @ H*P

*COP

of H, in a form containing H and H , is a BiHom-Hopf algebra with the following

structures:
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> the multiplication is given by

(a®@p)(b®q) =ap "~ (ba)
@ p((a" 2B 2" (bao)a ' B7H(=))S T B M (b1)) * 4,

where p,q € H**°?, a,b € H;
> the comultiplication is given by

Ala®p) = (a1 ® p2) ® (a2 ® p1);
> the unit element is 1y ® € and the counit is given by
gla®p) =e(a)p(ln);
> the Hom-structure maps are given by
a=a®(@), B=B®(B7), B=¢a(( ), ¢=ve @)
> the antipode S is given by

Sla®p) = Se~ " (as)
@p((S™ et B T Y P (ag) ST BT (=)t B T 0 T ().

Furthermore, D(H ){"5’t’”} has a quasitriangular structure

R = Z(aitﬁisilwitilwiu(ei) ®5) ® (1H ® ei) c D(H){t,s,t,u} ® D(H){t’s’t’u}.

Proof. It is straightforward to check that Hom-structure maps of D(H){®stut

commute with each others and are compatible with the multiplication, the unit
and A, €.
Obviously 15 ® ¢ is the unit object. For any x € H, we have
(((a@p)(d®q))(B(c) ® B(f)))(x)
= (ap™ "7 (b21)) B 0 (c21)
® ((p((@ 2B 20 " (ba2)a ™ 871 (=) S " B2 M (b1)) % q)
< (a2 P g ea2)a ™ 71 (-))S Tt Bt () x @(f)) ()
% (ap (b)) B (e) © p((@ BT ()
x (@58 B2 1t (91 )a ™t B2 2 (211)) S~ Lat 2B 0 L (e10)))
X STt Bt (01))a((@" 2 87 20 P 2 (cana)a 2 B2 T (w12))
x SThat B Tt en)) F (BT (2)),
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and

((efa) ®@a(p))((b® q)(c® [)))(x)

= a(a)(p™ ' (bar)p Y% (ca121)) @ A(p) ("2 B2 P~ (bog )t 2 8o+
% s0{711/}1.172(02122))a72ﬂ713071 (xl))(Sflatflﬂs+lsotfl,¢)ufl (0211)
x ST B T ot (b)) g (a2 BTt T (ean)a 2 BP0 T (1))
x STHal B M (en) f (B2 % (wa2))

= a(a)(p” ' ba)p M (ear)) @ A(p) (2B 2t T (bao)
X (B2 (ega1)a 2 B0 (211)) S a1 B2 N T (c12)))
x STH T BTt (b)) g((@ 2 B85 20 2 (cana)a 2820 ™ (w12))
X STHaf B (en)) F(B M (22)),

thus, D(H){®s 44} is a BiHom-algebra.

Clearly (D(H){wst4 A z,5,%)) is a BiHom-coalgebra. Now we show that A and
g are all BiHom-algebra maps. For any =,y € H, we have

arp” T (ba11) @ p((a" BT P T (baa)a Tt BT () ST et B  (01)) % g, (@)
® a230_1¢_1(5212)
@ p((a* 2B 2o g (bar)a ' BT () ST et B  (01)) % g, ()
= a1 (banr) @ p((a" 28720 (bag)a ' 7
x (@27 Hy)a BT (1)) ST et B Y (b))
X qla~ta 2 (o) B2 T (22)),

and

a1 'Y (bia1)
®pQ((atffS/BﬁJrQ(p’twufl(b122)a71/871(_))Sflatﬁﬁgofwu(bll)) * qQ(x)
® agp ™ (boay)
@ p1((a* 2B 20 " bago)a BT H(=))S T et BT M (bar)) * qa (v)
= a1 P (b121) @ p((( B2 W 2 (baoa)a 2B o T (1)) S T T
x B (ba1)) (a2 B T T (bygn)a P B2 (1)) S Tt B!
X ot (bi))g(a o A (y2) BP0 T (2)) @ agep ' (baar)
a1y (b21) ® p((a* 3BT 2" 3 (bagao ) (@ 2B o o (1)
x ((S_lat_gﬁﬁ_lgﬁt’lpu_3(bgglg)at_365_1gﬁt_2wu_l(b2211))
X a 27002 (21))))S T at Byt (1))
xqla a2 (1) B0 T (1) ® aze T (baga1)
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(28) a1 7 (ba11) @ p((@ 2 B2 Y T (b)) (P B o T (1)

X 2072 (21))S T at B M (br))a(a T a T T (y2) B2 T T (a2).
That means that A preserves the multiplication. We also have Z((a ® p)(b® q)) =
Z(a ® p)E(b® q), hence, D(H){v5t4} is a BiHom-bialgebra.
To prove that S is the antipode, we compute as follows:
S(a1 @ p2)(az @ p1)
= Sp ' Har)p Y (az1)

© pa((S~Lat L B 2 (a199) 5 Lo B (<)) et B0 0t 1M ()
X ("2 B2t Haae)a™ H B7H(=)) STt B P (az1)) * 1
S~ ™ ar )~ (az01)
@ pa(((S™1a 287 Y 2 (a122) S 20 237"  (a21)) ST T BT ()
x (S7rar 2B o Hagen)at B T I T (a11))) x p1
) 9y (am)e 2 (azem)

© pa((S~1 (S~ aF 3 85 2 (aga10) 0t 85 0 2 (a9911))S a1 B (<))

« (57104F255+1<,0t1bu72(azzzz)atﬁsflsotwwrl (al))) * p1
@ S~ azn)e 'Y (az12)

@p2(S7 a T (=)(ST T 2B W (a2 )at BT M (a))) x

1ye(a) @ p2(S™H (=) *pr 9 lge(a) ®p

(2.7)

and similarly we have (a1 ® p2)S(az ® p1) = 1ge(a) ®p. Note that S commutes with
the Hom-structure maps, then we get that S is the antipode of D(H){”’s”"u}.

At last, we show that R = Y (a8 * 1o "1 (e;) ® ) ® (1 ® €) is a quasi-
triangular structure in D(H){®stut,

For one thing, it is clear that R is compatible with the Hom-structure maps of
D(H){vst4  For another, for any z,y € H, we have
D (@B o™ T (e) @ ) (M (ar) @ paly ™ (—)))) (@)
® (L © ) (9™ (a2) @ pr(py™ () (¥)
= Y aT B e T @) (an) @ pa(B e (x)) @ B> (azan)
% ei((at_gﬁs+2@t+lwu_l(aggg)a_Q,B_lgo_l(yl))S_latﬁsgoH_l’lbu_l(agl))
@ p1(B~ et 2 (y2))
(2.8) -1 —tp—s5—2 —t—2 ;—u —1p-1,,,-3 -2,,-2
=" > a1 Bla)a B e R (yr) @ pla B oy R (ya) B P (w))
® Blar) @ 1k
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and

D (@ Blag) @ pr(a  B(=)) (BT T (e) @) ()
® ((a™'B(a1) @ p2(a™B(-)))(1u ® €"))(y)
> a ' Blaz)a BT T TP (e
@pi((a B2 P ein)a? (2))S T a o en) @ Blar) @ e (871 (y2))
> a Blaz)a BT e T (ya)
@ (@™ B~ W (y22)a™ 9™ (2))S T a2 B 0 2 (y12))a 2B (Y1)
® B(a1) ® Lk
3 T Blaa)a BT T 2 () @ pla B ey (12)8 20 ()
® Bla1) ® L,

hence, (Q2) holds. Further, we compute

Yoty a BT e T e) @ )BT e Ha BT T T o) ® )
®(1r©o)®(lyee)
=Y oI T YT  g)a T BT R TR T (0) @ (1n @ o) ® (1 @ €
=Y (@B e T (e) @) @ (ln ®e'y) @ (1w @ €'h),

thus, (Q4) holds. Similarly one can prove (Q3). That completes the proof. O

5.2. The representations of BiHom-type Drinfeld doubles. For any
m,n,p,q,¢t,8 t,u € Z, we have the following results.

Theorem 5.2. p(py(c.s,.0) BM is identified to HyDH(m,n,p,q).

Proof. Define the functor .Z: g YD (m,n,p,q) — D(H) e 0wy BM by
FWU)=U ask-=space, F(f)=f

for any (Ua ay, /8U7 YU, wU) S HyDH(m7 n, p7 q)7 f S MOI‘(Hy'DH(nL n, p7 q))7 and the
D(H)ws b4} action on M is given by

(a@p) — u=pla™ B~ " PP~ (ur))a ™ 82" 2 (a) - o (uo)
foranyu e U,a€ H,pe H*.
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Now we check that (U, —, ay, v, ¢u,Yu) is a D(H){®* b4 BiHom-module. We
only prove the BiHom-associative law. Indeed, we have

(a@p)(b®q)) — u
= (p((@ 2 B¥ 20 (baa)a ' BT (=) ST Tt B (b1)) % )
X (@™ BT TPy T (uy))
X (at+1ﬂﬁsﬁt,¢)u+2 (a)at+1ﬂ580t71’ll)u+1(b21)) . SOal(uo)
=pla™'(=))
X (@282 " (bag)a ™ 2B P2 N (upr ) S~ Tt B M (b))
X at-i-QBssOtwu-‘rQ (Cl) (at-i-l/gﬁgot—lwu-i-l (b21) . 61741(,01741 (UOO))
X q(a” BT P T (uy))
= (afa) @ pla™'(-)))
— (qa™™ B P (u))a T B2 2 (a) - By s (o)
= (a(a) @pla™' (=) — (b @ q) — By (w)),

as needed. Moreover, it is easy to obtain that F(f) € Mor(pps. .01 BM).
Hence, .7 is well-defined.
Conversely, define the functor ¢: D(H) (st BM = HyDH(m,n,p, q) by

Y(M)=M ask-space, 94(f)=f

for any (M, —, anr, Bar, oar,¥M) € peaytes.ony BM, f € Mor(pgyte.s,. 0y BM), and
the H-action, H-coaction on M are given by

h-m=(a "1 W " %(h) ®e) — m,

o(m) = Y _(1n ® ') — By oar(m) © a™ B Py (e:)
for any m € M, a € H. Next we show that ¢ is well defined.

Firstly, (M,-, an, By, onm,¥ar) is an H-BiHom-module. Obviously we have
1y -m = By (m), and we also have

a(h) - (g~ By (m))
= (@B T () @) — (a7 BT T T A (g) ®e) — By (m)
= (@I YT R (h)a T T BT T T (g) @) — m = (hg) - m,

which implies M is an H-BiHom-module.
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Secondly, it is easy to get moe(m1) = ap(m). Moreover, for any x € H, we obtain

e (mo) @ A(ma)
=Y (la®@e (™ (=) = Baf ¥ir(m) @ a™B Py (eir) ® a™ B P4 (ei2)
= > (la @' (a(=)) e (Bp~ (=) = Bas ¥rr(m) ® a™ B pP4%(0;)
® a™ BRIt (e;)
= > (1lu®0") = Bifem((lu ®e') = Byl pu(m)) @ a™ B Py (0)
® Oémﬂn@pwq+1(ei)

= Mmoo ® M1 ® Y(m1),

which implies M is an H-BiHom-comodule.
Finally, we have

o(h-m)
=Y (g @e (=) (a ' o 2 (h) @)
— o (m) ®@ a™ B pP(e;)
= (a B T (har) @ € (a2 B3 (haa) BN ())S T BT Ny 2 () * )
— pum(m) ®@ a™ B P (e;)
=D (@B Y B ha) @ € (B7())) — pm(m)
® (am_gﬂn+1sﬁp+1’lpq_3(hQQ)Oém_anSOpwq(ei))S_lamﬂn_lgOP-‘rl’lpq_Q(hl)
=Y (a7 B T B (har) @) — (Lu @ €') — By on(mo))
® (am736n+1wp+1wq73(h22)amflﬁngopwq(ei))sflamﬁnflwthl*lwqu(hl)
=1 (ha1) - mo @ (@™ 2B P TII73 (hgg)a ™ (1)) ST a™ B TP T2 (hy),

which implies (4.2), and hence ¢ is well defined.
Notice that .% and ¢ are inverse with each other, the conclusion holds. (I

Corollary 5.3. For any a,b,c,0,g,b,i,j,m,n,p,q,v,6,t,u € Z we have that
a,b,c,d a,b,c,d

abij is braided isomorphic to (YD (m,n, p, 4))gpi) -

D(H){r,s,(,u}BM

a,b,c,0

Proof. Clearly .% is a strict monoidal functor. Note that D(H){r,s,t,u}BMg’h’i’j

is a braided category with the braiding C since

R= Z(a_tﬁ_5_1¢_t_1¢_u(€i) ®e)® (g ®et)

is a quasitriangular structure in D(H ){V’s’t’”}, where C is derived by R in the way
of (3.1).
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For any U,V € (gYD" (m,n, p,q))*0° uwe U, v eV, we have

g.h,i,j 0

Crw),7v)(u®v)
= > (a®e(a B e ¢ 2(=)) — a} 28y "oy ) T ()
® (a8 T T Y T o) @ €)
At gL kT L )
= (@™ P I (o) 1y - o B0 el )T (vo)
®€(U1) g+16h71 ifle+2(ei)
= oy 2By "l T (v)
R B T O B et e AR (1)
=tyv(u®wv),

which implies the conclusion. ([

Corollary 5.4. The following statemant holds: D(H){:,s,e,u}BMa’b’c’a is a full

8,0,1,)
braided subcategory of Z(HBM;’ETJD)

Proof. Directly from Theorem 4.8 and Corollary 5.3. O
Corollary 5.5. For any
a,b,c,0,9,b,i,j,a’, 6", ¢, 0, g 0", 5  mon, p, gm0’ p', " € Z,

we have that (g YD (m,n, p, )y f[; ff’ is isomorphic to (g YD (m/, v, p’, q’))gigiffﬁl
as braided categories.

Proof. We have the following braided isomorphic

(g YD (m,n,p,q)) 202 = iy tee iy BMY .62 gee Corollary 5.3 ,

g,h,1, g,h,1,)°
>~ (gD (w0, p ,q'))g:g:i’ja, see Corollary 5.3,
=~ (gD (m/ 0,y q'))g,:z,:f,”jb, , see Proposition 4.6
as needed. (I
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