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Abstract. The main purpose of the present paper is to study representations of BiHom-
Hopf algebras. We first introduce the notion of BiHom-Hopf algebras, and then discuss
BiHom-type modules, Yetter-Dinfeld modules and Drinfeld doubles with parameters. We
get some new n-monoidal categories via the category of BiHom-(co)modules and the cat-
egory of BiHom-Yetter-Drinfeld modules. Finally, we obtain a center construction type
theorem on BiHom-Hopf algebras.
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1. Introduction

Hom-type algebras first appeared in describing the q-deformations of Witt and Vi-

rasoro algebras, see [11], [12]. In 2008, Makhlouf and Silvestrov introduced the defini-

tion of Hom-associative algebras (see [22]), where the associativity of a Hom-algebra

is twisted by an endomorphism (here we call it the Hom-structure map). They are

rapidly developing into a hot topic in algebra theory. The generalized notions, includ-

ing Hom-bialgebras, Hom-Hopf algebras are developed in [17], [20]–[24], [27]–[30].

An interesting question of Hom-type algebras is how to explain them based on the

theory of monoidal categories. In 2011, in order to provide a categorical approach

to Hom-type algebras, the notions of Hom-categories and monoidal Hom-Hopf al-

gebras were introduced by Caenepeel and Goyvaerts, see [3]. Note that a monoidal

Hom-bialgebra is a bimonoid in the Hom-category, and a Hom-bialgebra (with the
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bijective Hom-structure map) is a bimonoid in a (strict) duoidal category, see [31].

That is the main difference between Hom-bialgebras and monoidal Hom-bialgebras.

Further results on monoidal Hom-Hopf algebras can be found in [9], [32], [33] and

references cited therein. One of the important features of (monoidal) Hom-bialgebras

is that they have parametric (co)representations, which means that there exist in-

finite monoidal structures in the category of Hom-(co)modules, see [29]. Although

they are monoidal isomorphic to each other, it still provides examples of higher

monoidal categories.

BiHom-(co)algebras and BiHom-bialgebras were investigated by Graziani et al.

in [8]. It is a more generalized definition. Precisely, a BiHom-bialgebra is a special

bialgebra on which the associative law and unit law are twisted by two automor-

phisms (α and β), coassociative law and counit law are twisted by the other two

automorphisms (ϕ and ψ). It becomes a usual Hom-bialgebra when α = β = ϕ = ψ,

and becomes a monoidal Hom-bialgebra when α−1 = β−1 = ϕ = ψ. Further research

on BiHom-type algebras could be found in [6], [10], [15], [16], [31] and so on.

Although the description of BiHom-(co)algebras and BiHom-bialgebras in [8] is

detailed, the discussion of BiHom-Hopf algebras is not clear enough. Note that the

antipode S of the Hopf algebra H is the convolution inverse of idH in End(H), and

is both an anti-algebra map and an anti-coalgebra map. The above properties still

hold in the setting of Hom-Hopf algebras and monoidal Hom-Hopf algebras. But

in the case of BiHom-Hopf algebras, it is different. We find that the antipode (the

convolution inverse of idH) of a BiHom-Hopf algebra is neither anti-algebra map nor

anti-coalgebra map, but a map which satisfies some similar properties, see Proposi-

tion 2.8. Moreover, the existence of S is closely connected with the Hom-structure

maps, see Proposition 2.9. Based on these properties, some classical theory of Hopf

algebras, such as Yetter-Drinfeld modules and the Center Construction Theorem,

could be possible to develop in the setting of BiHom-Hopf algebras.

Note that the definition of BiHom-Hopf algebras in [8] is slightly different from

ours. Recall from [8], Definition 6.9, the antipode S is defined by Sβϕ(h1)αψ(h2) =

ε(h)1H = βϕ(h1)Sαψ(h2) for any h ∈ H . Although it may induce some similar prop-

erties and theories, we choose the traditional definition of antipode (the convolution

inverse of idH) to complete our theoretical analysis.

In order to give a categorical interview of the quantum double for a Hopf alge-

bra, Drinfeld introduced the notion of the center Z(C) of a monoidal category C,

see [13], [18]. Note that if C is the representation category of a Hopf algebra H ,

then Z(C) is isomorphic with the category of D(H)-modules, where D(H) means

the Drinfeld double of H . Furthermore, Z(C) is also isomorphic with the Yetter-

Drinfeld categories of H , see [14], [25]. Generalized results have been obtained by

many scholars. The theory of center constructions on quasi-Hopf algebras was de-
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veloped in [19], [34]. In [26], Nenciu discussed the theory of center constructions on

weak Hopf algebras, see also [4]. In 2014, Chen and Zhang researched the center

constructions on monoidal Hom-Hopf algebras, see [5]. In 2019, Zhang, Guo and

Wang discussed the Drinfeld codoubles of Hom-Hopf algebras, see [30]. The natural

consideration is to ask how this result appears in BiHom-Hopf algebras. That is the

motivation of our paper.

The paper is organized as follows. In Section 2 we first recall some notions of

category centers and BiHom-bialgebras, and then introduce the definition of BiHom-

Hopf algebras. In Section 3, we describe the monoidal structure of the category of

BiHom-modules, and show it forms an n-monoidal category. We also prove the quasi-

triangular structures can provide new solutions of the BiHom-Yang-Baxter equation.

In Section 4, we mainly introduce the parametric BiHom-Yetter-Drinfeld category,

and show that it is a full braided category of the center of the category of BiHom-

modules. In Section 5, we discuss the parametric Drinfeld doubles of BiHom-Hopf

algebras, and then prove that its representation category is braided isomorphic to

the BiHom-Yetter-Drinfeld category.

2. Preliminaries

Throughout the paper, a, b, c, d, e, . . . always mean integers in Z. Let k be a fixed

field and char(k) = 0, and Veck be the category of finite dimensional k-spaces. All

algebras are supposed to be over k. For the comultiplication∆ of a k-space C, we use

Sweedler-Heyneman’s notation ∆(c) = c1⊗ c2 for any c ∈ C. When we say “BiHom-

algebra” or “BiHom-coalgebra”, we mean the unital BiHom-algebra and counital

BiHom-coalgebra. We always assume that the Hom-structure maps are invertible.

2.1. Higher monoidal category. Recall from [1], Definition 6.1 that a 2-

monoidal category (or equally, a duoidal category, or a nonstrict 2-fold monoidal cat-

egory) is a categoryM equipped with two monoidal structures (M,⊗1, I1, a1, l1, r1)

and (M,⊗2, I2, a2, l2, r2), along with a natural transformation (called the inter-

change law)

ζA,B,C,D : (A⊗2 B)⊗1 (C ⊗2 D) → (A⊗1 C)⊗2 (B ⊗1 D) ∀A,B,C,D ∈ M

and three morphisms

I1
ω // I1 ⊗2 I1 , I2 ⊗1 I2

̟ // I2 , I1
τ // I2 ,

such that the axioms below are satisfied.
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Associativity. For any A, B, C, D, E, F inM, the following diagrams commute.

((A ⊗2 B)⊗1 (C ⊗2 D))⊗1 (E ⊗2 F )

(A1)

a1 //

ζ⊗1id

��

(A⊗2 B)⊗1 ((C ⊗2 D)⊗1 (E ⊗2 F ))

id⊗1ζ

��
((A ⊗1 C)⊗2 (B ⊗1 D))⊗1 (E ⊗2 F )

ζ

��

(A⊗2 B)⊗1 ((C ⊗1 E)⊗2 (D ⊗1 F ))

ζ

��
((A ⊗1 C)⊗1 E)⊗2 ((B ⊗1 D)⊗1 F ) a1⊗2a1

// (A⊗1 (C ⊗1 E))⊗2 (B ⊗1 (D ⊗1 F )),

((A⊗2 B)⊗2 C)⊗1 ((D ⊗2 E)⊗2 F )

(A2)

a2⊗1a2//

ζ

��

(A⊗2 (B ⊗2 C))⊗1 (D ⊗2 (E ⊗2 F ))

ζ

��
((A⊗2 B)⊗1 (D ⊗2 E))⊗2 (C ⊗1 F )

ζ⊗2id

��

(A⊗1 D)⊗2 ((B ⊗2 C)⊗1 (E ⊗2 F ))

id⊗2ζ

��
((A⊗1 D)⊗2 (B ⊗1 E))⊗2 (C ⊗1 F ) a2

// (A⊗1 D)⊗2 ((B ⊗1 E)⊗2 (C ⊗1 F )).

Unitality. For any A, B inM, the following diagrams commute.

I1 ⊗1 (A⊗2 B)

(U1)

ω⊗1id //

l1

��

(I1 ⊗2 I1)⊗1 (A⊗2 B)

ζ

��
A⊗2 B (I ⊗1 A)⊗2 (I1 ⊗1 B),

l1⊗2l1

oo

(A⊗2 B)⊗1 I1

(U2)

id⊗1ω //

r1

��

(A⊗2 B)⊗1 (I1 ⊗2 I1)

ζ

��
A⊗2 B (A⊗1 I1)⊗2 (B ⊗1 I1),r1⊗2r1

oo

(I2 ⊗1 I2)⊗2 (A⊗1 B)

(U3)

̟⊗2id // I2 ⊗2 (A⊗1 B)

l2

��
(I2 ⊗2 A)⊗1 (I2 ⊗2 B)

l2⋄l2

//

ζ

OO

A⊗1 B,

(A⊗1 B)⊗2 (I2 ⊗1 I2)

(U4)

id⊗2̟ // (A⊗1 B)⊗2 I2

r2

��
(A⊗2 I2)⊗1 (B ⊗2 I2) r2⋄r2

//

ζ

OO

A⊗1 B
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Compatibility of the units. The monoidal units I1 and I2 satisfy:

⊲ (I2, ̟, τ) is a monoid in (M,⊗1, I1, a1, l1, r1),

⊲ (I1, ω, τ) is a comonoid in (M,⊗2, I2, a2, l2, r2).

Now assume that there exists a category M with n monoidal structures. We

denote such a structure by the tuple

(M,⊗i, Ii, ai, li, ri){i=1,2,...,n},

where ⊗1,⊗2, . . . ,⊗n are the monoidal products and I1, I2, . . . , In are the respec-

tive unit objects. We writeMi for (M,⊗i, Ii, ai, li, ri),Mi,j for (M,⊗i, Ii,⊗j, Ij),

Mi,j,k for (M,⊗i, Ii,⊗j, Ij ,⊗k, Ik), and so on, for short.

Recall from Definition 7.24 of [1], that we callM = (M,⊗i, Ii, ai, li, ri){i=1,2,...,n}

an n-monoidal category (or equally, a nonstrict n-fold monoidal category) if the

following formulae are satisfied:

⊲ for any 1 6 i < j 6 n,Mi,j forms a 2-monoidal category;

⊲ for any 1 6 i < j < k 6 n, Mi,j,k forms a 3-monoidal category, namely, the

Diagrams I. commute.

Remark 2.1.

(1) If li = ri = id for any i = 1, 2, . . . , n, then the above n-monoidal category is

exactly the n-fold monoidal category defined in [7].

(2) IfMi is a strict monoidal category for any i = 1, 2, . . . , n, and I1 = I2 = . . . = In,

then the above n-monoidal category is exactly the n-fold monoidal category

defined in [2].

2.2. The center of a monoidal category. Suppose that (C,⊗, I, a, l, r) is

a monoidal category. Recall from [14], that a new category Z(C) is defined as follows

(and called the center of C):

⊲ the object of Z(C) is a pair (V, T ,V ), where V ∈ C and T ,V is a family of natural

isomorphisms

TX,V : X ⊗ V → V ⊗X,

where X ∈ C, such that

(C1) TI,V = I ⊗ V
lV // V

r−1

V // V ⊗ I,
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and the diagram

(C2) X ⊗ (Y ⊗ V )

a−1

X,Y,V

��

id⊗TY,V // X ⊗ (V ⊗ Y )
a−1

X,V,Y // (X ⊗ V )⊗ Y

TX,V ⊗id

��
(X ⊗ Y )⊗ V

TX⊗Y,V // V ⊗ (X ⊗ Y )
a−1

X,Y,V // (V ⊗X)⊗ Y

commutes for all objects X,Y ∈ C;

⊲ the morphism from (V, T ,V ) to (W,T ,W ) is a morphism f : V → W in C, such

that for any X ∈ C we have the commutative diagram

(C3) X ⊗ V

id⊗f

��

TX,V // V ⊗X

f⊗id

��
X ⊗W

TX,W // W ⊗X.

Note that Z(C) is a braided monoidal category with the following structures:

⊲ the tensor product of (V, T ,V ) and (W,T ,W ) is (V ⊗W,T ,V⊗W ), where

TX,V⊗W := a
−1
V,W,X ◦ (idV ⊗ TX,W ) ◦ aV,X,W ◦ (TX,V ⊗ idW ) ◦ a−1

X,V,W ;

⊲ the unit object is (I, T ,I), where

TX,I := X ⊗ I
rX // X

l−1

X // I ⊗X

for any X ∈ C;

⊲ the braiding is given by

TV,W : (V, T ,V )⊗ (W,T ,W ) → (W,T ,W )⊗ (V, T ,V ) for any V,W ∈ C.

It is a direct computation to check that (Z(C),⊗, (I, T ,I), a, l, r, T ) is a braided

category.

2.3. BiHom-bialgebras. In this section, we review several definitions and nota-

tions related to BiHom-bialgebras.

Recall from Section 5.2 of [31], that if C = (C,⊗, I, a, l, r) is a monoidal cate-

gory, α = {αX : X → X}X∈ObjC , β = {βX : X → X}X∈ObjC are two families

of isomorphisms (not necessarily natural) satisfying the monoidal condition, i.e.,
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αX⊗Y = αX ⊗ αY and βX⊗Y = βX ⊗ βY for all X,Y ∈ C, then we can define a new

monoidal category C{α,β} = (C,⊗, I, aα,β , lα,β, rα,β) as follows:

⊲ the objects in C{α,β} are the same with C;

⊲ the morphism f : X → Y in C{α,β} is a morphism f ∈ MorC(X,Y ) such that

αY ◦ f = f ◦ αX , βY ◦ f = f ◦ βX ;

⊲ the tensor product and the unit object in C{α,β} are the same with C;

⊲ the associativity constraint aα,β and the unity constraints lα,β , rα,β are given by

a
α,β = ((α ⊗ id)⊗ β−1) ◦ a : ( ⊗ )⊗ ⇒ ⊗ ( ⊗ );

l
α,β = β ◦ l : I ⊗ ⇒ , r

α,β = α ◦ r : ⊗ I ⇒ .

Now let α, β, ϕ, ψ (the Hom-structure maps) be families of isomorphisms (not

necessarily natural) in Veck satisfying the monoidal condition, and commute with

each other. Recall from Theorem 5.12 in [31], that there exists a 2-monoidal

category Vec
{α,β,ϕ−1,ψ−1}
k

= (Vec
{α,β}
k

,⊗,Vec
{ϕ−1,ψ−1}
k

,⊗, ζ, ω,̟, τ), where ω =

̟ = τ = idk, and

ζA,B,A′,B′ : (A⊗B)⊗ (A′ ⊗B′) → (A⊗A′)⊗ (B ⊗B′),

(a⊗ b)⊗ (a′ ⊗ b′) 7→ (a⊗ a′)⊗ (b⊗ b′) ∀A,B,A′, B′ ∈ Veck.

A BiHom-algebra over k is a monoid in Vec
{α,β}
k

. Namely, a BiHom-algebra A is

a 5-tuple (A, µA, 1H , αA, βA), where A is a k-linear space, 1A ∈ A is an element (the

unit), αA, βA : A→ A are both bijective linear maps, µA : A⊗A→ A is a linear map

with the notation µ(a⊗ b) = ab, satisfying the following conditions for all a, b, c ∈ A:

αA(1A) = βA(1A) = 1A, a1A = αA(a), 1Aa = βA(a), αA(a)(bc) = (ab)βA(c),

αA ◦ βA = βA ◦ αA, αA(ab) = αA(a)αA(b), βA(ab) = βA(a)βA(b).

Remark 2.2.

(1) Note that the second line of the above identities can be derived from the first

line, see [31], Proposition 2.9.

(2) If a BiHom-algebra A is commutative, then we immediately get that αA = βA.

Example 2.3.

(1) If A = (A, µA, 1A) is an associative algebra and α, β : A → A are both algebra

isomorphisms, then (A, µA ◦ (α⊗ β), 1A, α, β) is a BiHom-algebra.

(2) If A = (A, µA, 1H , αA, βA) is a BiHom-algebra, then A
op = (A, µop

A , 1A, βA, αA)

is also a BiHom-algebra.

(3) If α = β, then the BiHom-algebra becomes a Hom-algebra.
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A BiHom-coalgebra over k is a comonoid in Vec
{ϕ−1,ψ−1}
k

. Precisely, a BiHom-

coalgebra C is a 5-tuple (C,∆C , εC , ϕC , ψC), in which C is a linear space, ϕC , ψC :

C → C are linear isomorphisms, εC : C → k and ∆C : C → C ⊗ C are linear maps,

such that

c1εC(c2)=ϕC(c), εC(c1)c2=ψC(c),

εC(ϕC(c))= εC(ψC(c))= εC(c), ϕC(c1)⊗∆C(c2)=∆C(c1)⊗ ψC(c2),

ϕC ◦ ψC =ψC ◦ ϕC , ∆C(ϕC(c))=ϕC(c1)⊗ ϕC(c2), ∆C(ψC(c))=ψC(c1)⊗ ψC(c2).

Remark 2.4.

(1) Note that the third line of the above identities can be derived from the first two

lines, see [31], Proposition 2.11.

(2) If a BiHom-coalgebra C is cocommutative, then we immediately get that

ϕC = ψC .

Example 2.5.

(1) If (C,∆C , εC) is a coassociative coalgebra, ϕ, ψ : C → C are both coalgebra

isomorphisms, then (C, (ϕ ⊗ ψ) ◦∆C , εC , ϕ, ψ) is a BiHom-coalgebra.

(2) If C = (C,∆C , εC , ϕ, ψ) is a BiHom-coalgebra, then C
cop = (C,∆cop

C , εC , ψ, ϕ)

is also a BiHom-coalgebra.

(3) If ϕ = ψ, then the BiHom-coalgebra becomes a Hom-coalgebra.

A BiHom-bialgebra over k is a bimonoid in the duoidal category Vec
{α,β,ϕ−1,ψ−1}
k

.

Namely, a BiHom-bialgebraH is a 9-tuple (H,µH , 1H ,∆H , εH , αH , βH , ϕH , ψH) with

the property that (H,µH , 1H , αH , βH) is a BiHom-algebra, (H,∆H , εH , ϕH , ψH) is

a BiHom-coalgebra, and ∆H , εH are all morphisms of BiHom-algebras preserving

unit, i.e., for all h, g ∈ H ,

∆H(hg) = h1g1⊗h2g2, εH(hg) = εH(h)εH(g), ∆H(1H) = 1H⊗1H , εH(1H) = 1k.

Moreover, it is easy to check that αH , βH are BiHom-coalgebra maps, ϕH , ψH are

BiHom-algebra maps, and they commute with each other, see [31], Proposition 2.14.

Example 2.6.

(1) If (H,µH , 1H ,∆H , εH) is a bialgebra and α, β, ϕ, ψ : H → H are all bialgebra

isomorphisms, then HBi = (H,µH ◦ (α⊗ β), 1H , (ϕ⊗ ψ) ◦∆H , εH , α, β, ϕ, ψ) is

a BiHom-bialgebra.

(2) If H = (H,µH , 1H ,∆H , εH , α, β, ϕ, ψ) is a BiHom-bialgebra, then Hop =

(H,µop
H , 1H ,∆H , εH , β, α, ϕ, ψ), H

cop = (H,µH , 1H ,∆
cop
H , εH , α, β, ψ, ϕ) and

Hop,cop = (H,µop
H , 1H ,∆

cop
H , εH , β, α, ψ, ϕ) are all BiHom-bialgebras.
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(3) If H = (H,µH , 1H ,∆H , εH , α, β, ϕ, ψ) is a finite dimensional BiHom-bialgebra,

H∗ = hom(H, k). Define the multiplication ⋆, the comultiplication ∆H∗ (with

the notation ∆H∗(p) = p1 ⊗ p2) and εH∗ by

(p ⋆ q)(h) = p(α−1ϕ−1(h1))q(β
−1ψ−1(h2)), εH∗(p) = p(1H),

(p1 ⊗ p2)(h⊗ g) = p(α−1ψ−1(h)β−1ϕ−1(g)),

where p, q ∈ H∗, h, g ∈ H . Define αH∗ , βH∗ , ϕH∗ , ψH∗ by

αH∗(p) = p ◦ α−1, βH∗(p) = p ◦ β−1, ϕH∗(p) = p ◦ ψ−1, ψH∗(p) = p ◦ ϕ−1.

Then H∗ = (H∗, ⋆, εH ,∆H∗ , εH∗ , αH∗ , βH∗ , ϕH∗ , ψH∗) is a BiHom-bialgebra.

P r o o f. We leave most of the details to the reader and only show ∆H∗(p ∗ q) =

∆H∗(p) ∗∆H∗(q) for any p, q ∈ H∗. For all a, b ∈ H , we compute

(p1 ⋆ q1 ⊗ p2 ⋆ q2)(a⊗ b)

= p1(α
−1ϕ−1(a1))q1(β

−1ψ−1(a2))p2(α
−1ϕ−1(b1))q2(β

−1ψ−1(b2))

= p(α−2ϕ−1ψ−1(a1)α
−1β−1ϕ−2(b1))q(α

−1β−1ψ−2(a2)β
−2ϕ−1ψ−1(b2))

= (p ⋆ q)(α−1ψ−1(a)β−1ϕ−1(b)) = (p ⋆ q)1(a)⊗ (p ⋆ q)2(b).

Therefore, ∆H∗ preserves the multiplication, as needed. �

(4) Let H be a finite dimensional BiHom-bialgebra and H∗ = hom(H, k). We

present another BiHom-bialgebra structure on H∗. Define the multiplication ∗

(the usual convolution product) and the comultiplication ∆′
H∗ (with the nota-

tion ∆′
H∗(p) = p(1) ⊗ p(2)) by

(p ∗ q)(h) = p(h1)q(h2), (p(1) ⊗ p(2))(h⊗ g) = p(hg),

where p, q ∈ H∗, h, g ∈ H . Define α′
H∗ , β′

H∗ , ϕ′
H∗ , ψ′

H∗ by

α′
H∗(p) = p ◦ α, β′

H∗(p) = p ◦ β, ϕ′
H∗(p) = p ◦ ϕ, ψ′

H∗(p) = p ◦ ψ,

where p ∈ H∗. Then we immediately get that

H∗ = (H∗, ∗, εH ,∆
′
H∗ , εH∗ , α′

H∗ , β′
H∗ , ϕ′

H∗ , ψ′
H∗)

is also a BiHom-bialgebra.

(5) If α = β = ϕ = ψ, then the BiHom-bialgebra becomes a Hom-bialgebra. If

α−1 = β−1 = ϕ = ψ, then the BiHom-bialgebra becomes a monoidal Hom-

bialgebra.
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2.4. BiHom-Hopf algebras. In this section we will present the definition of

BiHom-Hopf algebras which is little different from [8], Definition 6.9.

Definition 2.7. Let H = (H,µ, 1H ,∆, ε, α, β, ϕ, ψ) be a BiHom-bialgebra. If

there exists S : H → H (the antipode) such that S commutes with α, β, ϕ, ψ, and

satisfies, for any h ∈ H ,

h1S(h2) = S(h1)h2 = ε(h)1H ,

then (H,S) is called a BiHom-Hopf algebra.

Proposition 2.8. If H is a BiHom-Hopf algebra, then for any a, b ∈ H , the

antipode S satisfies

S(ab) = Sα−1β(b)Sαβ−1(a), S(1H) = 1H ,(2.1)

∆(S(a)) = Sϕψ−1(a2)⊗ Sϕ−1ψ(a1), ε ◦ S = ε.(2.2)

P r o o f. We only prove (2.2). Consider the morphisms Θ,Λ ∈ hom(H,H ⊗ H)

given by

Θ(a) = Sϕψ−1(a2)⊗ Sϕ−1ψ(a1), Λ(a) = S(a)
1
⊗ S(a)

2
∀ a ∈ H.

Now we show that Λ is the left convolution inverse, and Θ is the right convolution

inverse of the comultiplication ∆. We compute

(Λ ∗∆)(a) = (S(a1)
1
⊗ S(a1)

2
)(a21 ⊗ a22) = S(a1)a2

1
⊗ S(a1)a2

2
= ε(a)1H ⊗ 1H

and
(∆ ∗Θ)(a) = a11Sϕψ

−1(a22)⊗ a12Sϕ
−1ψ(a21)

= ϕ(a1)Sϕψ
−1(a22)⊗ ϕ−1(a211)Sϕ

−1(a212)

= ϕ(a1)Sϕ(a2)⊗ 1H = ε(a)1H ⊗ 1H ,

which implies the first formula of (2.2). To prove the second one, we have

ε(S(a)) = ε(Sψ−1(ε(a1)a2)) = ε(a1)ε(S(a2)) = ε(a1S(a2)) = ε(a),

hence, (2.2) holds. �

Proposition 2.9. If H is a BiHom-Hopf algebra, then

(1) the antipode S satisfies

(2.3) Sα2ϕ2 = Sβ2ψ2;

(2) if S is a bijective map, then

(2.4) α2ϕ2 = β2ψ2.
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P r o o f. We only need to check (2.3). Indeed, for any a ∈ H , we have

S(a) = ε(a1)S(α
−1ψ−1(a2)1H)

(2.1)
= ε(a1)1HSβ

−1ψ−1(a2)

= (Sβ−2ψ−2(a11)β
−2ψ−2(a12))Sβ

−1ψ−1(a2)

= Sαβ−2ϕψ−2(a1)(β
−2ψ−2(a21)Sβ

−2ψ−2(a22)) = Sα2β−2ϕ2ψ−2(a),

which implies (2.3). �

Proposition 2.10. Assume that H is a BiHom-Hopf algebra with the bijective

antipode S. Then for any a, b ∈ H , S−1 satisfies

S−1(ab) = S−1α−1β(b)S−1αβ−1(a), S−1(1H) = 1H ,(2.5)

∆(S−1(a)) = S−1ϕψ−1(a2)⊗ S−1ϕ−1ψ(a1), ε ◦ S−1 = ε,(2.6)

S−1α−2β2(a2)a1 = a2S
−1α2β−2(a1) = ε(a)1H .(2.7)

P r o o f. We only check (2.5). Actually, we have

S(S−1(ab)) = ab = S(S−1(a))S(S−1(b))
(2.1)
= S(S−1α−1β(b)S−1αβ(b)−1),

which implies the conclusion. �

Remark 2.11.

(1) Obviously (2.7) is equal to

(2.8) S−1ϕ2ψ−2(a2)a1 = a2S
−1ϕ−2ψ2(a1) = ε(a)1H .

(2) The antipode of a BiHom-bialgebra H may not exist. Namely, some special

BiHom-bialgebras cannot become BiHom-Hopf algebras, see Example 2.12 (3)

and (4) below.

Example 2.12.

(1) If (H,S, µH , 1H ,∆H , εH) is a bialgebra, α, β, ϕ, ψ : H → H are all Hopf algebra

isomorphisms and satisfy Sα2ϕ2 = Sβ2ψ2, then

HBiH = (H,S, µH ◦ (α⊗ β), 1H , (ϕ⊗ ψ) ◦∆H , εH , α, β, ϕ, ψ)

is a BiHom-Hopf algebra.

(2) Let H4 be Sweedler’s 4-dimensional Hopf algebra H4 = k{1H , g, x, y : g
2 = 1H ,

x2 = 0, y = gx = −xg} with the following structures:

∆(g) = g ⊗ g,∆(x) = x⊗ 1H + g ⊗ x, ∆(y) = y ⊗ g + 1H ⊗ y,

ε(g) = 1, ε(x) = ε(y) = 0, S(g) = g, S(x) = −y, S(y) = x.
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Recall from [25], Example 10.1.17 that H4 is a quasitriangular Hopf algebra

with the R-matrix

Rκ =
1

2
(1H ⊗ 1H + 1H ⊗ g + g ⊗ 1H − g ⊗ g) +

κ

2
(x⊗ x− x⊗ y + y ⊗ x+ y ⊗ y),

where κ ∈ k.

Note that any bialgebra isomorphism α : H4 → H4 takes the form

α =




1 0 0 0

0 1 0 0

0 0 a b

0 0 b a


 ,

where a, b ∈ k and ab 6= 0. Moreover, α is a Hopf algebra map if and only if

b = 0.

It is easy to check that the group of the bialgebra automorphisms Aut(H4)

is an Abelian group. From Example 2.6 (1) it follows that for any α, β, ϕ, ψ ∈

Aut(H4), H
Bi
4 = (H4, µ ◦ (α ⊗ β), 1H4

, (ϕ ⊗ pr) ◦ ∆, ε, α, β, ϕ, ψ) is a BiHom-

bialgebra.

Moreover, assume that

(2.9) α =




1 0 0 0

0 1 0 0

0 0 a 0

0 0 0 a


 , β =




1 0 0 0

0 1 0 0

0 0 b 0

0 0 0 b


 ,

ϕ =




1 0 0 0

0 1 0 0

0 0 c 0

0 0 0 c


 , ψ =




1 0 0 0

0 1 0 0

0 0 d 0

0 0 0 d


 ,

where a, b, c, d ∈ k. Obviously they are all Hopf algebra isomorphisms. If

a2c2 = b2d2, then from (1), HBiH
4 = (HBi

4 , S) is a BiHom-Hopf algebra.

(3) If H = (H,S, µ, 1H ,∆, ε, α, β, ϕ, ψ) is a BiHom-Hopf algebra, then recall from

Example 2.6 (2) that Hop, Hcop and Hop,cop are all BiHom-bialgebras, and

(Hop,cop, S, µ, 1H ,∆, ε, β, α, ψ, ϕ) is a BiHom-Hopf algebra. Moreover, neither

Hop nor Hcop have antipode.

(4) If H = (H,S, µ, 1H ,∆, ε, α, β, ϕ, ψ) is a BiHom-Hopf algebra, then recall from

Example 2.6 (3) that H∗ = (H∗, ⋆, ε,∆H∗ , εH∗ , (α−1)∗, (β−1)∗, (ψ−1)∗, (ϕ−1)∗)

is a BiHom-bialgebra. Clearly there is no SH∗ ∈ hom(H∗, H∗) such that

(H∗, SH∗) becomes a BiHom-Hopf algebra.
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(5) Under the same consideration above, if S is a bijective map, then it is not hard to

check thatH∗cop=(H∗, ⋆, ε,∆cop
H∗ , εH∗ , (S−1)

∗
, (α−1)∗, (β−1)∗, (ϕ−1)∗, (ψ−1)∗)

and H∗op = (H∗, ⋆op, ε, ∆H∗ , εH∗ , (S−1)
∗
, (β−1)∗, (α−1)∗, (ψ−1)∗, (ϕ−1)∗) are

all BiHom-Hopf algebras.

(6) If H = (H,S, µ, 1H ,∆, ε, α, β, ϕ, ψ) is a BiHom-Hopf algebra, then recall from

Example 2.6 (4) that H∗ = (H∗, ∗, ε,∆′
H∗ , εH∗ , α∗, β∗, ϕ∗, ψ∗) is a BiHom-

bialgebra. Moreover, (H∗, S∗) is a BiHom-Hopf algebra.

(7) If α = β and ϕ = ψ, then the BiHom-Hopf algebra becomes the so-called

monoidal BiHom-Hopf algebra. If α = β = ϕ = ψ, then the BiHom-Hopf

algebra becomes the usual Hom-Hopf algebra. Similarly, if α−1 = β−1 = ϕ = ψ,

then the BiHom-Hopf algebra becomes the usual monoidal Hom-Hopf algebra.

3. The BiHom-type representations with parameters

In this section, we always assume that H = (H,S, µ, 1H ,∆, ε, α, β, ϕ, ψ) is

a BiHom-Hopf algebra.

3.1. The category of BiHom-modules. Recall that a k-spaceM is caled a left

BiHom-module of H (shortly an H-BiHom-module) if there exist k-linear isomor-

phisms αM , βM , ϕM , ψM : M → M (the Hom-structure maps) and an H action

θM : H ⊗ M → M (with the notation θM (h ⊗ m) = h · m), such that for any

h, g ∈ H , m ∈M ,

αM , βM , ϕM , ψM commute with each other,

α(h) · αM (m) = αM (h ·m), β(h) · βM (m) = βM (h ·m),

ϕ(h) · ϕM (m) = ϕM (h ·m), ψ(h) · ψM (m) = ψM (h ·m),

α(h) · (g ·m) = (hg) · βM (m), 1H ·m = βM (m).

If (M,αM , βM , ϕM , ψM ) and (N,αN , βN , ϕN , ψN ) are left H-BiHom-modules

with H-actions θM and θN , respectively, a morphism of H-BiHom-modules f ∈

homk(M,N) is an H-linear map satisfying the conditions

αN ◦ f = f ◦ αM , βN ◦ f = f ◦ βM , ϕN ◦ f = f ◦ ϕM , ψN ◦ f = f ◦ ψM .

The category of H-BiHom-modules and morphisms is denoted by HBM.

Remark 3.1.

(1) Obviously H ∈ Obj(HBM).

(2) If α = β = ϕ = ψ and αM = βM = ϕM = ψM , then the BiHom-modules

become the Hom-modules of Hom-bialgebra H .

(3) The definition of the right BiHom-module of H can be given in a similar way.
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For any integers a, b, c, d, g, h, i, j ∈ Z, M,N,P ∈ HBM, consider the following

structures:

⊲ the tensor product of (M,αM , βM , ϕM , ψM ) and (N,αN , βN , ϕN , ψN ) is

(M ⊗N,αM⊗N , αM ⊗ αN , βM ⊗ βN , ϕM ⊗ ϕN , ψM ⊗ ψN ),

where the H-action on M ⊗N is given by

h · (m⊗ n) = αaβbϕcψd(h1) ·m⊗ αgβhϕiψj(h2) · n,

where m ∈M , n ∈ N , h ∈ H ;

⊲ the unit object is (k, idk, idk, idk, idk) with the trivial module action;

⊲ for any m ∈ M , n ∈ N , p ∈ P , the associativity and the unit constraints are

given by

aM,N,P ((m⊗ n)⊗ p) = α−a
M β−b

M ϕ−c−1
M ψ−d

M (m)⊗ (n⊗ α
g
Pβ

h
Pϕ

i
Pψ

j+1
P (p));

lM (1k ⊗m) = α
−g
M β

−h
M ϕ−i

Mψ
−j−1
M (m), rM (m⊗ 1k) = α−a

M β−b
M ϕ−c−1

M ψ−d
M (m).

Theorem 3.2. HBM forms a monoidal category under the above structures.

P r o o f. We only show the linearity of a and the others are left to reader. For

any h ∈ H , we have

aM,N,P (h · ((m⊗ n)⊗ p))

= aM,N,P ((α
2aβ2bϕ2cψ2d(h11) ·m⊗ αa+gβb+hϕc+iψd+j(h21) · n)

⊗ αgβhϕiψj(h2) · p)

= αaβbϕcψd(h1) · α
−a
M β−b

M ϕ−c−1
M ψ−d

M (m)⊗ (αa+gβb+hϕc+iψd+j(h12) · n

⊗ α2gβ2hϕ2iψ2j(h22) · α
g
Pβ

h
Pϕ

i
Pψ

j+1
P (p))

= h · aM,N,P (((m⊗ n)⊗ p)),

which implies the conclusion. �

Remark 3.3. We write HBM by HBMa,b,c,d
g,h,i,j if the monoidal structure of HBM

is given as above.

Now, if we assume that the antipode S is a bijective map, then we have the

following result.

Theorem 3.4. HBMa,b,c,d
g,h,i,j is a rigid category.
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P r o o f. Suppose that (M,αM , βM , ϕM , ψM ) is an H-BiHom- module, M∗ =

hom(M, k). Define the following structures:

⊲ θM∗ : H ⊗M∗ →M∗ is given by

(h · f)(m) = f(S(h)) · β−2
M (m) ∀h ∈ H, m ∈M, f ∈M∗;

⊲ the Hom-structure maps of M∗ are given by

αM∗ = (α−1
M )∗, βM∗ = (β−1

M )∗, ϕM∗ = (ϕ−1
M )∗, ψM∗ = (ψ−1

M )∗;

⊲ the evaluation evM : M∗ ⊗M → k and coevaluation coevM : k → M ⊗M∗ are

given by

evM (f ⊗m) = f(αa−g−1
M β

b−h+2
M ϕc−i

M ψd−j
M (m)),

coevM (1k) =
∑

α
a−g−1
M β

b−h
M ϕc−i

M ψd−j
M (ei)⊗ ei,

where ei and e
i are dual bases of M and M∗, respectively.

Next we show that (M∗, evM , coevM ) is the left dual of M . Firstly, it is easy

to check that (M∗, αM∗ , βM∗ , ϕM∗ , ψM∗) is an H-BiHom-module. Secondly, since

we have

evM (h · (f ⊗m)) = (αaβbϕcψd(h1) · f)(α
a−g−1
M β

b−h+2
M ϕc−i

M ψd−j
M

× (αgβhϕiψj(h2) ·m))

= f((Sαa−1βbϕcψd(h1)α
a−1βbϕcψd(h2))

× α
a−g−1
M β

b−h+1
M ϕc−i

M ψd−j
M (m))

= h · evM (f ⊗m)

for any h ∈ H , m ∈ M , f ∈ M∗, evM is H-linear. Similarly, coevM is also an

H-linear map.

At last, we obtain

((idM ⊗ evM ) ◦ aM,M∗,M ◦ (coevM ⊗ idM ))(1k ⊗m)

=
∑

(idM ⊗ evM )(α−g−1
M β

−h
M ϕ−i−1

M ψ−j
M (ei)⊗ (ei ⊗ (αg

Mβ
h
Mϕ

i
Mψ

j+1
M (m))))

= α
a−g−2
M β

b−h+2
M ϕc−i−1

M ψd−j+1
M (m)

(2.4)
= α

a−g
M β

b−h
M ϕc−i+1

M ψd−j−1
M (m) = (r−1

M ◦ lM )(1k ⊗m)

and similarly we can get

(evM ⊗ idM∗) ◦ a−1
M∗,M,M∗ ◦ (idM∗ ⊗ coevM ) = l

−1
M∗ ◦ rM∗ ,

which implies that HBMa,b,c,d
g,h,i,j is a left rigid category.
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Similarly, one can show that HBMa,b,c,d
g,h,i,j is a right rigid category. Indeed, the right

dual of M is ∗M = hom(M, k), where

⊲ θ∗M : H ⊗ ∗M → ∗M is given by

(h · f)(m) = f(S−1(h)) · β−2
M (m) ∀h ∈ H, m ∈M, f ∈ ∗M ;

⊲ the Hom-structure maps of ∗M are given by

α∗M = (α−1
M )∗, β∗M = (β−1

M )∗, ϕ∗M = (ϕ−1
M )∗, ψ∗M = (ψ−1

M )∗;

⊲ the evaluation ẽvM : M ⊗ ∗M → k and coevaluation c̃oevM : k → ∗M ⊗M are

given by

ẽvM (m⊗ f) = f(α−a+g+1
M β

−b+h
M ϕ−c+i

M ψ−d+j
M (m)),

c̃oevM (1k) =
∑

ei ⊗ α
−a+g+1
M β

−b+h−2
M ϕ−c+i

M ψ−d+j
M (ei),

where ei and e
i are dual bases of M and ∗M , respectively.

�

Proposition 3.5. For any a, b, c, d, g, h, i, j, a′, b′, c′, d′, g′, h′, i′, j′ ∈ Z, HBMa,b,c,d
g,h,i,j

is monoidal isomorphic to HBMa′,b′,c′,d′

g′,h′,i′,j′ .

P r o o f. Define the functor S = (S ,S2,S0) : HBMa,b,c,d
g,h,i,j → HBM

a′,b′,c′,d′

g′,h′,i′,j′ by

F (M) =M as H-BiHom-module, F (f) = f,

where (M,αM , βM , ϕM , ψM ) ∈ HBM, f ∈ Mor(HBM). Further, S0 = id, S2M,N

is given by

S2M,N(m⊗ n) = αa−a′

M βb−b′

M ϕc−c′

M ψd−d′

M (m)⊗ α
g−g′

N β
h−h′

N ϕi−i′

N ψj−j′

N (n)

for any M,N ∈ HBM, m ∈ M , n ∈ N . It is direct to check that S = (S ,S2,S0)

is a monoidal isomorphic functor. �

Theorem 3.6. Let n ∈ Z
+. If H is a cocommutative BiHom-bialgebra, then

HBM forms an n-monoidal category.
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P r o o f. Let ai, bi, ci, di, gi, hi, ii, ji ∈ Z, where i = 1, 2, . . . , n. We use the notation

HBMai,bi,ci,di

gi,hi,ii,ji
= (HBMai,bi,ci,di

gi,hi,ii,ji
,⊗i, k, ai, li, ri). For any i, j ∈ {1, 2, . . . , n}, we

define the following maps in HBM:

⊲ the interchange law is

ζi,jA,B,C,D : (A⊗i B)⊗j (C ⊗i D) → (A⊗j C) ⊗i (B ⊗j D),

(a⊗i b)⊗j (c⊗i d) 7→ (a⊗j c)⊗i (b ⊗j d),

where A,B,B,C,D ∈ HBM;

⊲ since (k, idk, idk, idk, idk) is the unit object of all the monoidal structures, ω, ̟

and τ are given by

ωi,j = ̟i,j = τi,j = idk.

Clearly ζi,j is a natural isomorphism in HBM since H is cocommutative.

Moreover, note that if the diagrams (A1)–(A3) and diagrams (U1)–(U11) are

satisfied, then (HBMai,bi,ci,di

gi,hi,ii,ji
, ⊗i, k, ai, li, ri) forms an n-monoidal category. �

Remark 3.7. Let H be cocommutative. Since ζ, ω, ̟, τ given above are all

isomorphisms, then for the given integers a, b, c, d, g, h, i, j and a′, b′, c′, d′, g′, h′,

i′, j′, HBM = (HBMa,b,c,d
g,h,i,j ,HBMa,b,c,d

g,h,i,j ) forms a strong 2-monoidal category (see [1],

Definition 6.3) for the definition of strong 2-monoidal category).

3.2. Quasitriangular BiHom-Hopf algebras and BiHom-Type QYBE.

Let R and R′ be two elements in H⊗H . For anyM,N ∈ HBMa,b,c,d
g,h,i,j , we can define

families of maps C : ⊗ ⇒ ⊗op and C
′ : ⊗op ⇒ ⊗ as follows:

⊲ CM,N : M ⊗N → N ⊗M is given by

(3.1) m⊗ n 7→
∑

αaβbϕcψd(R(2)) · αa−g
N β

b−h−1
N ϕc−i+1

N ψd−j−1
N (n)

⊗ αgβhϕiψj(R(1)) · α−a+g
M β

−b+h−1
M ϕ−c+i−1

M ψ−d+j+1
M (m).

⊲ C
′
M,N : N ⊗M →M ⊗N is given by

(3.2) n⊗m 7→
∑

αaβbϕc+1ψd−1(R′(1)) · αa−g
M β

b−h−1
M ϕc−i+1

M ψd−j−1
M (m)

⊗ αgβhϕi−1ψj+1(R′(2)) · α−a+g
N β

−b+h−1
N ϕ−c+i−1

N ψ−d+j+1
N (n).
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Definition 3.8. Let (H,α, β, ϕ, ψ) be a BiHom-bialgebra. If there exists an

invertible element R ∈ H ⊗H , such that the conditions

(Q1) (α⊗ α)R = (β ⊗ β)R = (ϕ⊗ ϕ)R = (ψ ⊗ ψ)R = R;

(Q2)
∑

R(1)ϕ−1ψ(h1)⊗ R(2)ϕψ−1(h2) =
∑
α−1β(h2)R

(1) ⊗ α−1β(h1)R
(2);

(Q3)
∑

R
(1)
1 ⊗ R

(1)
2 ⊗ R(2) =

∑
αϕ(Ṙ(1))⊗ βψ(R(1))⊗ Ṙ(2)R(2);

(Q4)
∑
R(1) ⊗R

(2)
1 ⊗R

(2)
2 =

∑
Ṙ(1)R(1) ⊗ βϕ(R(2))⊗ αψ(Ṙ(2))

hold for any h ∈ H , where Ṙ = R =
∑

R(1) ⊗R(2) =
∑

Ṙ(1) ⊗ Ṙ(2), then R is called

an R-matrix or a quasitriangular structure of H , (H,R) is called a quasitriangular

BiHom-bialgebra.

Assume that R and R′ are two elements in H⊗H , C and C′ are defined as in (3.1)

and (3.2). Then we have the following results.

Lemma 3.9. C is a natural transformation in HBMa,b,c,d
g,h,i,j if and only if R satis-

fies (Q1) and (Q2).

P r o o f. Firstly, it is easy to check that C is compatible with the Hom-structure

maps of BiHom modules if and only if R is an invariant under α, β, ϕ, ψ.

Secondly, if (Q2) holds, then for any M,N ∈ HBMa,b,c,d
g,h,i,j , we have

CM,N(h · (m⊗ n))

=
∑

αaβbϕcψd(R(2)) · αa−g
N β

b−h−1
N ϕc−i+1

N ψd−j−1
N (αgβhϕiψj(h2) · n)

⊗ αgβhϕiψj(R(1)) · α−a+g
M β

−b+h−1
M ϕ−c+i−1

M ψ−d+j+1
M (αaβbϕcψd(h1) ·m)

(Q1)
=

∑
(αaβbϕcψd(R(2))αaβb−1ϕc+1ψd−1(h2)) · α

a−g
N β

b−h
N ϕc−i+1

N ψd−j−1
N (n)

⊗ (αgβhϕiψj(R(1))αgβh−1ϕi−1ψj+1(h1)) · α
−a+g
M β

−b+h
M ϕ−c+i−1

M ψ−d+j+1
M (m)

(Q2)
=

∑
αaβbϕcψd(α−1(h1)R

(2)) · αa−g
N β

b−h
N ϕc−i+1

N ψd−j−1
N (n)

⊗ αgβhϕiψj(α−1(h2)R
(1)) · α−a+g

M β
−b+h
M ϕ−c+i−1

M ψ−d+j+1
M (m)

= h ·CM,N ((m⊗ n)),

where m ∈M , n ∈ N . Thus, C is H-linear.

Finally, if C is H-linear, then we have CH,H(h ·(1H⊗1H)) = h ·CH,H((1H⊗1H)),

which implies (Q2). �

Lemma 3.10. C
′ is the inverse of C if and only if R′ is the inverse of R.
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P r o o f. ⇐: If R′ is the inverse of R, then for any M,N ∈ HBMa,b,c,d
g,h,i,j , we have

C
′
M,NCM,N(m⊗ n)

=
∑

αaβbϕc+1ψd−1(R′(1)) · (αaβb−1ϕc+1ψd−1(R(1)) · β−2
M (m))

⊗ αgβhϕi−1ψj+1(R′(2)) · (αgβh−1ϕi−1ψj+1(R(2)) · β−2
N (n))

(Q1)
= 1H · β−1

M (m)⊗ 1H · β−1
N (n) = m⊗ n,

where m ∈ M , n ∈ N . Similarly, we can get CM,NC
′
M,N (n ⊗ m) = n ⊗m. This

means that C′ is the inverse of C.

⇒: Conversely, if C′ is the inverse of C, then C
′
H,HCH,H = id = CH,HC

′
H,H ,

which implies R′R = RR′ = 1H ⊗ 1H . �

Lemma 3.11. C satisfies a−1
P,M,N ◦CM⊗N,P ◦ a−1

M,N,P = (CM,P ⊗ idN ) ◦ a−1
M,P,N ◦

(idM ⊗CN,P ) if and only if (Q3) holds.

P r o o f. ⇐: If (Q3) holds, then for any M,N,P ∈ HBMa,b,c,d
g,h,i,j , we have

(a−1
P,M,N ◦CM⊗N,P ◦ a−1

M,N,P )(m⊗ (n⊗ p))

=
∑

a
−1
P,M,N (αaβbϕcψd(R(2)) · αa−2g

P β
b−2h−1
P ϕc−2i+1

P ψd−2j−2
P (p)

⊗ (αa+gβb+hϕc+iψd+j(R
(1)
1 )αg

Mβ
h−1
M ϕi

Mψ
j+1
M (m)⊗ α2gβ2hϕ2iψ2j(R

(1)
2 )

× α
a−g
N β

b−h−1
N ϕc−i+1

N ψd−j−1
N (n)))

(Q1,Q3)
=

∑
((αa−1βbϕcψd(Ṙ(2))α2a−gβ2b−h−1ϕ2c−i+1ψ2d−j−1(R(2)))

× α
2a−2g
P β

2b−2h−1
P ϕ2c−2i+2

P ψ2d−2j−2
P (p)

⊗ αgβhϕiψj(Ṙ(1))αg
Mβ

h−1
M ϕi

Mψ
j+1
M (m))

⊗ (ψ−1(R(1)) · α−a
N β−b−1

N ϕc−1
N ψ−d

N (n))

=
∑

(a−1
M,P,N ◦ (idM ⊗CN,P )(m⊗ (αaβbϕcψd(R(2))

× α
a−g
P β

b−h−1
P ϕc−i+1

P ψd−j−1
P (p)

⊗ αgβhϕiψj(R(1)) · α−a+g
N β

−b+h−1
N ϕ−c+i−1

N ψ−d+j+1
N (n)))

= ((CM,P ⊗ idN ) ◦ a−1
M,P,N ◦ (idM ⊗CN,P ))(m⊗ (n⊗ p)),

where m ∈M , n ∈ N , p ∈ P , as needed.

⇒: Conversely, we have

(a−1
H,H,H ◦CH⊗H,H ◦ a−1

H,H,H)(1H ⊗ (1H ⊗ 1H))

((CH,H ⊗ idH) ◦ a−1
H,H,H ◦ (idH ⊗CH,H))(1H ⊗ (1H ⊗ 1H)),

which implies (Q3). �
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In a similar manner to Lemma 3.11, we have:

Lemma 3.12. C satisfies aN,P,M ◦CM,N⊗P ◦ aM,N,P = (idN ⊗CM,P ) ◦aN,M,P ◦

(CM,N ⊗ idP ) if and only if (Q4) holds.

Combing Lemma 3.9 to Lemma 3.12, we immediately get the following result.

Theorem 3.13. Let H = (H,α, β, ϕ, ψ) be a BiHom-bialgebra, R, R′ be elements

in H ⊗H , C, C′ be families of maps defined in the way of (3.1) and (3.2) for any

a, b, c, d, g, h, i, j ∈ Z. Then C is a braiding in HBMa,b,c,d
g,h,i,j with the inverse C

′ if and

only if R is a quasitriangular structure of H with the inverse element R′.

P r o o f. Straightforward. �

Corollary 3.14. If R is a quasitriangular structure of H , then for any a, b, c, d, g,

h, i, j, a′, b′, c′, d′, g′, h′, i′, j′ ∈ Z, HBMa,b,c,d
g,h,i,j is braided isomorphic to HBMa′,b′,c′,d′

g′,h′,i′,j′ .

P r o o f. Obviously the functorS defined in Proposition 3.5 is a braided monoidal

functor, as needed. �

Example 3.15.

(1) If (H,µH , 1H ,∆H , εH ,R) is a quasitriangular bialgebra, α, β, ϕ, ψ : H → H

are all bialgebra isomorphisms and R is an invariant under α, β, ϕ, ψ, then

HBi = (H,µH ◦ (α⊗ β), 1H , (ϕ⊗ ψ) ◦∆H , εH ,R, α, β, ϕ, ψ) is a quasitriangular

BiHom-bialgebra.

(2) If H = (H,µH , 1H ,∆H , εH ,R, α, β, ϕ, ψ) is a quasitriangular BiHom-bialgebra,

then Hcop = (H,µH , 1H ,∆
cop
H , εH ,R21, α, β, ψ, ϕ) is also a quasitriangular

BiHom-bialgebra.

(3) Under the consideration of Example 2.12 (2), it is easy to check that HBi
4 =

(H4, µ ◦ (α⊗ β), 1H4
, (ϕ⊗ ψ) ◦∆, ε,RBi, α, β, ϕ, ψ) is a quasitriangular BiHom-

bialgebra, where RBi takes one of following forms:

⊲ when a, b, c, d = ±1,

RBi =
1

2
(1H⊗1H+1H⊗g+g⊗1H−g⊗g)+

κ

2
(x⊗x−x⊗y+y⊗x+y⊗y) ∀κ ∈ k,

where a, b, c, d are defined in (2.9);

⊲ in other cases, for a, b, c, d 6= ±1, RBi = 1
2 (1H⊗1H+1H⊗g+g⊗1H−g⊗g).

(4) If α = β = ϕ = ψ, then the quasitriangular BiHom-bialgebra

H = (H,R, µ, 1H ,∆, ε, α, β, ϕ, ψ)

becomes the usual quasitriangular Hom-bialgebra. Similarly, if α−1 = β−1 =

ϕ = ψ, then H becomes the usual quasitriangular monoidal Hom-bialgebra.
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Theorem 3.16. If R is a quasitriangular structure of a BiHom-bialgebra H ,

then R satisfies the BiHom-Yang-Baxter equation

R12((ψ ⊗ id⊗ id)R13(id⊗ ϕ⊗ id)R23) = ((id⊗ ϕ⊗ id)R23(ψ ⊗ id⊗ id)R13)R12.

P r o o f. Recall that R12 =
∑

R(1) ⊗ R(2) ⊗ 1H , R13 =
∑

R(1) ⊗ 1H ⊗ R(2), and

R23 =
∑

1H ⊗ R(1) ⊗ R(2). We have
∑

R̈(1)αψ(Ṙ(1))⊗ R̈(2)βϕ(R(1))⊗ β(Ṙ(2))β(R(2))

(Q1)
=

∑
R̈(1)β−1ϕ−1ψ(Ṙ(1))⊗ R̈(2)β−1ϕψ−1(R(1))⊗ α−1ϕ−1(Ṙ(2))β−1ψ−1(R(2))

(Q3)
=

∑
R̈(1)β−1ϕ−1ψ(R

(1)
1 )⊗ R̈(2)β−1ϕψ−1(R

(1)
2 )⊗ R(2)

(Q2)
=

∑
α−1(R

(1)
2 )R̈(1) ⊗ α−1(R

(1)
1 )R̈(2) ⊗ R(2)

(Q3)
=

∑
α−1(R(1))R̈(1) ⊗ α−1(Ṙ(1))R̈(2) ⊗ α−1ϕ−1(Ṙ(2))β−1ψ−1(R(2))

(Q1)
=

∑
βψ(R(1))R̈(1) ⊗ αϕ(Ṙ(1))R̈(2) ⊗ α(Ṙ(2))α(R(2)),

which implies the conclusion. �

3.3. The dual case: coquasitriangular BiHom-Hopf algebras. The results

in this section are dual to the corresponding results above, so we will not give the

complete proof.

Let (H,α, β, ϕ, ψ) be a BiHom-bialgebra. Recall from [31], Definition 5.3 that

a right H-BiHom-comodule is a 5-tuple (M,αM , βM , ϕM , ψM ), where M is a linear

space, αM , βM , ϕM , ψM : M → M are linear isomorphisms and we have a linear

map (called a coaction) ̺ : M →M ⊗H , with the notation ̺(m) = m0 ⊗m1 for all

m ∈M , such that the following conditions are satisfied:

ϕM , ψM , αM , βM commute with each other,

(αM ⊗ α) ◦ ̺ = ̺ ◦ αM , (βM ⊗ β) ◦ ̺ = ̺ ◦ βM ,

(ϕM ⊗ ϕ) ◦ ̺ = ̺ ◦ ϕM , (ψM ⊗ ψ) ◦ ̺ = ̺ ◦ ψM ,

ϕM (m0)⊗m11 ⊗m12 = m00 ⊗m01 ⊗ ψ(m1),m0ε(m1) = ϕM (m).

If (M,αM , βM , ϕM , ψM ) and (N,αN , βN , ϕN , ψN ) are right H-BiHom-comodules

with coactions ̺M and ̺N , respectively, a morphism of right H-BiHom-comodules

f : M → N is a linear map satisfying the conditions

αN ◦ f = f ◦ αM , βN ◦ f = f ◦ βM , ϕN ◦ f = f ◦ ϕM ,

ψN ◦ f = f ◦ ψM , ̺N ◦ f = (f ⊗ idH) ◦ ̺M .

The category ofH-BiHom-comodules andH-colinear morphisms is denoted byBMH .
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Theorem 3.17. If (H,α, β, ϕ, ψ) is a BiHom-Hopf algebra with bijective an-

tipode S, then BMH is a rigid category.

P r o o f. For any k, l,m, n, p, q, r, s ∈ Z, define the following monoidal structures

on BMH by:

⊲ the tensor product of H-BiHom-comodules

(U, αU , βU , ϕU , ψU ) and (V, αV , βV , ϕV , ψV )

is (U ⊗ V, αU ⊗ αV , βU ⊗ βV , ϕU ⊗ ϕV , ψU ⊗ ψV ) with the H-coaction ̺
U⊗V :

u⊗ v 7→ u(0) ⊗ v(0) ⊗ αkβlϕmψn(u(1))α
pβqϕrψs(v(1));

⊲ the unit object is (k, idk, idk, idk, idk) with the trivial coaction;

⊲ the associativity constraints a and the unit constraint l and r are given by

aU,V,W ((u ⊗ v)⊗ w) = αk+1
U βl

Uϕ
m
Uψ

n
U (u)⊗ (v ⊗ α

−p
W β

−q−1
W ϕ−r

W ψ−s
W (w));

rU (u ⊗ 1k) = αk+1βl
Uϕ

m
Uψ

n
( u), lU (1k ⊗ u) = αpβ

q+1
U ϕr

Uψ
s
(u).

After a direct computation we can get that (BMH ,⊗, (k, id, id, id, id), a, l, r) forms

a monoidal category. We denote this category by (BMH)k,l,m,np,q,r,s .

Moreover, if (U, αU , βU , ϕU , ψU ) ∈ BMH , U∗ = hom(U, k), define the following

structures:

⊲ ̺U
∗

: U∗ → U∗ ⊗H is given by

f0(u)⊗ f1 = f(ϕ−2
U (u0)) · S(u1) ∀u ∈ U, f ∈ U∗;

⊲ the Hom-structure maps of U∗ are given by

αU∗ = (α−1
U )∗, βU∗ = (β−1

U )∗, ϕU∗ = (ϕ−1
U )∗, ψU∗ = (ψ−1

U )∗;

⊲ the evaluation evU : U∗⊗U → k and coevaluation coevU : k → U⊗U∗ are given by

evU (f ⊗ u) = f(α−k+p
U β

−l+q
U ϕ−m+r

U ψ−n+s−1
U (u)),

coevU (1k) =
∑

α
−k+p
U β

−l+q
U ϕ−m+r+2

U ψ−n+s−1
U (ei)⊗ ei,

where ei and e
i are dual bases of U and U∗, respectively. Clearly (U∗, evM , coevM )

is the left dual of U and hence (BMH)k,l,m,np,q,r,s is a left rigid category. Similarly, it

is also a rigid category.

�
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Definition 3.18. (H,α, β, ϕ, ψ) is a BiHom-bialgebra, if there is a bilinear map

σ : H ⊗H → k, such that σ is invertible, under the convolution invertible, and the

following formulae are satisfied:

(CQ1) σ(α(a), α(b)) = σ(β(a), β(b)) = σ(ϕ(a), ϕ(b)) = σ(ψ(a), ψ(b)) = σ(a, b);

(CQ2) σ(a1, b1)ϕψ
−1(a2)ϕψ

−1(b2) = α−1β(b1)αβ
−1(a1)σ(a2, b2);

(CQ3) σ(αβ(a), bc) = σ(α(a1), ϕ(c))σ(β(a2), ψ(b));

(CQ4) σ(ab, ϕψ(c)) = σ(α(a), ψ(c1))σ(β(b), ϕ(c2)),

then σ is called a coquasitriangular form of H , (H,σ) is called a coquasitriangular

BiHom-bialgebra.

Remark 3.19. Obviously (CQ3) is equivalent to the one of the next identities:

σ(αϕ(a), bc) = σ(α(a1), β(c))σ(α(a2), ψ(b)),

σ(ϕψ(a), bc) = σ(ψ(a1), β(c))σ(ϕ(a2), α(b)),

σ(βψ(a), bc) = σ(ψ(a1), ϕ(c))σ(β(a2), α(b)).

Equation (CQ4) is equivalent to one of the following identities:

σ(ab, αψ(c)) = σ(ϕ(a), ψ(c1))σ(β(b), α(c2)),

σ(ab, αβ(c)) = σ(ϕ(a), β(c1))σ(ψ(b), α(c2)),

σ(ab, βϕ(c)) = σ(α(a), β(c1))σ(ψ(b), ϕ(c2)).

For any bilinear form σ ∈ hom(H⊗H, k), U, V ∈ (BMH)k,l,m,np,q,r,s , define the families

of maps CU,V : U ⊗ V → V ⊗ U by

u⊗ v 7→ α
−k+p−1
V β

−l+q+1
V ϕ−m+r−1

V ψ−n+s
V (v0)

⊗ α
k−p+1
U β

l−q−1
U ϕm−r−1

U ψn−s
U (u0)σ(α

kβlϕmψn(u(1))α
pβqϕrψs(v(1))).

Theorem 3.20. Under the condition above, σ is a coquasitriangular form of H

if and only if (BMH)k,l,m,np,q,r,s is a braided category with the braiding C.

P r o o f. Dual to Theorem 3.13. �

Proposition 3.21. If H is a BiHom-bialgebra, then for any k, l,m, n, p, q, r, s, k′, l′,

m′, n′, p′, q′, r′, s′ ∈ Z, (BMH)k,l,m,np,q,r,s is monoidal isomorphic to (BM
H)k

′,l′,m′,n′

p′,q′,r′,s′ . Fur-

thermore, if H is a coquasitriangular BiHom-bialgebra, then (BMH)k,l,m,np,q,r,s is braided

isomorphic to (BMH)k
′,l′,m′,n′

p′,q′,r′,s′ .

P r o o f. Dual to Theorem 3.5 and Proposition 3.14. �

Theorem 3.22. Let n ∈ Z
+. IfH is a commutative BiHom-bialgebra, then BMH

forms an n-monoidal category.

P r o o f. Dual to Theorem 3.6. �
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4. The Yetter-Drinfeld category of BiHom-Hopf algebras

4.1. The parametric BiHom-Yetter-Drinfeld modules. From now on we

always assume that (H,S) is a BiHom-Hopf algebra and S is a bijective map.

Definition 4.1. For any m, n, p, q ∈ Z, a k-space U is called an (m, n, p, q)th

BiHom-Yetter-Drinfeld module of H , if there exist morphisms αU , βU , ϕU , ψU ∈

Aut(U) such that (U, αU , βU , ϕU , ψU ) is both a left H-BiHom-module and a right

H-BiHom-comodule, and the compatibility condition

(4.1) h2 · u0 ⊗ h2 · u1α
mβnϕpψq(h1) = ψ(h1) · u0 ⊗ αm−1βn+1ϕp+1ψq−1(h2)α(u1)

is satisfied for all u ∈ U and h ∈ H . We denote by HYD
H(m, n, p, q) the cat-

egory of (m, n, p, q)th BiHom-Yetter-Drinfeld modules, morphisms being H-linear

and H-colinear.

Proposition 4.2. Equation (4.1) is equivalent to the equation

(4.2) ̺(h · u) = ψ−1(h(21)) · u0 ⊗ (αm−3βn+1ϕp+1ψq−3(h22)α
−1(u1))

× S−1αmβn−1ϕp+1ψq−2(h1),

where u ∈ U , h ∈ H .

P r o o f. For any u ∈ U , h ∈ H , in order to prove (4.2), we have

h22 · u0 ⊗ (h22 · u1α
mβnϕpψq(h21))S

−1αm+2βn−1ϕp+1ψq(h1)

= ψ(h2) · u0 ⊗ α(ψ(h2) · u1)(α
mβnϕpψq(h12)S

−1αm+2βn−2ϕpψq(h11))

(2.7)
= ψ2(h) · u

0
⊗ α2(ψ2(h) · u

1
)

and then

̺(h · u) = ψ−2(h22) · u
0
⊗ α−2(ψ−2(h22) · u

1
αmβnϕpψq−2(h21))

× S−1αmβn−1ϕp+1ψq−2(h1)
(4.1)
= ψ−1(h21) · u0 ⊗ α−2(αm−1βn+1ϕp+1ψq−3(h22)α(u1))

× S−1αmβn−1ϕp+1ψq−2(h1),

hence, the conclusion holds. Conversely, if (4.2) holds, we have

(h2 · u)0 ⊗ (h2 · u)1α
mβnϕpψq(h1)

(4.2)
= h(21) · u0 ⊗ (αm−2βn+1ϕp+1ψq−2(h22)u1)

× (S−1αmβn−1ϕp+1ψq−2(h12)α
mβn−1ϕp−1ψq(h11))

(2.8)
= ψ(h1) · u0 ⊗ αm−1βn+1ϕp+1ψq−1(h2)α(u1),

thus, we get (4.1). �
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Example 4.3.

(1) For any integers m, n, p, q, define the right H-coaction on H ⊗H by

̺(a⊗ b) = a1 ⊗ ϕ(b)⊗ a2 for any a, b ∈ H

and define the left H-action
m,n,p,q// on H ⊗H by

h
m,n,p,q// (a⊗ b) = (αm−3βn+1ϕp+1ψq−4(h22)α

−1(a))

× S−1αmβn−1ϕp+1ψq−3(h1)⊗ h21b,

then (H ⊗H,
m,n,p,q// , ̺, α⊗ α, β ⊗ β, ϕ⊗ ϕ, ψ ⊗ ψ) is an (m, n, p, q)th BiHom-

Yetter-Drinfeld module.

P r o o f. We only check the Hom-associative law of the H-action and (4.2).

For any h, g, a, b ∈ H , we have

α(h)
m,n,p,q// (g

m,n,p,q// (a⊗ b))

= (αm−2βn+1ϕp+1ψq−4(h22)((α
m−4βn+1ϕp+1ψq−4(g22)α

−2(a))

× S−1αm−1βn−1ϕp+1ψq−3(g1)))

× S−1αm+1βn−1ϕp+1ψq−3(h1)⊗ α(h21)(g21b)

(2.5)
= (αm−3βn+1ϕp+1ψq−4(h22g22)α

−1β(a))

× S−1αmβn−1ϕp+1ψq−3(h1g1)⊗ (h21g21)β(b)

= (hg)
m,n,p,q// β(a⊗ b),

thus, the Hom-associative law holds. Furthermore, we have

̺(h
m,n,p,q// (a⊗ b))

(2.6)
= (αm−3βn+1ϕp+1ψq−4(h221)α

−1(a1))S
−1αmβn−1ϕp+2ψq−4(h12)

⊗ ϕ(h21)ϕ(b)⊗ (αm−3βn+1ϕp+1ψq−4(h222)α
−1(a2))

× S−1αmβn−1ϕpψq−2(h11)

= (αm−3βn+1ϕp+1ψq−5(h2122)α
−1(a1))S

−1αmβn−1ϕp+1ψq−4(h211)

⊗ ψ−1(h2121)ϕ(b) ⊗ (αm−3βn+1ϕp+1ψq−3(h22)α
−1(a2))

× S−1αmβn−1ϕp+1ψq−2(h1)

= ψ−1(h21)
m,n,p,q// a⊗ b0 ⊗ (αm−3βn+1ϕp+1ψq−3(h22)α

−1(a⊗ b1))

× S−1αmβn−1ϕp+1ψq−2(h1),

thus, (4.2) is satisfied. �
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(2) Similarly, define the H-coaction on H ⊗H by

̺′(a⊗ b) = ψ−1(a21)⊗ b1 ⊗ (α−3β2ψ−1(a22)b2)S
−1(a1) for any a, b ∈ H

and define the left H-action on H ⊗H by

h ⇀ (a⊗ b) = αm−1βn−1ϕp+1ψq−2(h)a⊗ ψ(b),

then (H⊗H,⇀, ̺′, α⊗α, β⊗β, ϕ⊗ϕ, ψ⊗ψ) is an (m, n, p, q)th BiHom-Yetter-

Drinfeld module.

(3) If α = β = ϕ = ψ, i.e., H is a Hom-Hopf algebra, then the above (m, n, p, q)th

BiHom-Yetter-Drinfeld modules become the usual Yetter-Drinfeld modules

of H . For example, take α = β = ϕ = ψ and m = 2, n = p = q, then it becomes

the left-right Hom-Yetter-Drinfeld modules defined in [21], Definition 5.2.

(4) Similarly, if α−1 = β−1 = ϕ = ψ, i.e., H is a monoidal Hom-Hopf algebra,

then the above (m, n, p, q)th BiHom-Yetter-Drinfeld modules become the usual

Yetter-Drinfeld modules over H . For example, take α−1 = β−1 = ϕ = ψ and

m = n = p = q = 0, then they become the Hom-Yetter-Drinfeld modules defined

in [9], Definition 3.2.

For any a, b, c, d, g, h, i, j ∈ Z, we are able to define the monoidal structures in

HYDH(m, n, p, q) as follows:

⊲ the monoidal product of (U, αU , βU , ϕU , ψU ) and (V, αV , βV , ϕV , ψV ) is (U ⊗ V ,

αU ⊗ αV , βU ⊗ βV , ϕU ⊗ ϕV , ψU ⊗ ψV ), where the BiHom-module and BiHom-

comodule structures are given by

h · (u⊗ v) = αaβbϕcψd(h1) · u⊗ αgβhϕiψj(h2) · v,

̺U⊗V (u⊗ v) = u0 ⊗ v0 ⊗ α−g−1β−hϕ−iψ−j−1(v1)α
−aβ−b−1ϕ−c−1ψ−d(u1);

⊲ the unit object is (k, id, id, id, id) with the trivial action and trivial coaction.

Theorem 4.4. HYDH(m, n, p, q) is a rigid braided category.

P r o o f. Firstly, for any u ∈ U , v ∈ V , we have

̺(h · (u⊗ v)) = αaβbϕcψd(h1) · u0 ⊗ αgβhϕiψj(h2) · v0 ⊗ α−g−1β−hϕ−iψ−j−1

× (αgβhϕiψj(h2) · v1)α
−aβ−b−1ϕ−c−1ψ−d(αaβbϕcψd(h1) · u1)

= αaβbϕcψd−1(h121) · u0 ⊗ αgβhϕiψj−1(h221) · v0

⊗ ((αm−4βn+1ϕp+1ψq−4(h222)α
−g−2β−hϕ−iψ−j−1(v1))

× S−1αm−1βn−1ϕp+1ψq−3(h21))

× ((αm−3βnϕpψq−3(h122)α
−a−1β−b−1ϕ−c−1ψ−d(u1))

× S−1αmβn−2ϕpψq−2(h11))
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= αaβbϕcψd−1(h121) · u0 ⊗ αgβhϕiψj(h21) · v0

⊗ (αm−3βn+1ϕp+1ψq−3(h22)α
−g−1β−hϕ−iψ−j−1(v1))

× (((S−1αm−3βn−1ϕp+1ψq−5(h1222)α
m−3βn−1ϕp−1ψq−3(h1221))

× α−a−1β−b−1ϕ−c−1ψ−d(u1))S
−1αmβn−2ϕpψq−2(h11))

(2.8)
= αaβbϕc+1ψd−1(h12) · u0 ⊗ αgβhϕiψj(h21) · v0

⊗ (αm−3βn+1ϕp+1ψq−3(h22)α
−g−1β−hϕ−iψ−j−1(v1))

× (α−a−1β−bϕ−c−1ψ−d(u1)S
−1αmβn−2ϕpψq−2(h11))

= αaβbϕcψd−1(h211) · u0 ⊗ αgβhϕiψj−1(h212) · v0

⊗ (αm−3βn+1ϕp+1ψq−3(h22)

× (α−g−2β−hϕ−iψ−j−1(v1)α
−a−1β−b−1ϕ−c−1ψ−d(u1)))

× S−1αmβn−1ϕp+1ψq−2(h1)

= ψ−1(h21) · u⊗ v0 ⊗ (αm−3βn+1ϕp+1ψq−3(h22)α
−1(u ⊗ v1))

× S−1αmβn−1ϕp+1ψq−2(h1),

which implies (4.2). Hence, U ⊗ V ∈ HYDH(m, n, p, q).

Secondly, define the the the associativity a and the unit constraints l, r by

aU,V,W ((u⊗ v)⊗ w) = α−a
U β−b

U ϕ−c−1
U ψ−d

U (u)⊗ (v ⊗ α
g
Wβ

h
Wϕ

i
Wψ

j+1
W (w)),

lU (1k ⊗ u) = α
−g
U β

−h
U ϕ−i

U ψ
−j−1
U (u), rU (u⊗ 1k) = α−a

U β−b
U ϕ−c−1

U ψ−d
U (u),

where U, V,W ∈ HYDH(m, n, p, q), then it is not hard to check that

(HYDH(m, n, p, q),⊗, k, a, l, r)

is a monoidal category.

Thirdly, define t : ⊗ ⇒ ⊗op by

tU,V (u ⊗ v) = α
a−g
V β

b−h
V ϕc−i

V ψd−j−1
V (v0)⊗ α−m+1β−n−1ϕ−p−1ψ−q+1(v1)

× α
−a+g
U β

−b+h−1
U ϕ−c+i−1

U ψ−d+j+1
U (u).

Obviously t is compatible with the Hom-structure maps. Since we have

tU,V (h · (u ⊗ v)) = α
a−g
V β

b−h
V ϕc−i

V ψd−j−1
V (αgβhϕiψj(h2) · v0)

⊗ α−m+1β−n−1ϕ−p−1ψ−q+1(αgβhϕiψj(h2) · v1)

× α
−a+g
U β

−b+h−1
U ϕ−c+i−1

U ψ−d+j+1
U (αaβbϕcψd(h1) · u)
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= α
a−g
V β

b−h
V ϕc−i

V ψd−j−1
V (αgβhϕiψj(h2) · v

0
)

⊗ α−mβ−n−1ϕ−p−1ψ−q+1

× (αgβhϕiψj(h2)v1α
m+gβn+hϕp+iψq+j(h1))

× α
−a+g
U β

−b+h
U ϕ−c+i−1

U ψ−d+j+1
U (u)

(4.1)
= αaβbϕcψd(h1) · α

a−g
V β

b−h
V ϕc−i

V ψd−j−1
V (v0)

⊗ (αg−1βhϕiψj(h2)α
−m+1β−n−1ϕ−p−1ψ−q+1(v1))

× α
−a+g
U β

−b+h
U ϕ−c+i−1

U ψ−d+j+1
U (u)

= h · tU,V ((u⊗ v)),

where t is H-linear. Similarly we have

(tU,V ⊗ idH) ◦ ̺U⊗V = ̺V⊗U ◦ tU,V ,

which implies that t is H-colinear. Moreover, we also have

((idV ⊗ tU,W ) ◦ aV,U,W ◦ (tU,V ⊗ idW ))((u ⊗ v)⊗ w)

= (idV ⊗ tU,W )(α−g
V β

−h
V ϕ−i−1

V ψ−j−1
V (v0)

⊗ (α−m+1β−n−1ϕ−p−1ψ−q+1(n1)α
−a+g
U β

−b+h−1
U

× ϕ−c+i−1
U ψ−d+j+1

U (u)⊗ α
g
Wβ

h
Wϕ

i
Wψ

j+1
W (w)))

= α
−g
V β

−h
V ϕ−i−1

V ψ−j−1
V (v0)

⊗ (αa
Wβ

b
Wϕ

c
Wψ

d
W (w0)⊗ (α−m+gβ−n+h−1ϕ−p+i−1ψ−q+j+2(w1)

× α−a+g−m+1β−b+h−n−2ϕ−c+i−p−2ψ−d+j−q+2(v1))

× α
−2a+2g
U β

−2b+2h−1
U ϕ−2c+2i−2

U ψ−2d+2j+2
U (u))

= aV,W,U (α
a−g
V β

b−h
V ϕc−i

V ψd−j−1
V (v0)⊗ αa

Wβ
b
Wϕ

c
Wψ

d
W (w0))

⊗ α−m+1β−n−1ϕ−p−1ψ−q+1(α−1(w1)α
−aβ−b−1ϕ−c−1ψ−d(v1))

× α
−a+g
U β

−b+h−1
U ϕ−c+i−1

U ψ−d+j+1
U (α−a

U β−b
U ϕ−c−1

U ψ−d
U (u))

= (aV,W,U ◦ tU,V⊗W ◦ aU,V,W )((u ⊗ v)⊗ w),

and similarly we can get

a
−1
W,U,V ◦ tU⊗V,W ◦ a−1

U,V,W = (tU,W ⊗ idV ) ◦ a
−1
U,W,V ◦ (idU ⊗ tV,W ).

Note that the inverse of t is t′ : ⊗op ⇒ ⊗, where

t
′
U,V (v ⊗ u) = Sα−m+2β−n−2ϕ−pψ−q(v1) · α

a−g
U β

b−h−1
U ϕc−i+1

U ψd−j−1
U (u)

⊗ α
−a+g
V β

−b+h
V ϕ−c+i−2

V ψ−d+j+1
V (v0).

This means that (HYDH(m, n, p, q),⊗, k, a, l, r, t) is a braided category.
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Finally, set U∗ = homk(U, k) with the BiHom-module and BiHom-comodule

structure

θU∗ : U∗ ⊗H → U∗, (f · h)(u) := f(S(h) · β−2
U (u)),

̺U
∗

: U∗ → U∗ ⊗H, f(0)(u)⊗ f(1) := f(ϕ−2
U (u0))⊗ S−1(β−1ϕ−1(u1))

and the Hom-structure maps

αU∗ = (α−1
U )∗, βU∗ = (β−1

U )∗, ϕU∗ = (ϕ−1
U )∗, ψU∗ = (ψ−1

U )∗,

then U∗ is an object in HYD
H(m, n, p, q). Furthermore, we define the evaluation

evU : U∗ ⊗ U → k and coevaluation coevU : k → U ⊗ U∗ as

evU (f ⊗ u) = f(αa−g−1
U β

b−h+2
U ϕc−i

U ψd−j
U (u)),

coevU (1k) =
∑

α
a−g−1
U β

b−h
U ϕc−i

U ψd−j
U (ei)⊗ ei,

where ei and e
i are dual bases of U and U∗, respectively. It is easy to check that

(HYDH(m, n, p, q),⊗, k, a, l, r, t) is a left rigid category. Similarly, it is also a right

rigid category. �

Remark 4.5. We denote (m, n, p, q)th BiHom-Yetter-Drinfeld category (under

the monoidal structures given above) by (HYDH(m, n, p, q))a,b,c,dg,h,i,j .

Proposition 4.6. For any a, b, c, d, g, h, i, j, a′, b′, c′, d′, g′, h′, i′, j′ ∈ Z we have that

(HYDH(m, n, p, q))a,b,c,dg,h,i,j is braided isomorphic to (HYDH(m, n, p, q))a
′,b′,c′,d′

g′,h′,i′,j′ .

P r o o f. Define the functor S = (S ,S2,S0) : (HYDH(m, n, p, q))a,b,c,dg,h,i,j →

(HYDH(m, n, p, q))a
′,b′,c′,d′

g′,h′,i′,j′ by

F (U) = U as a BiHom-Yetter-Drinfeld-module, F (f) = f,

where (U, αU , βU , ϕU , ψU ) ∈ HYDH(m, n, p, q), f ∈ Mor(HYDH(m, n, p, q)), and

S2U,U is given by

S2U,V (u⊗ v) = αa−a′

U βb−b′

U ϕc−c′

U ψd−d′

U (u)⊗ α
g−g′

V β
h−h′

V ϕi−i′

V ψj−j′

V (v)

for any U, V ∈ HYDH(m, n, p, q), u ∈ U , v ∈ V . Obviously S = (S ,S2,S0) is

a braided isomorphic functor. �

Theorem 4.7. Let n ∈ Z
+. If H is both commutative and cocommutative, then

HYDH(m, n, p, q) forms an n-monoidal category.
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P r o o f. It is similar to that of Theorem 3.6. Indeed, for ai, bi, ci, di, gi, hi, ii, ji∈Z,

define the following morphisms in HYDH(m, n, p, q) = ((HYDH(m, n, p, q))ai,bi,ci,di

gi,hi,ii,ji
,

⊗i, k, ai, li, ri):

⊲ the interchange law is

ζi,jA,B,C,D : (A⊗i B)⊗j (C ⊗i D) → (A⊗j C) ⊗i (B ⊗j D),

(a⊗i b)⊗j (c⊗i d) 7→ (a⊗j c)⊗i (b ⊗j d),

where A,B,B,C,D ∈ HYDH(m, n, p, q);

⊲ ω, ̟ and τ are given by

ωi,j = ̟i,j = τi,j = idk.

It is easy to check that ((HYDH(m, n, p, q))ai,bi,ci,di

gi,hi,ii,ji
,⊗i, k, ai, li, ri) forms an

n-monoidal category. �

4.2. The center of the category of BiHom-modules. In this section, we

discuss the relations between BiHom-type Yetter-Dinfeld categories and the center

of the category of BiHom-modules.

Theorem 4.8. For any a, b, c, d, g, h, i, j,m, n, p, q ∈ Z, (HYDH(m, n, p, q))a,b,c,dg,h,i,j is

a full braided subcategory of Z(HBMa,b,c,d
g,h,i,j ).

P r o o f. For any V ∈ (HYDH(m, n, p, q))a,b,c,dg,h,i,j , X ∈ HBMa,b,c,d
g,h,i,j , define TX,V :

X ⊗ V → V ⊗X by

TX,V (x⊗ v) = α
a−g
V β

b−h
V ϕc−i

V ψd−j−1
V (v0)⊗ α−m+1β−n−1ϕ−p−1ψ−q+1(v1)

× α
−a+g
X β

−b+h−1
X ϕ−c+i−1

X ψ−d+j+1
X (x).

Note that TX,V is a morphism in HBM, and T ,V is natural. Obviously the diagrams

(C1) and (C2) hold. Moreover, if f : V → W is a morphism in HYDH(m, n, p, q),

then the diagram (C3) holds since f is H-linear. Thus, (HYDH(m, n, p, q))a,b,c,dg,h,i,j is

a braided subcategory of Z(HBMa,b,c,d
g,h,i,j ).

Next we show that (HYDH(m, n, p, q))a,b,c,dg,h,i,j is a full subcategory. Actually, if

V,W ∈ HYDH(m, n, p, q) and f : V →W is a morphism in Z(HBMa,b,c,d
g,h,i,j ), then for

any v ∈ V , 1H ∈ H , we have (TH,W ◦ (idH ⊗ f))(1H ⊗ v) = ((f ⊗ idH) ◦ TH,V )×

(1H ⊗ v), i.e.,

α
a−g
W β

b−h
W ϕc−i

W ψd−j
W (f(v0))⊗ α−m+2β−n−1ϕ−p−1ψ−q+1(f(v0))

= f(αa−g
V β

b−h
V ϕc−i

V ψd−j
V (v0))⊗ α−m+2β−n−1ϕ−p−1ψ−q+1(v0),

and hence, f is H-colinear, which implies f ∈ Mor(HYDH(m, n, p, q)). �
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Let a, b, c, d, g, h, i, j ∈ Z. For any U ∈ Z(HBMa,b,c,d
g,h,i,j ), if we define the H-coaction

̺U : U → U ⊗H (with the notation ̺U (u) = u(0) ⊗ u(1)) as

(4.3) u(0) ⊗ u(1) =
∑

α
−a+g
U β

−b+h
U ϕ−c+i

U ψ−d+j+1
U (uT )⊗ 1H

T ∈ U ⊗H ∀u ∈ U,

where
∑
uT ⊗ 1H

T = TH,U (1H ⊗ u), then it is easy to check that ̺ is compatible

with the Hom-structure maps. Furthermore, we have the following results.

Lemma 4.9. For any u ∈ U , u(0)ε(u(1)) = ϕU (u).

P r o o f. Obviously ε is H-linear. Thus, we have the commutative diagram

H ⊗ U

id⊗ε

��

TH,U // U ⊗H

id⊗ε

��
k ⊗ U

Tk,U ((

lU

// U
r−1

U

// U ⊗ k,

which implies
∑
uT ⊗ ε(1H

T ) = r
−1
U lU (1k ⊗ u), and hence the conclusion holds. �

Lemma 4.10. For any u ∈ U , we have

(4.4) u(0) ⊗α(u(1)) = u(0) ⊗ β(u(1)) = u(0) ⊗ϕ(u(1)) = u(0) ⊗ψ(u(1)) = u(0) ⊗ u(1).

P r o o f. For any m, n, p, q ∈ Z, we have

((idU ⊗ αmβnϕpψq) ◦ ̺)(u)

= (α−a+g
U β

−b+h
U ϕ−c+i

U ψ−d+j+1
U ⊗ αmβnϕpψq)TH,U (1H ⊗ u)

= TH,U (α
mβnϕpψq(1H)⊗ α

−a+g
U β

−b+h
U ϕ−c+i

U ψ−d+j+1
U (u))

= (α−a+g
U β

−b+h
U ϕ−c+i

U ψ−d+j+1
U ⊗ idH)TH,U (1H ⊗ u) = ̺(u).

That completes the proof. �

Corollary 4.11. For any (U, T ,U ) ∈ Z(HBMa,b,c,d
g,h,i,j ), (U, ̺) is an H-BiHom-

comodule, where ̺ is defined in (4.3).

P r o o f. We only need to prove the Hom-coassociative law. Define ∆̂H : H →

H ⊗H by

∆̂H(h) = αaβbϕcψd(h1)⊗ αgβhϕiψj(h2),
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where h ∈ H. Obviously ∆̂H ∈ Mor(HBMa,b,c,d
g,h,i,j ). Hence, the diagram

k ⊗ U

ηH⊗id

��
r−1

k
⊗id

P

P

P

P

''PP
P

P

id⊗l−1

U // k ⊗ (k ⊗ U)
ηH⊗ηH⊗id// H ⊗ (H ⊗ U)

a−1

��

id⊗TH,U // H ⊗ (U ⊗H)

a−1

��
H ⊗ U

TH,U

��

∆̂H⊗id

33
(k ⊗ k)⊗ U

ηH⊗ηH⊗id// (H ⊗H)⊗ U

TH⊗H,U

��

(H ⊗ U)⊗H

TH,U⊗id

��
U ⊗H

id⊗∆̂H

// U ⊗ (H ⊗H)
a−1

// (U ⊗H)⊗H

is commutative. From Lemma 4.10, for any u ∈ U , we have

∑
αa
Uβ

b
Uϕ

c+1
U ψd

U (uT )⊗ 1H
T
1
⊗ 1H

T
2
=

∑
α
g
Uβ

h
Uϕ

i
Uψ

j+1
U (u)

T T ′
⊗ 1H

T ′

⊗ 1H
T ,

which implies the conclusion. �

Remark 4.12. Note that for any m, n, p, q ∈ Z, U ∈ HYDH(m, n, p, q), (4.4) is

not always satisfied. That implies that the objects in Z(HBMa,b,c,d
g,h,i,j ) are not objects

in (HYDH(m, n, p, q))a,b,c,dg,h,i,j in general, and consequently, (HYDH(m, n, p, q))a,b,c,dg,h,i,j is

a real subcategory of Z(HBMa,b,c,d
g,h,i,j ).

5. The Drinfeld doubles of BiHom-Hopf algebras

Let H be a BiHom-Hopf algebra with bijective antipode S. In this section, we

always assume that
∑
ei⊗e

i and
∑
oi⊗o

i are dual bases of H and H∗, respectively.

5.1. The BiHom-type Drinfeld doubles with parameters. Recall from Ex-

ample 2.6 (3) and Example 2.12 (5) that

H∗ = (H∗, ⋆, ε,∆H∗ , εH∗ , (α−1)∗, (β−1)∗, (ψ−1)∗, (ϕ−1)∗)

is a BiHom-bialgebra,

H∗cop = (H∗, ⋆, ε,∆cop
H∗ , εH∗ , (S−1)

∗
, (β−1)∗, (α−1)∗, (ϕ−1)∗, (ψ−1)∗)

is a BiHom-Hopf algebra.

Theorem 5.1. For any r, s, t, u ∈ Z, the (r, s, t, u)th Drinfeld double

D(H){r,s,t,u} = H ⊗H∗cop

of H , in a form containing H and H∗cop, is a BiHom-Hopf algebra with the following

structures:
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⊲ the multiplication is given by

(a⊗ p)(b ⊗ q) = aϕ−1ψ−1(b21)

⊗ p((αr−3βs+2ϕtψu−1(b22)α
−1β−1(−))S−1αrβsϕtψu(b1)) ⋆ q,

where p, q ∈ H∗cop, a, b ∈ H ;

⊲ the comultiplication is given by

∆(a⊗ p) = (a1 ⊗ p2)⊗ (a2 ⊗ p1);

⊲ the unit element is 1H ⊗ ε and the counit is given by

ε(a⊗ p) = ε(a)p(1H);

⊲ the Hom-structure maps are given by

α = α⊗ (α−1)∗, β = β ⊗ (β−1)∗, ϕ = ϕ⊗ (ϕ−1)∗, ψ = ψ ⊗ (ψ−1)∗;

⊲ the antipode S is given by

S(a⊗ p) = Sϕ−1ψ−1(a21)

⊗ p((S−1αr−1βsϕt+1ψu−2(a22)S
−1α−1β−1(−))αrβsϕt−1ψu+1(a1)).

Furthermore, D(H){r,s,t,u} has a quasitriangular structure

R =
∑

(α−rβ−s−1ϕ−t−1ψ−u(ei)⊗ ε)⊗ (1H ⊗ ei) ∈ D(H){r,s,t,u} ⊗D(H){r,s,t,u}.

P r o o f. It is straightforward to check that Hom-structure maps of D(H){r,s,t,u}

commute with each others and are compatible with the multiplication, the unit

and ∆, ε.

Obviously 1H ⊗ ε is the unit object. For any x ∈ H , we have

(((a⊗ p)(b⊗ q))(β(c) ⊗ β(f)))(x)

= (aϕ−1ψ−1(b21))βϕ
−1ψ−1(c21)

⊗ ((p((αr−3βs+2ϕtψu−1(b22)α
−1β−1(−))S−1αrβsϕtψu(b1)) ⋆ q)

× ((αr−3βs+3ϕtψu−1(c22)α
−1β−1(−))S−1αrβs+1ϕtψu(c1)) ⋆ α(f))(x)

(2.6)
= (aϕ−1ψ−1(b21))βϕ

−1ψ−1(c21)⊗ p((αr−3βs+2ϕtψu−1(b22)

× ((αr−5βs+2ϕt−1ψu−1(c221)α
−4β−2ϕ−2(x11))S

−1αr−2βsϕtψu−1(c12)))

× S−1αrβsϕtψu(b1))q((α
r−3βs+2ϕtψu−2(c222)α

−2β−2ϕ−1ψ−1(x12))

× S−1αrβsϕt−1ψu(c11))f(β
−1ψ−1(x2)),
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and

((α(a) ⊗ α(p))((b ⊗ q)(c⊗ f)))(x)

= α(a)(ϕ−1ψ−1(b21)ϕ
−2ψ−2(c2121))⊗ α(p)(((αr−3βs+2ϕtψu−1(b22)α

r−3βs+2

× ϕt−1ψu−2(c2122))α
−2β−1ϕ−1(x1))(S

−1αr−1βs+1ϕt−1ψu−1(c211)

× S−1αr+1βs−1ϕtψu(b1)))q((α
r−3βs+2ϕtψu−1(c22)α

−2β−2ϕ−1ψ−1(x21))

× S−1αrβsϕtψu(c1))f(β
−2ψ−2(x22))

= α(a)(ϕ−1ψ−1(b21)ϕ
−1ψ−1(c21))⊗ α(p)((αr−2βs+2ϕtψu−1(b22)

× ((αr−4βs+2ϕt−1ψu−1(c221)α
−3β−2ϕ−2(x11))S

−1αr−1βsϕtψu−1(c12)))

× S−1αr+1βsϕtψu(b1))q((α
r−3βs+2ϕtψu−2(c222)α

−2β−2ϕ−1ψ−1(x12))

× S−1αrβsϕt−1ψu(c11))f(β
−1ψ−1(x2)),

thus, D(H){r,s,t,u} is a BiHom-algebra.

Clearly (D(H){r,s,t,u},∆, ε, ϕ, ψ) is a BiHom-coalgebra. Now we show that ∆ and

ε are all BiHom-algebra maps. For any x, y ∈ H , we have

a1ϕ
−1ψ−1(b211)⊗ p((αr−3βs+2ϕtψu−1(b22)α

−1β−1(−))S−1αrβsϕtψu(b1)) ⋆ q
2
(x)

⊗ a2ϕ
−1ψ−1(b212)

⊗ p((αr−3βs+2ϕtψu−1(b22)α
−1β−1(−))S−1αrβsϕtψu(b1)) ⋆ q1(y)

= a1ϕ
−1ψ−1(b211)⊗ p((αr−3βs+2ϕtψu−1(b22)α

−1β−1

× (α−2ϕ−1ψ−1(y1)α
−1β−1ϕ−2(x1)))S

−1αrβsϕtψu(b1))

× q(α−1α−1ψ−2(y2)β
−2ϕ−1ψ−1(x2)),

and

a1ϕ
−1ψ−1(b121)

⊗ p2((α
r−3βs+2ϕtψu−1(b122)α

−1β−1(−))S−1αrβsϕtψu(b11)) ⋆ q2(x)

⊗ a2ϕ
−1ψ−1(b221)

⊗ p1((α
r−3βs+2ϕtψu−1(b222)α

−1β−1(−))S−1αrβsϕtψu(b21)) ⋆ q1(y)

= a1ϕ
−1ψ−1(b121)⊗ p(((αr−4βs+2ϕtψu−2(b222)α

−3β−1ϕ−1ψ−1(y1))S
−1αr−1

× βsϕtψu−1(b21))((α
r−3βs+1ϕt−1ψu−1(b122)α

−2β−2ϕ−2(y1))S
−1αrβs−1

× ϕt−1ψu(b11)))q(α
−1α−1ψ−2(y2)β

−2ϕ−1ψ−1(x2))⊗ a2ϕ
−1ψ−1(b221)

= a1ψ
−1(b21)⊗ p((αr−3βs+2ϕtψu−3(b2222)(α

−3β−1ϕ−1ψ−1(y1)

× ((S−1αr−3βs−1ϕtψu−3(b2212)α
r−3βs−1ϕt−2ψu−1(b2211))

× α−2β−3ϕ−2(x1))))S
−1αrβsϕtψu−1(b1))

× q(α−1α−1ψ−2(y2)β
−2ϕ−1ψ−1(x2))⊗ a2ϕ

−1ψ−2(b2221)
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(2.8)
= a1ϕ

−1ψ−1(b211)⊗ p((αr−3βs+2ϕtψu−1(b22)(α
−3β−1ϕ−1ψ−1(y1)α

−2

× β−2ϕ−2(x1)))S
−1αrβsϕtψu(b1))q(α

−1α−1ψ−2(y2)β
−2ϕ−1ψ−1(x2)).

That means that ∆ preserves the multiplication. We also have ε((a ⊗ p)(b ⊗ q)) =

ε(a⊗ p)ε(b⊗ q), hence, D(H){r,s,t,u} is a BiHom-bialgebra.

To prove that S is the antipode, we compute as follows:

S(a1 ⊗ p2)(a2 ⊗ p1)

= Sϕ−1ψ−1(a121)ϕ
−1ψ−1(a221)

⊗ p2((S
−1αr−1βsϕt+1ψu−2(a122)S

−1α−1β−1(−))αrβsϕt−1ψu+1(a11))

× ((αr−3βs+2ϕtψu−1(a222)α
−1β−1(−))S−1αrβsϕtψu(a21)) ⋆ p1

= Sϕ−1ψ−1(a121)ϕ
−1ψ−1(a221)

⊗ p2(((S
−1αr−2βsϕt+1ψu−2(a122)S

−2αr−2βsϕtψu(a21))S
−1α−1β−1(−))

× (S−1αr−2βs+1ϕtψu−1(a222)α
rβs−1ϕt−1ψu+1(a11))) ⋆ p1

(2.5)
= Sψ−1(a21)ϕ

−1ψ−2(a2221)

⊗ p2((S
−1(S−1αr−3βs+1ϕtψu−2(a2212)α

r−1βs−1ϕtψu−2(a2211))S
−1α−1β−1(−))

× (S−1αr−2βs+1ϕtψu−2(a2222)α
rβs−1ϕtψu+1(a1))) ⋆ p1

(2.8)
= Sϕ−1ψ−1(a211)ϕ

−1ψ−1(a212)

⊗ p2(S
−1α−1(−)(S−1αr−2βs+1ϕtψu(a22)α

rβs−1ϕtψu+1(a1))) ⋆ p1
(2.7)
= 1Hε(a)⊗ p2(S

−1(−)) ⋆ p1
(2.8)
= 1Hε(a)⊗ p

and similarly we have (a1⊗p2)S(a2⊗p1) = 1Hε(a)⊗p. Note that S commutes with

the Hom-structure maps, then we get that S is the antipode of D(H){r,s,t,u}.

At last, we show that R =
∑

(α−rβ−s−1ϕ−t−1ψ−u(ei)⊗ ε)⊗ (1H ⊗ ei) is a quasi-

triangular structure in D(H){r,s,t,u}.

For one thing, it is clear that R is compatible with the Hom-structure maps of

D(H){r,s,t,u}. For another, for any x, y ∈ H , we have

∑
((α−rβ−s−1ϕ−t−1ψ−u(ei)⊗ ε)(ϕ−1ψ(a1)⊗ p2(ϕ

−1ψ(−))))(x)

⊗ ((1H ⊗ ei)(ϕψ−1(a2)⊗ p1(ϕψ
−1(−))))(y)

=
∑

α−rβ−s−1ϕ−t−1ψ−u(ei)ϕ
−1ψ(a1)⊗ p2(β

−1ϕ−1ψ(x)) ⊗ βψ−2(a221)

× ei((αr−3βs+2ϕt+1ψu−1(a222)α
−2β−1ϕ−1(y1))S

−1αrβsϕt+1ψu−1(a21))

⊗ p1(β
−1ϕψ−2(y2))

(2.8)
=

∑
α−1β(a2)α

−rβ−s−2ϕ−t−2ψ−u(y1)⊗ p(α−1β−1ϕψ−3(y2)β
−2ϕ−2ψ(x))

⊗ β(a1)⊗ 1k
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and

∑
((α−1β(a2)⊗ p1(α

−1β(−)))(α−rβ−s−1ϕ−t−1ψ−u(ei)⊗ ε))(x)

⊗ ((α−1β(a1)⊗ p2(α
−1β(−)))(1H ⊗ ei))(y)

=
∑

α−1β(a2)α
−rβ−s−1ϕ−t−2ψ−u−1(ei21)

⊗ p1((α
−4β2ϕ−1ψ−1(ei22)α

−3(x))S−1α−1ϕ−1(ei1))⊗ β(a1)⊗ ei(β−1ψ−1(y2))

=
∑

α−1β(a2)α
−rβ−s−2ϕ−t−2ψ−u−1(y21)

⊗ p(((α−5βϕ−1ψ−2(y22)α
−4ψ−1(x))S−1α−2β−1ϕ−2(y12))α

−2β−3(y11))

⊗ β(a1)⊗ 1k
(2.8)
=

∑
α−1β(a2)α

−rβ−s−2ϕ−t−2ψ−u(y1)⊗ p(α−1β−1ϕψ−3(y2)β
−2ϕ−2ψ(x))

⊗ β(a1)⊗ 1k,

hence, (Q2) holds. Further, we compute

∑
α−1ψ−1(α−rβ−s−1ϕ−t−1ψ−u(ei)⊗ ε)β−1ϕ−1(α−rβ−s−1ϕ−t−1ψ−u(oi)⊗ ε)

⊗ (1H ⊗ oi)⊗ (1H ⊗ ei)

=
∑

α−r−1β−s−1ϕ−t−1ψ−u−1(ei)α
−rβ−s−2ϕ−t−2ψ−u(oi)⊗ (1H ⊗ oi)⊗ (1H ⊗ ei)

=
∑

(α−rβ−s−1ϕ−t−1ψ−u(ei)⊗ ε)⊗ (1H ⊗ ei2)⊗ (1H ⊗ ei1),

thus, (Q4) holds. Similarly one can prove (Q3). That completes the proof. �

5.2. The representations of BiHom-type Drinfeld doubles. For any

m, n, p, q, r, s, t, u ∈ Z, we have the following results.

Theorem 5.2. D(H){r,s,t,u}BM is identified to HYDH(m, n, p, q).

P r o o f. Define the functor F : HYDH(m, n, p, q) → D(H){r,s,t,u}BM by

F (U) = U as k-space, F (f) = f

for any (U, αU , βU , ϕU , ψU ) ∈ HYDH(m, n, p, q), f ∈ Mor(HYDH(m, n, p, q)), and the

D(H){r,s,t,u}-action on M is given by

(a⊗ p)⇁ u = p(α−mβ−n+1ϕ−p−1ψ−q(u1))α
r+1βsϕtψu+2(a) · ϕ−1

U (u0)

for any u ∈ U , a ∈ H , p ∈ H∗.

81



Now we check that (U,⇁,αU , βU , ϕU , ψU ) is a D(H){r,s,t,u}-BiHom-module. We

only prove the BiHom-associative law. Indeed, we have

((a⊗ p)(b ⊗ q))⇁ u

= (p((αr−3βs+2ϕtψu−1(b22)α
−1β−1(−))S−1αrβsϕtψu(b1)) ⋆ q)

× (α−mβ−n+1ϕ−p−1ψ−q(u1))

× (αr+1βsϕtψu+2(a)αr+1βsϕt−1ψu+1(b21)) · ϕ
−1
U (u0)

= p(α−1(−))

× ((αr−3βs+2ϕtψu−1(b22)α
−m−2β−nϕ−p−2ψ−q(u01))S

−1αrβsϕtψu(b1))

× αr+2βsϕtψu+2(a)(αr+1βsϕt−1ψu+1(b21) · β
−1
M ϕ−1

M (u00))

× q(α−mβ−nϕ−p−1ψ−q(u1))

= (α(a) ⊗ p(α−1(−)))

⇁ (q(α−mβ−nϕ−p−1ψ−q(u1))α
r+1βsϕtψu+2(a) · β−1

M ϕ−1
M (m0))

= (α(a) ⊗ p(α−1(−)))⇁ ((b⊗ q)⇁ β−1
U (u)),

as needed. Moreover, it is easy to obtain that F (f) ∈ Mor(D(H){r,s,t,u}BM).

Hence, F is well-defined.

Conversely, define the functor G : D(H){r,s,t,u}BM → HYDH(m, n, p, q) by

G (M) =M as k-space, G (f) = f

for any (M,⇁,αM , βM , ϕM , ψM ) ∈ D(H){r,s,t,u}BM, f ∈ Mor(D(H){r,s,t,u}BM), and

the H-action, H-coaction on M are given by

h ·m = (α−r−1β−sϕ−tψ−u−2(h)⊗ ε)⇁m,

̺(m) =
∑

(1H ⊗ ei)⇁ β−1
M ϕM (m)⊗ αmβnϕpψq(ei)

for any m ∈M , a ∈ H . Next we show that G is well defined.

Firstly, (M, ·, αM , βM , ϕM , ψM ) is an H-BiHom-module. Obviously we have

1H ·m = βM (m), and we also have

α(h) · (g · β−1
M (m))

= (α−rβ−sϕ−tψ−u−2(h)⊗ ε)⇁ ((α−r−1β−sϕ−tψ−u−2(g)⊗ ε)⇁ β−1
M (m))

= (α−r−1β−sϕ−tψ−u−2(h)α−r−1β−sϕ−tψ−u−2(g)⊗ ε)⇁ m = (hg) ·m,

which implies M is an H-BiHom-module.
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Secondly, it is easy to getm0ε(m1) = αM (m). Moreover, for any x ∈ H , we obtain

ϕM (m0)⊗∆(m1)

=
∑

(1H ⊗ ei(ϕ−1(−)))⇁ β−1
M ϕ2

M (m)⊗ αmβnϕpψq(ei1)⊗ αmβnϕpψq(ei2)

=
∑

(1H ⊗ oi(α(−)) ⋆ ei(βϕ−1(−)))⇁ β−1
M ϕ2

M (m)⊗ αmβnϕpψq(oi)

⊗ αmβnϕpψq+1(ei)

=
∑

(1H ⊗ oi)⇁ β−1
M ϕM ((1H ⊗ ei)⇁ β−1

M ϕM (m))⊗ αmβnϕpψq(oi)

⊗ αmβnϕpψq+1(ei)

= m00 ⊗m01 ⊗ ψ(m1),

which implies M is an H-BiHom-comodule.

Finally, we have

̺(h ·m)

=
∑

((1H ⊗ ei(α(−)))(α−r−1β−s−1ϕ−t+1ψ−u−2(h)⊗ ε))

⇁ ϕM (m)⊗ αmβnϕpψq(ei)

=
∑

(α−r−1β−sϕ−tψ−u−3(h21)⊗ ei((α−3βϕψ−3(h22)β
−1(−))S−1β−1ϕψ−2(h1)) ⋆ ε)

⇁ ϕM (m)⊗ αmβnϕpψq(ei)

=
∑

(α−r−1β−sϕ−tψ−u−3(h21)⊗ ei(β−1(−)))⇁ ϕM (m)

⊗ (αm−3βn+1ϕp+1ψq−3(h22)α
m−1βnϕpψq(ei))S

−1αmβn−1ϕp+1ψq−2(h1)

=
∑

(α−r−1β−sϕ−tψ−u−3(h21)⊗ ε)⇁ ((1H ⊗ ei)⇁ β−1
M ϕM (m0))

⊗ (αm−3βn+1ϕp+1ψq−3(h22)α
m−1βnϕpψq(ei))S

−1αmβn−1ϕp+1ψq−2(h1)

= ψ−1(h21) ·m0 ⊗ (αm−3βn+1ϕp+1ψq−3(h22)α
−1(m1))S

−1αmβn−1ϕp+1ψq+2(h1),

which implies (4.2), and hence G is well defined.

Notice that F and G are inverse with each other, the conclusion holds. �

Corollary 5.3. For any a, b, c, d, g, h, i, j,m, n, p, q, r, s, t, u ∈ Z we have that

D(H){r,s,t,u}BM
a,b,c,d
g,h,i,j is braided isomorphic to (HYDH(m, n, p, q))a,b,c,dg,h,i,j .

P r o o f. Clearly F is a strict monoidal functor. Note that D(H){r,s,t,u}BM
a,b,c,d
g,h,i,j

is a braided category with the braiding C since

R =
∑

(α−rβ−s−1ϕ−t−1ψ−u(ei)⊗ ε)⊗ (1H ⊗ ei)

is a quasitriangular structure in D(H){r,s,t,u}, where C is derived by R in the way

of (3.1).
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For any U, V ∈ (HYDH(m, n, p, q))a,b,c,dg,h,i,j , u ∈ U , v ∈ V , we have

CF(U),F(V )(u⊗ v)

=
∑

(1H ⊗ ei(α−aβ−bϕ−cψ−d(−)))⇁ α
a−g
V β

b−h−1
V ϕc−i+1

V ψd−j−1
V (v)

⊗ (αg−rβh−s−1ϕi−t−1ψj−u(ei)⊗ ε)

⇁ α
−a+g
U β

−b+h−1
U ϕ−c+i−1

U ψ−d+j+1
U (u)

=
∑

ei(α−m−gβ−n−hϕ−p−iψ−q−j−1(v1))1H · αa−g
V β

b−h−1
V ϕc−i

V ψd−j−1
V (v0)

⊗ ε(u1)α
g+1βh−1ϕi−1ψj+2(ei)

= α
a−g
V β

b−h
V ϕc−i

V ψd−j−1
V (v0)

⊗ α−m+1β−n−1ϕ−p−1ψ−q+1(v1) · α
−a+g
U β

−b+h−1
U ϕ−c+i−1

U ψ−d+j+1
U (u)

= tU,V (u⊗ v),

which implies the conclusion. �

Corollary 5.4. The following statemant holds: D(H){r,s,t,u}BM
a,b,c,d
g,h,i,j is a full

braided subcategory of Z(HBMa,b,c,d
g,h,i,j ).

P r o o f. Directly from Theorem 4.8 and Corollary 5.3. �

Corollary 5.5. For any

a, b, c, d, g, h, i, j, a′, b′, c′, d′, g′, h′, i′, j′,m, n, p, q,m′, n′, p′, q′ ∈ Z,

we have that (HYDH(m, n, p, q))a,b,c,dg,h,i,j is isomorphic to (HYDH(m′, n′, p′, q′))a
′,b′,c′,d′

g′,h′,i′,j′

as braided categories.

P r o o f. We have the following braided isomorphic

(HYDH(m, n, p, q))a,b,c,dg,h,i,j
∼= D(H){r,s,t,u}BM

a,b,c,d
g,h,i,j , see Corollary 5.3 ,

∼= (HYDH(m′, n′, p′, q′))a,b,c,dg,h,i,j , see Corollary 5.3,

∼= (HYDH(m′, n′, p′, q′))a
′,b′,c′,d′

g′,h′,i′,j′ , see Proposition 4.6

as needed. �
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