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Abstract. For any positive integer n, let A, be a linearly oriented quiver of type A with n
vertices. It is well-known that the quotient of an exact category by projective-injectives
is an extriangulated category. We show that there exists an extriangulated equivalence
between the extriangulated categories M, +1 and Fp, where M, 41 and Fy are the two
extriangulated categories corresponding to the representation category of A, 41 and the
morphism category of projective representations of A, respectively. As a by-product, the
Hall algebras of M,,1 and F, are isomorphic. As an application, we use the Hall algebra
of Mgy 41 to relate with the quantum cluster algebras of type Agy,.
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cluster algebra
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1. INTRODUCTION

In 1990, Ringel in [13] introduced the Hall algebra of a finite dimensional algebra
over a finite field in his work of studying quantum groups. Hubery in [11] proved
that the definition of the Hall algebra of module categories also applies to exact
categories. Toén in [15] gave a construction of what he called derived Hall algebras for
DG-enhanced triangulated categories satisfying certain finiteness conditions. Later,
Xiao and Xu in [17] showed that Toén’s definition also applies to any triangulated
categories satisfying certain finiteness conditions.

Cluster algebras were introduced by Fomin and Zelevinsky in [8] and later the
quantum cluster algebras were introduced by Berenstein and Zelevinsky in [3]. The
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cluster multiplication theorem proved by Caldero and Keller (see [4]) showed the
similarity between the multiplication in a cluster algebra and that in a dual Hall
algebra. For a finite acyclic quiver @), Ding, Xu and Zhang in [7] used the Hall
algebra of the morphism category of projective representations of ) to realize the
quantum cluster algebra with principal coefficients associated to Q). By introducing
a bialgebra structure and an integration homomorphism on the Hall algebra of the
morphism category, Fu, Peng and Zhang in [9] recovered the algebra homomorphism
given in [7]. Recently, following the approach given in [9], Chen, Ding and Zhang
in [6] obtained the quantum version of the cluster multiplication theorem by applying
certain quotients of derived Hall subalgebras of Q.

Nakaoka and Palu in [12] introduced the notion of extriangulated categories, which
is a unification of exact categories and triangulated categories. Recently, the Hall
algebra of extriangulated categories has been defined in [16].

For any positive integer n, let A,, := 1 <= 2 +— 3 <~ ... < n be the linearly oriented
quiver of type A. Let k be a field and mod kA, be the category of finite dimensional
(left) kA,-modules. For each vertex i of A4, the indecomposable projective (or injec-
tive) kA,-module corresponding to ¢ is denoted by P; (or I;, respectively). Denote
by &4, the subcategory of mod kA, consisting of all projective kA,-modules. De-
fine M,, 1 to be the quotient category mod kA, +1/(P,+1). Denote by C2(P4,)
the category of morphisms between projective kA, -modules, and denote by /C the
subcategory consisting of all projective-injective objects in C3(#4,, ). Define F, to
be the quotient category Ca( P4, )/K. We show that there exists an extriangulated
equivalence between the extriangulated categories M,,+1 and F,,. As a by-product,
the Hall algebras of M,, 1 and F,, are isomorphic. As an application, we use the
Hall algebra of My, 1 to relate with the quantum cluster algebras of type Asg,,.

In Section 2, we establish a functor from M, 41 to F, and prove that it is an
extriangulated equivalence. We consider the Hall algebras of the extriangulated
categories M,,;+1 and JF,, in Section 3. Section 4 is devoted to using the Hall algebra
of My, 41 to realize the cluster variables of quantum cluster algebras of type As,.

In this paper, let k be a field. Let € be an additive category, denote by ind(%)
a complete set of indecomposable objects in ¢. For an object X € &, we de-
note by [X] and Aut X the isomorphism class and automorphism group of X, re-
spectively. For several objects Xi,...,X, in &, we denote by (X;: 1 < i < n)
the subcategory of ¥ which consists of direct summands of finite direct sums of
these objects. Let X be a subcategory of %, denote by X'(M, N) the subgroup of
Home (M, N) consisting of the morphisms which factor through an object of X'. The
quotient category ¢ /X has the same objects as ¢, but the morphism spaces are
defined by Home,x (M, N) := Home (M, N)/X(M,N) for any M, N € €. For any
J € Homg (M, N), we denote by f the image of f in Home,x (M, N). For a com-
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plex X, in an abelian category, it ith homology group is denoted by H'(X,). For
a finite set S, we denote by |S| its cardinality. Vectors are always assumed to be

column vectors.

2. THE EQUIVALENCE BETWEEN TWO QUOTIENT CATEGORIES

In this section, we recall some definitions and properties of morphism categories
and extriangulated categories. Then we establish a functor from M, ; to F,, and
prove that it is an extriangulated equivalence.

2.1. Morphism categories. Let £ be an exact category. Let C2(€) be the
category whose objects are morphisms M N Mj in €, and every morphism from

M, N M, to Ng —& N, is a pair (a,b) of morphisms in £ such that the diagram

My —1

l lb

Ng—2= N,

is commutative. Since we can view any object in Co(€) as a two-term complex, we
also write M, (f) or simply M, as an object M N My in C5(€). Let A be the path
algebra of a finite acyclic quiver (). Denote by &2 = % the subcategory consisting
of all projective A-modules and by P; the indecomposable projective module corre-
sponding to the vertex i. In what follows, we consider the morphism category Cs(Z?).
For any object P € &, define two objects in Co(H?)

(2.1) Kp:=P-—P and Zp:=P —0.
For any A-module M, it has a minimal projective resolution!
(2.2) 0— Qur 24 Py — M — 0.
Then we define an object in Cy(Z?)

(2.3) Chr = Qur 25 Py

Since any two minimal projective resolutions of M are isomorphic, C; is well defined
up to isomorphisms. Hence, for any A-module M, we fix a minimal projective reso-
lution as (2.2). Note that Cy(&?) is an exact category in the sense of the component-
wise exactness. By [1], the objects Cp and Kp, where P € ind(Z?), provide a com-
plete set of indecomposable projective objects in Co(2?); and the objects Zp and Kp

! The notations Py; and s will be used throughout the paper.
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provide a complete set of indecomposable injective objects. Moreover, all Kp for P €
ind(£?) give a complete set of indecomposable projective-injective objects. Hence,

Fn = CQ(&@AWV)/<KP{’: 1 <1< ’I’L>

Lemma 2.1 ([7], Proposition 2.4). Any object M, in C2(Z?) has a direct sum
decomposition
Me=Kp®Zg®Cuy
for some projective A-modules P, QQ and an A-module M. Moreover, the mod-

ules P, @ and M are uniquely determined up to isomorphisms.

Lemma 2.2. Let M.(f), No(g) be two objects in Co(<?) and (a,b) be a mor-
phism from M,(f) to Ne(g). Then (a,b) factors through some projective-injective
object Kp if and only if there exists a morphism s: My — Ny such that a = sf
and b = gs.

Proof. Suppose that (a,b) factors through some projective-injective object Kp,
i.e., we have the commutative diagram

Mo—f>M1

NQ—g>N1

with a = asa; and b = byb;. Taking s = agby, we get that sf = asb1f = asa; = a
and gs = gasb; = baby = b and finish the proof of necessity.

Suppose there exists a morphism s: M; — Ny such that a = sf and b = gs. Then
we have the commutative diagram

Mo—f>M1
No ——= Ny

1 g9

No 2N

such that (1,g) o (a,s) = (a,gs) = (a,b), i.e., (a,b) factors through the projective-
injective object Kp with P = Ny. Therefore, we completed the proof. O
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Consider the functor F': mod kA, ; — F, defined on indecomposable objects
M € modkA, 1 by

C if Ppp 2 Praa,

F(M) = M M +1
Zq, Otherwise.

Given objects M, N € ind(mod kA, +1) and a morphism f: M — N. Then there

exists a commutative diagram

(2.4) 0 O —2 Py s 0
| \
al bl fl
YooY
0 QN Py N 0

and we put

(2.5)

,0) i Py & Py,
F(f)—{(a )
(a, b) if PN % Pn+1.

Suppose that there exist morphisms a': Qy — Qu, ': Pyy — Py such that the
diagram (2.4) is also commutative. Then it is easy to see that there exists a morphism
s: Py — Qp such that b — b = iys and a — a’ = sip;. By Lemma 2.2, we know
that (a —a’,b— V') as a morphism from Cj; to Cn factors through some projective-

injective object K p, thus (a,b) = (a’/,b'). In what follows, we need to prove that the
functor F' is well-defined.

Lemma 2.3. For any objects M, N €ind(mod kA,,+1) and a morphism f: M — N,
F(f) in (2.5) is well-defined.

Proof. (i) If Pyy 2 Poy1 and Py 2 P,11, as mentioned above, F(f) is uniquely
defined.

(ii) If Py = Ppyy and Py 2 Py, in this case, Homya,, , (
b =0 and thus a =0 in (2.4). So F(f) = 0 is uniquely defined.

(iii) Suppose that the morphisms (a,b) and (a’,b") make the diagram (2.4) com-

PM,PN) = 0, i.e.,

mutative, then there exists a morphism s: Py; — Qp such that b — ¥ = iys and
a—a =siy. If Pyy 2 Ppy1 and Py = P,y 1, applying Lemma 2.2 to the morphism
(a—a',0): Cp — Za,, we have that (a,0) = (a’,0). If Pyy = P,y1 and Py & Py,
in this case Homy 4

Py, Qn) =0, ie, s =0, s0 a =a'. Hence, F(f) = (a,0) is
also uniquely defined. O

ni (

By the definition of F', it is clear that F'(Idas) = Idp(as) for M € ind(mod kA, 41).
For any morphism f: M — N, we denote the morphisms a and b like in (2.4) by af
and by, respectively.
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Lemma 2.4. Let M,N,L € ind(modkA,11). For any f € Homygu
and g € Homya,, ., (N, L), we have that F(gf) = F(g)F(f).

Proof. (i) If P, 2 P,41 and Py = P,y1, then ¢ = 0, and thus F(gf) =
F(g)F(f) = 0.

(ii) If Pr, 22 P41 and Py 2 P41, then (agr,bgr) = (ag,bg) o (ay, by).

(iii) If Pr = P41 and Py = Ppi1, then (a45,0) = (ag4,0) o (ay,0).

(iv) If Pr, & P41 and Py 2 P,y1, then (agf,0) = (ag,0) o (ayf, by). O

M,N)

n+1(

Remark 2.5. In order to define a functor F': C — D between two Krull-Schmidt
additive categories C and D, assume that F' has been well-defined on indecompos-
able obJects and the morphisms between indecomposable obJects then for any ob-

jects @M with all M, indecomposable, F'(M) is defined to be @F( ;). For any
i—=1 n m
morpilism f € Home (@ M;, P Nj) with all M;, N; 1ndecomposable write
=1 j=1

fir fie oo fin
o ffl f?z f?n 7
fml fm2 fmn

then F(f) is defined to be

F(fu) F(fiz) ... F(fin)
F(fo1) F(f2) ... F(f2n)

F(fml) F(me) F(fmn)
Moreover, assume that the map F': Hom¢ (M, N) — Homp (F (M), F(N)), f — F(f)
is bijective for any indecomposable objects M and N, then it is easy to see that the
map F: Homc(@ M;, @ Nj> - HomD(@ FOM;), @ F(Nj)), f > F(f) is also
i=1 J=1 i=1 j=1
bijective. Hence, in what follows, to prove the functor F' is fully faithful, we still
check only for indecomposable objects.

Let p: modkA,+1 — M;,11 be the projection functor. By definition, ker(F) =
(Ph+1). Hence, the functor F induces a functor G: M43 — F, such that the
diagram

mod kA, +1

is commutative.
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Lemma 2.6. The functor F is full.
Proof. Let M, N € ind(mod kA,,+1). Take any morphism

(a,c) € Homg, (F(M),F(N))

with (a,c) € Home, (o, \(F(M), F(N)).

If Py = P41, in this case, ¢ = 0. Since P,+1 = I;, the morphism a induces
a commutative diagram as (2.4). Hence, by definition, we have F(f) = (a,0).

If Py % Ppy1 and Py = Py, 1, in this case, Home, (s, ((F(M), F(N)) = 0, thus
(a,¢) = (0,0) and F(0) = (a,c). If Py % P, 41 and Pyy % P, 1, there exists a unique
morphism f such that we have the commutative diagram (2.4) with b = ¢. Hence,

F(f) = (a;0). O

Lemma 2.7. The functor G is faithful.

Proof. Let M,N € ind(modkA,+1). Take any f € Homp,,,(M,N) with
f € Hommod kA, ., (M, N). Then

G(f) = F(f) = (a,c) € Homg, (F(M), F(N)),

where (a,c) € Home,(», )(F(M), F(N)). By the definition of F', we have a com-
mutative diagram as (2.4). Assume that (a,c) = 0.

Case 1: Py = P,11. In this case, ¢ = 0. If Py = Py, W = 0 means
that (a,0) € Homcz(‘@An)(Zsz,ZQN) factors through some projective-injective
object Kp, by Lemma 2.2 we obtain that ¢ = 0. In the diagram (2.4), since
b € End(P,41), we get that b = 0 or b is an isomorphism. For the former, we
have that f = 0. For the latter, since a = 0, we get that ij; = 0 and thus
M = Py = P,y1. So, f =0.

If Py % Pyy1, in this case also ¢ = 0. Since (a,0) € Home, (2, (Cumr, Zay ) fac-
tors through some projective-injective object K p, by Lemma 2.2 we obtain that there
exists a morphism s: Pj; — Qn such that a = sijs. Hence, biyy = iya = insipy
and then (b —ins)ips = 0. So we obtain that there is a morphism ¢t: M — Py such
that b — inys = tmys and thus fﬂ'M = WNb:WN(iNS+t7TM) =rmntmy. So f = 7nt,
i.e., f factors through Py = P, . Hence, f = 0.

Case 2: Py 2 Ppy1. If Py =2 P41, in this case, a = ¢ = 0; since

HomkA PM,PN):O,

n+1(

i.e., b =0, we get that f = 0.
If Pyy 2 Ppta, since (a,c) = (a,b) factors through some projective-injective ob-
ject Kp, by Lemma 2.2, there exists a morphism s: Py — Qp such that b = iys.

Then we obtain that fry; = 7yb = mnins = 0 and thus f = 0. O
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In conclusion, we have the following proposition.
Proposition 2.8. The functor G provides an equivalence

G: mOdkAn+1/< n+1>—)C2(¢@A )/<Kpi2 1<z<n>

as additive categories.

Proof. By Lemmas 2.6 and 2.7, it suffices to show that the functor G is dense.
By Lemma 2.1, each object M € F,, has a direct sum decomposition M = Zg & Cy
for some projective module @ and N € mod kA,,. Observe that F(N) = Cn. With-
out loss of generality, we may assume that Q) = P; for some 1 < ¢ < n. Considering
the minimal projective resolution 0 — P; — P41 — I;+1 — 0, by the definition
of F, we obtain that F(I;;1) = Zp, and thus G(N & I,;1) = M. O

We finish this section with a straightforward example illustrating Proposition 2.8.

Example 2.9. By Example 6.7 of [5], the Auslander-Reiten quiver of F3 is

0— P3 P —0
0— Py plzﬁﬂn3 P, —0
0— P ‘Plﬂ>_P2 _P21i>‘P(3 P; — 0.

It is easy to see that the Auslander-Reiten quiver of My is given by

/\/\
/\/\/\

For the morphism f: So — M in mod kAy, taking the minimal projective resolu-
tions, we have the commutative diagram

(2.6) 0 P —2-p 25, 0
| |
a| bl fl/
Y M Y M
0 Py P M 0
and G(f) = (a,b) € Homz,(Cs,,Cr,), since M viewed as a kAz-module is just I

of A3
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2.2. Extriangulated categories. According to [12], we recall that an extrian-

gulated category is a triplet (¢, E = E«, s) satisfying the following conditions:

(1) E: °P x ¥ — Ab is a biadditive functor.

(2) s is an additive realization of E.

(3) (¢, E,s) satisfies some axioms denoted by (ET1)-(ET4), (ET3)°P and (ET4)°P,
see [12] for details.

Exact categories and triangulated categories are extriangulated categories, see [12],

Example 2.13, Proposition 3.22. We use the following terminology:

> For any objects A,C € ¥, every element § € E(C, A) is called an E-extension.
For any morphisms a € € (4, A’) and ¢ € €(C’, C), we have E(C, a)(d) € E(C, A")
and E(c, A)(8) € E(C’, A). We simply denote them by a.0 and c¢*d, respectively.
Two sequences of morphisms A —— B %5 C and A Ll) B’ L/> C in ¥ are said
to be equivalent if there exists an isomorphism b € €(B, B’) such that bz = 2’ and
y = y’b. We denote the equivalence class of A - B %5 C by A% B N q).
The additive realization s assigns to every extension 6 € E(C, A) an equivalence
class [A = B -4 C]. The sequence A —— B %5 C' is called a conflation,  is
called an inflation and y is called a deflation.

An object P in € is called projective if for any conflation 4 - B —%5 C and
any morphism c¢: P — C, there exists a morphism b: P — B such that yb = c.
We denote the full subcategory of projective objects in € by P(%). Dually, the
injective objects are defined, and the full subcategory of injective objects in % is
denoted by Z(%). We say that € has enough projective objects if for any object
M € €, there exists an E-triangle A — P — M --» satisfying P € P(%). Dually,
we define that € has enough injective objects.

Let J be a full additive subcategory of € which is closed under isomorphisms. If

J C P(€)NZ(¥), by Proposition 3.30 of [12], the ideal quotient %’/J has the structure

of an extriangulated category induced from that of . Explicitly, set € = € /J, then
(¢,E,5) is an extriangulated category given by

> E(C,A) = E(C, A) for any A,C € €.

> E(¢,@) = E(c, a) for any morphisms a € €(A, A'),c € €(c, ).

> For any E-extension § € E(C, A) = E(C, A), define 5(6) = s(3) = [A - B N C]
by s(0) = [A % B % C]. Hence, M,; and F, are two extriangulated
categories.

According to [2], Definition 2.32, we recall the notion of extriangulated functors.

Definition 2.10. Let (¢, E,s) and (¢”,E’,s’) be two extriangulated categories.

An additive covariant functor .% : € — €¢” is called an extriangulated functor if there

exists a natural transformation

I'= {F(C7A)}(C7A)e<gopx<g: [E(—, —) = [E/(yOp—, ﬂ—)
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such that s(6) = [A RNy BN C] implies that

¢ (o () = [F(4) ™8 rB) 29 F(0)).

An extriangulated functor is called an extriangulated equivalence if it gives an equiv-
alence of categories.

Lemma 2.11. The functor G: M, 41 — JF,, preserves conflations.

Proof. Take any conflation
ni=M-N-LQ
in M, 41, where
0—M % N -4 Q—0

is an exact sequence in mod kA,1;. By the Horseshoe Lemma, the minimal pro-
jective resolutions of M and @ yield the commutative diagram with exact rows and
columns in mod kA, 41:

(2.7) 0 0 0
1
OﬁQM&QM@QQﬂQQﬁO
inM 1Q
(o) ©1)
0—>PJ\4—>PM@PQ—>PQ—>O

T ™R

0—=M—2 sN—2 S Q— 0

0 0 0.

It is well-known that the projective resolution
O%QM@QQ%PM@PQ—)N%O
is isomorphic to a resolution of the form

i N0
0—sOveR 2 poar ™2 vy

for some projective module R € mod kA, 1. Since Qp @ Qg = Qn @ R, we have
that R € mod kA,
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Let us write M = M; & My so that Py, has no direct summand isomorphic
to Pyy1 and Py, = Pl 11 for some nonnegative integer ¢. Similarly, we assume
that N = N; @ Na so that Py, has no direct summand isomorphic to P41 and
Py, = Pi+1 for some nonnegative integer j and @ = Q1 ¢ Q2 so that Pg, has no
direct summand isomorphic to P, 41 and Pg, = P* 1 for some nonnegative integer k.
Since Py @ R = Py @ Pg, we have that j =i+ k.

Let us modify the diagram (2.7) to get

(2.8) 0 0 0

0 —= Qs ® Qg —2= Uy, By, @ R —2 Q0, B Qg —= 0

in Dingy iNg Ding D1 iQ, Piq,

Oﬁle @PrzH»léPNl@P}]H-l@R#PQI @Prllc_i_lﬁo

Ty BTy TQ; BTQ,
0——= M ® M, B N1 ® N, z QRQ1P®Q2——0
0 0 0
Set
a11 @12 C11 C12
R R b (bn b12 b13> d— (dn di2 d13>
= | az1 a2 = | ca1 C22 = = .
’ ’ bor bao bog )’ doy dao dos
azy a3z c31 €32

Since ¢35 € HomkAnH(Ple,R) = 0, we get that ase = c32ip, = 0. Similarly, we

have that iy, a2 = c12ip, = 0 since c12 € Homya,,,, (be_|r17 Py,) = 0. It follows that

iy, 0 0 . ci1
= 0 .
( 0 0 1) a = (i, )<C31>

Note that ig, b12 = di2in, = 0 since d12 € Homya,, ., (Pj_|r17 Pg,) = 0. Hence, by the

n
diagram (2.8), there is a commutative diagram

(2.9) 0—> Qs @ Qup, —> Qv © Qi & R 2> Qg, ® Qg, —> 0
(iMlo)l (”(\)71 8 ?)l i(ino)
Pyy ————Pn, ® R P,

(Zéi) (d11d13)
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in modkA,,. Set S=Pn,®R,d = (C“) d' = (dy1dy3) and d” = (dg1da3). Consider

es1
the split exact sequence

(c/ 0 ) (d’ 0 )
. Cc21 C22 - d” (122
[ £ PJ S
PMl S PnJrl S S n+1

d 0\ (% 0\ (10
d”dgg >i<>!<7017

we obtain that d’ is a retraction. Clearly, ker(d’) & Py, .

0

Pg, ® Py, —0.

Observing that

Similarly, we can check that ¢’ is a section. Since d'¢’ = 0, there is a commutative
diagram
Py, —“> Py, ® R—% Py,
I
Y

0 ]3]\41 PNl@RT)PQl—>O

in modkA,,. Since ¢ is a section, we obtain that s is a section. Thus, s is an
isomorphism. So, we conclude that the second row in the diagram (2.9) is a short
exact sequence in mod kA,,. Hence, we obtain that G(n) is isomorphic to

b/
CMI D ZQMz (aC) CNI ® ZQNz @KR ( ) CQI ® ZQQz
which is a conflation in F,,. Therefore, G(n) is a conflation in F,. g

Proposition 2.12. The functor G: M, 11 — F,, is an extriangulated functor.

Proof. By Lemma 2.11, we define
FX7y: [EMW_H(YV,X)—)[EJ:W(GYV,GX); 5l—>rx7y(5)

such that

G(z) G(y)

T'x,y(9)
G(X) G(L) Gly) —=—>
is an Ex, -triangle, where

X %L %yl

is an E g, ,-triangle. For a € Homy,,,, (X, X’), consider the commutative diagram

(2.10) X—Lsp—tsy-2»
X/%L/ Y__
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Applying the functor G to the diagram (2.10), we have the commutative diagram

G(y) T'x,y(9)

G(X) G(L) G(Y) - 2%
oL
G(X') G(L) Gly) X

Hence, G(a).I'x,y(d) = I'x/y(asd). Similarly, for any ¢ € Homp,,,(Y',Y), we
have that G(c)*I'x,y(d) = I'x,y’(c*0). Hence, I': Enq,,,, (=, —) = Ex, (GP—,G—)
is a natural transformation and G is an extriangulated functor. O

Combining Propositions 2.8 and 2.12, we obtain the following assertion.

Theorem 2.13. The functor G is an extriangulated equivalence, i.e.,

G: mod kAn+1/<Pn+1> i) CQ(@AH)/<KP7: :

1<i<n)

as extriangulated categories.

3. HALL ALGEBRAS

Recently, Gorsky, Nakaoka and Palu in [10] have defined the higher extensions
E%(—,—) for any n € Z in an extriangulated category . For any n > 0, they
introduced two versions E; " and E;;" of the higher negative extensions for the ex-
triangulated categories having enough projective morphisms and enough injective
morphisms, respectively. In general, the bifunctors E; ™ and E;;" may not be iso-
morphic for n > 0. Let € has enough projective objects and enough injective objects
and satisfies the following conditions:

(1) Hom(Z,z) is a monomorphism for any injective object I and any inflation x;
(2) Hom(y, P) is a monomorphism for any projective object P and any deflation y.

Then |[EX(X,Y)| = |E4(X,Y)] for any objects X,Y € ¢ and any i < 0. In this
case, we write EL (X,Y) as E{(X,Y) or E{;(X,Y) in what follows. By [1], Proposi-
tion 3.2, the morphism category C2(Z?) has enough projective objects and enough
injective objects, and it is hereditary. By [12], Proposition 3.24, {Cp,: 1 < i < n}
is a complete set of indecomposable projective objects, and {Zp,: 1 < i < n} is
a complete set of indecomposable injective objects in F,,. Thus, F,, has enough pro-
jective objects and enough injective objects and [Ei]_-7 (X,Y) =0 forany X,Y € F,

and i > 1. According to [10], Example 5.42 (iii), we get that [E}_— (X,Y) =0 for any
X,Y € F, and i < —1. Similarly, the extriangulated category M, 1 also satisfies
these properties as F,,. It is easy to see that the extriangulated categories M, 11

and Fy satisfy the conditions (1) and (2) above.

107



In what follows, let k£ be a finite field with ¢ elements, and we set v = ,/q.
Let € be an essentially small Krull-Schmidt additive k-linear category satisfying the
conditions (1) and (2) above. We assume that % is left locally homologically finite
(cf. [16]) and has enough projective objects and enough injective objects. We denote
by (X, L)y the set consisting of inflations f: X — L such that cone(f) Y in €.
Dually, we define x(L,Y).

Definition 3.1. The Hall algebra H (%) of the extriangulated category € is
a Q-space with the basis {u;x): X € €} and the multiplication defined by

OU[Y ZGXYu[L

where

(3 1) GL - |Y(LaX)| {LvX} _ |(YaL)X| {YaL}
‘ XY AutX| {X, X} JAutY]| {Y,Y}

and

(M, N} =TT IES (v, ) D
i>0

for any M, N € €.

Remark 3.2. The Hall algebra defined here is the algebra opposite to that in
Definition 6.2 of [16]. For any X,Y, L € ¥, by [16], Proposition 6.4 we have that

L EXY) JAw) (L1} |
(32) Gy = ) ’ : )
Hom(X, V)] [AutX|-[Auty| {X.X} (.Y} {X.V}

where E(X,Y) denotes the set consisting of extensions § € E(X,Y) such that
5(00)=1[Y RN SN X]. Define the dual Hall algebra $(%) to be the Q-space with
the basis {v;x): X € €'} and multiplication defined by

. Z IE(X,Y), 1
14 14 14
XTI = 22 THom (X, Y )X, YT

By the formula (3.2), there is an algebra isomorphism
(3.3) 0:9(€) = H(?)
defined on basis elements by
o(vixy) = [AutX| - {X, X }urx.
Theorem 3.3. There exists an isomorphism of algebras
¢ H(Mni1) = H(Fn)

defined on basis elements by u[x] — ujg(x)-
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Proof. Since the functor G is an extriangulated equivalence, it is easy to get the
following identities: |Aut(X)| = [Aut(G(X))|, [x(L,Y)| = |qx)(G(L),G(Y)| and
(X, L)y| = [(G(X),G(L))a(y)|- For any X, Y € M, 11, take a conflation

PP =Y
with Py, P; projective in M,,11. By Corollary 5.14 of [10], we obtain that

dimy, Exg . (X,Y) = dimy Homp, ,, (X,Y) + dimg Homayg, ,, (X, Pry)

— dimy, Homy,, ., (X, Py) — dimg, Hom g, ,, (X, Y),

where M, ;1 is the quotient category of M,, 11 by projectives. Since the functor G
preserves projectives, it induces the equivalence between M, and F,,. Thus,

[Ex,,, (X.Y)| = [EX (G(X),G(Y))|.

Note that {M, N} = |E_' (M, N)|~! for any M, N € €, where € = M, 41 or Fy.
Thus, {M,N} = {G(M),G(N)} for any M, N € M,41. Combining these identities,
we easily obtain that ¢ is an isomorphism of algebras. O

Assume that the extriangulated category % is locally homologically finite, cf. [16],
Section 7. For any X,Y € %, put

(X,Y)e = (—1)"dimg EL,(X,Y).
icZ
Since ¥ is locally homologically finite, the sum above is finite, which descends to
give a bilinear form
(=, =)Y¢: Ko(€) x Ko(€¢) = Z
on the Grothendieck group Ko(%) of € called the Euler form of €. Note that for
any X,Y € €,
(X,Y)e = —dimy EZ(X,Y) + dimy Home (X, Y) — dimy EL(X,Y)

if € is taken to be M,, 1 or F,,.
Define the twisted dual Hall algebra $4(%) to be the same space as H(%), but
with the multiplication defined by

vix) * vy = ¢

VIX] © VY]
for any XY € %.
Lemma 3.4. There exists an isomorphism of algebras

(VR fjq(/\/anrl) - qu(}—n)

defined on basis elements by v| x| — V|g(x))-
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Proof. Itiseasy toseethat (X,Y)a, , =(G(X),G(Y))F, forany X, Y e M, ;1.
Then by Theorem 3.3 and the isomorphism ¢ in (3.3), we finish the proof. 0

Let K%(Z4,) be the homotopy category of bounded complexes over projective
kA,-modules. Define KI=19(%, ) to be the full subcategory of K(#4,) con-
sisting of complexes situated in degree 0, —1. Since mod kA,, is hereditary and has
enough projectives, there exists a triangulated equivalence from K®(,4,) to the
bounded derived category D(A,,) of kA,. When we view the objects in D’(A,,)
as the direct sum of stalk complexes M[i] with M € modkA,,i € Z, any object
M, € KI=L0(2, ) should be identified with HO(M,) @ H~'(M,)[1]. Clearly,
KI=10(22, ) is an extension-closed subcategory of K®(Z4,). By Lemma 2.2,
the category F, is just K[-19(22, ) if we view any object M, in F, as a com-
plex with the (—1)st component and Oth component equal to My and M;, respec-
tively. In what follows, for simplicity, we write (—, —) mod ka4, as (—,—). For any
M,N, XY € modkA,, we set

xHomya, (M,N)y :={f: M — N: ker f 2 X and cokerf 2 Y}.

According to the characterization of the derived Hall algebra of D’(A,,) given by
Toén, see [15] (see also the twisted version of [14], Proposition 2.1), we have the
following assertion.

Proposition 3.5 ([15]). The Hall algebra $,(D%(A,)) is an associative unital
algebra generated by the elements in {vys;: M € modkA,, i € 7} and the following
relations

M) Z |[Exty 4, (M, N),|

(34) v * v [Homy, 1, (M, N)| 210

(3.5) VM) * UN[i41] = YM[|@N[i41];
(36) v x v = N YT [xHompa, (M, N)y [y g * vxjita);
[(X],[Y]

(—1)"~7 (M,N)

(3.7) VM) % UNE) = 4 YN[ K VM), 1= > L

By abuse of notation, here we write vy); instead of vy for M € mod kA,
andti € 7.

Since K%(,4,) is equivalent to D°(A,,) as triangulated categories, the dual Hall
algebra §,(K%(2,4,)) is isomorphic to $,(D’(A,)). Since F, is an extension-
closed full subcategory of K%(#,, ), the dual Hall algebra $,(F,) is a subalgebra
of $,(K%(Z4,)). By Proposition 3.5, we give the characterization of §,(F,).
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Proposition 3.6. The dual Hall algebra $,(F,) Is generated by the elements
{var,vppy: M € modkA,, P € P4, } and the following relations:

(3.8) VP[] * VQ[] = V(PaQ)[1] = YQQ] * VP[]
Exti, (M,N)|
3.9 _ (M,N) [Exty 4, (M,
( ) VUM *UN q %}: |H0mkAn (M, N)| VL
(310) 128 l/p[l] = VMEBP[l];
(3.11) vppy*var = ¢ PM Y7 [ pHomyga, (P M) plveg ey
(F],[P")

for any M, N € modkA, and P,Q € P4,,.

4. QUANTUM CLUSTER ALGEBRAS

For an acyclic quiver @) with n vertices, define n;; to be the number of arrows
from 4 to j for any 1 < 4, j < n. Let Bg = (b;;) and Rg = (r;;) be the n x n matrices
given by b;; = ni; —nj; and ry; = nj; for any 1 < 4,5 < n, respectively. It is easy to
see that Ba,, is invertible. Take A = —B~!, then (A, B) is a compatible pair, cf. [3],
Definition 3.1. In what follows, we also denote by A the skew-symmetric bilinear
form on Z2™ associated to the skew-symmetric matrix A.

Define the quantum torus Tp to be the Z[v,v~!]-algebra with a basis {X“:
« € 7?"} and the multiplication defined by

(4.1) X x XP = pMeB) xoth,

Let e1,es,...,ea, be the standard basis of 72", set x; = X®. In what follows, for
any o € 7°", set o* = (lap, — Ra,, ) and *a = (I3, — Rfjh)oz, where I, is the
identity matrix and Rfjh is the transpose of R4, . For a module M, we use the
corresponding lowercase boldface letter m to denote its dimension vector.

In order to relate this with the quantum torus 7, we need to use A to twist the
multiplications of the Hall algebras. Define the A-twisted dual Hall algebra $Ha(Fan)
to be the same space as 94(F2y,), but with the multiplication defined by

A((m—p)*,(n—q)*

VM@P[1] * VNeQ[1] =V "areppy * vneQu)

for any M, N € modkAs, and P,Q € Pa4,, -
Every object X of Mag,41 can be written as M @ @az i+1, where M €
mod kAsy, 1 has no injective direct summands, any I; is the indecomposable in-

jective kAg,11-module corresponding to the vertex i, and a; € Zx(; define the
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dimension vector x of X to be m — 22% a;pi, where m is the dimension vector of M
viewed as a kAs,-module and any pz_lé the dimension vector of the indecomposable
projective kAs,-module corresponding to the vertex i. Define the A-twisted dual Hall
algebra $Hp(Man11) to be the same space as £4(Mapn+1), but with the multiplication
defined by

A(x"y™)

Vx xVy =0 Vx * Vy

for any X,Y € Ma,11. Given a kAs,1-module M without injective direct sum-
mands, the kAs,-module obtained by viewing M as a kAs,-module is still denoted
by M. It is easy to see that we have the following assertion.

Lemma 4.1. There exists an isomorphism of algebras

Ya: HaMoang1) = Ha(Fn)

defined on basis elements by vx +— vpo(q(x)yen-1(a(x)))- Explicitly, Ya(var) = v
for any M € mod kA, 1 without injective direct summands and vy, , = vp,) for
1 <1< 2n.

Given a kAs,-module M and a dimension vector e € N?", we denote by GreM
the set of all submodules V' of M with e as the dimension vector. According to [9],
we have the following statement.

Proposition 4.2. There exists an algebra homomorphism ¥: $5(Fan) — Ta

such that
Y(vmern)) = Zv<p_e’m_e>|GreM|X(P—e)*—*(m—e).

Combining Lemma 4.1 and Proposition 4.2, we obtain the following assertion.

Proposition 4.3. There exists an algebra homomorphism ®: $Hx(Mapt1) — Ta
such that

B(va) = Y v (O GreM (X M0 and (L) = u;
for any M € mod kAs,+1 without injective direct summands and 1 < i < 2n.
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