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Abstract. M. Herschend, Y. Liu, H. Nakaoka introduced n-exangulated categories, which
are a simultaneous generalization of n-exact categories and (n + 2)-angulated categories.
This paper consists of two results on n-exangulated categories: (1) we give an equivalent
characterization of axiom (EA2); (2) we provide a new way to construct a closed subfunctor
of an n-exangulated category.
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1. INTRODUCTION

The notion of extriangulated categories was introduced in [7], which can be viewed
as a simultaneous generalization of exact categories and triangulated categories.
The data of such a category is a triplet (¢, E,s), where € is an additive category,
E: €°° x € — Ab is an additive bifunctor and s assigns to each 6 € E(C, A) a class
of 3-term sequences with end terms A and C such that certain axioms hold. Recently,
Herschend, Liu, Nakaoka in [1] introduced the notion of n-exangulated categories for
any positive integer n. It should be noted that the case n = 1 corresponds to ex-
triangulated categories. As typical examples we know that n-exact categories and
(n + 2)-angulated categories are n-exangulated categories, see [1], Propositions 4.34
and 4.5. However, there are some other examples of n-exangulated categories which
are neither n-exact nor (n + 2)-angulated, see [1], [2], [3], [6].
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Recall that homotopy cartesian squares in triangulated categories are the trian-
gulated analogues of the pushout and pullback squares in abelian categories. It
is well-known that the axiom (TR4) is equivalent to the homotopy cartesian ax-
iom. Recently, Kong, Lin, Wang in [4] introduced the notion of homotopy cartesian
squares and proposed a new shifted octahedron in extriangulated categories. Our
first main result shows that Kong-Lin-Wang’s result has a higher counterpart:

Theorem 1.1 (Theorem 3.4). Let (¢,E,s) be a pre-n-exangulated category.
Then € satisfies (EA2) if and only if € satisfies (EA2-1).

Relative theories are explicated by use of closed subfunctors in n-exangulated cate-
gories, see [1]. An additive subfunctor F of E is a closed subfunctor if (%, F, s|¢) is an
n-exangulated category, where s|f is a restriction of s to F, see [1], Proposition 3.16.
Our second main result provides a new way to construct a closed subfunctor of an
n-exangulated category. This is a higher counterpart of Sakai’s result.

Theorem 1.2 (Theorem 4.5). Let (¢,E,s) be an n-exangulated category and
F: € — o a half exact functor to an abelian category /. Then there exists a unique
maximal closed subfunctor F of E such that F' becomes a right exact functor from
(¢,F,s|r) to .

This article is organized as follows. In Section 2, we review some elementary
definitions and facts on n-exangulated categories. In Section 3, we prove our first

main result. In Section 4, we prove our second main result.

2. PRELIMINARIES

In this section, we briefly review basic concepts and results concerning n-
exangulated categories.

Let ¥ be an additive category and E: ¥°P x € — Ab (Ab is the category of
abelian groups) an additive bifunctor. For any pair of objects A,C' € €, an element
d € E(C, A) is called an E-extension or simply an extension. We also write such §
as 40c when we indicate A and C. The zero element 40c = 0 € E(C, A) is called
the split E-extension. For any pair of E-extensions sdc and a.6'cr, let § @ &' €
E(C@® C',A®d A’) be the element corresponding to (4,0,0,d’) through the natural
isomorphism E(C @ C', A® A") ~E(C,A) @ E(C,A") @ E(C", A) ® E(C’, A").

For any a € ¥(A,A’) and ¢ € €(C',C), E(C,a)(d) € E(C,A") and E(c, A)(0) €
E(C’, A) are simply denoted by a.d and c¢*d, respectively. Let 4d¢ and 4.8’ be any
pair of E-extensions. A morphism (a,c): 6 — ¢ of extensions is a pair of morphisms
a€C(A A and c € €(C,C") in €, satistying the equality a.d = ¢*§’. Let € be an
additive category as before, and let n be any positive integer.
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Definition 2.1 ([1], Definition 2.7). Let C« be the category of complexes in %
As its full subcategory, define C%JFQ to be the category of complexes in ¥ whose
components are zero in the degrees outside of {0,1,...,n + 1}. Namely, an object
in C%” is a complex X, = {X;,dX} of the form

X
X0—>X1 4, LﬁX —>Xn+1
We write a morphism fo: X, — Y, simply fo = (fo, f1,---, fnt1), only indicating
the terms of degrees 0,...,n + 1.

Definition 2.2 ([1], Definition 2.11). By Yoneda lemma, any extension 0 €
E(C, A) induces natural transformations

§: €(—,C) = E(—,A) and &*: €(A,—) = E(C,—).

For any X € €, these (6;)x and 6& are given as follows:
(1) (§)x: €(X,C) = E(X,A): frs f*0.
(2) 6% : C(A, X) = E(C,X): g~ g.d.
We simply denote (6;)x (f) and 6&(9) by 0;(f) and 6%(g), respectively.

Definition 2.3 ([1], Definition 2.9). Let %, E,n be as before. Define a category
£ = szi; F) as follows:
(1) An object in }E?%’Q[E) is a pair (X,,0) of Xo € C™ and § € E(X,41,Xo)
satisfying
(d5)d =0 and (dX)*6=0.

We call such a pair an E-attached complex of length n+ 2. We also denote it by

X dX dX X
Xo By x, M ey, ek xS
(2) For such pairs (X,,d) and (Y, 0), a morphism fo: (Xe,d) = (Ye, o) is defined
to be a morphism f, € C”+2(X., Y,) satisfying (fo)«0 = (fuy1)*0

We use the same composition and the identities as in C"+2.

Definition 2.4 ([1], Definition 2.13). An n-ezangle is a pair (X, J) of X, € CLL?
and § € E(X,,4+1, Xo) which satisfies the following conditions:
(1) The following sequence of functors ¥°P — Ab is exact:

€ (—,di) C(—,dy) o
%(—, Xo) S C(—, Xns1) —— E(—, Xo).

(2) The following sequence of functors 4 — Ab is exact:

#t
C(Xni1,—) @ (X0, —) —— E(Xp41,—) -
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In particular, any n-exangle is an object in &. A morphism of n-exangles simply
means a morphism in /. Thus, n-exangles form a full subcategory of /.

Definition 2.5 ([1], Definition 2.22). Let s be a correspondence which associates
a homotopic equivalence class s(J) = [4Xec] to each extension § = 40¢. Such s is
called a realization of E if it satisfies the following condition for any s(d) = [X,] and
any s(o) = [Ys].
(RO) For any morphism of extensions (a,c): § — o, there exists a morphism f, €
C%"’Q(X., Y,) of the form fo = (a, f1,..., fn,c). Such f, is called a lift of (a,c).
In such a case, we simply say that “X, realizes ¢” whenever they satisfy
5(9) = [X.].
Moreover, a realization s of E is said to be exact if it satisfies the following condi-
tions:
(R1) For any s(6) = [X,], the pair (X,,J) is an n-exangle.
(R2) For any A € %, the zero element 400 = 0 € E(0, A) satisfies

5(400)=[A % A 50— ... 500

Dually, 5(004)=0—-0—... 50— A LEN A] holds for any A € F.
Note that the above condition (R1) does not depend on the representatives of the
class [X,].

Definition 2.6 ([1], Definition 2.23). Let s be an exact realization of E.

(1) An n-exangle (X,,d) is called an s-distinguished n-exangle if it satisfies
5(0) = [Xo]. We often simply say distinguished n-exangle when s is clear
from the context.

(2) An object X, € C%JFQ is called an s-conflation or simply a conflation if it
realizes an extension § € E(X,,41, Xo).

(3) A morphism f in % is called an s-inflation or simply an inflation if it admits
a conflation X, € CZ;ZFQ satisfying d = f.

(4) A morphism g in € is called an s-deflation or simply a deflation if it admits
a conflation X, € C%"’Q satisfying dX = g.

Definition 2.7 ([1], Definition 2.27). For a morphism f, € CZ"(X,,Y,) satis-
fying fo = ida for some A = Xy = Y, its mapping cone M.f € C%JFQ is defined to
be the complex

My Mg Mg M

M,
d d, ! d ne dn t
X 2 XY 5 X30Ys 25 S X, @Y, s Y,

where

My —dif My _dl{il 0 . M Y
dy ' = , d; = v A<i<n—-1), dn’ =[fay1 d;].
f1 fiv1  d]
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The mapping cocone is defined dually, for morphisms he in C%"’Q satisfying
hn+1 = ld

Definition 2.8 ([1], Definition 2.32). A pre-n-ezangulated category is a triplet
(¢, E,s) of additive category &, additive bifunctor E: ¢°P x ¥ — Ab, and its exact
realization s, satisfying the following condition.

(EA1) Let A 5L B Y% O be any sequence of morphisms in ¢. If both f and g are
inflations, then so is g o f. Dually, if f and g are deflations, then sois go f.

If the triplet (¢, E,s) moreover satisfies the following conditions, then it is called
an n-exangulated category.

(EA2) For o € E(D,A) and ¢ € €(C, D), let 4(Xo,c*0)c and 4(Ye,0)p be dis-
tinguished n-exangles. Then (ida,c¢) has a good lift fe in the sense that its
mapping cone gives a distinguished n-exangle (M7, (df).0).

(EA2°P) Dual of (EA2).

Note that in the case when n = 1, a triplet (%, E,s) is a l-exangulated category
if and only if it is an extriangulated category, see [1], Proposition 4.3.

Example 2.9. From [1], Propositions 4.34 and 4.5 we know that n-exact cate-
gories and (n+2)-angulated categories are n-exangulated categories. There are some
other examples of n-exangulated categories which are neither n-exact nor (n + 2)-
angulated, see [1], [2], [3], [6].

3. AN EQUIVALENT CHARACTERIZATION OF THE AXIOM (EA2)

In this section we introduce the definition of homotopy cartesian squares in pre-
n-exangulated categories and provide an equivalent statement of axiom (EA2).

Definition 3.1. The commutative diagram

X, fo X, f1 o fn—2 X, 4 fn-1 X,
\L@o \Ltpl i/@n—l \Lgon
go g1 gn—2 In—1
Yo Y1 te Yn—l Yn

in a pre-n-exangulated category ¥ is called homotopy cartesian if there exists an
E-extension ¢ € E(Y,,, Xo) such that the pair

— P o
(3.1) (Xe,0): XOM)Xl@YbM)XQ@}G@...

—fn-1 O
Pn—-1 Gn-2
—_— >

forms a distinguished n-exangle, where ¢ is called a differential.

($n gn-1)

X,®Y, 1 Yn—é—>
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Remark 3.2. The distinguished n-exangle (3.1) in the definition of homotopy
cartesian diagram can also be written as follows:

—fi fi 0
(3.2) XoﬁXl@YOMXQ@Yl

( " 0)
—¥2 g1
_

( (—1f)7"LL?P1n—1 gno—2 ) ( (—1)" o gna )
: Xn 5> Ynfl Yn -

ls,

In fact, the two distinguished n-exangles are isomorphic:

<—fo> (_fl 0) <—f2 O)
®o $1 go ¥2 g1
T 7

Xo————————XieYy——=Xod Y3

. L E
() ()

fa 0O
X0—>X1@Yo—>X2@Y1M>

—fn-1 O
< Pn—1 977/—2) Xn @ Yn_l (#n gn-1) Yn _ _5_ .

[((—1)"“ 0)
frn_1 0 0 1
((—1)"%_1 gn_z> (=1 gn_s) s

—_ <X, Y, 1 —=Y, - —— >

Lemma 3.3 ([1], Proposition 3.6). Let ¢ be an n-exangulated category, a(Xe, d)c
and p(Y,, 0) p be distinguished n-exangles. Suppose that we are given a commutative
square

dg’

X0—>X1

al/ O lb
Yo——T
dg’
in €. Then the following holds.
(1) There is a morphism fo: (Xe,0) — (Y, 0) which satisfies fo = a and f1 = b.
(2) If Xg =Yy = A and a = 14 for some A € €, then the above f, can be taken to
give a distinguished n-exangle <M.f , (d).0).

Theorem 3.4. Let (¢,E,s) be a pre-n-exangulated category. Then € satis-
fies (EA2) if and only if € satisfies (EA2-1):
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n— n n g
Let Xo 2% xi o o= ox, 0 ox, Iy xS0 and xo 2o
n n &’
Y; gy Y1 In=y Y, LN Y,4+1 --+ be distinguished n-exangles, and

p1: X1 — Y1 be a morphism such that ¢, fy = go. Then there exist morphisms
pi: X; = Y; for 2 <i<n-+1, which give a morphism of distinguished n-exangles

fo f1 f2 fn 5

Xl X2 Xn Xn+1— — >
H l o2 P ot
Y g1 }XQ g2 }Xn 9n Yn+1 _ 5_’ o
and moreover,
f1 f2 fn-1 fn
X1 X2 e Xn Xn+1
l«n lw l«; Jnes
Y,l g1 Y2 g2 L 9n—1 Yn 9n Yn+1

is a homotopy cartesian diagram and (fy).d’ is the differential.

Proof. (EA2) = (EA2-1) We know that Lemma 3.3 is a consequence of (RO0)
and (EA2) by [1], and Lemma 3.3 = (EA2-1) is clear.
(EA2-1) = (EA2) Since (id, ¢n+1): (¢n+1)*0" — ¢’ is a morphism of E-extensions,

by (RO), there exist morphisms ¢}: X; — Y; for 1 < ¢ < n such that the following
diagram is commutative:
n nt1)*6’
fo Xl f1 X, fo X, f Xn+1(<ﬂ_ +_1)>
| |
H | ‘Pl | ‘Plz | \L‘P?H»l
- v n !
Yl 91 Ys g2 Y, In Yn+1 ¢ ..

By (EA2-1), there exist morphisms ¢: X; — Y; for 2 < ¢ < n + 1, which give
a morphism of distinguished n-exangles

fo f1 fa fn (‘Pn-%—l)*él

Xy Xo X, Xnt1— —>
H l L«Pé’ \Lw;', \ly‘Perl
9o Y 4 Y, 92 Y, gn Vi1 — 8 o
and moreover,
X, fi X, fr fr—1 X, fn P
e et e
Y-Sy, gn-1 y, o Yir

is a homotopy cartesian diagram and (fy).d’ is the differential.
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Since (@n41)*0" = (¢, 1)*d, that is, (@ny1 — ¢ 1)*0" = 0, then by the exact-
ness of

E(Xnt1:9n) 6{1
_—

C(Xnt1,Yn) C(Xnt1, Y1) ———— E(Xpny1, Xo) ,

there is a morphism h,4+1: X, 11 — Y, which gives g hnt+1 = on+1 — gazﬂ.

Since gn (@, — @ —hnt1fn) = G — 9nn — Gnhni1fn = 9n@p — GnPn — Pni1fn+
©n1fn =0, then by the exactness of

C(Xn,gn—1) C(Xn,gn)
_— P ——

%(men,l) %(Xnvyn) %(XannJrl) )
there is a morphism h,,: X,, — Y, _1 which gives g,_1hn = ¢}, — ¢l — hpt1fn.
Inductively, for i = 2,3,...,n — 1, we obtain h;: X; — Y;_; such that g,_1h; =

@i — @ — hiy1fi. In particular, g1(¢] — @) — haf1) = —gihafi = —oof1 + o5 f1 +

hsfafi = —q19) + g1 = 0, and hence there exist hy: X; — Y, which gives
goh1 = —haf1.
Set

QO;:SO{L‘/“‘hiJ,-lfi—f—gi_lhi ifi:2537"'5n7
vi = o
' @+ hiv1fi ifi=1,

then o1 fo = (] + haf1)fo = ¥1fo = g0, w2 fi = (¢4 + hafa + grh2)f1 = 5 f1 +
gihafi = g1} + grhef1 = g1(} + haf1) = g1p1. The commutative diagram

<*f1> (*fz 0) (*f3 0)
@} ©; o ¢35 92

Xi Xo® Y X;aYs
(-5 1) ()
—f —f2 0 —f3 0
1 (¢11) XQ@Yl(LmZX:S@YQM)...
a0 4 0 y
. ( <Pn711 9n—2) X, @Y, ( n gn—l) X1 @Y, (eni1 gn) Yoo

1 0 1 0
—hn 1 —hpy1 1

<_fn—1 0 ) <—fn 0 )
$Pn—1 Gn—-2 Yn Gn-1 (Pn+1 gn)
——>

Xy oY — "y ey, —— " Ly,
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implies that

(—f1> <—f2 0) <—f3 0)
Y1 Y2 g1 Y3 g2

X1 XY ——= X380 Y,
<—fn—1 0 ) <_fn 0 )
Pn—1 Gn-—2 Pn gn-—1 Pn+1 gn (fo)«6’
X, P Y1 Xn+1@ n = In+l _0_>

is a distinguished n-exangle.
Consequently, (idx,, ¢n+1) has a good lift (idx,, 1, %2, .-, ¥n, ¥nt+1). That is to
say (EA2) holds. O

Corollary 3.5. In Theorem 3.4, when n = 1, it is just the dual of Theorem 3.3
in [4].

4. CLOSED SUBFUNCTORS ARISING FROM HALF EXACT FUNCTORS

In this section, we introduce methods of constructing closed subfunctors of an
n-exangulated category (%, E,s) from half exact functors. Let us start with the
following key lemma.

Lemma 4.1 ([1], Proposition 3.16). Let (¢, E,s) be an n-exangulated category.
For any additive subfunctor F C E, the following statements are equivalent.
(1) (¢,F,s|r) is an n-exangulated category.
(2) s|p-inflations are closed under composition.
(3) s|p-deflations are closed under composition.
We call an additive subfunctor F C E a closed subfunctor if it satisfies the above
equivalent conditions. In this case, we call (¢,F,s|r) a relative theory of (¢, E,s).
For a relative theory (¢, F,s|r), we briefly denote it by (€, F).

Definition 4.2. Let & be an abelian category. An additive functor F': 4 — <
is called a half exact functor if the sequence

F Ff Ffn_s Ffn_1 Ffn
Fx, e px, 0 Iy I e P px

frn—2 fn-a fn

is exact for any distinguished n-exangle X ﬂ) X1 i> e — X — X,

)
Xn+1 --» . Moreover, if Ff, (or Ffy) is an epimorphism (or monomorphism), we
call F a right exact functor (or left exact functor).
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Remark 4.3. If the category ¥ is extriangulated, then Definition 4.2 coincides
with the definition of half exact functor (homological functor) of extriangulated cat-
egories, cf. [5], [8].

Definition 4.4. Let F': ¥ — < be a half exact functor. We define a sub-

set EL (X, 41, X0) of E(X,41, Xo) consisting of § such that for any distinguished

n— n— n 3 .
n-exangle X £> X3 i) . f—>2 Xn_1 f—i X, f—> Xn+1 --», we have that F'f,, is

an epimorphism in 7. Similarly, we define a subset E£ (X1, Xo) of E(X,41, Xo)
consisting of § such that F'fy is a monomorphism in 7.

Note that the above definition is well-defined, that is, it does not depend on
the choice of a distinguished n-exangle of §. Moreover, EX(X,, 1, Xo) defines the
maximum closed subfunctor such that F' becomes a right exact functor.

Theorem 4.5. Let F': € — & be a half exact functor. Then the following
statements hold.
(1) EX is a closed subfunctor of E, hence (¢, EL) is a relative theory of (¢, E,s).
(2) F restricts to a right exact functor F': (€,EE) — <.
(3) Let (€,F) be a relative theory of (¢, E,s). If F restricts to a right exact functor
F: (¢,F) — o, then we have F C EL.

Proof. (1) First of all, we claim that E% is a subfunctor of E. In fact, for any
§ € EE(Xnt1,X0) and any morphism ag: Xo — Yo, by (EA2°P), we obtain the
following commutative diagram:

fo f1 f2 fn 5

XO Xl X2 T Xn Xn-‘,—l - — >
Yo go Y, g1 Y, g2 o Y, In Xn+1 _ag&} )

Applying F to the above diagram, we have the following commutative diagram with
exact rows in &:

Ffo Ff1 Ff2 an

FX, X, FX, - FX, 2 PX,
lFaO lFal lFag lFan ‘
FY, =25 py, 29 py, L2 FY, 2 FX, .

Since F'f,, is epimorphic, then Fg, is also epimorphic. Consequently, we find that
apd € [Eg(XnJrl,YO).
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For any ¢ € [Eg(XnH,XO) and any morphism a,11: Yn11 — Xnt1, by (EA2),
we obtain the commutative diagram

: n dan
XO go Y,l g1 Y2 g2 L Yn g Yn+1 _‘1_-%-1)
H l(ll l(la l(ln l(ln+1
X, fo X, f1 X, f2 X, fn X1 — 3 .
such that
() (& 3) (& 5)
a P 5
y141>y2@X1L>Y3@X2L>...
—9gn-1 O ) —gn O
(o sl (2 5) i 5o ;
A T Y @ X ;Ynﬂ@){nu})@“ _g0

is a distinguished n-exangle. Note that god € [Eg(XnH, Y1) by the previous argu-
ment, we have the following exact sequence in it:

F —ag1 (=92 0 (9 0
FYlgFYQ@FXleYZj@FXQ (a3 fZ)

F —gn-1 O P —gn O
an—-1 fn— n Jn— F(an n
( 1 2)FYne9FXn1 (e s 1)FYn+1®FXn (anss In)

FXn+1 — 0.

In order to prove that F'g, is an epimorphism in <7, suppose that k: FY,;.1 — M
is a morphism in &7 satisfying ko Fyg, = 0. Let (k,0) € €(FYn1+1 ® FX,, M). Since
koFg, =0, then (k,0) (;f;i” ng_l ) = (=kFg,,0) = 0. Thus, there exists a unique
morphism s: FX, 11 — M such that so (Fant1,Ffn) = (k,0). So so Fapt1 = k

and s o F'f, = 0. That is to say, we have the following commutative diagram:

—Fgn 0
( Fan an—l) (Fant1 Ffn)
FYy @ FXp ~—— T py o FX, Lt ) e .

\ l(k,o) o
=

M

Note that F'f, is an epimorphism, so we have s = 0. Then k = so Fa,4+1 = 0. This
shows that Fg, is an epimorphism in &/, hence we have da, 1 € [Eg. Thus, [Eg is
a subfunctor of E.

Next, we need to show that E5(X,,41,Xo) is a subgroup of E(X,,41,Xo). Note
that 0 € EE(X,41,X0), we only need to show &' — § € EL(X,41,X0) for any
8,6 € EE(X i1, Xo). For (—id,id): Xo ® Xo — Xo and (g) L X1 @ Xpa1 —
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Xn+1, we have &' — § = (—id,id)(d & &) (ﬁ), it is enough to show that § ® ¢’ €
EE(Xni1 ® Xpi1, Xo @ Xo), and this follows from Proposition 3.2 in [1]. Thus, E£
is an additive subfunctor of E.

Finally, let X, ELN Xnt1 LN Y, +1 be any sequence of morphisms in €. Assume
that f, and g, are 5|[E§-deﬂations. By (EA1), we know that g, o f,, is an s-deflation.
Thus, we assume

§(0) = [Z0 2% 2y M 7y P2y i g, R x, My

Note that Fg, and Ff,, are epimorphic, then F (g, f,,) is an epimorphism, so 6 € E%.
This shows that s|gx-deflations are closed under composition. Thus, EE is a closed
subfunctor of E.

(2) and (3) follow immediately from the construction of EL,. O

Remark 4.6. Dually, we obtain the statement with respect to EX by applying
the above proposition to a contravariant half exact functor F': 4 — &7/°P.

Example 4.7. Let s C % be a full subcategory. Define subfunctors [E
and E” of E by

Esr(Xny1, Xo) = {6 € E(Xyy1,Xo0): (64)r = 0 for any H € S},
E? (Xpi1,Xo0) = {0 € E(Xny1,X0): (%) =0 for any H € 7}

In Proposition 3.17 of [1], it is shown that E, and E” are closed subfunctors
of E. They are special cases of Theorem 4.5. Since the restricted Yoneda functors
Yw: € — Mod# and Y?*: € — Mod #°P are half exact functors, moreover,
Ee = [EE% and E7 = [E‘L/‘# hold. In fact, for any distinguished n-exangle

frn—2 frn—1 fn g

Xo 2o x, Ly ey Tt x, I ox s

we have the following exact sequence:

Yo (fo) B .Yﬁf(fn—l) Yoe (fn) 5y

C(—, Xo) | C(—, Xn)low —C (=, Xny1)|or — E(—, Xo)| s

Thus, we have EY,” (X,41, X0) = E e (Xn11, Xo).

Corollary 4.8. In Theorem 4.5, when n = 1, it is just Proposition A in [9].

Acknowledgments. The authors would like to thank the referee for reading the
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