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Abstract. The main goal of this paper is to introduce hybrid positive implicative and
hybrid implicative (pre)filters of EQ-algebras. In the following, some characterizations of
this hybrid (pre)filters are investigated and it is proved that the quotient algebras induced by
hybrid positive implicative filters in residuated EQ-algebras are idempotent and residuated
EQ-algebra. Moreover, the relationship between hybrid implicative prefilters and hybrid
positive implicative prefilters are discussed and it is shown that these concepts coincide in
good involutive EQ-algebras. Finally, it is proved that the quotient EQ-algebra respect
to a hybrid positive implicative filter is involutive if and only if the hybrid filter is hybrid
implicative filter.
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1. INTRODUCTION

Recently Novék in [10] introduced a special algebra which is called EQ-algebra.
The first motivation for studying this algebra comes from fuzzy type theory (FTT)
(see [9]) that generalizes the system of classical type theory (see [1]), in which the
sole basic connective is equality. Analogously, the basic connective in FTT should
be fuzzy equality. Another motivation is from the equational style of proof in logic.
EQ-algebras are interesting and important for studying and researching. In fact, EQ-
algebras generalize non-commutative residuated lattices (see [3]). From the point of
view of logic, the main difference between residuated lattices and EQ-algebras lies
in the way the implication operation is obtained. While in residuated lattices it is
obtained from (strong) conjunction, in EQ-algebras it is obtained from equivalence.
Consequently, the two kinds of algebras differ in several essential points despite
their many similar or identical properties. After the introduction of fuzzy sets by
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Zadeh (see [13]), this theory has been applied in different areas of computer and
management sciences and computer engineering. Molodtsov in [8] introduced the
concept of soft set to deal with uncertainties with avoiding the difficulties that appear
with the usual theoretical approaches. The notion of hybrid structure was introduced
by Jun, Song and Muhiuddin (see [5]) as a parallel circuit of fuzzy and soft sets. The
notion of hybrid structure was introduced into a set of parameters on an initial
universe set and it was applied to BCK/BCI algebras and linear spaces. Moreover,
hybrid ideals in semigroups were introduced by Anis et al. in [2]. This motivated
us to introduce the new kinds of hybrid (pre)filtres of EQ-algebras and study some
properties of them.

2. PRELIMINARIES

In this section, we give some fundamental definitions and results. For more details,
refer to the references.

Definition 2.1 ([11]). An EQ-algebra is an algebra (L,A,®,~,1) of type
(2,2,2,0) satisfying the following axioms:
(E1) (L,A,1) is a A-semilattice with top element 1. We set z < y if and only if
TNy =uw,
(E2) (L,®,1) is a commutative monoid and © is isotone with respect to <,
(E3) z ~x =1 (reflexivity axiom),
(E4) (zAhy)~2)©(s~x) <z~ (sAy) (substitution axiom),
(E5) (x~y)®(s~t)< (x~s)~ (y~t) (congruence axiom),
(E6) (xAyAz)~a< (zAy)~ 2 (monotonicity axiom),
(E7) 20y <z ~y (boundedness axiom)

for all s,t,2,y,z € L.

Let L be an EQ-algebra. Then for all x,y € L we put
r—oy=(xAy) ~z, T=x~1

The derived operation — is called implication. If an EQ-algebra L contains a bottom
element 0, then we may define the unary operation = on L by —x =z ~ 0.

Definition 2.2 ([3], [11]). Let L be an EQ-algebra. Then we say that it is
separated if x ~ y = 1 implies x = y for all z,y € L, good if T = z for all z € L,
residuated if (xOy)Az=x0Gyifand only if e A ((yAz)~y)=xzforall z,y,z € L,
and involutive (IEQ-algebra) if -—z = x for all x € L, when L contains a bottom
element 0.
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Lemma 2.3 ([4], [11]). Let L be an EQ-algebra. Then the following properties
hold for all x,y,z € L:

() z~y<z—yy<loy20y<aAy<a,y,

(i) z s y< (xAz2) = (YA 2),

(i) z—=y)<(y—z2z)—m(r—=z2z)and (z > y) < (z—>2z) = (2 > y),
(iv) ifr <y,thenz —wy=1landy —z=1x~y,
(v) ife<y,thenz—ax<z—orzandy = z<x— 2z,
(i) (3~ ) < (@A 2) ~ (g A 2),
(vii) if L is separated, then x — y = 1 if and only if x < y,
(vii) if L is good, then x ® (z — y) <y,
(viii) if L is good, then x — (y — 2z) =y — (z — 2).

Definition 2.4 ([6]). Let L be an EQ-algebra and () # F C L. Then
(i) F is called a prefilter of L if it satisfies:
(F1) 1€ F,
(F2) fx e F,o -y € F,theny € F for all z,y € L.
(if) A prefilter F' is said to be a filter if it satisfies:
(F3) If t »y€ F,then (z©z2) » (y®z) € Fiorall z,y,z € L.
Prefilters and filters coincide in residuated EQ-algebas.

In the following, we shall use I for the unit interval, X for the set of parameters
and P(U) for the power set of an initial universe set U.

Definition 2.5 ([5]). A hybrid structure in X over U is defined to be a mapping
oy = (@) X 5 PU) %1, 2 = (3(2), Ma)),

where ¢: X — P(U) and A\: X — [ are mappings. Moreover, the set @ [a,t] :=
{r e X: ¢(z) D a,\xz) <t} is called [a, t]-hybrid cut of @y.

Definition 2.6 ([12]). Let L be an EQ-algebra. Then
(i) a hybrid structure @y in L over U is called a hybrid prefilter of L over U if it
satisfies the followings for any =,y € L:
(HPF1) 3(1) 2 3(x), A(1) < A(a),
(HPF2) 3(y) 2 3z — y) N 3(2), M) < Mz = 3) v A2).
(ii) @y is called a hybrid filter of L over U if for any z,y,z € L
HF) o(z0z—=y02) 29z —=y), M(z0z—=y02) <Nz —vy).

Theorem 2.7 ([12]). Let ¢y be a hybrid structure of EQ-algebra L over U. Then
the following statements are equivalent:
(i) ®x is a hybrid (pre)filter of L over U.
(ii) For any a € P(U) and t € I, the nonempty subsets @y(a) and @y(t) are
(pre)filters of L.
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Note that the concepts of hybrid prefilters and hybrid filters coincide when EQ-
algebra L is residuated.

Proposition 2.8 ([12]). Let @y be a hybrid prefilter of EQ-algebra L over U.
Then for any x,y,z € L:

(i) ifz <y, then p(y) 2 4(2), A(y) < Az),
(i) pz—=2) 29z —=y) Ny = 2), Mz —2) <Mz = y)VA(y — 2).

Consider hybrid filter ¢ of EQ-algebra L over U and define a binary relation =3,
on L as follows:

r=gz,y ifandonlyif o(z~y)=0¢(1), MMz~y)=A1).

Then =5, is a congruence relation on L. We denote the equivalence class x w.r.t
=5, by [z]z, ([z] for short). Furthermore, we define quotient algebra L/py :=
{[z]: = € L} and the operations M, ~, ® for [z], [y] € L/Px as follows:

[z] Nyl =[xz Ayl, [z]=yl=[z~yl, oy :=xoy.

The top element is [1] and [z] < [y] if and only if [z] M [y] = [z] if and only if
r ANy =g, = if and only if

pleany~z)=0p() and AazAy~z)=A1)

if and only if
¢z —y)=9¢(1) and Az —y)=A1).

Theorem 2.9 ([12]). Let ¢x be a hybrid filter of EQ-algebra L over U. Then
(L/ox, M, =, ®,[1]) is a separated EQ-algebra which is called quotient EQ-algebra
respect to ¢y and the mapping f: L — L/py defined by f(x) = [z] is an EQ-
epimorphism.

Note 2.10. From now on, in this paper we let L be an EQ-algebra, unless stated
otherwise.
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3. HYBRID POSITIVE IMPLICATIVE (PRE)FILTERS OF EQ-ALGEBRAS

In this section, hybrid positive implicative (pre)filters of EQ-algebras are intro-
duced and some related results are provided.

Definition 3.1. Let @) be a hybrid prefilter of L over U. Then ¢, is called
a hybrid positive implicative prefilter of L over U if it satisfies the following for all
z,y, 2 € L:
(HPI) ¢(z = 2) 2@z —= (y = 2) NPz = y) and A(z = 2) < Mo = (y = 2)) V
Az — y).
Moreover, if @y is a hybrid filter of L over U and satisfies (HPI), then ¢ is called
a hybrid positive implicative filter of L over U.

Theorem 3.2. Let ¢y be a hybrid prefilter of L over U. Then the following
statements are equivalent:
(i) @ is a hybrid positive implicative perfilter of L over U,
(ii) p((xA(x —=y)) = y)=¢1) and AM((x A (x — y)) = y) = A1) for any x,y € L.
Proof. (i) = (ii): Since by Lemma 2.3 (i) for any z,y € L, z A (v — y) < z,
x —y, we get that (A (x - y)) 2z =1and (xA(x = y)) = (¢ > y) =1and
since @) is a hybrid positive implicative prefilter of L over U, we conclude that

oAz —=y)) =y 20(xA(z—=y) = (@—=y)Ne(@A (@ —y) =)
=oM)ne) =e(1)

and

MaA@—=y) =y) SM@Al@—=y) =@ =) V(@A (@ —y) =)
1) v

<A
< A1) VAL <AL

Therefore, by Definition 2.6, ¢((zA(x — y)) — y) = @(1) and A((zA(z — y)) = y) =
A(1) for any z,y € L.

(ii) = (i): Since by Lemma 2.3 (ii) for any z,y,z € L, x = y < (zAx) = (xAy) =
x—= (xAy)and z — (y = 2) < (x Ay) = y A (y — 2), by Proposition 2.8 (i), we
conclude that

Pz = (zAy)) 20 —y) and Az — (zAY)) <Mz —y),
S((xny) = yAly—2) 20— (y = 2))

and
MEAy) = yAy—2) <Az = (y—2)).
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Now, by (ii) and Proposition 2.8 (ii), we have:

Plx—=2) 20— (YN (y—2)Ne(yA(y —2)) = 2)

=o@ = (yAy—2)Nel)=o@ = (yA(y — 2)))
20— (xAy)Ne((zAy) = YAy — 2)))
2@(@—=y)Nnglx— (y = 2))

M e €A WAL M VAW ) -
SAz = @AY —=2) VAL <Mz = (YA (y = 2)))
SAMz = (2 AY) VAM(zAYy) = (YA (Y = 2)))
<Mz = y)VAz = (y— 2)).

Therefore, @) is a hybrid positive implicative perfilter of L over U. O

Corollary 3.3. If ¢, is a hybrid positive implicative prefilter of L over U, then
1) (1 —-2z) = 2)=9(1) and A\((1 = ) = x) = A(1) for any x € L,
(i) e((zo(z = y)) = y) = @(1) and AM(z© (z — y)) = y) = A(1) for any z,y € L.

Proof. (i) It follows from Theorem 3.2, by considering x = 1 and y = z.

(if) Since by Lemma 2.3 (i) and (v), z® (z — y) < z A (x — y) and so (z A
(= 9y) 2y< (20 (x = y)) — y for any z,y € L, by Proposition 2.8 (i) and
Theorem 3.2, we conclude that

P(zo@—=y) =y 20z A (z—y)) = y) =e(1),
and

Mz o(z—=y) =y <MzA(z—y) —=y) = A1)
Therefore, by Definition 2.6,

Pz O (@ —=y)=y)=¢(1) and A(z O (z—=y)) —=y)=A1)
for any z,y € L. (]

Example 3.4. Let L ={0,a,b,1} be a chain 0 < a < b < 1 with Cayley tables
as follows:

Routine calculation shows that (L, A, ®,~, 1) is an FQ-algebra, see [6].

— o2 ol®
O O O OO
Q2 2 O
ot Q Ol
— o Ol
— o9 ol
o o o rlo
Q2 ~ O
— = Olo
— = Ol

Table 1.
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Now, let U = {u1, ua, us, ug, us, ug} be an initial universe set and @y = (@, ) be
a hybrid structure in L over U which is given by Table 2.:

Ll ¢ A

0 {u1} 0.8

a | {ui,uz} 0.6

b U 0.4

1 U 0.1
Table 2. Hybrid structure.

Then by direct calculations we verify that o((z A (z — y)) = y) = ¢(1) and A((z A
(x = y)) = y) = A1) for any x,y € L and so by Theorem 3.2, ¢, is a hybrid
positive implicative prefilter of L over U.

Theorem 3.5. Let ¢, be a hybrid positive implicative filter of L over U. Then
L/oy is a good EQ-algebra.

Proof. Let ¢ be a hybrid positive implicative filter of L over U. Then
by Theorem 2.9, L/p, is a separated EQ-algebra. Moreover, by Corollary 3.3,
o((1 - z) - z) = ¢(1) and M((1 — z) — x) = A1) for any x € L. Hence,
[1 — 2] = [x] = [1] and since L/@y is separated, by Lemma 2.3 (vii), we get that
[1] = [z] = [1 — 2] < [z] and since by Lemma 2.3 (i), [z] < [1] = [z], we get that
[1] =2 [x] = [z] and so [1] = [z] = [z] for any [z] € L/@x. Therefore, L/, is a good
EQ-algebra. O

Theorem 3.6. Let ¢y, zz,, be two hybrid prefilters of L over U such that (1) =
P(1), A(1) = v(1) and ¢ < . If §y is a hybrid positive implicative prefilter of L
over U, so is ¥,,.

Proof. Let @) be a hybrid positive implicative prefilter of L over U. Then
by Theorem 3.2 for any z,y € L, p((x A (z — y)) = y) = ®(1) and A((z A
(z = y)) = y) = A(1) and since @y < 1, we conclude that ¢ ((z A (z — y)) = y) D
Bl A (@ = ) = 5) = 3(1) = B(1) and #(1) = A1) = M@ A (& > 1) > 1) <
v((x A (x — y)) — y). Hence, by Definition 2.6, we conclude that ¥ ((z A
(z = ) = y) = ¢¥1) and v((z A (z = y)) = y) = v(1) for any z,y € L.
Therefore, by Theorem 3.2, {bvl, is a hybrid positive implicative prefilter of L over U.

(]

Theorem 3.7. Let @y be a hybrid prefilter of L over U. Then the following
statements are equivalent:
(i) ®x is a hybrid positive implicative perfilter of L over U,
(ii) ¢z = y) 2 ox — (xr = y)) and A(z = y) < Mo — (v — y)) for any =,y € L.
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Proof. (i) = (ii): Let z,y € L and @) be a hybrid positive implicative perfilter
of L over U. Then

Pl —=y) 2 o = (z = y)) ez =)
=oz = (@—=y)ned)=o@— (z—y))
and
(= (x—=y)VA(z—2)
(= (x—=9)VAQ) <Az = (. — y)).

(ii) = (i): Let z,y,z € L. Then by Lemma 2.3 (iii), (x — y) < (y = 2) —
(x = z)andz = (y = 2) < ((y = 2) = (xr = 2)) = (¢ = (r — 2)) and so by
Proposition 2.8 (i),

Py—=2)=(r—=2) 20 —=y), My—2)—=(@—=2)<(@—=y)
and
P((y=2)=(x=2) =2 (= (r—=2)2
My—=2)=(x—=2) = (= (z—2) <

Now, by (ii), we conclude that

Therefore, @, is a hybrid positive implicative perfilter of L over U. (]

Corollary 3.8. If ¢y is a hybrid positive implicative prefilter of L over U, then
for any x,y € L,

Pl —=y)2¢x~(@—y) and Az —y) <Az~ (z—y).
Proof. It follows from Lemma 2.3 (i) and Theorem 3.7. O
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Definition 3.9. Let @) be a hybrid prefilter of L over U. Then we say that @y
has weak hybrid exchange principle if for any x,y, z € L, it satisfies

Pla—=(y—=2)2¢y—=(x—2) and ANz —= (y—2) <Ay = (z— 2)).

Example 3.10. Let @) be a hybrid filter in Example 3.4. Then ¢, has weak
hybrid exchange principle. Note that in this example, L is not a good EQ-algebra
because 1 ~ b= 1.

Theorem 3.11. Let ¢y be a hybrid prefilter of L over U and satisfy the weak
hybrid exchange principle. Then the following statements are equivalent:
(i) @ is a hybrid positive implicative perfilter of L over U,
(i) p((x = y) =2 (x—=2) 2@(x = (y = 2)) and AM((x = y) = (x = 2)) < ANz —
(y — 2)) for any z,y,z € L.

Proof. (i) = (ii): Let x,y,z € L. Then by Lemma 2.3 (iii) and (v), we have
(z—=y)2y<yy—2 —->(z—=y) > 2andsozr — ((z >y -y <z —
((y = z) = ((x — y) — 2)). Hence, by (i), Proposition 2.8 (i) and condition weak
exchange principle we have:

Pz =y) = (x—2)) 20— (z—y) = 2)
29— ((y—=2) = ((x—y) = 2)Nel—(y—2))
20— ((z—=y) =y)nel@—=(y—2)
20 —=y) = (@—=y)Nol@— (y—2))
=o(1)Ng(x = (y = 2)) =¢@ = (y = 2))

and

Mrz—oy)=(x—=2) <M= ((z—=y) > 2)
Az = ((y = 2) = (@ = y) = 2) VA = (y = 2))
Az = (@ =y) =2 y) VA = (y = 2))
SME—=y) = (z=y) VAlz = (y = 2))
=AM VAz—= (y—2) =AMz — (y = 2)).

(ii) = (i): Since @, is a hybrid prefilter of L over U, by (ii) we conclude that

Ple—2)20((x—y) = (x—=2)No—y) 20— (y = 2)) Nz —y)
and

Mz —=2)<AM(z—=y) = (x—=2)VAXz—=y) <M= (y—=2) VA —y).
Therefore, ¢, is a hybrid positive implicative perfilter of L over U. ]
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Note that by Lemma 2.3 (viii), in any good EQ-algebra, for any z,y,z € L,
z—= (y—2) =y — (x = 2). Soif Lis a good EQ-algebra, then every hybrid
prefilter has weak hybrid exchange principle. Therefore, by Theorem 3.2, Theo-
rem 3.7 and Theorem 3.11, we conclude the following corollary:

Corollary 3.12. Let L be a good EQ-algebra and @) be a hybrid prefilter of L
over U. Then the following statements are equivalent:
(i) ®x is a hybrid positive implicative perfilter of L over U.
) (A (z—y)) = y)=p¢1) and M(zA(z = y)) = y) = A1) for any z,y € L.
(i) ¢z = y) D @(x = (x — y)) and AM(x = y) < AN(z = (z = y)) for any z,y € L.
) F(@ =) > (@ = 2) 23z = (y = 2)) and A(@ = 1) > (@ = 2)) <A@ -
(y — 2)) for any z,y,z € L.

Proposition 3.13 ([4]). The following properties are equivalent:
(i) an EQ-algebra L is residuated;
(ii) the EQ-algebra L is good and for any z,y,z € L,

(%) (xoy) 2 z<x— (y— 2).

Theorem 3.14. Let L be an EQ-algebra and satisfy (x), @x be a hybrid filter
of L over U. Then the following statements are equivalent:
(i) @ is a hybrid positive implicative perfilter of L over U,
(i) @z 2 20x) =2(z0 (z = y) > y) =¢() and Mz — z O z) = AM(z ®
(x = y)) = y)= A1) for any z,y € L.

Proof. (i) = (ii): Let @ be a hybrid positive implicative perfilter of L over U.
Then by Corollary 3.3 (ii),

Pz —=y) =y =¢1) and MN(zO(z—=y) =y)=A1)
for any z,y € L.
Moreover, since z @ x — x @ = 1 and by condition (), l =20 x - 2Oz <
x — (x — (x ®x)), by Proposition 2.8 (i), we get that

Pla—=(x—=(x0x)2¢(1) and Az —= (z—= (z0x))) < A1).

Hence, by Theorem 3.7, p(x — (20x)) 2 ¢(x — (x — (zGx))) and A(z — (2Ox)) <
Mz = (z = (z©x))). Therefore, p(z — (zOx)) = ¢(1) and Mz = (zOx)) = A(1).
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(ii) = (i): Let x,y,2z € L. Then by Proposition 2.8 (ii), we have

plr—2)2¢

= Yoy —2)Na((yo(y—=2)—2)

= (r02)Ne(r0r) = (Yo (y—2) Ny (y — 2) — 2)
DNe((rox) = (Yo (y—2)Nned)

(zOz) = (Yo (y = 2)))
TOr)=r0y)NE(z0y) = (Yo (y — 2)))
r—=y) Nz — (y— 2))

= ol —=2)VMyoly—=2)—2)
z=z0x)VA(z0z) = (YO (y—=2) VA (y O (y — 2)) — 2)
DVAMzoz) = (yo(y—2)) VAL

(zoz) = (Yo (Y —2)

(oY) VA oy) = (Yo (y = 2))

) —
) = (x
y)V Az = (y = 2)).

rOx

S
1

Therefore, @y is a hybrid positive implicative perfilter of L over U. O

Theorem 3.15. Let L be an EQ-algebra and satisfy (x), ¢x be a hybrid filter
of L over U. Then the following statements are equivalent:
(i) @x is a hybrid positive implicative perfilter of L over U,
(ii) L/ is a residuated and idempotent EQ-algebra.

Proof. (i) = (ii): Let @ be a hybrid positive implicative perfilter of L over U.
Then by Theorem 2.9, L/, is a good algebra and since by condition (%), for any
z,y,2€ Lyx ®y — z <z — (y — 2), we conclude that

Py —=2) = (z—=(y—2)=9001)
and
Moy —=2)—= (= (y—2)=XAD).

Hence, [2] ® [y] = [2] < [z] = ([y] = [2]) and so L/@, satisfies (x). Thus, by
Proposition 3.13, L/$) is a residuated EQ-algebra. Moreover, since by Theorem 3.14,
Pl > z0z) =¢() and Mz — x ® ) = A(1), for any z € L we conclude that
[7] < [r® 2] =[] ® [x] and since [z] ® [z] < [7], we get that [x]? = [2] ® [z] = [z] for
any [x] € L/@x. Therefore, L/p) is an idempotent EQ-algebra.
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(ii) = (i): If L/py is a residuated and idempotent EQ-algebra, then by Porpo-
sition 3.13, it is a good EQ-algebra and so by Lemma 2.3 (vii), [z ® (z — y)] =
[z] @ ([z] = [y]) < [y] and since L/@) is idempotent, we get that [z]? = [2] ® [z] = [7]
for any [z], [y] € L/@». Hence, 3(z - 2 © 2) = F(1), F((z © (z = y)) — 1) = B(1)
and A((z© (r = y)) = y) = A1), Mz - 2 © ) = A(1) for any z,y € L. Therefore,
by Theorem 3.14, ¢y is a hybrid positive implicative perfilter of L over U. O

Corollary 3.16. Let L be a resiudated EQ-algebra and ¢ be a hybrid filter of L
over U. Then the following statements are equivalent:
(i) ®x is a hybrid positive implicative perfilter of L over U,
(i) ((x ANy) = 2) 20((x ©Oy) = 2z) and M(z Ay) — 2z) < M(x @ y) — z) for any
z,y,z € L,
(i) g((zA(z = y)) = y) =¢(1) and A((z A (z = y)) = y) = A(1) for any z,y € L,
(iv) p(z = y) 2¢(z = (r = y)) and Mz — y) < Mz — (z = y)) for any x,y € L,
(v) B((@ = 9) > (8 = 2)) 2 Fw = (y — 2)) and A((@ = ) = (& — 2)) < Az —
(y — 2)) for any z,y,z € L,
(vi) p(z 5z x) =¢(1) and AMxz — x ©®x) = A(1) for any x,y € L,
(vii) L/@y is a residuated and idempotent EQ-algebra.

Proof. (i)= (ii): Since L is residuated, by Proposition 3.13 and Lemma 2.3 (ii),
we conclude that Oy - z <z — (y > 2) <z Ay — (yA(y — 2)). Hence, by
Proposition 2.8 (i) and (ii) and Theorem 3.2 we have:

oz Ay) = 2) 20 Ay) = WAy —=2)Ne((yA(y = 2) = 2)
=@((@Ay) = WAy —2)Nned) =o((zAy) = WAy — 2)))

(if) = (i): Since L is residuated, by Proposition 3.13 and Lemma 2.3 (iv) and (viii),
we conclude that (x ® (x — y)) = y = 1. Now, by (ii) for any z,y € L, we have:

((z ©(x =) = y) = o),
(z O (=) —=y) = o).

Hence, p((z A (z = y)) = y) = ¢(1) and A((z A (z = y)) = y) = A(1) and so by
Theorem 3.2, ¢, is a hybrid positive implicative perfilter of L over U. O
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Definition 3.17. The characterstic hybrid structure in L over U is denoted
by X{1},» and is defined by the following:

X1y = X1y, Aqy): L= P(U) x I,
(@) U ifz=1,
x) =
T ) otherwise,

0 ifzx=1,
)\{1}(1)) =

1 otherwise.

Theorem 3.18. Let L be a residuated EQ-algebra. Then the following statements
are equivalent:
(i) L is an idempotent EQ-algebra,
(ii) every hybrid filter of L over U is a hybrid positive implicative filter,
(iii) X{1y,» is @ hybrid positive implicative filter of L over U.

Proof. (i) = (ii): Let L be an idempotent residuated EQ-algebra and @y
be a hybrid filter of L over U. Then for any x € L, ¢ — z ®x = 1 and so
Pl = (xox)) =¢(1) and Az — (z © z)) = A(1). Hence, by Corollary 3.16, $ is
a hybrid positive implicative filter of L over U.

(ii) = (iii): We prove that X1}, is a hybrid filter of L over U. By definition
of X¢13,, we have X;13(1) = U 2 Xq3(7) and Apgy(1) = 0 < Apy(x) for any
r € L Ify =1, then for any » € L, X(13(y) = U 2 Xq13(z — ») N X1y (x) and
Ay(y) =0 < Ay = y) VA (z). If 2 =1 and y # 1, then for any y € L,

X)) =02 xm(1 = y)Nx1)=0nU =10

and
A{l}(y) =0< )\{1}(1 —y)V )\{1}(1) =0Vv1=0.

Tf 2,y # 1, then
X3 (W) =02 Xy (z = y) DXy (@) = Xz = y) NP =0
and
Ay(y) =0< Ay = y) VA (D) = Agy(z = y) VO = Ay (z = y).

Therefore, x(1y,» is a hybrid perfilter of L over U. Now, we show that (1} is a
filter of L over U. Let z,y,z € L. If t ® z - y ® z = 1, then

Xy (r0z = y©2) =U 2 Xq3(r = y) and A\ (202 = y©z) =0 < My (v = y).
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fz0z—>y®z#1,thenz®z £ y©®zand so z £ y, since if z < y, by (E2), we
get that # ® z < y ® 2z, which is impossible. Hence, z £ y and so  — y # 1. Thus,

X1} (202 = y0z) = Xy = y) =0 and A1y(20z = yOz) = My (z — y) = 0.

Therefore, X13,) is a hybrid filter of L over U and so by (ii), a hybrid positive
implicative of L over U.

(iii) = (i): Since X{13,» is a hybrid positive implicative of L over U, by Corol-
lary 3.16, we conclude that L/X 1}, is a residuated and idempotent EQ-algebra and
so for any [z] € L/X{1},x, [z] ® [2] = [x]. Now, we consider two cases for any = € L:

Case (I): If [z] # [1], then [z] ® [x] = [z] and so

Xz = rox)=x1(1) =U.

Hence, by definition of X1}, we conclude that z -z ©z = 1.
Case (II): If [x] = [1], then [z] ® [z] = [1] and

Xz oz)=xn(l=zoz) =xn(1) =U.
Now, by Proposition 2.8 (ii), we have:

Xin(r = 2z0x) DXy —=1)NX (1= 2z0n)
= X)) Nxy(1) =X (1) = U.

Hence, by definition of X1}, we conclude that * — z © x = 1. Therefore, for any
x € L we have z — x®x = 1 and since by Lemma 2.3 (i), t©z — x = 1, we conclude
that * ® x = x for any x € L. Therefore, L is an idempotent EQ-algebra. O

4. HYBRID IMPLICATIVE (PRE)FILTERS IN EQ-ALGEBRAS

In this section we introduce the concept of hybrid implicative (pre)filters in EQ-
algebras and we give some related results.

Definition 4.1. Let ¢y be a hybrid structure in L over U. Then ¢, is called a
hybrid implicative prefilter of L over U if for any x,y, z € L, it satisfies the followings:
(HPF1) 3(1) 2 3(x), A(1) < A(w),

(HIF) ¢(z) 2 ¢(z = ((z = y) = 2))No(2), AMz) S Mz = ((z = y) = 2)) VA(2).

Moreover, @ is called a hybrid implicative filter of L over U if it satisfies (HF).
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Example 4.2. Let L = {0,a,b,¢,d,1}, where 0 < a,b<ec<1,0<b<d <1,
but a, b and respective ¢, d are incomparable. The production and fuzzy equality
are defined as follows:

®l 0 a b ¢ d 1 ~| 0 a b ¢ d 1 =0 a b ¢ d 1
00 0 0O O 0 O 0|1 d ¢ b a 0 o1 1 1 1 1 1
al 0 a 0 a 0 a ald 1 b ¢ 0 a ald 1 d 1 d 1
b0 0 0O 0 b b blec b 1 d ¢ b blc ¢ 1 1 1 1
c|l 0 a 0 a b c clb ¢ d 1 b c c|lb ¢ d 1 d 1
dl{0 0 b b d d dla 0 ¢ b 1 d dla a ¢ ¢ 1 1
110 a b ¢ d 1 110 a b ¢ d 1 110 a b ¢ d 1
Table 3. Table 4. Table 5.

Then (L, A, ®,~,1) is an EQ-algebra (see [7]). Now, let U = {u1,u2, us, u4, us, ug}
be an initial universe set and @ = (®, A) be a hybrid structure in L over U, which
is given by Table 6.:

L %] A
0 {u} 0.7
a| {ui,uz} 0.7
b {u} 0.7
c| {ui,u2} 0.7
d {UQ, ’u,3} 0.4
1 U 0.2

Table 6. Hybrid structure.
Then by direct calculations we verify that @ is a hybrid implicative filter of L over U.

Proposition 4.3. Let py be a hybrid implicative prefilter of L over U. If x < y,
then ¢(y) 2 ¢(x) and A(x) < A(y) for any x,y € L.

Proof. Letx,y € L such that 2 < y. Then by Lemma 2.3 (iv), z = y = 1 and
since by Lemma 2.3 (i) and (v), y < (y »y) myand z »y <z — ((y = y) = v),
we get that © — ((y — y) — y) = 1. Now, since @, is a hybrid implicative prefilter
of L over U, we conclude that

Py) 2 0z = ((y = y) = y) Ng(x) = (1)
Az = ((y = y) =) VA) = A1)

o(x) = p(x),

N
VA(x) = A(z). 0

Proposition 4.4. Every hybrid implicative prefilter of L over U is a hybrid pre-
filter.

Proof. It follows from Lemma 2.3 (i) and Proposition 4.3. O
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Theorem 4.5. Let @y be a hybrid prefilter of L over U. Then the following
statements are equivalent:
(i) ®x is a hybrid implicative prefilter of L over U,
(ii) o(x) 2 p((x = y) = x) and Mz) < AM((x — y) — ) for any x,y € L.

Proof. (i) = (ii): Assume that @y is a hybrid implicative prefilter of L over U
and z,y € L. Since by Lemma 2.3 (i), (x = y) > 2 <1 = ((z = y) — x), by
Proposition 2.8 (i), we conclude that

291 = ((z—=y) —=2)Nnel)=¢(1 = ((z > y) =) 26—y =),
Az) KMl = ((z—=y)—=2)VAL) =M1 = (z = y) = 2) < AM(z = y) — 2).

(ii) = (i): Since @, is a hybrid prefilter of L over U, by (ii) for any z,y,z € L we
get that

(@) 2 ¢((x = y) = 2) 20(z = ((x = y) = 2)) No(2),
Mz —y)—=2)<Az—= (x—=y) =) VAR).
Therefore, @) is a hybrid implicative prefilter of L over U. (I

Theorem 4.6. Let ¢, be a hybrid implicative prefilter of L over U. Then @) is
a hybrid positive implicative prefilter of L over U.

Proof. Since by Lemma 2.3(i) and (v), 2 A (z — y) < z and ¢ — y <
(x ANz — y)) = y and since z A (z — y) < © — y, we get that x A (z — y) <
(xA(x = y)) = y. Hence, (zA(z —y)) 2 y) 2y < (xA(xr—y)) = yand so
(A (x—=y) =y =y = (A (xr = y)) — y) =1. Now, since @, is a hybrid
implicative prefilter of L over U, by Theorem 4.5, we conclude that

P(@A(z=y) =y 20(((zA (@ —=y) =y =y) = (@A @ —=y) =)
=o(1)

and

M Az —=y) =) SM(zA (@ —=y) =y =y) = (A (@ =y) 2 y)
=A

(1).
Hence,
ezn(z—y)—=y)=¢1) and A(zA(z—=y)) —y)= A1)

Therefore, by Theorem 3.2, ¢y is a hybrid positive implicative prefilter of L over U.
O
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Theorem 4.7. Let o) be a hybrid positive implicative prefilter of L over U with
hybrid weak exchange principle. Then the following statements are equivalent:
(i) @x is a hybrid implicative prefilter of L over U,
(i) 3((y = 2) = 2) 2 3((x — y) = y) and A(y — 2) — 7) < A(z = y) — p) for
any z,y € L.

Proof. (i) = (ii): Since by Lemma 2.3 (iii), for any z,y € L, (z = y) = y <
(y = x) = ((z = y) — z), by Proposition 2.8 (i), we get that
oy = z) = ((z = y) 2 2) 20((z = y) = y)
and
My =)= (z=y) =) <Mz —=y) =)

and since ¢y has hybrid weak exchange principle, we conclude that
oz —=y) = (y =) =2 2) 20((y = 2) = (2 = y) > x))

and
Mz —=y) = ((y—=2) > 2) <Ay —2) = (2= y) =)

Moreover, by Lemma 2.3 (i) and (v), we have z < (y » z) » z and ((y — z) = z) —
y<x —y. Hence, (x = y) = (y > 2) >2) < (((y = 2) 5 z) >y —
((y = x) = x) and so by Proposition 2.8 (i), we get

Now, since @) is a hybrid implicative prefilter of L over U, by Theorem 4.5, we
conclude that
oy =) =2) 20((((y = 2) = 2) = y) = ((y = z) = 2))

((z=y) = ((y = 2) =)

V)
3

20((y—z) = ((z—y)—2) 20z —=y)—y)
and

My —z)—=z) < M((y = 2) =2) =y = ((y = 2) =)
<Mz —=y) = (y = z) =)
<A

(y = 2) = (¢ = y) =) <Mz =y) =)
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(ii) = (i): Since by Lemma 2.3 (i), (iii) and (v), for any z,y € L, y < z — y,

=y wz<y—zand (z 2 y) 2z < (z =y — ((r =y — y),by

Proposition 2.8 (i), we conclude that
ply—=2) 20z =y) =), Ay—2) <Mz—y) =)

and

pX
&
|}
pt
<
1
&
¢

&
D
pt
<

1
&
v
pSX
=

Lol

e
¢

S
)
S
<

¢

&

[¥;
pX
)
1
<
1
=
1
<
1
s

N
2o((x—=y)—=2)No((z = y) = 2)=0(r = y) = 2)
and

Az)

NN N

A
M —=y) = ((z—=y) > y) VAY — )
Mz —=y) =) VA((zr = y) = 2)=A(z = y) — 2).

Therefore, by Theorem 4.5 ¢y is a hybrid implicative prefilter of L over U.

(y—=z) = 2)VAYy = z) <Mz —y) = y) VAY = 2)

O

Theorem 4.8. Let ¢y, zz,, be two hybrid prefilters of L over U such that p(1) =
¥(1), A1) = v(1) and gy < 9. If ¢y is a hybrid implicative prefilter of L over U
with hybrid weak exchange principle, then 1, is a hybrid implicative prefilter of L

over U.

Proof. Foranyz,y € Llet u= (x = y) — x. Then by Lemma 2.3 (i) and (v),

z < u— x and so

(u—z)Dy<z—y andso u=(z—y) -z (u—o2z)—>yY 2

Hence, u — (((u — ) — y) — x) = 1 and since @, has hybrid weak exchange

principle, we get that
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Now, since @) is a hybrid implicative prefilter, we conclude that

Hence, 3(u — x) = 3(1) and A(u — ) = A(1) and since Gy < 1, we get that
Yu— 2) D Pu— ) = F(1) = (1) and v(u — x) < Au — 2) = A(1) = v(1).
Hence, 1(u — x) = (1) and v(u — z) = v(1). Finally, since 1), is a hybrid prefilter
of L over U, we conclude that

— ~

Y(z) D p(u— 2) NPu) = (1) NP(u) = §((z = y) - z)
and
viz) vu—=z)Vr(z) <v(l)Ve(r) =v(u) <v(lz —y) — ).
Therefore, by Theorem 4.5, {/;l, is a hybrid implicative prefilter of L over U. O
Theorem 4.9. Let L be an EQ-algebra with bottom element 0 and ¢ be a hybrid
prefilter of L over U. Then the following statements are equivalent:

(i) ®x is a hybrid implicative prefilter of L over U,
(ii) @(x) 2 p(—x — x) and A(x) < A(—~x — x) for any x € L.

Proof. (i) = (ii): Let @ be a hybrid implicative prefilter of L over U and
x € L. Then by Theorem 4.5,

¢x) 2 0((x = 0) = 2) = g~z = ), AMz) < AM(z = 0) = 2) = M-z — x).
(ii) = (i): Since by Lemma 2.3 (v),
(—=y)22<(z20)r="7 >z
by (i) and Proposition 2.8 (i), we have:
Plx) 20(-z = x) 24((x = y) = x),  Alx) <Az = z) < M(z—y) = ).

Therefore, by Theorem 4.5, ¢y is a hybrid implicative prefilter of L over U. O

Theorem 4.10. Let L be a good EQ-algebra and o, be a hybrid prefilter of L
over U. Then the following statements are equivalent:
(i) @x is a hybrid implicative prefilter of L over U,
(i) plea = 2) 2@z = (mz—=y) NPy = 2) and A(z = z) < Mx — (-2 = y)) V
My — 2) for any z,y, z € L.
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Proof. (i)= (ii): Since by Lemma 2.3(iii) and (v), for any z,y,2 € L, y — 2z <
=y =2 (@—=2),2z=@—2y)<(z—y) —(r—=2) = (2= (x—2)) and
-z = (x = z) < =(z = z) = (r — 2), by Proposition 2.8 (i), we get that

Pllx=y) = (—=2) 20—z, Me—oy —(@—=2)<AMy—2)

and
and

Now, since @ is a hybrid implicative prefilter of L over U, by Lemma 2.3 (viii) and
Theorem 4.9, we conclude that

ol —=2)20(-(x—=2)—= (zr—2) 29—z — (x = 2))

2
29((z =y) = (z=2) = (~z2 = (2= 2)Ne(lz = y) = (= 2))
29(mz = (= y)Nely = 2) 29 = (72 = y) Ny = 2)

BS)

and

Mz = 2) < A(z—=2)= (2= 2) <Az = (x—2))
SAM((z—=y)=(x—=2) 2 (2= (x—2)VM(z—=y) = (= 2))
<A

(z=(x—2y))VAy—=2) <Az = (-z=9) VA — 2).
(ii) = (i): Since L is a good EQ-algebra, by (ii) we get that
B() = (1 = 2) 2 31 = (= — ) N @x - )
=@z = x)np(l) = ¢(-z — z)

and
AMz)=AMl—-2) <A1l —> (-2 —2)VA(z =2
<Az = ) VAQL) = A2 — z).
Therefore, by Theorem 4.9, ¢, is a hybrid implicative prefilter of L over U. O
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Theorem 4.11. Let L be an EQ-algebra with bottom element 0 and ¢, be a
hybrid positive implicative prefilter of L over U. Then the following statements are
equivalent:

(i) @ is a hybrid implicative prefilter of L over U,
(ii) @(x) 2 p(——z) and A(z) < A(——zx) for any x € L.

Proof. (i) = (ii): Since by Lemma 2.3 (v), for any z € L, ==z = =z — 0 <
-z — x, by Proposition 2.8 (i), we have ¢(—z — z) O ¢(——z) and A(—x — z) <
A(——z) and since @, is a hybrid implicative prefilter of L over U, by Theorem 4.9,
we get that ¢(z) 2 ¢(—x — z) and A(z) < A(—x — ). Hence, g(z) 2 ¢(——z) and
Az) < AM(——x).

(ii) = (i): Since by Lemma 2.3 (v), for any x € L, ~v — = < (z — 0) —
(—z - 0) = -z — (- — 0), by Proposition 2.8 (i), we get that ¢(-z —
(mz = 0)) 2 ¢(—z — z) and A\(—z — (-2 — 0)) < A(—z — z). Now, since @) is a
hybrid positive implicative prefilter of L over U, by Theorem 3.7, we conclude that

(- = 0) 2 ¢(—x — (—mx = 0)), Az —0) <A~z — (—z —0)).
Hence,
oz —0) D p(-x —z) and A(-z—0) < A~z —1x)

and since by (ii), @(z) 2 ¢(——z) = §(—x — 0) and A(z) < AM(——zx) = A(—z — 0), we
get that ¢(z) 2 ¢(—z — z) and A\(z) < A(—z — x). Therefore, by Theorem 4.9, @y is
a hybrid implicative prefilter of L over U. (]

Corollary 4.12. Let L be a good involutive EQ-algebra. Then the concepts of
hybrid positive implicative prefilters and hybrid implicative prefilters coincide.

Proof. It follows from Theorem 4.5 and Theorem 4.6. U

Theorem 4.13. Let L be a good EQ-algebra with bottom element 0 and @y

be a hybrid positive implicative prefilter of L over U. Then L/@y is an involutive
EQ-algebra if and only if ¢y is a hybrid implicative prefilter of L over U.

Proof. Let L/py be an involutive EQ-algebra. Then ——[z] = [-—z] = [z] for
any [z] € L/@y and so ¢(——z) = @(1) and A(——z) = A(1). Now, since @y is a hybrid
prefilter, we have:

p(z) 2 ¢(-—x = 2) N @(-—x) = ¢(1) N (=) = §(-)

and
AMz) S A2 — ) VA(-—z) = A1) V A(—x) = A(——a).
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Therefore, by Theorem 4.11, ¢, is a hybrid implicative prefilter of L over U. Con-
versely, by Lemma 2.3 (i), (iii) and (viii), for any « € L, we have

< ((r—=0)—=0)—>2z andso (((x—0)—0)—2)—>0<z—0.

Hence,

Moreover, since
1=0-2<((z—=0) =20 —>{(z—=0) —=2)=(—0) = (((z—0) =0 — ),
we conclude that

(=)= (2z—=2)=((r—=0) =0 —2)—>0) = (((r—0)=0) =)

= (
= 1.
Now, since @) is a hybrid implicative prefilter of L over U, by Theorem 4.11, we get
that
(- = x) 2 o(=(—mw = z) = (7w — x)) = (1),
Az = z) K A(—(-x = x) = (-x — ) = A(D).

Hence, p(——z — z) = ¢(1) and A(——z — z) = A(1) and so ——[z] = [-—z] = [z].
Therefore, L/, is an involutive EQ-algebra. (I

5. CONCLUSION

The results of this paper are devoted to study the notion of hybrid positive im-
plicative and hybrid implicative (pre)filters of EQ-algebras. By defining these no-
tions, some characterizations of them were studied and some related properties of
them were investigated. There are still some questions: How to define the notions
of hybrid obstinate and fantastic (pre)filters of EQ-algebras? What is the relation
between hybrid obstinate and hybrid fantastic (pre)filters and other types hybrid
(pre)filters of FQ-algebras? These could be topics for further research.
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