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Abstract. In this work, we consider an inverse backward problem for a nonlinear parabolic
equation of the Burgers’ type with a memory term from final data. To this aim, we first
establish the well-posedness of the direct problem. On the basis of the optimal control
framework, the existence and necessary condition of the minimizer for the cost functional
are established. The global uniqueness and stability of the minimizer are deduced from the
necessary condition. Numerical experiments demonstrate the effectiveness of this approach.
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1. INTRODUCTION

The nonlinear degenerate Burgers equations are a type of degenerate parabolic
equations that describe nonlinear wave motions in a continuous medium (see [22],
and [13]). These equations, first introduced by Johannes Martinus Burgers in 1948
(see [6]), were originally used to describe turbulent motion in fluids, but they can be
also applied to other physical phenomena such as shock waves in plasmas (see [19],
[5], [7]), gravity waves, and nonlinear deformations in solids (see [8], [4], [21]). Solving
these nonlinear PDEs is challenging due to their degenerate nature. However, various
numerical and analytical techniques have been developed to address these difficulties
(see [15], [12], [14], [9], [3])- These types of equations are becoming increasingly preva-
lent in various fields of physics and engineering to describe nonlinear phenomena.

A parabolic equation with a memory term is a form of partial differential equation
that describes the time evolution of a system based not only on its current state
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but also its past states. The memory term is typically represented by a convolution
integral, which accounts for the cumulative effect of past states on the current state
of the system. Systems that can be modelled using parabolic equations with mem-
ory terms include diffusion processes with time-dependent diffusivity, viscoelastic
materials, and biological systems with memory. These types of equations are often
difficult to solve analytically and numerical methods are frequently used to obtain
approximate solutions.

The addition of a memory term to a nonlinear Burgers equation allows for the
consideration of memory effects in the description of the temporal evolution of a sys-
tem. This model is commonly used to model processes such as diffusion with time-
dependent diffusivity, viscoelasticity of materials, and biological systems with mem-
ory. However, the fine time resolution required to capture memory effects can lead
to stability issues when using numerical methods.

One solution to overcome the difficulties of numerically solving the Burgers equa-
tion with a memory term is to utilize deep learning-based schemes, such as deep
neural networks. These have been shown to be highly effective in solving complex
data processing problems, including prediction and classification tasks. They can
be used to approximate numerical solutions of the Burgers equation with a mem-
ory term using simulated or experimental training data, and address the stability
issues related to the fine temporal resolution required to capture memory effects.
Deep neural networks can be trained to capture complex nonlinear relationships be-
tween input and output data, thus solving problems that are difficult to be solved
by classical analytical or numerical methods.

To sum up the use of deep learning-based schemes, such as deep neural networks,
can effectively overcome the difficulties associated with numerically solving the non-
linear Burgers equation with a memory term. These techniques are powerful and
can be applied to solving complex problems in various fields.

The problem of identifying the parameters of such equations is of great importance
for understanding how physical phenomena are generated and how they evolve in time
and space. It is commonly used in many fields such as meteorology, oceanography,
geophysics, plasma physics, fluid mechanics and civil engineering, to name but a few.

Solving this inverse problem also allows the development of prediction and control
systems for physical phenomena, which has practical applications in many fields
such as natural hazard management, environmental management and performance
optimisation of industrial systems.

This explains the interest of many researchers in this subject, where we find many
research papers in this matter.

An example of work on this topic is paper [2]. In this paper, the authors have
considered a problem of identification of the source function in the Burgers type
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equation, given by
(1.1) ur(t,z) = p(t) gy + A(t)uuy, + B(t)u + C(t) + g(t) f(t, x).

Since the problem is studied in the Cauchy and boundary cases, they obtained suf-
ficient conditions of existence and uniqueness of the solution.

Another example is papers [16] and [17], Leonenko et al. The study presented in
these papers focuses on the use of classical statistical inference methods to analyze
the solutions of the nonlinear diffusion equation, specifically in the context of the
Burgers turbulence problem. The study aims to solve the parameter identification
problem for Burgers flows using techniques such as parabolic rescaling, averaging
and discretization. The solutions studied are long memory random sets and are
generated from random initial data.

Let us also refer to [16], where the authors have considered the problems of param-
eter identification for a generalized Burgers equation. The identification scheme they
used here is the quasilinearization method. Based on the development of the differ-
entiability of the solution with respect to the unknown parameters, they have shown
the existence and local convergence of the algorithm. They also presented some nu-
merical examples that demonstrate the performance of the quasilinearization scheme.

In the present paper, we will study the inverse source problem in the following
equation:

(1.2)
ug(x,t) — (a(z)ug)y(z,t) + b(z)uu, = /0 k(x,s)u(z,s)ds + f(x,t) V(z,t) € Q,

where 2 := (0,1), Q :=Qx (0,T), T > 0 is a fixed moment of time, k € L>°(Q) and
f € L?(Q) is the source term, with the initial condition

(1.3) u(z,0) =uo(z) Ve,
where ug € L?(£2). We consider the following homogeneous boundary conditions:
(1.4) w(0,t) =u(l,t) =0 Vte (0,T).

We suppose that f(z,t) = h(z)R(z,t), where h € L?(Q) and R € L*°(Q) is a known
function. Furthermore, a,b: [0,1] — R are given functions with

(1.5) a,b€ C°([0,1))nC*((0,1]), a,b>0 in (0,1, b<CVa.
We will assume that
(1.6) zay < Ka Yz €]0,1]
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for some K € [0,1); it will be said that we are in the weak degenerate case. We give
an example of functions a and b as follows:

a(z) = 2™, b(z) =2, with0<m <28, me(0,1).

The remainder of this paper is briefly outlined as follows. Section 2 is devoted to
the main results, we state the well-posedness of the direct problem in the first part.
We show the existence and uniqueness of the solution using Gronwall’s Lemma and
Aubin-Lions’ Lemma. The second part is reserved to the inverse source problem.
We prove the Lipschitz continuity of the cost function and we provide the necessary
optimality conditions in Section 3. Also, global uniqueness of the backward solution
and its stability are provided in Section 4. In Section 5, we conclude the paper with

some numerical experiments using neural network procedure.

2. MAIN RESULTS

2.1. Well-posedness of the direct problem. In this subsection, we will show
the well-posedness of the direct problem. For this aim, we consider the following
linear associated problem:

z,t) = (a(x)us (2, t))e + Bz, 1)b(z, t)us (2, t)
(2.1) / u(z,s)ds + f(z,t), (z,t) €Q,
u(z,t) =0, (z,t) € 0Q x[0,T],

u(z,0) =up(z), =€,

where ug € L*(Q), B € L*°(Q) and f € L>(Q).
We introduce the following weighted spaces:

H!:= {u e L*(Q): u is absolutely continuous in [0, 1],
Vaug € L*(),u(0) = u(1) = 0},
H? :={uec HXQ): au, € H'(Q),u(0) = u(1) = 0}.

These spaces are endowed with the Hilbert norms
lullfry = llull3 + Vaua 3, [lullf: = llullf + | (aus)l5.

Proposition 2.1. Assume that ug € L?(Q) and f € L?(Q), system (2.1) admits
a unique solution u such that

u € Wy = L*(0,T; H:(Q)) n C([0, T); L*(2)),

T
22 sup Ju(- 02+ / IWaus (- Bl3dt < Cr(uol + | FIBaay):

te[0,T)
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In addition, if ug € H2(2), one also has
welU = H'(0,T;L*(Q)) N L*0,T; H () N C([0,T]; Ha (),

T
@3) s a0l | (Ol + )0l d
te[0,T] 0

< C(”“O”%—I}L(Q) +1£1Z20))>
where the constant C' depends on T', 2, a, b and || B| 1 (q)-

Proof. The proof of this proposition is based on the results obtained in [1]
and [11], Theorem 1.1.
First of all, we transform (2.1) into the following Cauchy problem:

wm+mm:Agmamm®+ﬂm

(2.4)
u(0) = wo,
where
Au = —(auz)x + Bbua u € D(A) = Hg(Q)
and

o(x,5,u(s)) = k(z, s)u(x, s), (z,8) € Q.
Now, we will check that (2.4) satisfies the assumptions of the above theorem. For
this purpose, let H, () be the dual space of H}(Q2) with respect to the pivot space
L?(92), endowed with the natural norm

[l gz = sup (0,u) g1 () w1 (o)
||U”Hé(g)=1

For any u € H}(Q) we have

1 1
(A, v) =10y 11 (a) z/ aug vy dz +/ Bbuvdr Vv e Hi(Q)
e 0 0

and

1
(o(z,s,u(s)),v) =1 ()11 (0 z/ k(x,s)uvdz for ae. (r,5) € Q Vv e HYQ).
¢ 0

Therefore, we can easily verify that the operators A and k satisfy the following
properties:

(a) there exists a positive constant C' such that [|Aul| ;-1 ) < Cllul|m1(o) for all
u € Hy (Q);
(b) there exists a positive constant C' such that

[Aur = Aus|| 1) < Cllur — ua|yy  for any ui,us € Hy(9);
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(c) there exists A > 0 and v > 0 such that
(Auy — Aug,ur — uz) -1 (o) g1y T Allur — 2|72y = vllur — UQH%{;(Q)

for any u; and ug in H1(Q);

)

(d) there exists a function 3: (0,7) — R™ such that
lo(z, s,u1) — o(z, s, u2)|| -1 () < B(s)[lur — UQH%Q(Q) for a.e. s € (0,T)
for any ui,us € H1(Q), B is explicitly given by

B(t) := [|k(x, 5)|| () fora.e. s € (0,T).

Furthermore, k € L>(Q), f € L?*(Q), then all the assumptions of [11], Theo-
rem 1.1 are verified. Consequently, problem (2.4) has a unique solution

we L2(0,T, HL(R)) N L (0, T; LX())

with uy € L2(0,T, H; *(Q)).
Moreover, by [18], Theorem 3.1, Chapter 1, we also have

u e C(0,T; L (),

then
we L2(0,7, HX(R)) N C(0, T; LA(%)
and
1d 9 9
(25) 5 llu®liz + [Vau. |3

= — (0B()uq(t); u(t))2 + </0 k(z, s)u(z, s) dS;U(t)> + () u(t))2

2

t
< Claualiallullz + 1£(O)lsllulls + H [ #osyutas)as

|2
2

1 1 1 1| ?
< 5CIVawl + 51l + SO + Juli + 5 | [ ko ohuta,s)as

2

1 1 1 1 t

< 3OIVau [+ 5Clull3 + S 1G5 + lully + 51k~ )T / Jut, 5)|13 ds
1 2 / 2 1 2 1 2 k 2

< 5C||x/5uxllz + C'ull3 + 5||f(t)||2 + 5IIkIILm<Q>T ; u(z, s)||2 ds.
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We integrate the inequality on [0, ¢] for all ¢ € [0,7] and we get

t
(2.6) lu(®)] — lu(0)]3 + 2 / | Vaua(s)3 ds
t t
<c / |Vaua(s)[3 ds + M / ()13 ds + 11 £ 220,
where
Then

t
@7 Ju®)E+ / |Vaua(s)]3 ds

t t

<C [ IWan(s)3ds + 31 [ Ju(s)lFas + 1f1aq) + ol
Let U be defined as follows:
t

W(t) = ult)]2 + / Vau (s)]2 ds.

From (2.7) we have
t

(2.8) U(t) < lluollz + I f11Z2(q) +C”/O W(s)ds.

From Gronwall’s Lemma we deduce at once a priori estimates

T
(2.9) Sulf>]IIU(1f)||§+/O IVauz |3 < Cr(lluoll3 + 1 )l 72(q))-

tel0,T

Let us now turn to the following regularised problem:
ui(, () (2,1))2 + bz, t)2(2, t)ue (2, t)

/ka:s (x,8)ds + f(z,t), (z,t) €Q,
)

(2.10) 2(a,t) — a%(a(@)z0 (@, D)0 =0, (2,1) € Q,
u(z t) z(z,t) =0, (x,t) € 00 x[0,T],
u(z,0) = uo(x), x €.

Recall that
U:=H'0,T; L*(Q)) N L*(0,T; H2(2)) N C([0,T]; HY(2)).
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Theorem 2.1. Let assumptions (1.5) and (1.6) be satisfied. Then for any ug €
H}(Q) and any f € L>(Q) there exists a unique solution (us, 24) to (2.10) with

Uo €U, 24 € L*(0,T; D(A?)) N L=®(Q) N H'(0,T; D(A)).

Furthermore, for some constants C' depending only on T, a, b, |luo| g1 and
| fll Lo (q), one has:

T
(211) sup IIua(t,->H%I;<Q>+/ [l (ua)e (8 )13 + l[(@ua)s)a(t,-)13] dt < C,
te[0,T) 0

(2.12) lluallL=Q) < C,

(2.13) IZall 2o 220 + @2 IIVa(za) 2l o0 (12()) < C,

( ) a2||\/a(za)w|‘%°°(L2(Q)) + a4||(a(za)z)z||2Loo(L2(Q)) <,
(2.15) [zallzoe (@) < C.

Proof. First, we prove the existence of a solution. For each u € L>®(Q), let z
be the unique solution of

{ z—a?(a()z)s =0, (2,t) €Q,

(2.16)
2w, t) =0, (2,t) €9 x (0,T).

From well-known results, one has z € L%(0,T; D(A?)) N L>=(Q) and
217) (27w (r2() T @ lIVaze [T (r2) < Cllta]l L (r2), *[VazalFe (12
+at[[(aze)ol Lo 2y < Cllalle 2y, 12llz=(@) < [l Le(q)-

In particular, the last estimate follows from the usual weak maximum principle.
Now, let us associate to z the unique solution of the following linear problem:

e — (a(@)ta)e + b() 21ty = / Ko, s)ule, ) ds + £, (2,t) € Q,
u(z,t) =0, (z,t) € 99 x (0,T),
u(0,2) =uo(z), =€l

(2.18)

It holds that u € U and estimate (2.11) holds for u for some C' depending on T, a, b,
luollz, [|Ellz~(q) and [|af pe(g). We will use the following result, whose proof is
given below:

Lemma 2.1. Let us assume that ug € L>(§2) and f € L*>°(Q)). Then the solution
to (2.18) satisfies
lullpe(q) < M(T),

where M(T) = HUOHLac(Q) + THfHLac(Q)

216



We define A,: 4 € L®(Q) — u € L>®(Q). For every R > 0, let us denote by Bg
the closed ball of radius R centred at 0 in L*°(Q). Given Lemma 2.1, we have
Ao(Br) C Bg if R is large enough.

Let us introduce the Banach space

(2.19) Vi={ve L>®0,T; H:(Q)): v € L*(Q)}.

According to the classical Aubin-Lions results, the space V' is compactly embedded
in L*>(Q), see [20]. Therefore, A,: L>®(Q) — L>*(Q) is continuous and A, (Bg) is
precompact for any bounded set Br. Hence, the hypotheses of Schauder’s Theorem
are satisfied and there exists at least one fixed point of Ay, which means that (2.10)
has at least one solution (u,, z,) satisfying (2.11)—(2.15).

Now, we show the uniqueness of the solution. Consider another solution (ul,,

%)
to equation (2.10) verifying estimates (2.11)—(2.15), we put w := uq — u), and v :=
Za — 2L,. Then

(2.20)

wy — (a(z)wy)z + b(2)zqw, = —b(z)v(ul), +/0 k(z,s)w(z,s)ds, (z,t) € Q,
v—a?(a(x)vg), =w, (x,t) €Q,

w(z,t) =v(x,t) =0, (x,t) € x(0,T),

w(z,0) =0, ze€l.

Since u/, € L?(0,T; D(A)), it is clear that we have a(u/,), € L?(0,T;C(f2)). Based
on the first equation above, we can see that

(221) Sl + a3
< Cllzall= @ IVaws|l2[lwllz + [[vll2lla(ug)s ]| Lo @ llwll2
t
+El=@l [ we.s)dslla]ul
02
—||\/_wx|\2 ||Za||Loo(Q)Hw||z+||a( wallL=@[oll2llwl2
T 2wl + 3 k2T Hw(x, s)[13 ds.
2 2 )
Since ||v||2 < |Jw||2, we get

d
Il + Vaw. |3
< (C?||zalltos o) + 2llalug)e IILoo(Q>+1)HwII2+IIkIILoo<Q>T/ lw(s)II3 ds.
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Integrating the last inequality, we get
t
2 2
Jull+ [ 1vaw. (s) ds
0
t
2 2 22 2
< (CPllzallzoe () + 2lla(ua)zllze + 1+ [[E]°T )/0 [[w(s)]|3 ds.
Consequently, Gronwall’s Lemma implies that w = 0. By the second equation, we

also get v = 0 and therefore, uniqueness holds. 0

Proof of Lemma 2.1. This is an easy consequence of the weak maximum prin-
ciple for parabolic PDEs. For example, let us see that

(2.22) u < M(t) = |luol =) + tIflL=@ inQ x (0,t).

Let us introduce ¢ := (M (t) —u)_ the negative part of (M (¢) —u). Then ((z,0) =0
and ¢(0,t) = ¢(1,t) = 0. Multiplying the first equation in (2.18) by ¢ and integrating
over (), we see that
1d '
2dt 0

1 1 t
= —/0 dex—/O ||f||Loo(Q)Cdx—</0 k(x,s)@(m,s)ds,(>2,

1
IC2 + / VaC|? dz + / b(2)2CoC da

whence

d 1 1 t 1
G+ [ VatPas < Clalfeg [ IR do+ MR~ [ [ 1P drat

After integrating, we get

t t
112 + / Va2 dt < (Cll22 o) + 1El2 i T2) / ICI2 dt.

In view of Gronwall’s Lemma, we conclude that ¢ = 0, that is, (2.22) holds. In
a similar way, it can be proved that u > —M (t) in Q x (0,).

In the following result, we analyse the behaviour of the solution of (2.10) for
a fixed f when o — 0F.

Proposition 2.2. Let the assumptions in Theorem 2.1 be satisfied and let us
denote by (uq, 2o) the unique solution to (2.10) for each o > 0. Then

(2.23) Zo —u and u, —u strongly in L*(0,T; H}(Q))
as a — 0%, where u is the unique solution to (1.2)—(1.4).
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Proof. From the estimates in Theorem 2.1 we see that, at least for a subse-
quence, one has

(2.24) U —u and z, — z weakly in L*(0,T; H:(Q)),
(2.25) (ua) — ' weakly in L?(0,T; L*()),
(2.26) Va(ue)e — Vau, weakly in L2(0,T; L*(0,1)).

Let us consider the Banach space
W ={we L*0,T; H:(Q)): w; € L*(Q)}

(endowed with its natural norm). From Aubin-Lions’ Lemma, we know that W is
compactly embedded in L?(Q) and consequently, we can assume that u, — u and
2o — 2 strongly in L?(Q). It is clear that this suffices to conclude. O

2.2. Optimal control problem. Inverse source problem (ISP). In the present
work, we are interested in the problem of identifying h(x), where h(x) is the spatial
part of the source term f(x,t) of problem (1.2), more precisely, we pose f(z,t) =
h(z)R(z,t). We will assume that h is sufficiently smooth and shall be kept inde-
pendent of time ¢, with R(z,t) € L*°(Q). We suppose that there is a possibility to
provide the additional temperature for the inverse heat problems at final time T':

(2.27) u(z,T) =u(z) VzeqQ,

where the given observation data with noise u(z) € L?(Q2) and satisfy the homoge-
neous Dirichlet boundary conditions. The source term identification problem will
lead us to minimize the functional J given by

1 - €
(2.28) J(h) = 5 llu(z, T, h) - ()72 () + = |72y

where u(x, T, h) is the weak solution of (1.2) for a given coefficient h(x), the positive
real ¢ is called the regularization parameter and h® is a priori (background) knowledge

of the true state h®*2<t (the state to reconstruct). We consider that h® partially known

(example 20% of h***t is known).

For the class of admissible set A,q defined by
Aaa ={h € H'(Q): |Bl3nq) <7}, 7>0,

the optimal control problem (P) is defined as follows:

Find i € Aaq such that
(P):

(2:29) J(h) = min J(h).

219



Theorem 2.2. Let u be the weak solution of (1.2)—(1.4). The function

p: H'(Q) = L*(0,T; Ha () N C([0, T); L*(%2))

h—u

is Lipschitz continuous, and the functional J is continuous in A,q. Therefore, the
problem (P) has a unique solution h in Aug.

Proof. Let 6h € H'(Q2) be a small variation such that h + 6h € A,q. Consider
026 = 2q — 2z, and du, = u‘; — uq with u, and u‘sa being respectively the weak
solutions of (2.10) with the source terms h and h® = h 4 6h. Then du,, is the weak
solution of the system

(0ua)t — (a(2)(6ua)z)e + b(7) 20 (0ta) s
= —b(x)0z0(u), —|—/ k(z,s)0uq(z,s)ds + Roh, (z,t) € Q,
0

(2.30) 520 — 02(a(2)(020)0)e = Oty (2,1) € Q,
ug(z,t) = dz4(z,t) =0, (z,t) € 90 x (0,T),
dua(x,0) =0, z€Q,

where
(2.31) { o — a2(a(x)(za)x)x = Uq + 0Ua, (2,t) € Q,
z(z,t) =0, (x,t) €02 x(0,T)
and
(232) { Z; - 042(0,(11:)(2&)1,)1, = Uq, (xvt) € Qa
2'(z,t) =0, (z,t) €I x(0,T).

Since u® € L?(0,T; D(A)), it is clear that we have a(u), € L?(0,T;C(52)). Based
on the first equation above, we can see that
(2.33)

1d 9 9
5&”5’“0{”2 + ||\/a(5uo¢)x”2
< Cllzallze= @) IVa(0ua)z 2[0uallz + 1020 ll2lla(ua) x|l Lo )| 0uall2

t
+||k||L°°(Q)H/O Sua (@, s)ds|2l|dualls + [| Bl Lo @) [16h]2]|dual2
1 2 02 2 2 1)
< 5IValua)allz + = llzallze o) 16uallz + lla(ug)e |l oo (o) 12all2l1ua 2
1 2 1 2 ! 2
+5l0uallz + 5 l1klIz~ )T ; [0ua(, s)|[2ds + | Rl| oo (2 [|6h]2]|6ta 2.
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Since [[6zall2 < 0uall2 and 2| Rl Le(o)ll0h]l2]|0uallz < [1R]I7 gy 16h1F + lI0uall3,
we get
(2.34)

d
3 19uall? + Va(oua)all3 < (Cllzalli=(q) + 2la(ue)e L) + 2)|6uall3

t
+ ||k||L°°(Q)T/O 15ua(s)l3 ds + | BRIl o) | 6hI3.

Integrating the last inequality, we get
t
16ua (213 +/O IVa(bua)s(s)l13 ds < (C®1zall7 0y + 2lla(ud)sll Lo + 2+ |[KIPT?)

t
x /0 [5ua($)l3 ds + [ RIIFo o | 6h 13-

Consequently, Gronwall’s lemma implies that there exist two constants M; and M
such that

(2.35) sup |[|duql|3 < Mil|ohll3
t€[0,T

and

T
(2.36) /0 IVa(6ua)s(s)ll3 ds < Ma||0h]3
by passing to the limits and knowing that
(2.37) Sug — du and 6z, — 6z weakly in L2(0,T; HL(2)),
(2.38) (6uq): — (du); weakly in L?(0,T; L*(Q2)).

By Aubin-Lions’ Lemma, the Hilbert space Y := {w € L?(0,T, H2(Q)); w; € L*(Q)}
is compactly embedded in L?(0,T; H}(€)). Consequently,

Sug — 6u  strongly in L2(0,T; HX(Q)),
and then
(2.39) Va(duy)s — Vadu, strongly in L*(0,T; L*(0,1)).

This yields

(2.40) sup [|dul2 < M, |6h2
t€[0,T]
and
T
(2.41) / IVa@u)s ()| ds < Ma|5h]13
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which gives the Lipschitz continuity of

p: H'(Q) = L*(0,T; Ha () N C([0, T); L*(%2))

h—u

and therefore the continuity of the functional J. O

3. NECESSARY OPTIMALITY CONDITIONS

In this section, we give the necessary optimality conditions that must be satis-
fied by each optimal control h. First of all, we give the adjoint system associated
with (1.2).

Theorem 3.1. Let h be the solution of the optimal control problem (P). Then
there exists a set of functions (u;&; h) satisfying

ug(x,t) — (a(x)ug )L (2, t) + bla)uu,
(3.1) = ; k(x,s)u(z,s)ds + f(x,t), (z,t) €Q,

u(z,t) =0, (z,t) €0Qx(0,T),
u(z,0) =0, z€Q,
¢

& — (a(x)y)e — /0 k(z,s)éds+ b(x)(u€)z = (0 — h)R, (z,t) € Q,
(3:2) §(x t) =0, (2.1)€d0x(0,T),
=0, z€Q,

(3.3) / / u(z, T, h) — u(x )]g(x,T)dxdt—i—e/Q(h—hb)(G—h)dx20

for any 0 € A,q.
Proof. Forany € Ayq and 0 <0 < 1, set

hs = (1 =06)h + 00 € Auq.
Therefore, there is a solution us of equation (1.2) with the source term hs satisfying
1 - 5
(3.4) s = J(hs) = 5 lluz, T; hs) = W(@) | L2(0) + 5 l1hs = P [|Zcq)-
Here, by taking the Fréchet derivative of J with the optimal solution iL, we obtain
dJ5 ~ ou
35 2| — T, h) — —‘ d h—hY)- (6 —h)dz > 0.
65) 7= [l Tn) @) G| dove [n-n-@-nde

222



By taking us = Ous/09, Us satisfies the system below with the source term hs:
t
(ﬂ(s)t - (a(x)(ﬂﬁ)a:)x - / k‘(x, S)ﬂé ds
0

(36) ob@)((ut us)is) = (0~ MR, (x,1) € Q,
us(x,t) =0, (z,t) €00 x(0,T),
Us(2,0) =0, x€Q.

We take £ = Us|s=o. We find that { satisfies the following system:

& — (a(x)s)r — /0 k(z,s)éds + b(x)(u€)r = (0 — h)R, (z,t) € Q,
BT Y@ t)=0, (a.t)€dQx(0,T),
&(z,0)=0, ze€q.

The optimality condition then becomes

(3.8) /Q[u(x, T h) —u(z))(z, T)dx + & /Q(h —h%) - (0 —h)dz > 0.

O

Remark 3.1. Let LE =& — (a(x)&y)z + fot k(z,s)fds + (uf), and suppose p is
the solution of the following problem:

L= —p — (a(@)pa)s + / Kz, s)pds + b(x)éps =0, (x,1) € Q,
(3.9) pla,t) =0, (z,) € 90 x (0,T),
p(z,T)=u(z,T)—u, x€Q,

where L* is the adjoint operator of L. From (3.8) and (3.9) we have
T
(3.10) 0= / / €L pdzrdt
0o Ja
T
- —/ £(z, T [u(w, T, h) — fi(z)] de +/ / pLedadt
Q 0o Ja
T
0= —/ &z, T)u(z, T, h) —u(x)] dz + / / pR(0 — h) dz dt.
Q 0o Ja
Combining (3.10) and (3.8), one can easily obtain that

(3.11) /T/p(h—H)Rda:dt—i—s/(h—hb)(e—h)dx20.
0 Q Q

Hence the theorem.
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In comparison to the necessary condition (3.8), the new condition (3.11) does not
permit to deduce the global uniqueness and stability of the minimizer. We therefore
still use (3.8) in the following discussion.

4. GLOBAL UNIQUENESS AND STABILITY

Theorem 4.1. Suppose that u;(z) and uz(x) are two given functions in L?().
Let hq(z) and ho(x) be the minimizers of the optimal control problem (P) corre-
sponding to uy and us, respectively. Then we have the estimate

[h1(2) — ha(2)||lL2(0) < Cllur(z) — t2(z)| L2,
where the constant C' only depends on () and €.
Proof. By taking § = hy when h = hy and taking 6 = hq when h = ho in (3.3),

we have

(4.1) /Q[ul(x,T, h) — U ()1 (z, T) dz + 6/(h1 — %) (hy — hy)dz >0

Q

and
UJ2$,72—52$ 2\, x 2 — b). 1 — h2)dr =2 U,
@2) [ fuae. 7o)~ Ga@ale T do e [ (ha =B (b = ha)da >0

where {u;,&} (i = 1,2) are solutions of systems (3.1)—(3.2) with h = h; (i = 1,2),
respectively. We set
up—uz=U, & +&=25,

where U and = satisfy

Us(z,t) — (a(2)Uz)a (2, t) + b(x)%(U(m +u2))z

(4.3) :/O k(z, $)U(z,5)ds + (h1 — ho)R(z,1),  (2,1) € Q,
U(z,t) =0, (x,t) €9Qx(0,T),
U(z,0) =0, x€,

5, - (a(@)E,). /k;xs = ds + b(2) (1 Z)s — b(@)(US)s = 0, (2,8) € Q,
Sl t) =0, (.1) € 9Q x (0,T),
Z(z,0) =0, ze.
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From the extremum principle we can see that (4.4) has only one null solution and
therefore,

(4.5) &1, t) = —Eala,t).

Furthermore, & solves the following equation:
(4.6)

(€0~ @E)a — [ Krns)esds 6@ mn6)e = (ha — MR, (1.8) € Q.
&(z,t) =0, (z,t) €02 x(0,T),
&1(z,0) =0, zeq.

From (4.3) and (4.6) we have

(4.7) U(z,t) = =& (z,t).

From (4.1), (4.2), (4.5), and (4.7) we have

(4.8) e/olml — halde
< /Ol[ul(x, T hy) — i) (o, T) da + /Ol[uQ(x,T, h) — is)éa(2,T) da
< /01 Uz, T)é: (2, T) das + /Ol(a2 ) (2, T) da
< _/01 |§1(x,T)|2da:+%/Ol |§1(x,T)|2da:+%/Ol i — [ da

1 [t 9 I LN
< -3 11 (2, T)[" dz + 5 [ty — Ul d.
2 Jo 2 Jo

This yields

1, - ~ ~ ~
lhy = hallz2@) < 4/ 5z llur = U2llza@) < Cllin = Ul 2
This completes the proof of Theorem 4.1. O

Remark 4.1. From Theorem 4.1 we can conclude that if there exists a con-

stant ) such that
2
i = ol ooy <n and L =0,

then
|1 — hallL20) — 0,

which is consistent with the existing results for the Tikhonov regularization method
(TRM) with the L? norm of the gradient.
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5. NUMERICAL EXPERIENCE

The minimization problem (1.2) can be formulated as

_ 1 1
(5:1) minJ(u,h), T (uh) =J(h) + S| A@) = f(@ 1)) + 5100 D1Z0)
1 ) 1 )
+ 5 lu, )lz20,) + 5 llulz, 0) = uo(@)llz2(q),

where A(u) = ug(z,t) — (a(x)ug (2, 1)) + b(x)u(x, t)u, (x,t) — fo u(z, s)ds. We
want to approximate (u(t, z), h®?) with a deep neural network (y (t, x; 9 w)s h(x;01)),
where 60, 0, € R¥ are the neural network’s parameters. The goal is to find a set
of parameters § = (6,,05) such that the function (y(t, x;6,,), h(z;0p)) minimizes the
error J(y). If the error J(y) is small, then y(¢,x;60,) will closely satisfy the PDE
differential operator, boundary conditions, and initial condition. Therefore, a 6,
which minimizes J produces a reduced-form model y(t, z;6,) which approximates
the PDE solution u(t, x).

Network architecture: We consider this new model which consists of two layers,
the first is a simple version of LSTM cells, the second is a Network architecture of
Taylor cell (5):

4 N
t—— N —— N ———— G P

I ] = ]

L)
(), () (), ()
X =(z,t)

—[ Taylor cells ii* h(z,0h)

\- /

Figure 1. Neural network model.

We found the following network architecture:

Z(y) = tanh(0%, X4y + 07 511y + b2),
74y = tanh(0%, Xy + 03, s4—1) + ),
9ty = tanh (07, Xy + 0y, (1) ® s¢e-1)) + by),
@) = () @ se-1) + (1 = 2() ® go)-
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The Taylor cell represented in Figure 1 gives the following network architecture:

h = i Or k.
k=0

Remark 5.1. We have 0, = 6" and 6, = 6Y.

The derivatives of @ can be evaluated using automatic differentiation (see [10]),

since it is parametrizing as a neural network.

Algorithm 1 (DL-ISP Algorithm).
(1) Define boundary conditions.
(2) Define the architecture of neural networks by setting the number of layers,
number of neurons in each layer and activation functions.
(3) Generate random training set D ;.
(4) Initialize the parameter set 6y and the learning rate «p.
(5) Repeat until convergence criterion is satisfied.
1. Randomly sample a mini-batch d,, of training examples from D;.
2. Compute the loss functional for the sampled mini-batch d,,:

(5.2) J(On, dy).

3. Compute the gradient Vg, J(0,,d,,) for the sampled mini-batch d,, using
backpropagation.

4. Use the estimated gradient to take a descent step at d,, with learning rates
to update 0,,11:

Oni1 = 0n — Vo, J(0n,dy).

The parameters are updated using the well-known ADAM algorithm with
a decaying learning rate schedule.
(6) Save the model to be used for any = € Q and ¢ €]0, 7.

We implement the algorithm using TensorFlow, which is a software library for
deep learning. TensorFlow has reverse mode automatic differentiation, which allows
the calculation of derivatives for a broad range of functions. For example, Tensor-
Flow can be used to calculate the gradient of the neural network 1 with respect to z
or t, or f. TensorFlow also allows for the training of models on graphics processing
units (GPUs).
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5.1. Numerical results. We now show some numerical experiments on the pro-
posed methods for parameter identifications. For convenience, in all experiments,
some basic parameters are taken as follows:

e=1, T=1, a(z)==z, bl)=vz, ulx)=z1-1x), k(z,t)=1

It should be mentioned that in the following tests, two pictures are given in each
test, the first one contains the curves of the functions (in blue) and of h numerically
reconstructed by our algorithm (in red), the second picture contains the curve of the
error between the two functions h®*®°* and h reconstructed.

Example 5.1. In the first example, we take
he*at(x) = cos(nx) + 2.

Figures 2-5 show that the function & is recovered very well with err < 3%.

N 0.008
h 3.00 —— h reconected
2.75 — h exact 0.007
2.50 - 0.006
2.25 » 0.005 1
2.00 £ 0.004 ~
1.75 ¥ 0.003 -
1.50 0.002
1.25 0.001
1.00 0.000
T T T T T T T T T T T T
00 02 04 06 08210 00 02 04 06 08210

Figure 2. Test with err = 0%. This figure shows that we can rebuild h (left) by a small
error (right).

h 3.00 7 —— h reconected

2.75 —— h exact 0.030 -
2.50

2.25 o 0-025

8

200 £ 0.020
1.75

1.50 0.015
1.25

1.00 4 0.010

’ T T T T T T T T T T T T
00 02 04 06 08410 00 02 04 06 08410

Figure 3. Test with err = 1%. This figure shows that we can rebuild h (left) by a small
error (right).
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3.0 " 1 0.060
.0 — h reconecte

h —— h exact 0.055 4
95 4 0.050
" 0.045

—
204 g 0.040
© 0.035 -
1.5 0.030
0.025
1.0 0.020

T T T T T T T T T T T T
0.0 0.2 04 06 08 4 1.0 0.0 0.2 04 06 08 4 1.0

Figure 4. Test with err = 2%. This figure shows that h begins to move away from h®*3¢t
(left) and that the error value increases (right).

0.09

3.0 —— h reconected
h —— h exact 0.08 -
257 0.07 1

&
2.0 4 E 0.06
0.05
1.5 0.04 -
10 . 003 7
T T T T T T T T T T T T
00 02 04 06 084 1.0 00 02 04 06 084 1.0

Figure 5. Test with err = 3%. Function h continues to deviate from h®**°" (left) and the
error becomes noticeable (right).

In the remaining examples, we will rebuild & only for err = 0% (cf. Figures 6-9).

Example 5.2. In this example, we take

he¥act (1) = exp(w) + 1.

h 3.75 7 —— p reconected 0.0005 4
350 4 — h exact
3.25 0.0004
3.00 - = 0.0003
2.75 - =
© 0.0002
2.50
2.95 - 0.0001
2.00 l T T T T T T 0.0000 - T T T T T T
00 02 04 06 08410 0.0 0.2 04 06 08 ¢ 1.0

Figure 6. Test with err = 0%. This figure shows that we can rebuild h (left) by a small
error (right).
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Example 5.3. In this example, we take

he¥act (1) = 2 — cos(nz) exp(z).

4.5 4 —— h reconected 0.05
— h exact
0.04
£ 0.03
3
=
£ 0.02 1
0.01 +
0.00 +
T T T T T T T T T T T T
00 02 04 06 08 1.0 00 02 04 06 08 1.0

Figure 7. Test with err = 0%. This figure shows that we can rebuild h (left) by a small
error (right).

Example 5.4. In this example, we take

exp(nz)

hexact —
@ =772

—In(z) — 3.

8 4 — h reconected
—— h exact 0.08 -

0.06

€errors

0.04

0.02

0.00
T T T T T T T T T T T T
00 02 04 06 08410 00 02 04 06 08410

Figure 8. Test with err = 0%. This figure shows that we can rebuild h (left) by a small
error (right).

Example 5.5. In this example, we take

he*at(x) = 7 — exp(z — 1) — exp(1 — z).
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4.5 4 —— h reconected
— h exact 0.04
0.03
wn
S
7 0.02 A
0.01 +
0.00
T T T T T T T T T T T T
00 02 04 06 08 1.0 00 02 04 06 08410

Figure 9. Test with err = 0%. This figure shows that we can rebuild h (left) by a small
error (right).

6. CONCLUSION

In this paper, we have solved the inverse problem of recovering h(z), the spatial
part of the source coefficient in the following integro-differential heat equation with
degenerate potential:

ug(2,1) = (a(X)ug (2, 1))e + b(z)u(z, hug (2, 1) = /O k(z, s)u(z,s)ds + f(x,1),

where f(z,t) = h(z)R(x,t), by minimizing the cost function J defined bellow. The
existence, uniqueness and stability of the minimizer are proven, and the numerical
results are obtained using a developed neural network model.

Further coming works will be subject to the same problem with both degenerate
and singular terms.
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