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Abstract. In this work, we consider an inverse backward problem for a nonlinear parabolic
equation of the Burgers’ type with a memory term from final data. To this aim, we first
establish the well-posedness of the direct problem. On the basis of the optimal control
framework, the existence and necessary condition of the minimizer for the cost functional
are established. The global uniqueness and stability of the minimizer are deduced from the
necessary condition. Numerical experiments demonstrate the effectiveness of this approach.
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1. Introduction

The nonlinear degenerate Burgers equations are a type of degenerate parabolic

equations that describe nonlinear wave motions in a continuous medium (see [22],

and [13]). These equations, first introduced by Johannes Martinus Burgers in 1948

(see [6]), were originally used to describe turbulent motion in fluids, but they can be

also applied to other physical phenomena such as shock waves in plasmas (see [19],

[5], [7]), gravity waves, and nonlinear deformations in solids (see [8], [4], [21]). Solving

these nonlinear PDEs is challenging due to their degenerate nature. However, various

numerical and analytical techniques have been developed to address these difficulties

(see [15], [12], [14], [9], [3]). These types of equations are becoming increasingly preva-

lent in various fields of physics and engineering to describe nonlinear phenomena.

A parabolic equation with a memory term is a form of partial differential equation

that describes the time evolution of a system based not only on its current state
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but also its past states. The memory term is typically represented by a convolution

integral, which accounts for the cumulative effect of past states on the current state

of the system. Systems that can be modelled using parabolic equations with mem-

ory terms include diffusion processes with time-dependent diffusivity, viscoelastic

materials, and biological systems with memory. These types of equations are often

difficult to solve analytically and numerical methods are frequently used to obtain

approximate solutions.

The addition of a memory term to a nonlinear Burgers equation allows for the

consideration of memory effects in the description of the temporal evolution of a sys-

tem. This model is commonly used to model processes such as diffusion with time-

dependent diffusivity, viscoelasticity of materials, and biological systems with mem-

ory. However, the fine time resolution required to capture memory effects can lead

to stability issues when using numerical methods.

One solution to overcome the difficulties of numerically solving the Burgers equa-

tion with a memory term is to utilize deep learning-based schemes, such as deep

neural networks. These have been shown to be highly effective in solving complex

data processing problems, including prediction and classification tasks. They can

be used to approximate numerical solutions of the Burgers equation with a mem-

ory term using simulated or experimental training data, and address the stability

issues related to the fine temporal resolution required to capture memory effects.

Deep neural networks can be trained to capture complex nonlinear relationships be-

tween input and output data, thus solving problems that are difficult to be solved

by classical analytical or numerical methods.

To sum up the use of deep learning-based schemes, such as deep neural networks,

can effectively overcome the difficulties associated with numerically solving the non-

linear Burgers equation with a memory term. These techniques are powerful and

can be applied to solving complex problems in various fields.

The problem of identifying the parameters of such equations is of great importance

for understanding how physical phenomena are generated and how they evolve in time

and space. It is commonly used in many fields such as meteorology, oceanography,

geophysics, plasma physics, fluid mechanics and civil engineering, to name but a few.

Solving this inverse problem also allows the development of prediction and control

systems for physical phenomena, which has practical applications in many fields

such as natural hazard management, environmental management and performance

optimisation of industrial systems.

This explains the interest of many researchers in this subject, where we find many

research papers in this matter.

An example of work on this topic is paper [2]. In this paper, the authors have

considered a problem of identification of the source function in the Burgers type
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equation, given by

(1.1) ut(t, x) = µ(t)uxx +A(t)uux +B(t)u + C(t) + g(t)f(t, x).

Since the problem is studied in the Cauchy and boundary cases, they obtained suf-

ficient conditions of existence and uniqueness of the solution.

Another example is papers [16] and [17], Leonenko et al. The study presented in

these papers focuses on the use of classical statistical inference methods to analyze

the solutions of the nonlinear diffusion equation, specifically in the context of the

Burgers turbulence problem. The study aims to solve the parameter identification

problem for Burgers flows using techniques such as parabolic rescaling, averaging

and discretization. The solutions studied are long memory random sets and are

generated from random initial data.

Let us also refer to [16], where the authors have considered the problems of param-

eter identification for a generalized Burgers equation. The identification scheme they

used here is the quasilinearization method. Based on the development of the differ-

entiability of the solution with respect to the unknown parameters, they have shown

the existence and local convergence of the algorithm. They also presented some nu-

merical examples that demonstrate the performance of the quasilinearization scheme.

In the present paper, we will study the inverse source problem in the following

equation:

(1.2)

ut(x, t)− (a(x)ux)x(x, t) + b(x)uux =

∫ t

0

k(x, s)u(x, s) ds+ f(x, t) ∀ (x, t) ∈ Q,

where Ω := (0, 1), Q := Ω× (0, T ), T > 0 is a fixed moment of time, k ∈ L∞(Q) and

f ∈ L2(Q) is the source term, with the initial condition

(1.3) u(x, 0) = u0(x) ∀x ∈ Ω,

where u0 ∈ L2(Ω). We consider the following homogeneous boundary conditions:

(1.4) u(0, t) = u(1, t) = 0 ∀ t ∈ (0, T ).

We suppose that f(x, t) = h(x)R(x, t), where h ∈ L2(Ω) and R ∈ L∞(Q) is a known

function. Furthermore, a, b : [0, 1] 7→ R are given functions with

(1.5) a, b ∈ C0([0, 1]) ∩ C1((0, 1]), a, b > 0 in (0, 1], b 6 C
√
a.

We will assume that

(1.6) xax 6 Ka ∀x ∈ [0, 1]
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for some K ∈ [0, 1); it will be said that we are in the weak degenerate case. We give

an example of functions a and b as follows:

a(x) ≡ xm, b(x) ≡ xβ , with 0 < m 6 2β, m ∈ (0, 1).

The remainder of this paper is briefly outlined as follows. Section 2 is devoted to

the main results, we state the well-posedness of the direct problem in the first part.

We show the existence and uniqueness of the solution using Gronwall’s Lemma and

Aubin-Lions’ Lemma. The second part is reserved to the inverse source problem.

We prove the Lipschitz continuity of the cost function and we provide the necessary

optimality conditions in Section 3. Also, global uniqueness of the backward solution

and its stability are provided in Section 4. In Section 5, we conclude the paper with

some numerical experiments using neural network procedure.

2. Main results

2.1. Well-posedness of the direct problem. In this subsection, we will show

the well-posedness of the direct problem. For this aim, we consider the following

linear associated problem:

(2.1)





ut(x, t) − (a(x)ux(x, t))x +B(x, t)b(x, t)ux(x, t)

=

∫ t

0

k(x, s)u(x, s) ds+ f(x, t), (x, t) ∈ Q,

u(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ],

u(x, 0) = u0(x), x ∈ Ω,

where u0 ∈ L2(Ω), B ∈ L∞(Q) and f ∈ L∞(Q).

We introduce the following weighted spaces:

H1
a := {u ∈ L2(Ω): u is absolutely continuous in [0, 1],

√
aux ∈ L2(Ω), u(0) = u(1) = 0},

H2
a := {u ∈ H1

a(Ω): aux ∈ H1(Ω), u(0) = u(1) = 0}.

These spaces are endowed with the Hilbert norms

‖u‖2H1
a

:= ‖u‖22 + ‖
√
aux‖22, ‖u‖2H2

a

:= ‖u‖2H1
a

+ ‖(aux)x‖22.

Proposition 2.1. Assume that u0 ∈ L2(Ω) and f ∈ L2(Q), system (2.1) admits

a unique solution u such that

u ∈ WT := L2(0, T ;H1
a(Ω)) ∩ C([0, T ];L2(Ω)),

sup
t∈[0,T ]

‖u(·, t)‖22 +
∫ T

0

‖
√
aux(·, t)‖22 dt 6 CT (‖u0‖22 + ‖f‖2L2(Q)).(2.2)
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In addition, if u0 ∈ H2
a(Ω), one also has

u ∈ U := H1(0, T ;L2(Ω)) ∩ L2(0, T ;H2
a(Ω)) ∩ C([0, T ];H1

a(Ω)),

sup
t∈[0,T ]

‖u(·, t)‖2H1
a
(Ω) +

∫ T

0

(‖ut(·, t)‖22 + ‖(aux)x(·, t)‖22) dt(2.3)

6 C(‖u0‖2H1
a
(Ω) + ‖f‖2L2(Q)),

where the constant C depends on T , Ω, a, b and ‖B‖L∞(Q).

P r o o f. The proof of this proposition is based on the results obtained in [1]

and [11], Theorem 1.1.

First of all, we transform (2.1) into the following Cauchy problem:

(2.4)





u′(t) +Au(t) =

∫ t

0

̺(x, s, u(s)) ds+ f(t),

u(0) = u0,

where

Au := −(aux)x +Bbu, u ∈ D(A) := H2
a(Ω)

and

̺(x, s, u(s)) := k(x, s)u(x, s), (x, s) ∈ Q.

Now, we will check that (2.4) satisfies the assumptions of the above theorem. For

this purpose, let H−1
a (Ω) be the dual space of H1

a(Ω) with respect to the pivot space

L2(Ω), endowed with the natural norm

‖v‖H−1
a (Ω) := sup

‖u‖
H1

a
(Ω)

=1

〈v, u〉H−1
a (Ω),H1

a
(Ω).

For any u ∈ H1
a(Ω) we have

〈Au, v〉H−1
a (Ω),H1

a
(Ω) =

∫ 1

0

auxvx dx+

∫ 1

0

Bbuv dx ∀ v ∈ H1
a(Ω)

and

〈̺(x, s, u(s)), v〉H−1
a (Ω),H1

a
(Ω) =

∫ 1

0

k(x, s)uv dx for a.e. (x, s) ∈ Q ∀ v ∈ H1
a(Ω).

Therefore, we can easily verify that the operators A and k satisfy the following

properties:

(a) there exists a positive constant C such that ‖Au‖H−1
a (Ω) 6 C‖u‖H1

a
(Ω) for all

u ∈ H1
a(Ω);

(b) there exists a positive constant C such that

‖Au1 −Au2‖H−1
a (Ω) 6 C‖u1 − u2‖H1

a
(Ω) for any u1, u2 ∈ H1

a(Ω);
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(c) there exists λ > 0 and γ > 0 such that

〈Au1 −Au2, u1 − u2〉H−1
a (Ω),H1

a
(Ω) + λ‖u1 − u2‖2L2(Ω) > γ‖u1 − u2‖2H1

a
(Ω)

for any u1 and u2 in H1
a(Ω);

(d) there exists a function β : (0, T ) 7→ R
+ such that

‖̺(x, s, u1)− ̺(x, s, u2)‖H−1
a (Ω) 6 β(s)‖u1 − u2‖2H1

a
(Ω) for a.e. s ∈ (0, T )

for any u1, u2 ∈ H1
a(Ω), β is explicitly given by

β(t) := ‖k(x, s)‖L∞(Ω) for a.e. s ∈ (0, T ).

Furthermore, k ∈ L∞(Q), f ∈ L2(Q), then all the assumptions of [11], Theo-

rem 1.1 are verified. Consequently, problem (2.4) has a unique solution

u ∈ L2(0, T,H1
a(Ω)) ∩ L∞(0, T ;L2(Ω))

with ut ∈ L2(0, T,H−1
a (Ω)).

Moreover, by [18], Theorem 3.1, Chapter 1, we also have

u ∈ C(0, T ;L2(Ω)),

then

u ∈ L2(0, T,H1
a(Ω)) ∩ C(0, T ;L2(Ω))

and

(2.5)
1

2

d

dt
‖u(t)‖22 + ‖

√
aux‖22

= − 〈bB(t)ux(t);u(t)〉2 +
〈∫ t

0

k(x, s)u(x, s) ds;u(t)

〉

2

+ 〈f(t);u(t)〉2

6 C‖
√
aux‖2‖u‖2 + ‖f(t)‖2‖u‖2 +

∥∥∥∥
∫ t

0

k(x, s)u(x, s) ds

∥∥∥∥
2

‖u‖2

6
1

2
C‖

√
aux‖22 +

1

2
C‖u‖22 +

1

2
‖f(t)‖22 + ‖u‖22 +

1

2

∥∥∥∥
∫ t

0

k(x, s)u(x, s) ds

∥∥∥∥
2

2

6
1

2
C‖

√
aux‖22 +

1

2
C‖u‖22 +

1

2
‖f(t)‖22 + ‖u‖22 +

1

2
‖k‖2L∞(Q)T

∫ t

0

‖u(x, s)‖22 ds

6
1

2
C‖

√
aux‖22 + C′‖u‖22 +

1

2
‖f(t)‖22 +

1

2
‖k‖2L∞(Q)T

∫ t

0

‖u(x, s)‖22 ds.
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We integrate the inequality on [0, t] for all t ∈ [0, T ] and we get

(2.6) ‖u(t)‖22 − ‖u(0)‖22 + 2

∫ t

0

‖
√
aux(s)‖22 ds

6 C

∫ t

0

‖
√
aux(s)‖22 ds+M

∫ t

0

‖u(s)‖22 ds+ ‖f‖2L2(Q),

where

M = 2C′ + ‖k‖2L∞(Q)T
2.

Then

(2.7) ‖u(t)‖22 +
∫ t

0

‖
√
aux(s)‖22 ds

6 C

∫ t

0

‖
√
aux(s)‖22 ds+M

∫ t

0

‖u(s)‖22 ds+ ‖f‖2L2(Q) + ‖u0‖22.

Let Ψ be defined as follows:

Ψ(t) := ‖u(t)‖22 +
∫ t

0

‖
√
aux(s)‖22 ds.

From (2.7) we have

(2.8) Ψ(t) 6 ‖u0‖22 + ‖f‖2L2(Q) + C′′

∫ t

0

Ψ(s) ds.

From Gronwall’s Lemma we deduce at once a priori estimates

(2.9) sup
t∈[0,T ]

‖u(t)‖22 +
∫ T

0

‖
√
aux‖22 6 CT (‖u0‖22 + ‖f(t)‖2L2(Q)).

�

Let us now turn to the following regularised problem:

(2.10)





ut(x, t)− (a(x)ux(x, t))x + b(x, t)z(x, t)ux(x, t)

=

∫ t

0

k(x, s)u(x, s) ds+ f(x, t), (x, t) ∈ Q,

z(x, t)− α2(a(x)zx(x, t))x = u, (x, t) ∈ Q,

u(x, t) = z(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ],

u(x, 0) = u0(x), x ∈ Ω.

Recall that

U := H1(0, T ;L2(Ω)) ∩ L2(0, T ;H2
a(Ω)) ∩ C([0, T ];H1

a(Ω)).
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Theorem 2.1. Let assumptions (1.5) and (1.6) be satisfied. Then for any u0 ∈
H1

a(Ω) and any f ∈ L∞(Q) there exists a unique solution (uα, zα) to (2.10) with

uα ∈ U , zα ∈ L2(0, T ;D(A2)) ∩ L∞(Q) ∩H1(0, T ;D(A)).

Furthermore, for some constants C depending only on T , a, b, ‖u0‖H1
a
(Ω) and

‖f‖L∞(Q), one has:

sup
t∈[0,T ]

‖uα(t, ·)‖2H1
a
(Ω) +

∫ T

0

[‖(uα)t(t, ·)‖22 + ‖(a(uα)x)x(t, ·)‖22] dt 6 C,(2.11)

‖uα‖L∞(Q) 6 C,(2.12)

‖zα‖2L∞(L2(Ω)) + α2‖
√
a(zα)x‖2L∞(L2(Ω)) 6 C,(2.13)

α2‖
√
a(zα)x‖2L∞(L2(Ω)) + α4‖(a(zα)x)x‖2L∞(L2(Ω)) 6 C,(2.14)

‖zα‖L∞(Q) 6 C.(2.15)

P r o o f. First, we prove the existence of a solution. For each ū ∈ L∞(Q), let z

be the unique solution of

(2.16)

{
z − α2(a(x)zx)x = ū, (x, t) ∈ Q,

z(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ).

From well-known results, one has z ∈ L2(0, T ;D(A2)) ∩ L∞(Q) and

(2.17) ‖z‖2L∞(L2(Ω)) + α2‖
√
azx‖2L∞(L2) 6 C‖ū‖L∞(L2), α2‖

√
azx‖2L∞(L2)

+ α4‖(azx)x‖2L∞(L2) 6 C‖ū‖L∞(L2), ‖z‖L∞(Q) 6 ‖ū‖L∞(Q).

In particular, the last estimate follows from the usual weak maximum principle.

Now, let us associate to z the unique solution of the following linear problem:

(2.18)






ut − (a(x)ux)x + b(x)zux =

∫ t

0

k(x, s)u(x, s) ds+ f, (x, t) ∈ Q,

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

u(0, x) = u0(x), x ∈ Ω.

It holds that u ∈ U and estimate (2.11) holds for u for some C depending on T , a, b,
‖u0‖H1

a
, ‖k‖L∞(Q) and ‖ū‖L∞(Q). We will use the following result, whose proof is

given below:

Lemma 2.1. Let us assume that u0 ∈ L∞(Ω) and f ∈ L∞(Q). Then the solution

to (2.18) satisfies

‖u‖L∞(Q) 6 M(T ),

where M(T ) := ‖u0‖L∞(Ω) + T ‖f‖L∞(Q).
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We define Λα : ū ∈ L∞(Q) 7→ u ∈ L∞(Q). For every R > 0, let us denote by BR

the closed ball of radius R centred at 0 in L∞(Q). Given Lemma 2.1, we have

Λα(BR) ⊂ BR if R is large enough.

Let us introduce the Banach space

(2.19) V := {v ∈ L∞(0, T ;H1
a(Ω)): vt ∈ L2(Q)}.

According to the classical Aubin-Lions results, the space V is compactly embedded

in L∞(Q), see [20]. Therefore, Λα : L∞(Q) 7→ L∞(Q) is continuous and Λα(BR) is

precompact for any bounded set BR. Hence, the hypotheses of Schauder’s Theorem

are satisfied and there exists at least one fixed point of Λα, which means that (2.10)

has at least one solution (uα, zα) satisfying (2.11)–(2.15).

Now, we show the uniqueness of the solution. Consider another solution (u′
α, z

′
α)

to equation (2.10) verifying estimates (2.11)–(2.15), we put w := uα − u′
α and v :=

zα − z′α. Then

(2.20)



wt − (a(x)wx)x + b(x)zαwx = −b(x)v(u′
α)x +

∫ t

0

k(x, s)w(x, s) ds, (x, t) ∈ Q,

v − α2(a(x)vx)x = w, (x, t) ∈ Q,

w(x, t) = v(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

w(x, 0) = 0, x ∈ Ω.

Since u′
α ∈ L2(0, T ;D(A)), it is clear that we have a(u′

α)x ∈ L2(0, T ;C(Ω)). Based

on the first equation above, we can see that

(2.21)
1

2

d

dt
‖w‖22 + ‖

√
awx‖22

6 C‖zα‖L∞(Ω)‖
√
awx‖2‖w‖2 + ‖v‖2‖a(u′

α)x‖L∞(Ω)‖w‖2

+ ‖k‖L∞(Q)‖
∫ t

0

w(x, s) ds‖2‖w‖2

6
1

2
‖
√
awx‖22 +

C2

2
‖zα‖2L∞(Ω)‖w‖22 + ‖a(u′

α)x‖L∞(Ω)‖v‖2‖w‖2

+
1

2
‖w‖22 +

1

2
‖k‖2L∞T

∫ t

0

‖w(x, s)‖22 ds.

Since ‖v‖2 6 ‖w‖2, we get

d

dt
‖w‖22 + ‖

√
awx‖22

6 (C2‖zα‖2L∞(Ω) + 2‖a(u′
α)x‖L∞(Ω) + 1)‖w‖22 + ‖k‖L∞(Q)T

∫ t

0

‖w(s)‖22 ds.
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Integrating the last inequality, we get

‖w‖22 +
∫ t

0

‖
√
awx(s)‖22 ds

6 (C2‖zα‖2L∞(Ω) + 2‖a(u′
α)x‖L∞ + 1 + ‖k‖2T 2)

∫ t

0

‖w(s)‖22 ds.

Consequently, Gronwall’s Lemma implies that w ≡ 0. By the second equation, we

also get v ≡ 0 and therefore, uniqueness holds. �

P r o o f of Lemma 2.1. This is an easy consequence of the weak maximum prin-

ciple for parabolic PDEs. For example, let us see that

(2.22) u 6 M(t) := ‖u0‖L∞(Ω) + t‖f‖L∞(Q) in Ω× (0, t).

Let us introduce ζ := (M(t)−u)− the negative part of (M(t)−u). Then ζ(x, 0) ≡ 0

and ζ(0, t) ≡ ζ(1, t) ≡ 0. Multiplying the first equation in (2.18) by ζ and integrating

over Ω, we see that

1

2

d

dt
‖ζ‖22 +

∫ 1

0

|
√
aζx|2 dx+

∫ 1

0

b(x)zζxζ dx

= −
∫ 1

0

fζ dx−
∫ 1

0

‖f‖L∞(Q)ζ dx−
〈∫ t

0

k(x, s)ζ(x, s) ds, ζ

〉

2

,

whence

d

dt
‖ζ‖22 +

∫ 1

0

|
√
aζx|2 dx 6 C‖z‖2L∞(Q)

∫ 1

0

|ζ|2 dx+ ‖k‖2L∞(Q)T

∫ t

0

∫ 1

0

|ζ|2 dxdt.

After integrating, we get

‖ζ‖22 +
∫ t

0

‖
√
aζx‖22 dt 6 (C‖z‖2L∞(Q) + ‖k‖2L∞(Q)T

2)

∫ t

0

‖ζ‖22 dt.

In view of Gronwall’s Lemma, we conclude that ζ ≡ 0, that is, (2.22) holds. In

a similar way, it can be proved that u > −M(t) in Ω× (0, t).

In the following result, we analyse the behaviour of the solution of (2.10) for

a fixed f when α → 0+.

Proposition 2.2. Let the assumptions in Theorem 2.1 be satisfied and let us

denote by (uα, zα) the unique solution to (2.10) for each α > 0. Then

(2.23) zα → u and uα → u strongly in L2(0, T ;H1
a(Ω))

as α → 0+, where u is the unique solution to (1.2)–(1.4).
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P r o o f. From the estimates in Theorem 2.1 we see that, at least for a subse-

quence, one has

uα → u and zα → z weakly in L2(0, T ;H1
a(Ω)),(2.24)

(uα)
′ → u′ weakly in L2(0, T ;L2(Ω)),(2.25)

√
a(uα)x →

√
aux weakly in L2(0, T ;L2(0, 1)).(2.26)

Let us consider the Banach space

W = {w ∈ L2(0, T ;H1
a(Ω)): wt ∈ L2(Q)}

(endowed with its natural norm). From Aubin-Lions’ Lemma, we know that W is

compactly embedded in L2(Q) and consequently, we can assume that uα → u and

zα → z strongly in L2(Q). It is clear that this suffices to conclude. �

2.2. Optimal control problem. Inverse source problem (ISP). In the present

work, we are interested in the problem of identifying h(x), where h(x) is the spatial

part of the source term f(x, t) of problem (1.2), more precisely, we pose f(x, t) =

h(x)R(x, t). We will assume that h is sufficiently smooth and shall be kept inde-

pendent of time t, with R(x, t) ∈ L∞(Q). We suppose that there is a possibility to

provide the additional temperature for the inverse heat problems at final time T :

(2.27) u(x, T ) = ũ(x) ∀x ∈ Ω,

where the given observation data with noise ũ(x) ∈ L2(Ω) and satisfy the homoge-

neous Dirichlet boundary conditions. The source term identification problem will

lead us to minimize the functional J given by

(2.28) J(h) =
1

2
‖u(x, T, h)− ũ(x)‖2L2(Ω) +

ε

2
‖h− hb‖2L2(Ω),

where u(x, T, h) is the weak solution of (1.2) for a given coefficient h(x), the positive

real ε is called the regularization parameter and hb is a priori (background) knowledge

of the true state hexact (the state to reconstruct). We consider that hb partially known

(example 20% of hexact is known).

For the class of admissible set Aad defined by

Aad = {h ∈ H1(Ω): ‖h‖2H1(Ω) 6 r}, r > 0,

the optimal control problem (P) is defined as follows:

(2.29) (P) :

{
Find h̃ ∈ Aad such that

J(h̃) = min
h∈Aad

J(h).
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Theorem 2.2. Let u be the weak solution of (1.2)–(1.4). The function

ϕ : H1(Ω) → L2(0, T ;H1
a(Ω)) ∩C([0, T ];L2(Ω))

h 7→ u

is Lipschitz continuous, and the functional J is continuous in Aad. Therefore, the

problem (P) has a unique solution h̃ in Aad.

P r o o f. Let δh ∈ H1(Ω) be a small variation such that h+ δh ∈ Aad. Consider

δzα = zα − z′α and δuα = uδ
α − uα with uα and uδ

α being respectively the weak

solutions of (2.10) with the source terms h and hδ = h + δh. Then δuα is the weak

solution of the system

(2.30)






(δuα)t − (a(x)(δuα)x)x + b(x)zα(δuα)x

= −b(x)δzα(u
δ
α)x +

∫ t

0

k(x, s)δuα(x, s) ds+ Rδh, (x, t) ∈ Q,

δzα − α2(a(x)(δzα)x)x = δuα, (x, t) ∈ Q,

δuα(x, t) = δzα(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

δuα(x, 0) = 0, x ∈ Ω,

where

(2.31)

{
zα − α2(a(x)(zα)x)x = uα + δuα, (x, t) ∈ Q,

z(x, t) = 0, (x, t) ∈ ∂Ω× (0, T )

and

(2.32)

{
z′α − α2(a(x)(z′α)x)x = uα, (x, t) ∈ Q,

z′(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ).

Since uδ
α ∈ L2(0, T ;D(A)), it is clear that we have a(uδ

α)x ∈ L2(0, T ;C(Ω)). Based

on the first equation above, we can see that

(2.33)
1

2

d

dt
‖δuα‖22 + ‖

√
a(δuα)x‖22

6 C‖zα‖L∞(Ω)‖
√
a(δuα)x‖2‖δuα‖2 + ‖δzα‖2‖a(uα)x‖L∞(Ω)‖δuα‖2

+ ‖k‖L∞(Q)‖
∫ t

0

δuα(x, s)ds‖2‖δuα‖2 + ‖R‖L∞(Ω)‖δh‖2‖δuα‖2

6
1

2
‖
√
a(δuα)x‖22 +

C2

2
‖zα‖2L∞(Ω)‖δuα‖22 + ‖a(uδ

α)x‖L∞(Ω)‖δzα‖2‖δuα‖2

+
1

2
‖δuα‖22 +

1

2
‖k‖2L∞(Q)T

∫ t

0

‖δuα(x, s)‖22 ds+ ‖R‖L∞(Ω)‖δh‖2‖δuα‖2.
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Since ‖δzα‖2 6 ‖δuα‖2 and 2‖R‖L∞(Ω)‖δh‖2‖δuα‖2 6 ‖R‖2
L∞(Ω)‖δh‖22 + ‖δuα‖22,

we get

(2.34)
d

dt
‖δuα‖22 + ‖

√
a(δuα)x‖22 6 (C2‖zα‖2L∞(Ω) + 2‖a(uδ

α)x‖L∞(Ω) + 2)‖δuα‖22

+ ‖k‖L∞(Q)T

∫ t

0

‖δuα(s)‖22 ds+ ‖R‖2L∞(Ω)‖δh‖22.

Integrating the last inequality, we get

‖δuα(t)‖22 +
∫ t

0

‖
√
a(δuα)x(s)‖22 ds 6 (C2‖zα‖2L∞(Ω) + 2‖a(uδ

α)x‖L∞ + 2 + ‖k‖2T 2)

×
∫ t

0

‖δuα(s)‖22 ds+ ‖R‖2L∞(Ω)‖δh‖22.

Consequently, Gronwall’s lemma implies that there exist two constants M1 and M2

such that

(2.35) sup
t∈[0,T ]

‖δuα‖22 6 M1‖δh‖22

and

(2.36)

∫ T

0

‖
√
a(δuα)x(s)‖22 ds 6 M2‖δh‖22

by passing to the limits and knowing that

δuα → δu and δzα → δz weakly in L2(0, T ;H1
a(Ω)),(2.37)

(δuα)t → (δu)t weakly in L2(0, T ;L2(Ω)).(2.38)

By Aubin-Lions’ Lemma, the Hilbert space Y := {w ∈ L2(0, T,H2
a(Ω));wt ∈ L2(Q)}

is compactly embedded in L2(0, T ;H1
a(Ω)). Consequently,

δuα → δu strongly in L2(0, T ;H1
a(Ω)),

and then

(2.39)
√
a(δuα)x →

√
aδux strongly in L2(0, T ;L2(0, 1)).

This yields

(2.40) sup
t∈[0,T ]

‖δu‖22 6 M1‖δh‖22

and

(2.41)

∫ T

0

‖
√
a(δu)x(s)‖22 ds 6 M2‖δh‖22,
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which gives the Lipschitz continuity of

ϕ : H1(Ω) → L2(0, T ;H1
a(Ω)) ∩C([0, T ];L2(Ω))

h 7→ u

and therefore the continuity of the functional J . �

3. Necessary optimality conditions

In this section, we give the necessary optimality conditions that must be satis-

fied by each optimal control h. First of all, we give the adjoint system associated

with (1.2).

Theorem 3.1. Let h̃ be the solution of the optimal control problem (P). Then

there exists a set of functions (u; ξ;h) satisfying





ut(x, t) − (a(x)ux)x(x, t) + b(x)uux

=

∫ t

0

k(x, s)u(x, s) ds+ f(x, t), (x, t) ∈ Q,

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

u(x, 0) = 0, x ∈ Ω,

(3.1)





ξt − (a(x)ξx)x −
∫ t

0

k(x, s)ξ ds+ b(x)(uξ)x = (θ − h)R, (x, t) ∈ Q,

ξ(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

ξ(x, 0) = 0, x ∈ Ω,

(3.2)

∫ T

0

∫

Ω

[u(x, T, h)− ũ(x)]ξ(x, T ) dxdt+ ε

∫

Ω

(h− hb)(θ − h) dx > 0(3.3)

for any θ ∈ Aad.

P r o o f. For any θ ∈ Aad and 0 6 δ 6 1, set

hδ = (1− δ)h+ δθ ∈ Aad.

Therefore, there is a solution uδ of equation (1.2) with the source term hδ satisfying

(3.4) Jδ = J(hδ) =
1

2
‖u(x, T, hδ)− ũ(x)‖2L2(Ω) +

ε

2
‖hδ − hb‖2

L(Ω).

Here, by taking the Fréchet derivative of J with the optimal solution h̃, we obtain

(3.5)
dJδ
dδ

∣∣∣
δ=0

=

∫

Ω

[u(x, T, h)− ũ(x)]
∂u

∂δ

∣∣∣
δ=0

dx+ ε

∫

Ω

(h− hb) · (θ − h) dx > 0.
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By taking uδ = ∂uδ/∂δ, uδ satisfies the system below with the source term hδ:

(3.6)





(uδ)t − (a(x)(uδ)x)x −
∫ t

0

k(x, s)uδ ds

+
1

2
b(x)((u + uδ)uδ)x = (θ − h)R, (x, t) ∈ Q,

uδ(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

uδ(x, 0) = 0, x ∈ Ω.

We take ξ = uδ|δ=0. We find that ζ satisfies the following system:

(3.7)





ξt − (a(x)ξx)x −
∫ t

0

k(x, s)ξ ds+ b(x)(uξ)x = (θ − h)R, (x, t) ∈ Q,

ξ(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

ξ(x, 0) = 0, x ∈ Ω.

The optimality condition then becomes

(3.8)

∫

Ω

[u(x, T, h)− ũ(x)]ξ(x, T ) dx+ ε

∫

Ω

(h− hb) · (θ − h) dx > 0.

�

R em a r k 3.1. Let Lξ ≡ ξt − (a(x)ξx)x +
∫ t

0 k(x, s)ξ ds+ (uξ)x and suppose p is

the solution of the following problem:

(3.9)






L∗p ≡ −pt − (a(x)px)x +

∫ T

t

k(x, s)p ds+ b(x)ξpx = 0, (x, t) ∈ Q,

p(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

p(x, T ) = u(x, T )− ũ, x ∈ Ω,

where L∗ is the adjoint operator of L. From (3.8) and (3.9) we have

(3.10) 0 =

∫ T

0

∫

Ω

ξL∗p dxdt

= −
∫

Ω

ξ(x, T )[u(x, T, h)− ũ(x)] dx+

∫ T

0

∫

Ω

pLξ dxdt

0 = −
∫

Ω

ξ(x, T )[u(x, T, h)− ũ(x)] dx+

∫ T

0

∫

Ω

pR(θ − h) dxdt.

Combining (3.10) and (3.8), one can easily obtain that

(3.11)

∫ T

0

∫

Ω

p(h− θ)R dxdt+ ε

∫

Ω

(h− hb)(θ − h) dx > 0.

Hence the theorem.
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In comparison to the necessary condition (3.8), the new condition (3.11) does not

permit to deduce the global uniqueness and stability of the minimizer. We therefore

still use (3.8) in the following discussion.

4. Global uniqueness and stability

Theorem 4.1. Suppose that ũ1(x) and ũ2(x) are two given functions in L2(Ω).

Let h1(x) and h2(x) be the minimizers of the optimal control problem (P) corre-

sponding to ũ1 and ũ2, respectively. Then we have the estimate

‖h1(x) − h2(x)‖L2(Ω) 6 C‖ũ1(x) − ũ2(x)‖L2(Ω),

where the constant C only depends on Ω and ε.

P r o o f. By taking θ = h2 when h = h1 and taking θ = h1 when h = h2 in (3.3),

we have

(4.1)

∫

Ω

[u1(x, T, h1)− ũ1(x)]ξ1(x, T ) dx+ ε

∫

Ω

(h1 − hb) · (h2 − h1) dx > 0

and

(4.2)

∫

Ω

[u2(x, T, h2)− ũ2(x)]ξ2(x, T ) dx+ ε

∫

Ω

(h2 − hb) · (h1 − h2) dx > 0,

where {ui, ξi} (i = 1, 2) are solutions of systems (3.1)–(3.2) with h = hi (i = 1, 2),

respectively. We set

u1 − u2 = U, ξ1 + ξ2 = Ξ,

where U and Ξ satisfy

(4.3)





Ut(x, t)− (a(x)Ux)x(x, t) + b(x)
1

2
(U(u1 + u2))x

=

∫ t

0

k(x, s)U(x, s) ds+ (h1 − h2)R(x, t), (x, t) ∈ Q,

U(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

U(x, 0) = 0, x ∈ Ω,

and

(4.4)



Ξt − (a(x)Ξx)x −
∫ t

0

k(x, s)Ξ ds+ b(x)(u1Ξ)x − b(x)(UΞ)x = 0, (x, t) ∈ Q,

Ξ(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

Ξ(x, 0) = 0, x ∈ Ω.
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From the extremum principle we can see that (4.4) has only one null solution and

therefore,

(4.5) ξ1(x, t) = −ξ2(x, t).

Furthermore, ξ1 solves the following equation:

(4.6)



(ξ1)t − (a(x)(ξ1)x)x −
∫ t

0

k(x, s)ξ1 ds+ b(x)(u1ξ1)x = (h2 − h1)R, (x, t) ∈ Q,

ξ1(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

ξ1(x, 0) = 0, x ∈ Ω.

From (4.3) and (4.6) we have

(4.7) U(x, t) = −ξ1(x, t).

From (4.1), (4.2), (4.5), and (4.7) we have

(4.8) ε

∫ 1

0

|h1 − h2|2 dx

6

∫ 1

0

[u1(x, T, h1)− ũ1]ξ1(x, T ) dx+

∫ 1

0

[u2(x, T, h2)− ũ2]ξ2(x, T ) dx

6

∫ 1

0

U(x, T )ξ1(x, T ) dx+

∫ 1

0

(ũ2 − ũ1)ξ1(x, T ) dx

6 −
∫ 1

0

|ξ1(x, T )|2 dx+
1

2

∫ 1

0

|ξ1(x, T )|2 dx+
1

2

∫ 1

0

|ũ1 − ũ2|2 dx

6 − 1

2

∫ 1

0

|ξ1(x, T )|2 dx+
1

2

∫ l

0

|ũ1 − ũ2|2 dx.

This yields

‖h1 − h2‖L2(Ω) 6

√
1

2ε
‖ũ1 − ũ2‖L2(Ω) 6 C‖ũ1 − ũ2‖L2(Ω).

This completes the proof of Theorem 4.1. �

R em a r k 4.1. From Theorem 4.1 we can conclude that if there exists a con-

stant η such that

‖ũ1 − ũ2‖L2(Ω) 6 η and
η2

ε
→ 0,

then

‖h1 − h2‖L2(Ω) → 0,

which is consistent with the existing results for the Tikhonov regularization method

(TRM) with the L2 norm of the gradient.
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5. Numerical experience

The minimization problem (1.2) can be formulated as

(5.1) min
h∈U

J (u, h), J (u, h) = J(h) +
1

2
‖A(u)− f(x, t)‖2L2(Ω) +

1

2
‖u(0, t)‖2L2(0,T )

+
1

2
‖u(1, t)‖2L2(0,T ) +

1

2
‖u(x, 0)− u0(x)‖2L2(Ω),

where A(u) = ut(x, t)− (a(x)ux(x, t))x+ b(x)u(x, t)ux(x, t)−
∫ t

0
k(x, s)u(x, s) ds.We

want to approximate (u(t, x), hexact) with a deep neural network (y(t, x; θu), h(x; θh)),

where θu, θh ∈ R
k are the neural network’s parameters. The goal is to find a set

of parameters θ = (θu, θh) such that the function (y(t, x; θu), h(x; θh)) minimizes the

error J (y). If the error J (y) is small, then y(t, x; θu) will closely satisfy the PDE

differential operator, boundary conditions, and initial condition. Therefore, a θu

which minimizes J produces a reduced-form model y(t, x; θu) which approximates
the PDE solution u(t, x).

Network architecture: We consider this new model which consists of two layers,

the first is a simple version of LSTM cells, the second is a Network architecture of

Taylor cell (5):

Taylor cells h(x, θh)

X = (x, t)

x(t)

t . . .
1.

S S

r(t) z(t)

g(t)

FC FC

FC

1.

Y (x, t, θu)

r(t) z(t)

g(t)

FC FC

FC

Figure 1. Neural network model.

We found the following network architecture:

z(t) = tanh(θyxzX(t) + θyhzs(t−1) + bz),

r(t) = tanh(θyxrX(t) + θyhrs(t−1) + br),

g(t) = tanh(θyxgX(t) + θyhg(r(t) ⊗ s(t−1)) + bg),

s(t) = z(t) ⊗ s(t−1) + (1 − z(t))⊗ g(t).
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The Taylor cell represented in Figure 1 gives the following network architecture:

h =

n∑

k=0

θhkx
k.

R em a r k 5.1. We have θh = θh and θu = θy.

The derivatives of ũ can be evaluated using automatic differentiation (see [10]),

since it is parametrizing as a neural network.

Algorithm 1 (DL-ISP Algorithm).

(1) Define boundary conditions.

(2) Define the architecture of neural networks by setting the number of layers,

number of neurons in each layer and activation functions.

(3) Generate random training set DM .

(4) Initialize the parameter set θ0 and the learning rate α0.

(5) Repeat until convergence criterion is satisfied.

1. Randomly sample a mini-batch dm of training examples from DM .

2. Compute the loss functional for the sampled mini-batch dm:

(5.2) J̃(θn, dm).

3. Compute the gradient ∇θn J̃(θn, dm) for the sampled mini-batch dm using

backpropagation.

4. Use the estimated gradient to take a descent step at dm with learning rates

to update θn+1:

θn+1 = θn − αn∇θn J̃(θn, dm).

The parameters are updated using the well-known ADAM algorithm with

a decaying learning rate schedule.

(6) Save the model to be used for any x ∈ Ω and t ∈]0, T [.

We implement the algorithm using TensorFlow, which is a software library for

deep learning. TensorFlow has reverse mode automatic differentiation, which allows

the calculation of derivatives for a broad range of functions. For example, Tensor-

Flow can be used to calculate the gradient of the neural network 1 with respect to x

or t, or θ. TensorFlow also allows for the training of models on graphics processing

units (GPUs).
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5.1. Numerical results. We now show some numerical experiments on the pro-

posed methods for parameter identifications. For convenience, in all experiments,

some basic parameters are taken as follows:

ε = 1, T = 1, a(x) = x, b(x) =
√
x, u0(x) = x(1− x), k(x, t) = 1.

It should be mentioned that in the following tests, two pictures are given in each

test, the first one contains the curves of the functions (in blue) and of h numerically

reconstructed by our algorithm (in red), the second picture contains the curve of the

error between the two functions hexact and h reconstructed.

E x am p l e 5.1. In the first example, we take

hexact(x) = cos(πx) + 2.

Figures 2–5 show that the function h is recovered very well with err 6 3%.
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Figure 2. Test with err = 0%. This figure shows that we can rebuild h (left) by a small
error (right).
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Figure 3. Test with err = 1%. This figure shows that we can rebuild h (left) by a small
error (right).
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Figure 4. Test with err = 2%. This figure shows that h begins to move away from hexact

(left) and that the error value increases (right).
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Figure 5. Test with err = 3%. Function h continues to deviate from hexact (left) and the
error becomes noticeable (right).

In the remaining examples, we will rebuild h only for err = 0% (cf. Figures 6–9).

E x am p l e 5.2. In this example, we take

hexact(x) = exp(x) + 1.
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Figure 6. Test with err = 0%. This figure shows that we can rebuild h (left) by a small
error (right).
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E x am p l e 5.3. In this example, we take

hexact(x) = 2− cos(πx) exp(x).

0.0 0.2 0.4 0.6 0.8 1.0x

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5
h

h reconected

h exact

0.0 0.2 0.4 0.6 0.8 1.0x

0.00

0.01

0.02

0.03

0.04

0.05

e
r
r
o
r
s

Figure 7. Test with err = 0%. This figure shows that we can rebuild h (left) by a small
error (right).

E x am p l e 5.4. In this example, we take

hexact(x) =
exp(πx)

1 + x2
− ln(x) − 3.
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Figure 8. Test with err = 0%. This figure shows that we can rebuild h (left) by a small
error (right).

E x am p l e 5.5. In this example, we take

hexact(x) = 7− exp(x− 1)− exp(1 − x).
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Figure 9. Test with err = 0%. This figure shows that we can rebuild h (left) by a small
error (right).

6. Conclusion

In this paper, we have solved the inverse problem of recovering h(x), the spatial

part of the source coefficient in the following integro-differential heat equation with

degenerate potential:

ut(x, t) − (a(x)ux(x, t))x + b(x)u(x, t)ux(x, t) =

∫ t

0

k(x, s)u(x, s) ds+ f(x, t),

where f(x, t) = h(x)R(x, t), by minimizing the cost function J defined bellow. The

existence, uniqueness and stability of the minimizer are proven, and the numerical

results are obtained using a developed neural network model.

Further coming works will be subject to the same problem with both degenerate

and singular terms.
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