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Abstract. Initial value problem for three dimensional (3D) elastodynamic system in
two dimensional (2D) inhomogeneous quasicrystals is considered. An analytical method is
studied for the solution of this problem. The system is written in terms of Fourier images of
displacements with respect to lateral variables. The resulting problem is reduced to integral
equations of the Volterra type. Finally, using Paley Wiener theorem it is shown that the
solution of the initial value problem can be found by the inverse Fourier transform. A
numerical example is considered for the comparison of the exact solution with the computed
solution obtained by using the method.
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1. INTRODUCTION

Shechtman [28] observed that certain Al-Mn alloys produced the unusual diffrac-
tion pattern of sharp spots which today are seen as the beginning of quasicrystal
structures. This was the discovery of a new class of solids, which are defined as struc-
tures with long-range quasiperiodic order. These materials are named quasicrystals
by Levine and Steinhardt [20] as a shortened form of quasiperiodic crystal. Periodic
crystals can be described as an arrangement of atoms in a single type unit cell which
is repeated periodically, whereas a quasicrystal (quasiperiodic crystal) is a structure
that is ordered but not periodic. There are three main classes of quasicrystals: One
dimensional (1D) quasicrystals that are given by quasiperiodic stacking of periodic
planes, two dimensional (2D) quasicrystals that are quasiperiodic in two dimensions
but periodic in the direction perpendicular to the aperiodic planes, and three dimen-
sional (3D) quasicrystals that are quasiperiodic in all three dimensions.
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The physical properties of quasicrystals such as the structural, magnetic, ther-
mal, piezoelectric properties are investigated in [10], [24], [30]. The theoretical and
experimental results have proved the difference of their elastic behaviors compared
with usual crystals [9], [30]. The quasiperiodicity of these materials in at least one
direction results in the introduction of a new field, called phason field, which yields
more complicated elastic equations.

In recent years, many authors studied general solutions of static elasticity in qua-
sicrystals that plays an important role in solving boundary value problems. General
solutions of static elasticity for 1D hexagonal quasicrystals and 2D decagonal, hexag-
onal, dodecagonal and octagonal quasicrystals are studied in [4], [14]-[16], [22], [25],
[38], [39]. Plane elasticity of 3D quasicrystals and general solutions based on stress
potential function is studied in [21]. Linear elasticity of cubic quasicrystals are consid-
ered in [13], [40]. The dynamic elasticity problems in quasicrystals have been inves-
tigated in [12], [31]. Fan and Mai in [12] have solved two-dimensional dynamic prob-
lems for 1D and 2D hexagonal quasicrystals. Wang extended the methods in [4] to de-
rive the general solution of 3D dynamic problems for 1D hexagonal quasicrystals [31].

All these studies are considered in homogeneous quasicrystals. The study of wave
propagation of elastic waves in inhomogeneous media has a great interest to charac-
terize the properties of many important materials. However, the number of studies
is not much. In [17], [18], [32], [33], wave propagation of elastic waves is studied in
isotropic, inhomogeneous media. In [2], [3], [5], [6], [23], [26], [29], [35], [36], wave
propagation of elastic waves is studied in anisotropic inhomogeneous media.

The dynamic equations of 3D elasticity for quasicrystals are more complicated if we
compare with the equations which are considered in isotropic or anisotropic media. In
addition to phonon displacement and stresses fields, there exist phason displacement
and its stresses fields in quasicrystals. And these displacements have interaction.
Thus, the study of elastodynamics in inhomogeneous quasicrystals are more scarce
if compared with isotropic and anisotropic inhomogeneous media. The general solu-
tions of the inhomogeneous linear elastic equations for pentagonal quasicrystals are
obtained by minimizing the harmonic elastic energy which includes a nontrivial cou-
pling between the phason and displacement variables in [7]. In [27] linear continuous
inhomogeneous strains are considered in decagonal and octagonal quasicrystalline
lattices. An analytical method of solving the initial value problem (IVP) for elasto-
dynamic system in inhomogeneous 3D quasicrystals is developed in [34]. Existence,
uniqueness and stability theorems for the theory of dynamic equations in inhomoge-
neous quasicrystals are stated in the paper. However, the IVP for 3D elastodynamic
problems have not been studied in inhomogeneous 2D quasicrystals before.

This paper considers the IVP for 3D elastic problems of 2D vertically inhomoge-
neous quasicrystals. The method used in this paper is based on Fourier transforma-
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tion and theory of integral equations following similar approach as in [1], [35], [36]. In
Section 2, basic equations of elasticity theory for 2D quasicrystals and the formula-
tion of the IVP are given. In Section 3, IVP is written in terms of Fourier images and
this problem is reduced to a vector integral equation. In Section 4, properties of the
vector integral equation are given and the construction of the unique solution of the
IVP is described. In Section 5, the existence of the unique solution of the IVP for 3D
elastic problems of 2D quasicrystals is proved. In the last section, an example of an
IVP is considered. The problem is solved by the given method using Maple program
and the computed solution is compared with the exact solution of the problem.

2. EQUATIONS OF ELASTODYNAMIC SYSTEM FOR 2D QUASICRYSTALS

Quasicrystals are classified as 1D, 2D and 3D, according to the quasiperiodic
directions; 2D quasicrystals in a 3D body have the atom arranged quasiperiodically
in a plane and periodically in the orthogonal [37]. In this paper, we study 3D
elastodynamic problems of 2D quasicrystals. In the class of 2D quasicrystals, there
are five nonzero displacements, i.e., u1(z, t), us(z, t), us(z,t), wi (z,t), wa(z,t), where
x = (z1,72,73) € R3, t > 0. In this section, basic relations of the elasticity theory
of 2D quasicrystals [8], [9], [11] are presented.

Let w;(z,t), i = 1,2,3, and wg(x,t), 8 = 1,2, denote the phonon and phason
displacements, respectively, where = (21, 22,73) € R3, ¢t > 0. The equations of
motion are

82uz 3

(2.1) 0 52

(1),

(2.2) 881“‘25 Z

1),

where f;(x,t) and gg(z,t) (i =1,2,3, 8 = 1,2) are body forces for the phonon and
phason displacements, respectively, and ¢ > 0 is the density. Throughout the paper
let o depend on z3 only, o;; is the phonon stress, and Hg; is the phason stress.
The stress components o;; and Hpg; are related to phonon strains Ej; and phason
strains F,; through the relations

(2.3) 045 = Z C”klEkl + Z Z szalFah i,j=1,2,3,

=1 a=1

(2.4) Hgj = Z Rigj B + Z Z KgjarFar, j=1,2,3, B=1,2,
k=1 I=1 a=1
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which are known as Generalized Hooke’s law. In formulas (2.3), (2.4) the coeffi-

cients Cyjp; and Kjji are the constitutive tensors corresponding to the phanon and

phason fields and R;;j; are the constitutive tensors of the phanon-phason coupling.
The tensors Cjjr, Kijr and R;ji; have the following symmetries [9], [19]:

Cijii = Cjirt = Criij,  Kiji = Krij,  Rijr = Rjin-

The problem is considered in vertically inhomogeneous quasicrystals so the ele-
ments of the tensors Cjjri, Kiji and R;jr; depend on x3 and also these elements are
considered as twice continuously differentiable functions.

According to the linear elastic theory of quasicrystals, the strain-displacement
relations are given by the equations

(2.5) B 1(8uk c“)ul)7 I Ow,,

= == - al = 7 kvl:172a37 :1ﬂ2
2\ Oz oxy, ! ox; “

In the present paper, IVP for 3D elastodynamic system in 2D quasicrystals (2.1),
(2.2) with conditions

ou;(x,t
(26) ui(xat)}t:() = Oa %‘t:o = Oa
Qwg(x,t .
wﬁ(xat)‘t=ozoa % t:OZO? (Z:1a273a 6:172)

is considered.

If phason and phonon displacements are defined as components of a vector function
such as V = [uy,uz, us, wi,wz]" and F = [f1, f2, f3,91,92] ", then using equations
(2.3), (2.4), (2.5), the IVP (2.1), (2.2), (2.6) can be written as

2 2 3 2
0°V(z,1t) pl 0°V(z,1) n Z 10°V(z,1) +P28V(x,t)

2. = P; F(x,t
27) ot? B Ox? — it gz ;0x) Lo +F(0),
j]’:l;3
B oV (z,t) B
(28) V((E,t)‘tZO = 0, T —o = 0,

Ciz13 Cizzzs Cizss  Riziz  Risos
] Ca313 Co3az  Coaszzz  Raziz  Roasos
1
(2.9) ngi; Cs313 C3saz Csszss Rsziz Rassas |,
Rizi3 Rozi3 Rzziz Kiziz Kizes
Ri303 Rozo3 R3zez Koziz  Kozos

A1 By 1 /1T Y
(M’l N’), Pﬁz—(l l), Jil=1,2,3,
j Ji o \Ri Z

and

1
Pl =~
0
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and the components of the matrices A;;, Bj;, Mj;; and Nj; are defined as

1 1
Al = §(Cz‘jk1 + Cij), Bl = §(Rijal + Riaj),
1 1
M = 5 (Brips + Rujp), N = 5 (Ksjar + Kpiaj),
) ) . 0
Tk = —C; Y/ = —R;
l 81'3 i3kl 1 8x3 i3l
0 o 0 .
Rl'Bk = 8—1‘3Rkl'337 Zlﬂ - 8—1‘3Kﬁ3al; 1,7, kvl = ]-a 27 3.

Let us consider that the matrix P is positive-definite for any nonzero x € R, so
the matrix Pj; has to satisfy inequality

VTPLV >0

for arbitrary nonzero vectors V = (uy, ug, u3,w;,ws)’ € R® and x € R3, where VT
is the transpose of V. Using (2.9) we find that

VTP313V = < Z Cz&k?;“z“k + Z Z Rz&a&u We, + Z Kﬂ?)a?)wﬁwa)
i,k=1 i=1 a=1 a,B=1
If for any arbitrary nonzero vector V = (uy, ug, us, w1, ws) ' € R, the condition
(2.10) < Z Cisksuiug + Z Z Rizasuiwe + Z Kﬁgagwgwa> >0
i,k=1 i=1 a=1 a,B=1

holds, then the matrix Pj; becomes positive definite for all z € R3. This condition
can be used to diagonalize the matrix Pj;.

Notice that the matrix Pj; is symmetric and under the condition (2.10), Py is
positive definite. Thus, there exists A such that

(2.11) ATPLA =D,

where D = diag(dy, da, ds, d4, ds).

Beside the assumption of the condition (2.10), the following assumptions and
notations are used in the paper. Let gg,a,b and T be given positive numbers such
that o(z3) = 00 > 0 and 0 < a < di,ds,ds, dy,ds < b, where ¢ = \/% . And let
the triangular domain A(T) used throughout the paper be defined as follows

(2.12) A(T) = {(z3,t): t€[0,T], |zs3|<c(T—-1)},
where T is a given positive number.
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Let V(z,t) = A\N/'(x, t). Plugging into the IVP (2.7), (2.8) and multiplying by AT
from the left-hand side, the IVP (2.7), (2.8) can be written as

(2.13) 82\;;2’” - D?;g { AT P, gA ATPSQA} S—Z

+ [ATP3132 A ATR2 SAJV

+ZATPl +AT(P32 +P23)883 [Ag—;ﬂ +F(x,1),
(2.14) V(z,t)],_, =0, % =0

where the function F = [Fy, Fy, F3, Fy, F5]T is defined as F(z,t) = ATF(x,t).

3. REDUCTION TO VOLTERRA INTEGRAL EQUATION

Let the functions V(z,t), F(z,t) that are given in equations (2.13), (2.14) have
Fourier transform with respect to x1,z2 denoted by V(v,zs,t), f‘(l/, x3,t), respec-
tively and let the Fourier image F(v,3,t) belong to the space C(R? x A(T)),
v = (v1,12).

Applying the Fourier transform with respect to x1, x2
{}(Vv J?3,t) = ]::Chxz[ V x3,1 / / V l‘ t i@itrazs) dzy dl‘g,

the dynamic equilibrium equations in 2D quasicrystals can be written in terms of
the Fourier images

2V 92V OA oV 02\ oA
—— =D—— + 2ATPL— + ATP2A | — 4 |[ATPL—— + AT P2
oz~ "oz +[ By T }ax?, +[ 392 T g JV
2 . A
= > v AT PIAV +in AT (P + Pl) 2=V
Gl=1 3
\% oA o
+ i AT (P + Pl)A o3 +1V2AT(P32+P23)8 v
x3
ov
+ivpA T (P, + Pj3)A 7oc ZZ/IATPZ AV + F(v, 23,1),
~ _ 8\7(1/, x3,t) B
Vv, zs, t)‘t=0 =0, ot L:o =0
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Thus, each component ‘A/j(l/, x3,t), 7 =1,...,5, of V(I/, x3,t) satisfies that follow-

ing IVP:
92V, NI 3Amk 2 Vi
3.1 Nim k) Gz
R M U e WL
k,m=1
5
9% A, Ak
1 m 2 m
! %: (ij 92 i s )Vk
5 ,\ ~
+ meAmka + Fj(V7 x37t)5
k,m=1
R 8‘7}(1@1‘3,&
(3.2) Vi(v, x3’t)‘t:0 =0, T‘t:O =0,

where N;m are components of the matrix Ni(x3), i = 1,2, 3, defined as

N'(x3) = AT P,
N*(z3) = AT[P§ +iv1(P3y + Pls) + iva(Pyy + Py3)],

2
N?’(QE?)) —AT|:_ Z VlePl+ZVl‘Pl:|

jl=1

Let us consider the transform

3

(33) w=n) nle) = [ 6O Q= w=r W)
0

where d; are the diagonal entries of D defined in (2.11).

(3.4) Ui(v,y;,t) = V;(v, z3,1)] 1,2,...,5.

zg=7"(y;)’ J=4%

Using the given transformation and notations, the IVP (3.1), (3.2) becomes

(3.5) a;gj = %?j - J\%(yj)g—(y]j + E(v,23.1)] =77 ()
+k%:1< Nl aAmk +N2 Am )?)Z: zs=7; ' (y;)
k#j
+k77n§5;1 (NylmE)@A;nk N2 35\mk + N3 Amk)‘/}k s )
(36)  Uj(v,y;,t)|,_o =0, W o D



where

— 9 1
M -2
i(y5) oy, [ n dj(T]_l(yj))]
5
B —— (2N, 3(;\mj + Nauhms)|
dj(Tj_l(yj)) oo’ T3 x3=T; (vj)

We seek a solution of problem (3.5), (3.6) in the form
(37) Uj(yvijt) = S](y])Uj(Vﬂ ijt)a ] = 172a37

where the function S;(y;) is defined by
1 Y% —
i) =eww(5 [ M6 dc))
0

With these new notations, equations (3.5) and (3.6) can be written as follows:

0T, 9T,

ot? dy?
1OM; 1~ - 1
= |= M2 (s . ,
5, AT gy
5
1 0 (0N =
Ni — (==
TS 2 ]max:s( D3 Vk)

k,m=1
k#j

(3.8)

)

z3=7; ' (y;)

ws=; " (y;)

5
+ _1, > (N-2 %(Amk%HNﬁmAmka)

-1
wz3=7; " (y;)

k
5
1 2 A J - ~
+ > (v O hmj 2 OAms + Niuhons )V
o 22 ;

SJ (y]) o) imo 9 2 ox I3:Tj_1(y.'l)7
B oU; (v, y;,t)
(39) Uj(V7 yjat)‘t:() = O’ ot ‘t:O =0

Using transformation (3.3) and notations

ATyt =K, ey =),
N'(x3)] )= Ny, Fyv,as,1)| =F;(vy;,1),

z3=7; " (y; wa=17(y;)
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equation (3.8) can be written in the following form:

02T, 0°TU; r10M; 1— _
0 P01 Lgp,l;

Nl ==
(310) T~ =3 ay, 1

25: N (827\’”’“ 2 1 O ﬁ5) v

+7~ im
Si(uety;) == ~"\ oy dy; dy; /"
k£
5 -
1 5‘ ~ Amk~ a Amk~ >
+ Z(NL ZmEep ) - (N SR,
S5;(y;) k%:layj< ™y, ) 3yj< ™y, ) *
k£
]. > a ~2 g
+ (N2 éhic Vi) — — (N2, &) Ai Vi
S;(y;) ]%:1 8%( ’ e (N &) on Vi
ket
5 ¢ ~
1 ~. /0%A ON,; 06 \—
+ Ni. mJ &2 mj 2% &
Sj(y;) ; J ( oy? dy; Oy, ) ’
s -
1 oA
+ N2 =&t N3 Api)U
Si(y;) mzl( ™ By, ! j) ’
1 Lo~ _
+ < > N AV + Fy(v, yj,t))
S;(y;)
k,m=1
ke
Using notations
1 10M; 1—.
\I/J(Vvyjat): Sj( ])FJ(VayJat)v L}(yj): 9 ayjj Ty j2(y1)7
5 - - ) -
1 ~ %A, OA,,; 0¢ ~, 0N P
Li(y;) = N Wy T )+ N2 e NS A
1) Sj(yj),,qz::l{ i dy; 0y, 3yj) ™ dy; ]
5 5 g
1 ~ 1 <1 Ak
L3 Y N3mAm7 L4 Yj) = Nlm ¢ )
(13) sj<yj)m§::1 bt Lk () Sj(yj)g::l( ™oy )
5 ¢ ¢ ~
1 = 1 ~ Ak 0N, OC
L, (y;) = =——N2 & LS (y;) = N} R 6,
i 45) Sj(y;) 7 e (43) Sj(yj)mz::1 ! ( dy3 dy; 3@/;‘)
equation (3.10) can be written in the form
(3.11) 5
aQUj aQUj 1 2\TT 3 1 0 4 3 8L4kA
— = (LY + LU + L3 — (LA -
o o~ I 2 gy () =, T
=1
k#j
5 5
o o~ . L% . _
+ Z a_(L?mAmka)_ 8] N Vie + LG Vi + U5 (v, €, ).
km=1 Yi Yi
k3
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Applying d’Alembert formula, it can be shown that the solution of (3.11) with initial

conditions (3.9) can be found as

. yi+(t— n) .
(312) T;(ny;t) = - / / &)+ LT (v &, ) de dn
Yj

—(t— n)

yi+(t—mn) 5 ~
/ / o DO+ L@ 7 @) ) deel
n k?

i#k

y7+(t 77)
/ / S, €,m) dedn
y;—(t—n)

yi+(t—mn) 5 -
Y S @ dcay
(t—m ]?:

yi+(t—n) 5 aL?m(f)N R B
__// B Amka(V’Tj (£),m)d&dn
y;—(t—n) ke §

;m=1
J#k

IRVERS S _ =7 (wa)+(t—n)
+ ‘/0 > LA (OVi(v. T 1(5)777)‘ dn

2 §=7;(ws)—(t—n)
k=1
JZh
1t S ~ ~ E=7j(z3)+(t—m)
- L2, (&) Romi (6) Vi (v, 71(6), ‘ an,
3 [ 3 @@ @]
k,m=1
pur

and using the notations given in (3.4), (3.7) that are

Uj(Vaijt) = Sj(yj)Uj(Vayjat)v ‘7 (V zs3, ) = Uj(Vayjat)‘

y;=7;(x3)’
the equation (3.12) can be written as
(3.13) V(V x3,t
75 (x3)+(t—n) v
(1(x I Vi(v,&,m
T / / 2o + 221 2 agay
75 (@3)~(t=n) 3 ()
T] ) 7 (za)+(t=m) 5 5 NP .
[ o SO+ @@ m ey
—(t—n _
J7h
75 (z3)+(t—n)
(15(x
——5— ) / / (v, € m) A€ dr
7j(x3)—(t—n)
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(z3)+(t—m) O 8L4 f
T] S / / —(t—n) k71 (J;ﬁ( )Vk(V’TJ’_l(E)vn)dEdn

i#£k
Tj 5 2
TJ z3) // (w3)+(t=n) Mxmk%(wjfl(g),n)dédn
i (23)—(t=n) k m=1 ag
e
o g=7j(x3)+(t—n)
St [ Z NG G
J#k

+Sj(7'j2(a?3))/ Z L?m(f)xmk(f)‘/}k(mT]‘_l(g),n)‘gzn(mg)Jr(tin)d?’]

§=7j(x3)—(t—n)
k,m=1
#k

The function ‘7}(1/, xs,t) given with equation (3.13) is the solution of the IVP (3.1),
(3.2) that can be written in the form of integral equation as

~

t
(3.14) V(v,251) = G(v,3,1) + / (KV) (v, s, £, m) dn,
0

where the components G; (v, z3,t), j = 1,2,...,5, of G = (G1,G2,G3,G4,G5) " are
defined by

7(z3)+(t—n
(3.15) Gi(v,x3,t) = x‘* / / (v, &,m) d€d,

Ig) (t

and K = (K1, K2, K3,K4,K5) T is the vector operator with components

(3.16)  (K;V)(v,23,t,1)

_ Silmle) [PV e e Vel
I /Tj(:cs)—(t—m 150 + L) 55(€

. 7 (23)+(t—n) 5 ~
N M / SOIER(€) + Lo (€)] Vi (v, 77 (), m) €
7j(x3)—(t—n) k=1
J#k

S (i (x @) Hton B AL (&) 5
_ M/ éi’gvk(u,fj (&), m) d¢
7i(@a)—(t=n)
7k
e D Y= =
2 7j(wa)=(t=m) "7 08
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§=Tj(z3)+(t—n)

E=Tj(x3)—(t—n)

+ w > Li©Vilw, Tj_l(f)’n)‘
k=1

i#k
Si(7i(®3) "= ;5 ok = g=7; (wa)+(t—n)
+ L5 (&) Ami(O)Vi(v, 77 1(9), ‘ .
2 k%;l mOAm OV AT o

ik

4. EXISTENCE AND UNIQUENESS FOR THE VECTOR INTEGRAL EQUATION

We have shown that under the new notations and some assumptions, the system of
equations (3.1)—(3.2) can be written in the form of operator integral equation (3.14).
In this section, it will be shown that the integral equation (3.14) can be solved using
the method of successive approximations and the unique solution that has continuous
components for (v, r3,t) € R? x A(T) can be obtained.

To get the solution of the vector integral equation (3.14), the successive approxi-
mation method can be applied:

4.1)  VOu, 25 t) = Gv, s, 1),

t
Vgn)(u, z3,t) = G(v, x3,1) —|—/ (ICiV("_l))(l/, x3, t,m)dn, n=1,2,...
0

[SSRNPN
Now our aim is to show that the series > Vi(n)(u7 x3,t) uniformly converges to
n=0

a vector function ‘Z (v, z3,t) that has continuous components and satisfies the integral
equation.
Under the assumptions given in Section 2, it can be concluded that the components
Gi(v,w3,t),i=1,2,...,5, of G defined by (3.14) belong to the space C(R?; A(T)).
Also, for the components K; of K = (Ky,...,K5)" defined by (3.16) for (x3,t) €
A(T), v € R?, and any vector function \Af(z/, x3,t) with components ‘A/i(z/, x3,t) that
belong to the space C(R? x A(T)), we can conclude that functions

t
/ (]C’LV)(va&tvn)dnv 7::]'""75’
0

are continuous. Thus, the components of the vector function ‘7(”)(1/, x3,t), n =
0,1,2,... have components belonging to the space C(R? x A(T)).

Let (x3,t) € A(T), |v| < Q, for any positive number 2 and A be a positive number
that depends on ¢, T, 2 and

IVIl(v;m) = max [Vi(v, & m)).

max
-5 E€[—c(T—n),c(T—n)]
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Let Q be defined by

@ = max mgax {|Ll( ,

3kl

—\Zw Ko |Z\ DRonel 556601}
jk=1,2,...,5, 1= 1,2,3,4,6,
for any (x3,t) € A, n €[0,t], & € [1j(z3) — (t — 1), 75(x3) + (¢t —n)] and let
Vil 7= €l < IV m)-
Then from formulas (3.16) we obtain the following inequalities:
(V) s, )| < AT, QY (vom), i =1,2,....5,
where |v| < © and

Ai(T,Q) = 22TQ* +2Q%, i=1,2,...,5,
A= o Ai(T, Q).

Thus, inequality
(4) \ / I/xs,tn)dn‘ A / IVl (v, m) dn

is satisfied for any vector function V(V7 x3,t,m) with components which are continu-
ous on R? x A(T).

Using (4.1) and inequality (4.2), we have

t
7wt = | [ 06T st .
0
and thus,
t
V™ (v, 23,1)] < A / VO ()
0

Further, we choose a constant Ay such that H‘A/i(O)H(t) < Ap. Using the above in-
equality, we find that

(At)"

[V < ApAt, [V (1) < Ao .

LIVO) < Ao

(At)?
2

Thus the series Y ‘A/i(n)(u, 3, t) is majorized for (z3,t) € A(T) by 3. [[V™||(v,t)
n=0

n=0

o) ~
and the series > |[V(||(v,t) is majorized by the numerical series
n=0

oo

(4.3) va(" (v, t) < Z L max ||G||(v,T), n=0,1,2,...

— lv[<8
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Using inequality (4.3) and the Weierstrass first theorem, there exist functions

Vi(v, x3,t) € C(R? x A(T)) such that the series . ‘72.(”)(1/, x3,t) converges uni-
n=0

formly and absolutely to Vi(u, x3,t) fori=1,2,...,5.
Therefore, we get the following proposition.

Proposition 4.1. Under the above assumptions and notations, the functions
V.(n)(y, x3,t) (1 = 1,...,5, n = 0,1,2,...) defined by (4.1) are continuous on

(2

2 % A(T) and there exist functions V;(v,z3,t) € C(R2 x A(T)) such that the

SN ~
series Y V;(n)(l/, x3,t) converges uniformly to V;(v, xs,t), which are the components
n=0

of the solution vector \7(1/, x3,1).

Proposition 4.2. {7(1/, x3,t) with the components ‘A/i(z/, x3,t), 1 =1,2,...,5, is
a solution of the vector integral equation (3.14) for (x3,t) € A(T), |v| < Q

Proof. To show that \7(1/, x3,t) is a solution of (3.14) let us sum equation (4.1)
with respect to n from 1 to N and add the vector function G(v, z3,t) to both sides
of the equation and get

t N—1

N
Zv(n)(y7x37t) V 1‘3, / Z ICV(n) (V $3,t 77) d77
n=0

As N approaches to infinity, we find that \A/'(l/, x3,t) satisfies (3.14) for |v| < Q,
(z3,t) € A(T), t € [0,T]. This means that V(v,z3,t) is a solution of (3.14) for
lv] < Q, (z3,t) € A(T), t € [0,T]. O

So we have the following theorem for existence of the solution of the vector integral
equation.

Theorem 4.1. Let T be a fixed positive number, K = (K1,Ka,...,Ks5)" be
the vector operator with the components defined by (3.16). Then for any G =
(G1,Ga,...,G5) " such that G; = G;(v, 3, t) € C([RQXA( )),i=1,2,...,5, defined
n (3.15), there exists a umque solution V = (V17 Vg, .. V5) of the operator integral
equation (3.14) such that Vi e C(R? x A(T)), i=1,2,...,5.

Proof. Using Proposition 4.1 and 4.2, the existence of the solution for the in-
tegral equation can be shown. For the uniqueness of the solution let \A/'(l/, x3,t) and
V* (v, z3,t) be two solutions of (3.14) corresponding to the same vector function
G(v, z3,t) and let

V(v,13,t) = V(l/ x3,1) — V*(V,xg,t)

302



for [v| < Q, (23,t) € A(T). The vector function V (v, z3,t) satisfies the following
operator integral equality:

@4)  V(v,as,t) = /Ot (KV) (.25, tm) dn, W] < Q. (w3,t) € AT).
Using the proposition above and (4.4) we have
V(v 23,1) = A / Wz dn, <9, te0,T]
Applying Grownwall’s lemma to (4.4), we find that
IVI(v,23,8) =0, |v|<Q, (x3,t) € A(T).

From the continuity of V (v, z3,t) we obtain

V(v,z3,t) =0, |v|<Q, (z3,t) € A(T).

This means that V(V, z3,t) = V*(v,z3,1) for [v] < Q, (23,t) € A(T). Thus, the
existence of a unique solution for the vector integral equation (3.14) is proved. O

5. EXISTENCE AND UNIQUENESS OF THE IVP

In the previous section, existence of a unique solution for the vector integral equa-
tion (3.14) is proved. The solution V (z,t) of the IVP (2.13), (2.14) can be obtained
by the inverse Fourier transform of V(I/, x3,t), that is, the solution of the vector
integral equation (3.14). Since V(z,t) = AV(z,t), the solution of IVP (2.7), (2.8)
can be obtained by multiplying the solution V(z,t) of the IVP (2.13), (2.14) by A.
Now we will show that the inverse Fourier transform with respect to v = (v1,12)
can be applied to \Af(z/, x3,t) and the inverse Fourier transform of V(I/, x3,t) is the
unique solution of (3.1), (3.2).

As an assumption given in Section 3, the Fourier image f(u, x3,t) is considered in
the space C(R2 x A(T)) and 8!*/F(v, z3,1)/(0v2 9v5?) belongs to the class

C(R?* x A(T)) N C(A(T); Co(R?)),

where C(A(T); Co(R?) is the class of continuous mappings of (z3,t) € A(T) into
Co(R?), that is, the class of functions that are from C(R?) with compact supports.

According to the assumptions and properties, G;(v, z3,t), i = 1,...,5, defined by
(3.15) satisfy

olel

aq Qo
Ovy* Ovg

Gi(v,x3,1) € C(R? x A(T)) N C(A(T); Co(R?)).
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For simplicity let us use following notation:

Hled

= 5 a1 oo
ov|" Ov,

DSGi(l/,iL';g,t) Gi(l/,x;g,t), i:1,2,...,5,

where o = (a1, ), a; € {0,1,2,...} and |a| = a1 + a2. Thus, we have
D2Gi(v,x3,t) € C(R* x A(T)) N C(A(T); Co(R?)).

Applying D2 to the system of integral equations (3.14), we obtain
A~ t A~
6.1)  DEV(neat) = DiGlnaat) + [ (KDEV)(wiaa,tn) dy
0

Since this equation has the same form as (3.14), the solution which can be found
by successive approximations satisfies DS\A/'(V, x3,t) € C(R? x A(T)). Using equal-
ity (5.1), the result of the proposition we proved and Gronwall’s lemma, we get the
inequality

IDEV (v, 1) < A" max 1D Gll(v,t), tel0,T],

V|

which together with equation (4.4) implies
D2V (v, 23,t) € C(A(T); Co(R?)).

Hence, the components ‘//\'j(z/, x3,t) of the solution \7(1/, x3,1) are from the space
C(R? x A(T)) N C(A(T); C5° (R?)).

Using the Paley-Wiener theorem we find (u1,ug, uz, wi,ws) = F;l[‘A/] is a unique
solution of (2.13), (2.14) and so V(z,t) is a unique solution of (2.7), (2.8) such that

each Vj(z,t), 7 =1,2,...,5, belongs to the class
C(R? x A(T)) N C(A(T); PW(R?)),

where PW (R?) is the Paley-Wiener space [2].
So we have the following theorem for the existence of the unique solution of the
IVP (2.1), (2.2), (2.6).

Theorem 5.1. Consider the following assumptions are satisfied.

(1) ¢, T are positive numbers and A(T') is a triangular region defined in (2.12).
(2) The density of the medium g(x3) and the elements of the tensors Cijxi, Kijii, Rijri
are twice continuously differentiable functions depending on x3 over [—cT', cT).
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(3) For arbitrary nonzero vectors V = (uy,us, us,wy,ws)' € R, the condition

3 3 2 2
1
( > Cissuiue + Y > Risasttitva + Y Kﬁ3a3wﬂwa) >0

o(ws) i k=1 i=1 a=1 a,B=1

is satisfied for the positive definiteness of the matrix Pj; defined in (2.9).

(4) Consider F(z,t) = [f1, f2, f3,91,92) " and the Fourier image f(u, x3,t) of the
function F(z,t) = ATF(z,t) is considered in the space C(R? x A(T)) and
011 F (v, 23, 1)/ (Ov* 152) belongs to the class

C(R? x A(T)) N C(A(T); Co(R)),
where AT is the transpose of A, that is, the matrix diagonalizes matrix P}, defined
in (2.9).
Then a unique generalized solution of IVP (2.1), (2.2), (2.6) exists where u;(z,t),
wg(z,t) (1 =1,2,3, f=1,2) belong to the space

C(R? x A(T)) N C(A(T); PW(R?)).

6. COMPUTATIONAL EXAMPLE

As reviewed in the introduction, the problems studied in inhomogeneous quasicrys-
tals are scarce. In the literature there is no computational example for inhomoge-
neous quasicrystals. In this section, a simple example for an IVP of elastodynamic
system in vertically inhomoneous quasicrystal is considered. However, since there
are no numerical examples and any other study in literature to validate the results
of our method, the example is chosen simply for having an exact solution and do
a comparison with the method explained in the paper.

Let us consider problem (2.1)—(2.2) with the initial condition (2.6), where

fi(z,t) = Sn(x1)dn (22)(—=5e F(z3 + 1)% — 6(t — 1) (w3 + 1)?),
fa(z,t) = f3(z,t) =0, gi(z,t) = g2(z,t) =0,
where N is a given positive number and the Fourier transform of the function oy (x;),
i=1,2,is
Flén(z:)] = en(vi).
Here ey (v;) is the function that is defined as

) 1 for |v| < N,
e Vi) =
N 0 for |v;| > N.
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Also the components of the tensors are taken as
Cia1s = Casos = Cazzs = K131z = Kogos = (x5 + 1),

and all other components of the tensors are taken zero for simplification.

The problem has an exact solution that is a generalized function. To do a compar-
ison, the problem is solved using the integral equation given in equation (3.14). An
approximate solution of the problem is obtained solving integral equation (3.14) and
using successive approximations that is written in Maple. The number of iterations
of the method for successive approximations to calculate the approximate solution
is 10. For nonsimple examples implementing the method needs more iterations and
takes more time.

The components of the exact solution of the considered IVP are

ui(z,t) = (23 +1)%~ (t = 1)(z3 +1)*)on (21)dn (22),
us(,t) = ug(z,t) = 0,wi(z,t) = wy(z,t) = 0.

Let \70(1/, x3,t), Ve (v, z3,t) be the computed and the exact Fourier transforms of the
solutions, respectively. The norm of the differences VC(V, x3,t) — Ve (v, x3,t) relative
to max with respect to (x3,t) € A(T) and Lo with respect to v1, 5 can be given by
the equality

Vo=Vl = max \// / (1,3, 33,1) = Vo (01,3, 2, 8)? vy .

(z3,t)

The discrete analogue of this norm is given by

9o Tl e | 30 3 [9GA KA. 2 ) — T KA. 2 A

j=—N k=—N

where (z;,t,) is the node of the discretization of the set A(T).
The discrete analogue form of the norm that is given by

N
max Z Z |VC(jA,kA,zp,tp)—Ve(jA,kA,zp,tp)P(A)Q

zi,t
P\ j=—Nk=—N

approaches to

max \// / °(v1,v9,x3,t) — Ve(l/l,z/g,xg,tﬂ?dul duvs
(z3,t)E(A(T)
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as the steps of discretization tend to 0, cf. Table 1

A |[Ve(ur, e, a5,t) — Ve(11, v2, 23, 1)
1/10 0.656.10°
1/50 0.116.107°
1/100 0.991.10~7
Table 1.

Moreover, according to the Parseval-Plancherel identity (theorem), we have

/ / 1/1,1/2,5E3, (V15V27x3a )| dl/ldI/Q
/ / |V Zi,x2,T3, ) Ve(xlax2ax37t)|2dxldx2~

Thus, according to this identity, we have

(o) (o)
HVC_VeH = max / / |Vc(x1,$2;x3;t)_Ve(x17x25x3ﬂt)|2dx1 de’
(z3,t)e(A(T) —o0 J —o0

which is equal (approximately) to

N N

max ‘ZNkZNWC(jA,k;A,zp,tp)—Ve(jA,kA,zp,tp)P(A)Q.
SN R

7. CONCLUSION

The initial value problem for 3D elastodynamic system in 2D vertically inhomo-
geneous quasicrystals is considered in the paper. Applying Fourier transform with
respect to lateral variables, the IVP is written in terms of Fourier images. Using
some other transforms, the IVP is written in the form of Volterra type vector in-
tegral equation. The existence and uniqueness theorems for the obtained integral
equation are stated and proved using successive approximation method. Using the
Paley-Wiener theorem, the existence of the inverse images for the solution of the IVP
for the elastodynamic system is proved. Finally, the existence and uniqueness theo-
rem for the original IVP is stated and an example is considered for the comparison
of the exact solution with the solution obtained by using the method.
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