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Abstract. Initial value problem for three dimensional (3D) elastodynamic system in
two dimensional (2D) inhomogeneous quasicrystals is considered. An analytical method is
studied for the solution of this problem. The system is written in terms of Fourier images of
displacements with respect to lateral variables. The resulting problem is reduced to integral
equations of the Volterra type. Finally, using Paley Wiener theorem it is shown that the
solution of the initial value problem can be found by the inverse Fourier transform. A
numerical example is considered for the comparison of the exact solution with the computed
solution obtained by using the method.
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1. Introduction

Shechtman [28] observed that certain Al-Mn alloys produced the unusual diffrac-

tion pattern of sharp spots which today are seen as the beginning of quasicrystal

structures. This was the discovery of a new class of solids, which are defined as struc-

tures with long-range quasiperiodic order. These materials are named quasicrystals

by Levine and Steinhardt [20] as a shortened form of quasiperiodic crystal. Periodic

crystals can be described as an arrangement of atoms in a single type unit cell which

is repeated periodically, whereas a quasicrystal (quasiperiodic crystal) is a structure

that is ordered but not periodic. There are three main classes of quasicrystals: One

dimensional (1D) quasicrystals that are given by quasiperiodic stacking of periodic

planes, two dimensional (2D) quasicrystals that are quasiperiodic in two dimensions

but periodic in the direction perpendicular to the aperiodic planes, and three dimen-

sional (3D) quasicrystals that are quasiperiodic in all three dimensions.
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The physical properties of quasicrystals such as the structural, magnetic, ther-

mal, piezoelectric properties are investigated in [10], [24], [30]. The theoretical and

experimental results have proved the difference of their elastic behaviors compared

with usual crystals [9], [30]. The quasiperiodicity of these materials in at least one

direction results in the introduction of a new field, called phason field, which yields

more complicated elastic equations.

In recent years, many authors studied general solutions of static elasticity in qua-

sicrystals that plays an important role in solving boundary value problems. General

solutions of static elasticity for 1D hexagonal quasicrystals and 2D decagonal, hexag-

onal, dodecagonal and octagonal quasicrystals are studied in [4], [14]–[16], [22], [25],

[38], [39]. Plane elasticity of 3D quasicrystals and general solutions based on stress

potential function is studied in [21]. Linear elasticity of cubic quasicrystals are consid-

ered in [13], [40]. The dynamic elasticity problems in quasicrystals have been inves-

tigated in [12], [31]. Fan and Mai in [12] have solved two-dimensional dynamic prob-

lems for 1D and 2D hexagonal quasicrystals. Wang extended the methods in [4] to de-

rive the general solution of 3D dynamic problems for 1D hexagonal quasicrystals [31].

All these studies are considered in homogeneous quasicrystals. The study of wave

propagation of elastic waves in inhomogeneous media has a great interest to charac-

terize the properties of many important materials. However, the number of studies

is not much. In [17], [18], [32], [33], wave propagation of elastic waves is studied in

isotropic, inhomogeneous media. In [2], [3], [5], [6], [23], [26], [29], [35], [36], wave

propagation of elastic waves is studied in anisotropic inhomogeneous media.

The dynamic equations of 3D elasticity for quasicrystals are more complicated if we

compare with the equations which are considered in isotropic or anisotropic media. In

addition to phonon displacement and stresses fields, there exist phason displacement

and its stresses fields in quasicrystals. And these displacements have interaction.

Thus, the study of elastodynamics in inhomogeneous quasicrystals are more scarce

if compared with isotropic and anisotropic inhomogeneous media. The general solu-

tions of the inhomogeneous linear elastic equations for pentagonal quasicrystals are

obtained by minimizing the harmonic elastic energy which includes a nontrivial cou-

pling between the phason and displacement variables in [7]. In [27] linear continuous

inhomogeneous strains are considered in decagonal and octagonal quasicrystalline

lattices. An analytical method of solving the initial value problem (IVP) for elasto-

dynamic system in inhomogeneous 3D quasicrystals is developed in [34]. Existence,

uniqueness and stability theorems for the theory of dynamic equations in inhomoge-

neous quasicrystals are stated in the paper. However, the IVP for 3D elastodynamic

problems have not been studied in inhomogeneous 2D quasicrystals before.

This paper considers the IVP for 3D elastic problems of 2D vertically inhomoge-

neous quasicrystals. The method used in this paper is based on Fourier transforma-
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tion and theory of integral equations following similar approach as in [1], [35], [36]. In

Section 2, basic equations of elasticity theory for 2D quasicrystals and the formula-

tion of the IVP are given. In Section 3, IVP is written in terms of Fourier images and

this problem is reduced to a vector integral equation. In Section 4, properties of the

vector integral equation are given and the construction of the unique solution of the

IVP is described. In Section 5, the existence of the unique solution of the IVP for 3D

elastic problems of 2D quasicrystals is proved. In the last section, an example of an

IVP is considered. The problem is solved by the given method using Maple program

and the computed solution is compared with the exact solution of the problem.

2. Equations of elastodynamic system for 2D quasicrystals

Quasicrystals are classified as 1D, 2D and 3D, according to the quasiperiodic

directions; 2D quasicrystals in a 3D body have the atom arranged quasiperiodically

in a plane and periodically in the orthogonal [37]. In this paper, we study 3D

elastodynamic problems of 2D quasicrystals. In the class of 2D quasicrystals, there

are five nonzero displacements, i.e., u1(x, t), u2(x, t), u3(x, t), w1(x, t), w2(x, t), where

x = (x1, x2, x3) ∈ R
3, t > 0. In this section, basic relations of the elasticity theory

of 2D quasicrystals [8], [9], [11] are presented.

Let ui(x, t), i = 1, 2, 3, and wβ(x, t), β = 1, 2, denote the phonon and phason

displacements, respectively, where x = (x1, x2, x3) ∈ R
3, t > 0. The equations of

motion are

̺
∂2ui

∂t2
=

3∑

j=1

∂σij

∂xj

+ fi(x, t),(2.1)

̺
∂2wβ

∂t2
=

3∑

j=1

∂Hβj

∂xj

+ gβ(x, t),(2.2)

where fi(x, t) and gβ(x, t) (i = 1, 2, 3, β = 1, 2) are body forces for the phonon and

phason displacements, respectively, and ̺ > 0 is the density. Throughout the paper

let ̺ depend on x3 only, σij is the phonon stress, and Hβj is the phason stress.

The stress components σij and Hβj are related to phonon strains Ekl and phason

strains Fαl through the relations

σij =

3∑

k,l=1

CijklEkl +

3∑

l=1

2∑

α=1

RijαlFαl, i, j = 1, 2, 3,(2.3)

Hβj =

3∑

k,l=1

RklβjEkl +

3∑

l=1

2∑

α=1

KβjαlFαl, j = 1, 2, 3, β = 1, 2,(2.4)
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which are known as Generalized Hooke’s law. In formulas (2.3), (2.4) the coeffi-

cients Cijkl and Kijkl are the constitutive tensors corresponding to the phanon and

phason fields and Rijkl are the constitutive tensors of the phanon-phason coupling.

The tensors Cijkl , Kijkl and Rijkl have the following symmetries [9], [19]:

Cijkl = Cjikl = Cklij , Kijkl = Kklij , Rijkl = Rjikl.

The problem is considered in vertically inhomogeneous quasicrystals so the ele-

ments of the tensors Cijkl , Kijkl and Rijkl depend on x3 and also these elements are

considered as twice continuously differentiable functions.

According to the linear elastic theory of quasicrystals, the strain-displacement

relations are given by the equations

(2.5) Ekl =
1

2

(∂uk

∂xl

+
∂ul

∂xk

)
, Fαl =

∂wα

∂xl

, k, l = 1, 2, 3, α = 1, 2.

In the present paper, IVP for 3D elastodynamic system in 2D quasicrystals (2.1),

(2.2) with conditions

(2.6) ui(x, t)
∣∣
t=0

= 0,
∂ui(x, t)

∂t

∣∣∣
t=0

= 0,

wβ(x, t)
∣∣
t=0

= 0,
∂wβ(x, t)

∂t

∣∣∣
t=0

= 0, (i = 1, 2, 3, β = 1, 2)

is considered.

If phason and phonon displacements are defined as components of a vector function

such as V = [u1, u2, u3, w1, w2]
⊤ and F = [f1, f2, f3, g1, g2]

⊤, then using equations

(2.3), (2.4), (2.5), the IVP (2.1), (2.2), (2.6) can be written as

∂2
V(x, t)

∂t2
= P 1

33

∂2
V(x, t)

∂x2
3

+
3∑

j,l=1
j=l 6=3

P 1
jl

∂2
V(x, t)

∂xj∂xl

+ P 2
l

∂V(x, t)

∂xl

+ F(x, t),(2.7)

V(x, t)
∣∣
t=0

= 0,
∂V(x, t)

∂t

∣∣∣
t=0

= 0,(2.8)

where

(2.9) P 1
33 =

1

̺




C1313 C1323 C1333 R1313 R1323

C2313 C2323 C2333 R2313 R2323

C3313 C3323 C3333 R3313 R3323

R1313 R2313 R3313 K1313 K1323

R1323 R2323 R3323 K2313 K2323



,

and

P 1
jl =

1

̺

(
Ajl Bjl

Mjl Njl

)
, P 2

l =
1

̺

(
Tl Yl

Rl Zl

)
, j, l = 1, 2, 3,
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and the components of the matrices Ajl, Bjl, Mjl and Njl are defined as

Aik
jl =

1

2
(Cijkl + Cilkj), Biα

jl =
1

2
(Rijαl +Rilαj),

Mβk
jl =

1

2
(Rklβj +Rkjβl), Nβα

jl =
1

2
(Kβjαl +Kβlαj),

T ik
l =

∂

∂x3
Ci3kl, Y iα

l =
∂

∂x3
Ri3αl,

Rβk
l =

∂

∂x3
Rklβ3, Zβα

l =
∂

∂x3
Kβ3αl, i, j, k, l = 1, 2, 3.

Let us consider that the matrix P 1
33 is positive-definite for any nonzero x ∈ R

3, so

the matrix P 1
33 has to satisfy inequality

V
⊤P 1

33V > 0

for arbitrary nonzero vectors V = (u1, u2, u3, w1, w2)
⊤ ∈ R

5 and x ∈ R
3, where V⊤

is the transpose of V. Using (2.9) we find that

V
⊤P 1

33V =
1

̺

( 3∑

i,k=1

Ci3k3uiuk +

3∑

i=1

2∑

α=1

Ri3α3uiwα +

2∑

α,β=1

Kβ3α3wβwα

)
.

If for any arbitrary nonzero vector V = (u1, u2, u3, w1, w2)
⊤ ∈ R

5, the condition

(2.10)
1

̺

( 3∑

i,k=1

Ci3k3uiuk +

3∑

i=1

2∑

α=1

Ri3α3uiwα +

2∑

α,β=1

Kβ3α3wβwα

)
> 0

holds, then the matrix P 1
33 becomes positive definite for all x ∈ R

3. This condition

can be used to diagonalize the matrix P 1
33.

Notice that the matrix P 1
33 is symmetric and under the condition (2.10), P

1
33 is

positive definite. Thus, there exists Λ such that

(2.11) Λ⊤P 1
33Λ = D,

where D = diag(d1, d2, d3, d4, d5).

Beside the assumption of the condition (2.10), the following assumptions and

notations are used in the paper. Let ̺0, a, b and T be given positive numbers such

that ̺(x3) > ̺0 > 0 and 0 < a 6 d1, d2, d3, d4, d5 6 b, where c =
√
b/̺0 . And let

the triangular domain ∆(T ) used throughout the paper be defined as follows

(2.12) ∆(T ) = {(x3, t) : t ∈ [0, T ], |x3| 6 c(T − t)},

where T is a given positive number.
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Let V(x, t) = ΛṼ(x, t). Plugging into the IVP (2.7), (2.8) and multiplying by Λ⊤

from the left-hand side, the IVP (2.7), (2.8) can be written as

∂2
Ṽ(x, t)

∂t2
= D

∂2
Ṽ

∂x2
3

+
[
2Λ⊤P 1

33

∂Λ

∂x3
+ Λ⊤P 2

3Λ
] ∂Ṽ
∂x3

(2.13)

+
[
Λ⊤P 1

33

∂2Λ

∂x2
3

+ Λ⊤P 2
3

∂Λ

∂x3

]
Ṽ

+

2∑

j,l=1

ΛTP 1
jlΛ

∂2
Ṽ

∂xj∂xl

+ Λ⊤(P 1
31 + P 1

13)
∂

∂x3

[
Λ
∂Ṽ

∂x1

]

+

2∑

l=1

Λ⊤P 2
l Λ

∂Ṽ

∂xl

+ Λ⊤(P 1
32 + P 1

23)
∂

∂x3

[
Λ
∂Ṽ

∂x2

]
+ F̃(x, t),

Ṽ(x, t)
∣∣
t=0

= 0,
∂Ṽ(x, t)

∂t

∣∣∣
t=0

= 0,(2.14)

where the function F̃ = [F̃1, F̃2, F̃3, F̃4, F̃5]
⊤ is defined as F̃(x, t) = Λ⊤

F(x, t).

3. Reduction to Volterra integral equation

Let the functions Ṽ(x, t), F̃(x, t) that are given in equations (2.13), (2.14) have

Fourier transform with respect to x1, x2 denoted by V̂(ν, x3, t), F̂(ν, x3, t), respec-

tively and let the Fourier image F̂(ν, x3, t) belong to the space C(R2 × ∆(T )),

ν = (ν1, ν2).

Applying the Fourier transform with respect to x1, x2

V̂(ν, x3, t) = Fx1,x2
[Ṽ](ν, x3, t) =

∫ ∞

−∞

∫ ∞

−∞

Ṽ(x, t)ei(ν1x1+ν2x2) dx1 dx2,

the dynamic equilibrium equations in 2D quasicrystals can be written in terms of

the Fourier images

∂2
V̂

∂t2
= D

∂2
V̂

∂x2
3

+
[
2Λ⊤P 1

33

∂Λ

∂x3
+ Λ⊤P 2

3Λ
] ∂V̂
∂x3

+
[
Λ⊤P 1

33

∂2Λ

∂x2
3

+ Λ⊤P 2
3

∂Λ

∂x3

]
V̂

−
2∑

j,l=1

νjνlΛ
⊤P 1

jlΛV̂+ iν1Λ
⊤(P 1

31 + P 1
13)

∂Λ

∂x3
V̂

+ iν1Λ
⊤(P 1

31 + P 1
13)Λ

∂V̂

∂x3
+ iν2Λ

⊤(P 1
32 + P 1

23)
∂Λ

∂x3
V̂

+ iν2Λ
⊤(P 1

32 + P 1
23)Λ

∂V̂

∂x3
+

2∑

l=1

νlΛ
⊤P 2

l ΛV̂+ F̂(ν, x3, t),

V̂(ν, x3, t)
∣∣
t=0

= 0,
∂V̂(ν, x3, t)

∂t

∣∣∣
t=0

= 0.

294



Thus, each component V̂j(ν, x3, t), j = 1, . . . , 5, of V̂(ν, x3, t) satisfies that follow-

ing IVP:

∂2V̂j

∂t2
= dj

∂2V̂j

∂x2
3

+

5∑

k,m=1

(
2N1

jm

∂Λmk

∂x3
+N2

jmΛmk

)∂V̂k

∂x3
(3.1)

+

5∑

k,m=1

(
N1

jm

∂2Λmk

∂x2
3

+N2
jm

∂Λmk

∂x3

)
V̂k

+

5∑

k,m=1

N3
jmΛmkV̂k + F̂j(ν, x3, t),

V̂j(ν, x3, t)
∣∣
t=0

= 0,
∂V̂j(ν, x3, t)

∂t

∣∣∣
t=0

= 0,(3.2)

where N i
jm are components of the matrix N

i(x3), i = 1, 2, 3, defined as

N1(x3) = Λ⊤P 1
33,

N2(x3) = Λ⊤[P 2
3 + iν1(P

1
31 + P 1

13) + iν2(P
1
32 + P 1

23)],

N3(x3) = Λ⊤

[
−

2∑

j,l=1

νjνlP
1
jl +

2∑

l=1

νlP
2
l

]
.

Let us consider the transform

yj = τj(x3), τj(x3) =

∫ x3

0

cj(ξ) dξ, c2j(ξ) =
1

dj(ξ)
, x3 = τ−1

j (yj),(3.3)

where dj are the diagonal entries of D defined in (2.11).

(3.4) Uj(ν, yj, t) = V̂j(ν, x3, t)|x3=τ
−1

j
(yj)

, j = 1, 2, . . . , 5.

Using the given transformation and notations, the IVP (3.1), (3.2) becomes

∂2Uj

∂t2
=

∂2Uj

∂y2j
− M̃j(yj)

∂Uj

∂yj
+ F̂j(ν, x3, t)

∣∣
x3=τ

−1

j
(yj)

(3.5)

+

5∑

k,m=1
k 6=j

(
2N1

jm

∂Λmk

∂x3
+N2

jmΛmk

)∂V̂k

∂x3

∣∣∣
x3=τ

−1

j
(yj)

+

5∑

k,m=1

(
N1

jm

∂2Λmk

∂x2
3

+N2
jm

∂Λmk

∂x3
+N3

jmΛmk

)
V̂k

∣∣∣
x3=τ

−1

j
(yj)

,

Uj(ν, yj , t)
∣∣
t=0

= 0,
∂Uj(ν, yj , t)

∂t

∣∣∣
t=0

= 0,(3.6)
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where

M̃j(yj) = −
∂

∂yj

[
ln

√
1

dj(τ
−1
j (yj))

]

−
1√

dj(τ
−1
j (yj))

5∑

m=1

(
2N1

jm

∂Λmj

∂x3
+N2

jmΛmj

)∣∣∣
x3=τ

−1

j
(yj)

.

We seek a solution of problem (3.5), (3.6) in the form

(3.7) Uj(ν, yj, t) = Sj(yj)U j(ν, yj , t), j = 1, 2, 3,

where the function Sj(yj) is defined by

Sj(yj) = exp

(
1

2

∫ yj

0

M̃j(ξ) dξ

)
.

With these new notations, equations (3.5) and (3.6) can be written as follows:

∂2U j

∂t2
−

∂2U j

∂y2j
(3.8)

=
[1
2

∂M̃j

∂yj
−

1

4
M̃2

j (yj)
]
U j +

1

Sj(yj)
F̂j

∣∣∣
x3=τ

−1

j
(yj)

+
1

Sj(yj)

5∑

k,m=1
k 6=j

N1
jm

∂

∂x3

(∂Λmk

∂x3
V̂k

)∣∣∣
x3=τ

−1

j
(yj)

+
1

Sj(yj)

5∑

k,m=1
k 6=j

(
N2

jm

∂

∂x3
(ΛmkV̂k) +N3

jmΛmkV̂k

)∣∣∣
x3=τ

−1

j (yj)

+
1

Sj(yj)

5∑

m=1

(
N1

jm

∂2Λmj

∂x2
3

+N2
jm

∂Λmj

∂x3
+N3

jmΛmj

)
V̂j

∣∣∣
x3=τ

−1

j
(yj)

,

U j(ν, yj , t)
∣∣
t=0

= 0,
∂U j(ν, yj , t)

∂t

∣∣∣
t=0

= 0.(3.9)

Using transformation (3.3) and notations

Λ(x3)
∣∣
x3=τ

−1

j
(yj)

= Λ̃(yj), c(x3)
∣∣
x3=τ

−1

j
(yj)

= c̃(yj),

N i(x3)
∣∣
x3=τ−1

j
(yj)

= Ñ i(yj), F̂j(ν, x3, t)
∣∣
x3=τ−1

j
(yj)

= F j(ν, yj , t),
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equation (3.8) can be written in the following form:

(3.10)
∂2U j

∂t2
−

∂2U j

∂y2j
=
[1
2

∂M̃j

∂yj
−

1

4
M̃2

j (yj)
]
U j

+
1

Sj(yj)˜̺(yj)

5∑

k,m=1
k 6=j

Ñ1
jm

(∂2Λ̃mk

∂y2j
c̃2 +

∂Λ̃mk

∂yj

∂c̃

∂yj
c̃
)
V̂k

+
1

Sj(yj)

5∑

k,m=1
k 6=j

∂

∂yj

(
Ñ1

jm

Λ̃mk

∂yj
c̃2V̂k

)
−

∂

∂yj

(
Ñ1

jm

Λ̃mk

∂yj
c̃2
)
V̂k

+
1

Sj(yj)

5∑

k,m=1
k 6=j

∂

∂yj
(Ñ2

jmc̃Λ̃mkV̂k)−
∂

∂yj
(Ñ2

jmc̃)Λ̃mkV̂k

+
1

Sj(yj)

5∑

m=1

Ñ1
jm

(∂2Λ̃mj

∂y2j
c̃2 +

∂Λ̃mj

∂yj

∂c̃

∂yj
c̃
)
U j

+
1

Sj(yj)

5∑

m=1

(
Ñ2

jm

∂Λ̃mj

∂yj
c̃+ Ñ3

jmΛ̃mj

)
U j

+
1

Sj(yj)

( 5∑

k,m=1
k 6=j

Ñ3
jmΛ̃mkV̂k + F j(ν, yj, t)

)
.

Using notations

Ψj(ν, yj , t) =
1

Sj(yj)
F j(ν, yj, t), L1

j(yj) =
1

2

∂M̃j

∂yj
−

1

4
M̃2

j (yj),

L2
j(yj) =

1

Sj(yj)

5∑

m=1

[
Ñ1

jm

(∂2Λ̃mj

∂y2j
c̃2 +

∂Λ̃mj

∂yj

∂c̃

∂yj
c̃
)
+ Ñ2

jm

∂Λ̃mj

∂yj
c̃+ Ñ3

jmΛ̃mj

]
,

L3
jk(yj) =

1

Sj(yj)

5∑

m=1

Ñ3
jmΛ̃mk, L4

jk(yj) =
1

Sj(yj)

5∑

m=1

(
Ñ1

jm

Λ̃mk

∂yj
c̃2
)
,

L5
jm(yj) =

1

Sj(yj)
Ñ2

jmc̃, L6
jk(yj) =

1

Sj(yj)

5∑

m=1

Ñ1
jm

(∂2Λ̃mk

∂y2j
c̃2 +

∂Λ̃mk

∂yj

∂c̃

∂yj
c̃
)
,

equation (3.10) can be written in the form

(3.11)

∂2U j

∂t2
−

∂2U j

∂y2j
= (L1

j + L2
j)U j + L3

jkV̂k +
5∑

k=1
k 6=j

∂

∂yj
(L4

jkV̂k)−
∂L4

jk

∂yj
V̂k

+

5∑

k,m=1
k 6=j

∂

∂yj
(L5

jmΛ̃mkV̂k)−
∂L5

jm

∂yj
Λ̃mkV̂k + L6

jkV̂k +Ψj(ν, ξ, η).
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Applying d’Alembert formula, it can be shown that the solution of (3.11) with initial

conditions (3.9) can be found as

(3.12) U j(ν, yj, t) =
1

2

∫ t

0

∫ yj+(t−η)

yj−(t−η)

[L1
j(ξ) + L2

j(ξ)]U j(ν, ξ, η) dξ dη

+
1

2

∫ t

0

∫ yj+(t−η)

yj−(t−η)

5∑

k=1
j 6=k

[L3
jk(ξ) + L6

jk(ξ)]V̂k(ν, τ
−1
j (ξ), η) dξ dη

+
1

2

∫ t

0

∫ yj+(t−η)

yj−(t−η)

Ψj(ν, ξ, η) dξ dη

−
1

2

∫ t

0

∫ yj+(t−η)

yj−(t−η)

5∑

k=1
j 6=k

∂

∂ξ
[L4

jk(ξ)]V̂k(ν, τ
−1
j (ξ), η) dξ dη

−
1

2

∫ t

0

∫ yj+(t−η)

yj−(t−η)

5∑

k,m=1
j 6=k

∂L5
jm(ξ)

∂ξ
Λ̃mkV̂k(ν, τ

−1
j (ξ), η) dξ dη

+
1

2

∫ t

0

5∑

k=1
j 6=k

L4
jk(ξ)V̂k(ν, τ

−1
j (ξ), η)

∣∣∣
ξ=τj(x3)+(t−η)

ξ=τj(x3)−(t−η)
dη

+
1

2

∫ t

0

5∑

k,m=1
j 6=k

L5
jm(ξ)Λ̃mk(ξ)V̂k(ν, τ

−1
j (ξ), η)

∣∣∣
ξ=τj(x3)+(t−η)

ξ=τj(x3)−(t−η)
dη,

and using the notations given in (3.4), (3.7) that are

Uj(ν, yj , t) = Sj(yj)U j(ν, yj, t), V̂j(ν, x3, t) = Uj(ν, yj, t)
∣∣
yj=τj(x3)

,

the equation (3.12) can be written as

V̂j(ν, x3, t)(3.13)

=
Sj(τj(x3))

2

∫ t

0

∫ τj(x3)+(t−η)

τj(x3)−(t−η)

[L1
j(ξ) + L2

j(ξ)]
V̂j(ν, ξ, η)

Sj(ξ)
dξ dη

+
Sj(τj(x3))

2

∫ t

0

∫ τj(x3)+(t−η)

τj(x3)−(t−η)

5∑

k=1
j 6=k

[L3
jk(ξ) + L6

jk(ξ)]V̂k(ν, τ
−1
j (ξ), η) dξ dη

+
Sj(τj(x3))

2

∫ t

0

∫ τj(x3)+(t−η)

τj(x3)−(t−η)

Ψj(ν, ξ, η) dξ dη
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−
Sj(τj(x3))

2

∫ t

0

∫ τj(x3)+(t−η)

τj(x3)−(t−η)

5∑

k=1
j 6=k

∂L4
jk(ξ)

∂ξ
V̂k(ν, τ

−1
j (ξ), η) dξ dη

−
Sj(τj(x3))

2

∫ t

0

∫ τj(x3)+(t−η)

τj(x3)−(t−η)

5∑

k,m=1
j 6=k

∂L5
jm(ξ)

∂ξ
Λ̃mkV̂k(ν, τ

−1
j (ξ), η) dξ dη

+
Sj(τj(x3))

2

∫ t

0

5∑

k=1
j 6=k

L4
jk(ξ)V̂k(ν, τ

−1
j (ξ), η)

∣∣∣
ξ=τj(x3)+(t−η)

ξ=τj(x3)−(t−η)
dη

+
Sj(τj(x3))

2

∫ t

0

5∑

k,m=1
j 6=k

L5
jm(ξ)Λ̃mk(ξ)V̂k(ν, τ

−1
j (ξ), η)

∣∣∣
ξ=τj(x3)+(t−η)

ξ=τj(x3)−(t−η)
dη.

The function V̂j(ν, x3, t) given with equation (3.13) is the solution of the IVP (3.1),

(3.2) that can be written in the form of integral equation as

(3.14) V̂(ν, x3, t) = G(ν, x3, t) +

∫ t

0

(KV̂)(ν, x3, t, η) dη,

where the components Gj(ν, x3, t), j = 1, 2, . . . , 5, of G = (G1, G2, G3, G4, G5)
⊤ are

defined by

(3.15) Gj(ν, x3, t) =
Sj(τ(x3))

2

∫ t

0

∫ τ(x3)+(t−η)

τ(x3)−(t−η)

Ψj(ν, ξ, η) dξ dη,

and K = (K1,K2,K3,K4,K5)
⊤ is the vector operator with components

(KjV̂)(ν, x3, t, η)(3.16)

=
Sj(τj(x3))

2

∫ τj(x3)+(t−η)

τj(x3)−(t−η)

[L1
j(ξ) + L2

j(ξ)]
V̂j(ν, ξ, η)

Sj(ξ)
dξ

+
Sj(τj(x3))

2

∫ τj(x3)+(t−η)

τj(x3)−(t−η)

5∑

k=1
j 6=k

[L3
jk(ξ) + L6

jk(ξ)]V̂k(ν, τ
−1
j (ξ), η) dξ

−
Sj(τj(x3))

2

∫ τj(x3)+(t−η)

τj(x3)−(t−η)

5∑

k=1
j 6=k

∂L4
jk(ξ)

∂ξ
V̂k(ν, τ

−1
j (ξ), η) dξ

−
Sj(τj(x3))

2

∫ τj(x3)+(t−η)

τj(x3)−(t−η)

5∑

k,m=1
j 6=k

∂L5
jm(ξ)

∂ξ
Λ̃mkV̂k(ν, τ

−1
j (ξ), η) dξ
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+
Sj(τj(x3))

2

5∑

k=1
j 6=k

L4
jk(ξ)V̂k(ν, τ

−1
j (ξ), η)

∣∣∣
ξ=τj(x3)+(t−η)

ξ=τj(x3)−(t−η)

+
Sj(τj(x3))

2

5∑

k,m=1
j 6=k

L5
jm(ξ)Λ̃mk(ξ)V̂k(ν, τ

−1
j (ξ), η)

∣∣∣
ξ=τj(x3)+(t−η)

ξ=τj(x3)−(t−η)
.

4. Existence and uniqueness for the vector integral equation

We have shown that under the new notations and some assumptions, the system of

equations (3.1)–(3.2) can be written in the form of operator integral equation (3.14).

In this section, it will be shown that the integral equation (3.14) can be solved using

the method of successive approximations and the unique solution that has continuous

components for (ν, x3, t) ∈ R
2 ×∆(T ) can be obtained.

To get the solution of the vector integral equation (3.14), the successive approxi-

mation method can be applied:

(4.1) V̂
(0)
i (ν, x3, t) = G(ν, x3, t),

V̂
(n)
i (ν, x3, t) = G(ν, x3, t) +

∫ t

0

(
KiV̂

(n−1)
)
(ν, x3, t, η) dη, n = 1, 2, . . .

Now our aim is to show that the series
∞∑

n=0
V̂

(n)
i (ν, x3, t) uniformly converges to

a vector function V̂i(ν, x3, t) that has continuous components and satisfies the integral

equation.

Under the assumptions given in Section 2, it can be concluded that the components

Gi(ν, x3, t), i = 1, 2, . . . , 5, of G defined by (3.14) belong to the space C(R2; ∆(T )).

Also, for the components Ki of K = (K1, . . . ,K5)
⊤ defined by (3.16) for (x3, t) ∈

∆(T ), ν ∈ R
2, and any vector function V̂(ν, x3, t) with components V̂i(ν, x3, t) that

belong to the space C(R2 ×∆(T )), we can conclude that functions

∫ t

0

(KiV̂)(ν, x3, t, η) dη, i = 1, . . . , 5,

are continuous. Thus, the components of the vector function V̂ (n)(ν, x3, t), n =

0, 1, 2, . . . have components belonging to the space C(R2 ×∆(T )).

Let (x3, t) ∈ ∆(T ), |ν| 6 Ω, for any positive number Ω and A be a positive number

that depends on c, T,Ω and

‖V̂‖(ν, η) = max
i=1,...,5

max
ξ∈[−c(T−η),c(T−η)]

|V̂i(ν, ξ, η)|.
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Let Q be defined by

Q = max
j,k,l

max
ξ

{
|Ll

j(ξ)|,
∣∣∣
∂L4

j(ξ)

∂ξ

∣∣∣,
5∑

m=1

|L5
jm(ξ)Λ̃mk(ξ)|,

5∑

m=1

∣∣∣
∂L5

jm(ξ)

∂ξ
Λ̃mk

∣∣∣, |Sj(ξ)|

}

j, k = 1, 2, . . . , 5, l = 1, 2, 3, 4, 6,

for any (x3, t) ∈ ∆, η ∈ [0, t], ξ ∈ [τj(x3)− (t− η), τj(x3) + (t− η)] and let

‖V̂i(ν, τ
−1(ξ), η)‖ 6 ‖V̂ ‖(ν, η).

Then from formulas (3.16) we obtain the following inequalities:

|(KiV̂)(ν, x3, t, η)| 6 Ai(T,Ω)‖V̂‖(ν, η), i = 1, 2, . . . , 5,

where |ν| < Ω and

Ai(T,Ω) = 22TQ2 + 2Q2, i = 1, 2, . . . , 5,

A = max
i=1,...,5

Ai(T,Ω).

Thus, inequality

(4.2)

∣∣∣∣
∫ t

0

(KiV̂)(ν, x3, t, η) dη

∣∣∣∣ 6 A

∫ t

0

‖V̂‖(ν, η) dη

is satisfied for any vector function V̂(ν, x3, t, η) with components which are continu-

ous on R
2 ×∆(T ).

Using (4.1) and inequality (4.2), we have

|V̂
(n)
i (ν, x3, t)| =

∣∣∣∣
∫ t

0

(
KiV̂

(n−1)
)
(ν, x3, t, η) dη

∣∣∣∣,

and thus,

|V̂
(n)
i (ν, x3, t)| 6 A

∫ t

0

‖V̂(n−1)‖(ν, η) dη.

Further, we choose a constant A0 such that ‖V̂
(0)
i ‖(t) 6 A0. Using the above in-

equality, we find that

‖V̂(1)‖(t) 6 A0At, ‖V̂(2)‖(t) 6 A0
(At)2

2!
, . . . , ‖V̂(n)‖(t) 6 A0

(At)n

n!
, . . . .

Thus the series
∞∑

n=0
V̂

(n)
i (ν, x3, t) is majorized for (x3, t) ∈ ∆(T ) by

∞∑
n=0

‖V̂(n)‖(ν, t)

and the series
∞∑
n=0

‖V̂(n)‖(ν, t) is majorized by the numerical series

(4.3)

∞∑

n=0

‖V̂ (n)‖(ν, t) 6

∞∑

n=0

A0
(AT )n

n!
max
|ν|6Ω

‖G‖(ν, T ), n = 0, 1, 2, . . .
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Using inequality (4.3) and the Weierstrass first theorem, there exist functions

V̂i(ν, x3, t) ∈ C(R2 × ∆(T )) such that the series
∞∑

n=0
V̂

(n)
i (ν, x3, t) converges uni-

formly and absolutely to V̂i(ν, x3, t) for i = 1, 2, . . . , 5.

Therefore, we get the following proposition.

Proposition 4.1. Under the above assumptions and notations, the functions

V̂
(n)
i (ν, x3, t) (i = 1, . . . , 5, n = 0, 1, 2, . . .) defined by (4.1) are continuous on

R
2 × ∆(T ) and there exist functions V̂i(ν, x3, t) ∈ C(R2 × ∆(T )) such that the

series
∞∑
n=0

V̂
(n)
i (ν, x3, t) converges uniformly to V̂i(ν, x3, t), which are the components

of the solution vector V̂(ν, x3, t).

Proposition 4.2. V̂(ν, x3, t) with the components V̂i(ν, x3, t), i = 1, 2, . . . , 5, is

a solution of the vector integral equation (3.14) for (x3, t) ∈ ∆(T ), |ν| 6 Ω.

P r o o f. To show that V̂(ν, x3, t) is a solution of (3.14) let us sum equation (4.1)

with respect to n from 1 to N and add the vector function G(ν, x3, t) to both sides

of the equation and get

N∑

n=0

V̂
(n)(ν, x3, t) = G(ν, x3, t) +

∫ t

0

N−1∑

n=0

(KV̂
(n))(ν, x3, t, η) dη.

As N approaches to infinity, we find that V̂(ν, x3, t) satisfies (3.14) for |ν| 6 Ω,

(x3, t) ∈ ∆(T ), t ∈ [0, T ]. This means that V̂(ν, x3, t) is a solution of (3.14) for

|ν| 6 Ω, (x3, t) ∈ ∆(T ), t ∈ [0, T ]. �

So we have the following theorem for existence of the solution of the vector integral

equation.

Theorem 4.1. Let T be a fixed positive number, K = (K1,K2, . . . ,K5)
⊤ be

the vector operator with the components defined by (3.16). Then for any G =

(G1, G2, . . . , G5)
⊤ such that Gi = Gi(ν, x3, t) ∈ C(R2×∆(T )), i = 1, 2, . . . , 5, defined

in (3.15), there exists a unique solution V̂ = (V̂1, V̂2, . . . , V̂5) of the operator integral

equation (3.14) such that V̂i ∈ C(R2 ×∆(T )), i = 1, 2, . . . , 5.

P r o o f. Using Proposition 4.1 and 4.2, the existence of the solution for the in-

tegral equation can be shown. For the uniqueness of the solution let V̂(ν, x3, t) and

V̂
∗(ν, x3, t) be two solutions of (3.14) corresponding to the same vector function

G(ν, x3, t) and let

V(ν, x3, t) = V̂(ν, x3, t)− V̂
∗(ν, x3, t)
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for |ν| 6 Ω, (x3, t) ∈ ∆(T ). The vector function V(ν, x3, t) satisfies the following

operator integral equality:

(4.4) V(ν, x3, t) =

∫ t

0

(
KV

)
(ν, x3, t, η) dη, |ν| 6 Ω, (x3, t) ∈ ∆(T ).

Using the proposition above and (4.4) we have

‖V‖(ν, x3, t) = A

∫ t

0

‖V‖(ν, x3, η) dη, |ν| 6 Ω, t ∈ [0, T ].

Applying Grownwall’s lemma to (4.4), we find that

‖V‖(ν, x3, t) = 0, |ν| 6 Ω, (x3, t) ∈ ∆(T ).

From the continuity of V(ν, x3, t) we obtain

V(ν, x3, t) ≡ 0, |ν| 6 Ω, (x3, t) ∈ ∆(T ).

This means that V̂(ν, x3, t) ≡ V̂
∗(ν, x3, t) for |ν| 6 Ω, (x3, t) ∈ ∆(T ). Thus, the

existence of a unique solution for the vector integral equation (3.14) is proved. �

5. Existence and uniqueness of the IVP

In the previous section, existence of a unique solution for the vector integral equa-

tion (3.14) is proved. The solution Ṽ (x, t) of the IVP (2.13), (2.14) can be obtained

by the inverse Fourier transform of V̂(ν, x3, t), that is, the solution of the vector

integral equation (3.14). Since V(x, t) = ΛṼ(x, t), the solution of IVP (2.7), (2.8)

can be obtained by multiplying the solution Ṽ(x, t) of the IVP (2.13), (2.14) by Λ.

Now we will show that the inverse Fourier transform with respect to ν = (ν1, ν2)

can be applied to V̂(ν, x3, t) and the inverse Fourier transform of V̂(ν, x3, t) is the

unique solution of (3.1), (3.2).

As an assumption given in Section 3, the Fourier image F̂(ν, x3, t) is considered in

the space C(R2 ×∆(T )) and ∂|α|
F̂(ν, x3, t)/(∂ν

α1

1 ∂να2

2 ) belongs to the class

C(R2 ×∆(T )) ∩C(∆(T );C0(R
2)),

where C(∆(T );C0(R
2) is the class of continuous mappings of (x3, t) ∈ ∆(T ) into

C0(R
2), that is, the class of functions that are from C(R2) with compact supports.

According to the assumptions and properties, Gi(ν, x3, t), i = 1, . . . , 5, defined by

(3.15) satisfy

∂|α|

∂να1

1 ∂να2

2

Gi(ν, x3, t) ∈ C(R2 ×∆(T )) ∩ C(∆(T );C0(R
2)).
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For simplicity let us use following notation:

Dα
νGi(ν, x3, t) =

∂|α|

∂να1

1 ∂να2

2

Gi(ν, x3, t), i = 1, 2, . . . , 5,

where α = (α1, α2), αj ∈ {0, 1, 2, . . .} and |α| = α1 + α2. Thus, we have

Dα
νGi(ν, x3, t) ∈ C(R2 ×∆(T )) ∩ C(∆(T );C0(R

2)).

Applying Dα
ν to the system of integral equations (3.14), we obtain

(5.1) Dα
ν V̂(ν, x3, t) = Dα

νG(ν, x3, t) +

∫ t

0

(KDα
ν V̂)(ν, x3, t, η) dη.

Since this equation has the same form as (3.14), the solution which can be found

by successive approximations satisfies Dα
ν V̂(ν, x3, t) ∈ C(R2 ×∆(T )). Using equal-

ity (5.1), the result of the proposition we proved and Gronwall’s lemma, we get the

inequality

‖Dα
ν V̂‖(ν, t) 6 eAT max

|ν|6Ω
‖Dα

νG‖(ν, t), t ∈ [0, T ],

which together with equation (4.4) implies

Dα
ν V̂(ν, x3, t) ∈ C(∆(T );C0(R

2)).

Hence, the components V̂j(ν, x3, t) of the solution V̂(ν, x3, t) are from the space

C(R2 ×∆(T )) ∩ C(∆(T );C∞
0 (R2)).

Using the Paley-Wiener theorem we find (u1, u2, u3, w1, w2)
⊤ = F−1

ν [V̂ ] is a unique

solution of (2.13), (2.14) and so V(x, t) is a unique solution of (2.7), (2.8) such that

each Ṽj(x, t), j = 1, 2, . . . , 5, belongs to the class

C(R2 ×∆(T )) ∩ C(∆(T );PW (R2)),

where PW (R2) is the Paley-Wiener space [2].

So we have the following theorem for the existence of the unique solution of the

IVP (2.1), (2.2), (2.6).

Theorem 5.1. Consider the following assumptions are satisfied.

(1) c, T are positive numbers and ∆(T ) is a triangular region defined in (2.12).

(2) The density of the medium ̺(x3) and the elements of the tensors Cijkl ,Kijkl, Rijkl

are twice continuously differentiable functions depending on x3 over [−cT, cT ].
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(3) For arbitrary nonzero vectors V = (u1, u2, u3, w1, w2)
⊤ ∈ R

5, the condition

1

̺(x3)

( 3∑

i,k=1

Ci3k3uiuk +

3∑

i=1

2∑

α=1

Ri3α3uiwα +

2∑

α,β=1

Kβ3α3wβwα

)
> 0

is satisfied for the positive definiteness of the matrix P 1
33 defined in (2.9).

(4) Consider F(x, t) = [f1, f2, f3, g1, g2]
⊤ and the Fourier image F̂(ν, x3, t) of the

function F̃(x, t) = Λ⊤
F(x, t) is considered in the space C(R2 × ∆(T )) and

∂|α|
F̂(ν, x3, t)/(∂ν

α1

1 ∂να2

2 ) belongs to the class

C(R2 ×∆(T )) ∩C(∆(T );C0(R
2)),

where Λ⊤ is the transpose of Λ, that is, the matrix diagonalizes matrix P 1
33 defined

in (2.9).

Then a unique generalized solution of IVP (2.1), (2.2), (2.6) exists where ui(x, t),

wβ(x, t) (i = 1, 2, 3, β = 1, 2) belong to the space

C(R2 ×∆(T )) ∩ C(∆(T );PW (R2)).

6. Computational example

As reviewed in the introduction, the problems studied in inhomogeneous quasicrys-

tals are scarce. In the literature there is no computational example for inhomoge-

neous quasicrystals. In this section, a simple example for an IVP of elastodynamic

system in vertically inhomoneous quasicrystal is considered. However, since there

are no numerical examples and any other study in literature to validate the results

of our method, the example is chosen simply for having an exact solution and do

a comparison with the method explained in the paper.

Let us consider problem (2.1)–(2.2) with the initial condition (2.6), where

f1(x, t) = δN (x1)δN (x2)(−5e−t(x3 + 1)2 − 6(t− 1)(x3 + 1)2),

f2(x, t) = f3(x, t) = 0, g1(x, t) = g2(x, t) = 0,

where N is a given positive number and the Fourier transform of the function δN(xi),

i = 1, 2, is

F [δN (xi)] = eN(νi).

Here eN (νi) is the function that is defined as

eN (νi) =

{
1 for |νi| 6 N,

0 for |νi| > N.
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Also the components of the tensors are taken as

C1313 = C2323 = C3333 = K1313 = K2323 = (x3 + 1)2,

and all other components of the tensors are taken zero for simplification.

The problem has an exact solution that is a generalized function. To do a compar-

ison, the problem is solved using the integral equation given in equation (3.14). An

approximate solution of the problem is obtained solving integral equation (3.14) and

using successive approximations that is written in Maple. The number of iterations

of the method for successive approximations to calculate the approximate solution

is 10. For nonsimple examples implementing the method needs more iterations and

takes more time.

The components of the exact solution of the considered IVP are

ue
1(x, t) = ((x3 + 1)2e−t + (t− 1)(x3 + 1)2)δN (x1)δN (x2),

ue
2(x, t) = ue

3(x, t) = 0, we
1(x, t) = we

2(x, t) = 0.

Let V̂c(ν, x3, t), V̂
e(ν, x3, t) be the computed and the exact Fourier transforms of the

solutions, respectively. The norm of the differences V̂c(ν, x3, t)− V̂
e(ν, x3, t) relative

to max with respect to (x3, t) ∈ ∆(T ) and L2 with respect to ν1, ν2 can be given by

the equality

‖V̂c − V̂
e‖ = max

(x3,t)∈∆(T )

√∫ ∞

−∞

∫ ∞

−∞

|V̂c(ν1, ν2, x3, t)− V̂e(ν1, ν2, x3, t)|2 dν1 dν2.

The discrete analogue of this norm is given by

‖V̂c − V̂
e‖ = max

zi,tp

√√√√
N∑

j=−N

N∑

k=−N

|V̂c(j∆, k∆, zp, tp)− V̂e(j∆, k∆, zp, tp)|2(∆)2,

where (zi, tp) is the node of the discretization of the set ∆(T ).

The discrete analogue form of the norm that is given by

max
zi,tp

√√√√
N∑

j=−N

N∑

k=−N

|V̂c(j∆, k∆, zp, tp)− V̂e(j∆, k∆, zp, tp)|2(∆)2

approaches to

max
(x3,t)∈(∆(T )

√∫ ∞

−∞

∫ ∞

−∞

|V̂c(ν1, ν2, x3, t)− V̂e(ν1, ν2, x3, t)|2 dν1 dν2

306



as the steps of discretization tend to 0, cf. Table 1

∆ ‖V̂c(ν1, ν2, x3, t)− V̂
e(ν1, ν2, x3, t)‖

1/10 0.656.10−5

1/50 0.116.10−5

1/100 0.991.10−7

Table 1.

Moreover, according to the Parseval-Plancherel identity (theorem), we have

∫ ∞

−∞

∫ ∞

−∞

|V̂c(ν1, ν2, x3, t)− V̂
e(ν1, ν2, x3, t)|

2 dν1 dν2

=

∫ ∞

−∞

∫ ∞

−∞

|Vc(x1, x2, x3, t)−V
e(x1, x2, x3, t)|

2 dx1 dx2.

Thus, according to this identity, we have

‖Vc −V
e‖ = max

(x3,t)∈(∆(T )

√∫ ∞

−∞

∫ ∞

−∞

|Vc(x1, x2, x3, t)−Ve(x1, x2, x3, t)|2 dx1 dx2,

which is equal (approximately) to

max
zi,tp

√√√√
N∑

j=−N

N∑

k=−N

|V̂c(j∆, k∆, zp, tp)− V̂e(j∆, k∆, zp, tp)|2(∆)2.

7. Conclusion

The initial value problem for 3D elastodynamic system in 2D vertically inhomo-

geneous quasicrystals is considered in the paper. Applying Fourier transform with

respect to lateral variables, the IVP is written in terms of Fourier images. Using

some other transforms, the IVP is written in the form of Volterra type vector in-

tegral equation. The existence and uniqueness theorems for the obtained integral

equation are stated and proved using successive approximation method. Using the

Paley-Wiener theorem, the existence of the inverse images for the solution of the IVP

for the elastodynamic system is proved. Finally, the existence and uniqueness theo-

rem for the original IVP is stated and an example is considered for the comparison

of the exact solution with the solution obtained by using the method.
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