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Abstract. The notion of maximal non-pseudovaluation subring of an integral domain is
introduced and studied. Let R ⊂ S be an extension of domains. Then R is called a maximal
non-pseudovaluation subring of S if R is not a pseudovaluation subring of S, and for any
ring T such that R ⊂ T ⊂ S, T is a pseudovaluation subring of S. We show that if S is
not local, then there no such T exists between R and S. We also characterize maximal
non-pseudovaluation subrings of a local integral domain.
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1. Introduction

All rings considered in this paper are integral domains. A domain containing

a ring R and contained in the quotient field of R is called an overring of R. The

symbol ⊆ is used for inclusion, while ⊂ is used for proper inclusion. A ring with

a unique (or finitely many) maximal ideal(s) is called a local ring (or semi-local

ring). Let R ⊂ S be an extension of domains. Then R′ denotes the integral closure

of R in S. Our present work is motivated by [1] and [9]. Ayache and Echi in [1]

generalized the concepts of valuation domains and pseudovaluation domains (see [8])

and defined new classes of rings, namely valuation subrings and pseudovaluation

subrings of an integral domain. For an extension of domains R ⊂ S, R is said

to be a valuation subring of S (R is a VD in S for short) (see [1]) if whenever

x ∈ S, we have x ∈ R or x−1 ∈ R. Note that if S is the quotient field of R,

then R is a valuation domain. Moreover, R is called a pseudovaluation subring of S

(R is a PV in S for short) if for each x ∈ S \ R and for all nonunits a in R, we
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have x−1a ∈ R. Note that if S is the quotient field of R, then R is a pseudovaluation

domain. Now, if R is not a pseudovaluation domain and if each intermediate ring

(except R) between R and S is a pseudovaluation domain, then R is said to be

a maximal non-pseudovaluation subring of S (R is a maximal non-PVD subring

of S for short), see [9]. Motivated by this idea, we introduce the notion of maximal

non-pseudovaluation subring of an integral domain, which is a generalization of the

concept of maximal non-PVD subrings. A proper subringR of an integral domain S is

called a maximal non-pseudovaluation subring of S (R is a maximal non-PV in S for

short) if R is not a pseudovaluation subring of S, and for any ring T such that

R ⊂ T ⊂ S, T is a pseudovaluation subring of S. We establish some properties and

characterizations of a maximal non-PV in an integral domain.

We discuss the properties of a maximal non-PV R in an integral domain S and

characterize both R and S. We prove that if R is a maximal non-PV in S and S is

not local, then there is no intermediate ring between R and S (Theorem 2.2). We

also prove that if R is a maximal non-PV in S such that R is not a field, then S is

an overring of R (Proposition 2.1). The equivalence of an integrally closed maximal

non-PV in a local domain S and a maximal non-local subring of S is established in

Theorem 2.3.

2. Maximal non-pseudovaluation subrings

We begin the section by defining a maximal non-pseudovaluation subrings of an

integral domain formally.

Definition 2.1. A proper subring R of an integral domain S is called a maximal

non-pseudovaluation subring of S (R is a maximal non-PV in S for short) if R is

not a pseudovaluation subring of S, and for any ring T such that R ⊂ T ⊂ S, T is

a pseudovaluation subring of S.

Let R ⊆ S be a ring extension. If for each prime ideal q of S we have that S/q

is algebraic over R/(q ∩ R), then R ⊆ S is called a residually algebraic extension,

see [2], [6]. Moreover, if for any intermediate ring T between R and S we have that

R ⊆ T is residually algebraic, then (R,S) is called a residually algebraic pair, see [2].

Our first result shows that whenever we have a ring extension R ⊂ S such that each

proper subring of S properly containing R is a PV in S, then (R,S) is a residually

algebraic pair. To prove this result, we need the following lemma:

Lemma 2.1. Let R ⊂ S be an extension of integral domains, where R is not

a field. If each proper subring of S properly containing R is a PV in S, then R ⊂ S

is a residually algebraic extension.

390



P r o o f. Consider a prime ideal q of S and let p be the contraction of q in R.

If possible, assume that S/q is not algebraic over R/p. Then we have an element

s̄ ∈ S/q which is transcendental over R/p. Now, set T := (R/p)[s̄2]. Then T is

a proper subring of S/q properly containing R/p. Note that there is a one-to-one

order-preserving correspondence between subrings of S which contain q, and subrings

of S/q. Therefore, there exists an intermediate ring U such that R ⊆ R+ q ⊂ U ⊂ S

and T = U/q. Since each proper subring of S properly containing R is PV in S, U

is a PV in S. Thus, either s̄ ∈ T or s̄−1ā ∈ T for all nonunits a in U . Note that s̄2

is a nonunit in T . It follows that s̄ ∈ T , which is a contradiction. Thus, S/q is

algebraic over R/p and hence R ⊂ S is a residually algebraic extension. �

Theorem 2.1. Let R ⊂ S be an extension of integral domains, where R is not

a field. If each proper subring of S properly containing R is a PV in S, then (R,S)

is a residually algebraic pair.

P r o o f. Let T be a subring of S properly containing R. Then either R is not a PV

in T but each proper subring of T properly containing R is a PV in T or (R, T ) is

a PV pair. If former condition holds, then R ⊂ T is a residually algebraic extension,

by Lemma 2.1. Now, assume that (R, T ) is a PV pair. Let q be a prime ideal of T

and let p be the contraction of q in R. If possible, assume that T/q is not algebraic

over R/p. Then we have an element t̄ ∈ T/q which is transcendental over R/p.

Now, set U := (R/p)[t̄2]. Then, as we discussed in the proof of Lemma 2.1, we

have R ⊆ R + q ⊂ V ⊂ T , where U = V/q. Since (R, T ) is a PV pair, V is a PV

in T . Consequently, t̄ = t̄−1t̄2 ∈ U , which is a contradiction. Therefore, T/q is

algebraic over R/p. Thus, R ⊂ T is a residually algebraic extension. Hence, (R,S)

is a residually algebraic pair. �

Recall from [1], Remark 1.1 (3) that if R is a PV in S, then R and S have the

same quotient field. Clearly, this may not be true if R is not a PV in S. However,

if R is a maximal non-PV in S, where R is not a field, then R and S have the same

quotient field. The proof is similar to Lemma 4 (ii) of [9] and thus we omit the proof.

Proposition 2.1. Let R ⊂ S be an extension of integral domains where R is not

a field. If R is a maximal non-PV in S, then the following hold true:

(i) R and S have the same quotient field.

(ii) If S is a field, then S is the quotient field of R.

A ring extension is called a minimal ring extension if there is no intermediate

ring between them, see [5], [7], [11]. Now we characterize maximal non-PV R in an

integral domain S. We start with the case when S is not local.
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Theorem 2.2. Let R ⊂ S be an extension of integral domains. If S is not local,

then the following are equivalent:

(i) R is a maximal non-PV in S.

(ii) R ⊂ S is a minimal ring extension.

P r o o f. (ii) ⇒ (i) is trivial. Assume that (i) holds. If possible, let T be a proper

subring of S properly containing R. Then each proper subring of S containing T is

a PV in S. It follows that T is local, by Proposition 1.7 of [1]. Consequently, either S

is local or T ′ is a VD in S, by Theorem 6.6 of [1]. Since S is not local, T ′ is a VD

in S. Thus, by Corollary 1.6 of [1], we have that S is local, which is a contradiction.

Hence, (ii) holds. �

Now, assume that S is a local domain and R be a proper subring of S. Then R

is said to be a maximal non-local subring of S if R is not local but each subring

of S properly containing R is local, see [9]. In our next result, we discuss maximal

non-PV R in S when R′ = R.

Theorem 2.3. Let R ⊂ S be an extension of integral domains such that R is

integrally closed in S. If S is local, then the following are equivalent:

(i) R is a maximal non-PV in S.

(ii) R is a maximal non-local subring of S.

P r o o f. Let R be a maximal non-PV in S. Then (R,S) is a residually algebraic

pair, by Theorem 2.1. Now, if R is local, then R is a VD in T , by Theorem 2.5 of [2].

It follows that R is a PV in T , which is a contradiction. Therefore, R is not local.

Now, assume that T is a subring of S which contains R properly. Then T is a PV

in S. Thus, T is local, by [1], Proposition 1.7. Hence, R is a maximal non-local

subring of S.

Now, let R be a maximal non-local subring of S. Then R is not a PV in S,

by Proposition 1.7 of [1]. Also, by Theorem 2.2 of [10], R is a maximal non-VD in S.

Since each VD in S is also a PV in S, R is a maximal non-PV in S. �

Let p ⊂ q be any two prime ideals of R. Then [p, q[ is the set of all prime ideals

of R containing p but properly contained in q. Let R ⊂ S be a ring extension.

Then (R,S) is called a normal pair if each intermediate ring between R and S is

integrally closed in S, see [4]. The next corollary is a direct consequence of [9],

Theorem 1 and 2.3.

Corollary 2.1. Let R ⊂ S be an extension of integral domains. If R is integrally

closed in S and S is local, then the following are equivalent:

(i) R is a maximal non-PV in S.
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(ii) (R,S) is a normal pair, R is semi-local with exactly two maximal ideals n1

and n2 and either

(a) S = Rn1
and [(0), n2[ ⊆ [(0), n1[,

(b) S = Rn2
and [(0), n1[ ⊆ [(0), n2[ or

(c) there exists a prime ideal q of R such that q ⊂ n1 ∩ n2, S = Rq and

[(0), n1[ = [(0), n2[.

Let R ⊂ S be an extension of integral domains and let V be a subring of S

properly containing R. Then V is called a (unique) minimal S-overring of R (or R

has a minimal S-overring V ) if for every intermediate ring T between R and S we

have either T = R or V ⊆ T . Now, we discuss the case R′ = S.

Theorem 2.4. Let R ⊂ S be an extension of integral domains such that S is

integral over R. If S is local, then the following are equivalent:

(i) R is a maximal non-PV in S.

(ii) R is not a PV in S and either R ⊂ S is a minimal ring extension or R has

a unique minimal S-overring V which is a PV in S.

P r o o f. Let n be the maximal ideal of S. Since R ⊂ S is an integral exten-

sion, R is local. Let m be the maximal ideal of R. Then clearly mS ⊆ n ⊂ S.

Now, assume that R is a maximal non-PV in S. It follows that R is not PV in S.

Consequently, R is not a field as if R is a field, then R is a PV in S by the definition

of PV subring. Therefore, S is an overring of R, by Proposition 2.1. Note that if

R ⊂ S is a minimal ring extension, then we are done. Therefore, assume that R ⊂ S

is not minimal. Now, if n ⊂ R, then n = m. Consequently, by [1], Corollary 2.2, R is

a PV in S, which is a contradiction. It follows that R ⊂ V := R + n. Now, let T

be a proper subring of S properly containing R. Then T is a PV in S and S is

integral over T . It follows that n is the maximal ideal of T , by Corollary 2.2 of [1].

Therefore, V ⊆ T . Thus, V is a unique minimal S-overring of R which is a PV in S.

Now, assume that (ii) holds. If R ⊂ S is a minimal ring extension, then we

are done. Assume that R ⊂ S is not minimal. Then there is a unique minimal

S-overring V of R which is a PV in S. Now, let T be a proper subring of S properly

containing R. Then V ⊆ T . Since V is PV in S, n is the maximal ideal of V , by [1],

Corollary 2.2. It follows that n is the maximal ideal of T . Thus, T is a PV in S,

by [1], Corollary 2.2. Hence, R is a maximal non-PV in S. �

Let R be a PV in S. Then R is local, by [1], Proposition 1.7. Assume that m is the

maximal ideal of R. Now, let V be a proper subring of S containing R. Then V is

called an associated valuation overring of R in S if V is a VD in S with the maximal

ideal m. Finally, we discuss the case R ⊂ R′ ⊂ S.
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Theorem 2.5. Let R ⊂ S be an extension of integral domains such that R ⊂

R′ ⊂ S. Then the following are equivalent:

(i) R is a maximal non-PV in S.

(ii) R is not a PV in S and R has a unique minimal S-overring V which is a PV

in S with associated valuation overring R′ in S.

P r o o f. Assume that (i) holds. Then R′ is a PV in S. It follows that R′ is local,

by [1], Proposition 1.7. Also, (R,S) is a residually algebraic pair, by Theorem 2.1.

It follows that (R′, S) is a residually algebraic pair. Consequently, R′ is a VD in S,

by [2], Theorem 2.5. Now, assume that m is the maximal ideal of R′. Then mS = S

as R′ is a VD in S. It follows that R′ = (m : m)S = {x ∈ S : xm ⊆ m}, by [1],

Corollary 3.4. Set V : R + m. Now, we claim that R ⊂ V . If possible, assume that

V = R. Then m is the maximal ideal of R. Consequently, by [1], Proposition 3.3, R is

a PV in S, which is a contradiction. Thus, R ⊂ V . Since m∩R is the maximal ideal

ofR, m is the maximal ideal of V . Therefore, V is a PV in S with associated valuation

overring R′ in S. Now, we claim that R ⊂ V is a minimal ring extension. If possible,

assume that R ⊂ U ⊂ V . Then U is a PV in S and hence U is PV in R′. Since

U ⊂ R′ is an integral extension, m is the maximal ideal of U , by [1], Corollary 2.2. It

follows that V = R+m ⊆ U , which is a contradiction. Therefore, R ⊂ V is a minimal

extension. Finally, we claim that V is a minimal S-overring of R. For this, let T be

a proper subring of S properly containing R. Then T is a PV in S. If T is integrally

closed in S, then R′ ⊆ T . It follows that V ⊆ T . Now, assume that T ⊂ T ′. Then T

is a PV in T ′. Note that R′ ⊆ T ′. If R′ = T ′, then m is the maximal ideal of T ,

by [1], Corollary 2.2. It follows that V ⊆ T . Now, only one case is remaining, that is,

R′ ⊂ T ′. Since R′ is a VD in S, R′ is a VD in T ′. Consequently, by [1], Theorem 1.5,

there is a non-maximal prime ideal q of R′ such that T ′ = R′

q. Also, q is the unique

maximal ideal of T ′, by the proof of [1], Theorem 1.5. Since T is a PV in T ′, q is the

unique maximal ideal of T , by [1], Corollary 2.2. Now, by [11], Theorem 1, we have

(R : V ) = m∩R as R ⊂ V is a minimal integral ring extension. Also, q∩R ⊂ m∩R as

q ⊂ m and R ⊂ R′ is an integral extension. Consequently, (R : V ) = m∩R 6⊆ q. Since

V ⊆ R′, either V = R′ or V is a PV in R′. It follows that Spec(V ) = Spec(R′), by [1],

Corollary 2.2. Consequently, q is a prime ideal of V . Therefore, by [3], Proposition 0,

Vq = Rq∩R. Now, Vq is a VD in Sq, by [1], Corollary 1.9. It follows that Rq∩R is

a VD in Sq. Consequently, T = Tq is a VD in Sq. Therefore, T is integrally closed

in S ⊆ Sq. Thus, we have V ⊆ R′ ⊆ R′

q
= T ′ = T . Hence, (ii) holds.

Now, assume that (ii) holds. Then V is local, by [1], Proposition 1.7. Let m be the

maximal ideal of V . Then m is the maximal ideal of R′ as R′ is associated valuation

overring of V in S. Now, let T be a proper subring of S properly containing R. Then

V ⊆ T . Then T is a PV in S, by [1], Theorem 6.6. Hence, (i) holds. �

394



References

[1] A.Ayache, O.Echi: Valuation and pseudovaluation subrings of an integral domain.
Commun. Algebra 34 (2006), 2467–2483. zbl MR doi

[2] A.Ayache, A. Jaballah: Residually algebraic pairs of rings. Math. Z. 225 (1997), 49–65. zbl MR doi
[3] P.-J.Cahen: Couple d’anneaux partageant un idéal. Arch. Math. 51 (1988), 505–514.
(In French.) zbl MR doi

[4] E.D.Davis: Overrings of commutative rings. III. Normal pairs. Trans. Am. Math. Soc.
182 (1973), 175–185. zbl MR doi

[5] L. I.Dechene: Adjacent Extensions of Rings: Ph.D. Dissertation. University of Califor-
nia, Riverside, 1978. MR

[6] D.E.Dobbs, M.Fontana: Universally incomparable ring homomorphisms. Bull. Aust.
Math. Soc. 29 (1984), 289–302. zbl MR doi

[7] D.Ferrand, J.-P.Olivier: Homomorphismes minimaux d’anneaux. J. Algebra 16 (1970),
461–471. (In French.) zbl MR doi

[8] J.R.Hedstrom, E.G.Houston: Pseudo-valuation domains. Pac. J. Math. 75 (1978),
137–147. zbl MR doi

[9] N. Jarboui, S.Trabelsi: Some results about proper overrings of pseudo-valuation do-
mains. J. Algebra Appl. 15 (2016), Article ID 1650099, 16 pages. zbl MR doi

[10] R.Kumar, A.Gaur: Maximal non valuation domains in an integral domain. Czech.
Math. J. 70 (2020), 1019–1032. zbl MR doi

[11] M.L.Modica: Maximal Subrings: Ph.D. Dissertation. University of Chicago, Chicago,
1975. MR

Author’s address: R a hu l K um a r, Department of Mathematics, Birla Institute of
Technology and Science Pilani, Pilani 333031, Rajasthan, India, e-mail: rahulkmr977@
gmail.com.

395

https://zbmath.org/?q=an:1105.13028
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2240386
http://dx.doi.org/10.1080/00927870600650515
https://zbmath.org/?q=an:0868.13007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1451331
http://dx.doi.org/10.1007/PL00004598
https://zbmath.org/?q=an:0668.13005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0973725
http://dx.doi.org/10.1007/BF01261971
https://zbmath.org/?q=an:0272.13004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0325599
http://dx.doi.org/10.1090/S0002-9947-1973-0325599-3
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2627830
https://zbmath.org/?q=an:0535.13006
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0748722
http://dx.doi.org/10.1017/S0004972700021547
https://zbmath.org/?q=an:0218.13011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR271079
http://dx.doi.org/10.1016/0021-8693(70)90020-7
https://zbmath.org/?q=an:0368.13002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0485811
http://dx.doi.org/10.2140/pjm.1978.75.137
https://zbmath.org/?q=an:1343.13002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3479458
http://dx.doi.org/10.1142/S0219498816500997
https://zbmath.org/?q=an:1524.13034
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4181793
http://dx.doi.org/10.21136/CMJ.2020.0098-19
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2611729
mailto:rahulkmr977@gmail.com
mailto:rahulkmr977@gmail.com

