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Abstract. We consider LG(s) to be the L-function attached to a particular automorphic
form G on GL(6). We establish an upper bound for the mean square estimate on the critical
line of Rankin-Selberg L-function LG×G(s). As an application of this result, we give an
asymptotic formula for the discrete sum of coefficients of LG×G(s).
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1. Introduction

Let f be a Maass form of type vf for SL(2,Z) and Lf×f (s) denote the Rankin-

Selberg L-function. Assume that f is an eigenfunction of all the Hecke operators.

Due to the Gelbart-Jacquet lift (see [2]), we know that

LF (s) :=
Lf×f(s)

ζ(s)

is the Godement-Jacquet L-function of a self-dual Maass form F of type (132vf ,
1
32vf )

for SL(3,Z).

Throughout the paper, we consider

LG(s) := ζ(s)Lf (s)LF (s)

being an L-function corresponding to an automorphic form G on GL(6). Further,

LG(s) is an automorphic L-function since it is a finite product of automorphic
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L-functions. We observe that the Rankin-Selberg L-function LG×G(s) can be written

as a finite product of automorphic L-functions (see Lemma 3.5 below)

LG×G(s) = ζ(s)3Lf (s)
4LF (s)

4Lsym3f (s)
2Lsym4f (s).

Hence, LG×G(s) is an automorphic L-function.

Using the Rankin-Selberg method, we would like to study the distribution of the

coefficients of LG×G(s). The Rankin-Selberg method was independently developed

by Rankin (see [13]) and Selberg, see [14]. One of the applications of this method is

to obtain bounds on the eigenvalues of a Maass form. Another major application is to

obtain strong bounds for the Fourier coefficients of automorphic forms on average. In

this regard, we first need to study the mean square estimate for the Rankin-Selberg

convolution of G with itself, i.e., LG×G(s) on the line ℜ(s) =
1
2 .

The goal of this article is first to prove:

Theorem 1.1. For sufficiently large T and for any ε > 0 we have

I :=

∫ 2T

T

∣∣∣LG×G

(1
2
+ it

)∣∣∣
2

dt≪ T 1564/105+ε.

In particular, ∣∣∣LG×G

(1
2
+ it

)∣∣∣ ≪ (|t|+ 1)782/105+ε.

Remark 1.1. It is known that for a general L-function L(s) of degree d, the

upper bound ∫ 2T

T

∣∣∣L
(1
2
+ it

)∣∣∣
2

dt≪ T d/2+ε

holds due to the result of Perelli, see [12]. Note that LG×G(s) is of degree 36, so the

known upper bound for integral I is T 18+ε. Theorem 1.1 is an improvement for this

upper bound as 1564
105 ∼ 14.895 < 18.

Remark 1.2. Though we consider a particular case of an automorphic form G

on GL(6) such that

LG(s) = ζ(s)Lf (s)LF (s),

analogous arguments can be applied to ‘certain’ automorphic forms of higher degrees

and different representations. For example, consider the particular case correspond-

ing to an automorphic form G′ on GL(6) such that

LG′(s) := ζ(s)4Lf(s).
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It is not difficult to show that

LG′×G′(s) = ζ(s)17Lf (s)
8LF (s).

(Note that both LG′(s) and LG′×G′(s) are automorphic L-functions.) Thus, we

obtain a better bound in this situation as

∫ 2T

T

∣∣∣LG′×G′

(1
2
+ it

)∣∣∣
2

dt≪ T 2687/210+ε,

where 2687
210 ∼ 12.795 < 18.

Remark 1.3. Though there has been wide research on the classical problem

of t-aspect subconvexity for lower degree L-functions, not much is known for the

higher degrees. Recently in a pre-print, Nelson in [11] has announced a solution

to the t-aspect subconvexity problem for standard L-functions, regardless of its de-

gree. Theorem 1.1 indicates that we can get subconvexity bounds for higher degree

L-functions whenever they have a nice decomposition into factors that have well-

known subconvexity bounds.

As an application to Theorem 1.1, we study the distribution of coefficients

of LG×G(s) in the following theorem.

Theorem 1.2. Let

LG×G(s) :=
∞∑

m=1

c(m)

ms
,

which is absolutely convergent in ℜ(s) > 1. Then for any small ε > 0 we have

∑

m6x

c(m) = xP2(log x) +O(x1669/1774+ε).

Here P2(log x) denotes a polynomial in log x of degree two.

Remark 1.4. From [8], for a general L-function

L(s) :=

∞∑

m=1

b(m)

ms

with b(m) > 0, we have

∑

m6x

b(m) = xQ(log x) +O(x(d−1)/(d+1)+ε).

Here, Q is a polynomial of degree ords=1L(s)− 1 and d is the degree of L(s).
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This result of Lau and Lü (see [8], Lemma 2.2) gives 35
37 as the exponent of x in

the error term. Since LG×G(s) has nonnegative Dirichlet coefficients, Theorem 1.2

is an improvement.

Let us assume that

L(s) :=

∞∑

m=1

b(m)

ms

is a product of two L-functions L1, L2 such that degree L1,L2 > 2. Let L1(s), L2(s)

have Euler products and functional equations of the Riemann zeta type. Suppose

that the coefficients of L(s) satisfy the Ramanujan conjecture. Then for any ε > 0

we have (from [8]) ∑

m6x

b(m) = xQ(log x) +O(x1−2/d+ε).

Here Q is a polynomial of degree ords=1L(s)− 1 and d is the degree of L(s).

Theorem 1.2 is also an improvement of this conditional result of Lau and Lü

(see [8]) as this gives 17
18 as the exponent of x in the error term.

2. Preliminaries

Let L2(SL(2,Z) \ H2) denote the vector space defined over C, which is the com-

pletion of the subspace consisting of all smooth functions f : SL(2,Z) \ H2 → C

satisfying the L2 condition

∫∫

SL(2,Z)\H2

|f(z)|2
dxdy

y2
<∞.

Definition 2.1. Let vf ∈ C. A Maass form of type vf for SL(2,Z) is a nonzero

function f ∈ L2(SL(2,Z) \ H2) which satisfies:

(1) f(γz) = f(z) for all γ ∈ SL(2,Z), z =

(
y x

0 1

)
∈ H2;

(2) ∆f = vf (1 − vf )f ;

(3)
∫ 1

0
f(z) dx = 0.

Let f be a non-constantMaass form of type vf for SL(2,Z). Then for z ∈ H2, f has

the Fourier-Whittaker expansion

f(z) =
∑

m 6=0

a(m)
√

2πy ·Kvf−1/2(2π|m|y) · e2πimx

with complex coefficients a(m) and m ∈ Z.

Throughout the paper, f is an eigenfunction of all the Hecke operators and is

normalized so that a(1) = 1.
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Definition 2.2. Let s ∈ C. We define the L-function associated to f by

Lf(s) =

∞∑

m=1

a(m)

ms
,

which is absolutely convergent in ℜ(s) > 3
2 .

The generalized upper half-plane H3 consists of all matrices z = x · y with

x =




1 x1,2 x1,3
0 1 x2,3

0 0 1



 , y =




y1y2 0 0

0 y1 0

0 0 1



 ,

where x1,2, x1,3, x2,3 ∈ R, y1, y2 > 0. Let ∆1, ∆2 denote the basis for the ring D3

of differential operators in ∂/∂x1,2, ∂/∂x1,3, ∂/∂x2,3, ∂/∂y1, ∂/∂y2 which commute

with GL(3,R).

Let L2(SL(3,Z) \H3) be the vector space defined over C which is the completion

of the subspace consisting of all smooth functions F : SL(3,Z) \ H3 → C satisfying

the L2 condition ∫

SL(3,Z)\H3

|F (z)|2 d∗z <∞.

Here d∗(z) = dx1,2 dx1,3 dx2,3dy1 dy2/(y1y2)
3.

Definition 2.3. Let v = (v1, v2) ∈ C
2. Let

a = −v1 − 2v2 + 1, b = −v1 + v2, c = 2v1 + v2 − 1

and λ1 = −1− ab− bc− ca, λ2 = −abc.

AMaass form for SL(3,Z) of type (v1, v2) is a smooth function F ∈ L2(SL(3,Z)\H3)

which satisfies

(1) F (γz) = F (z) for all γ ∈ SL(3,Z), z ∈ H3;

(2) ∆1F = λ1F, ∆2F = λ2F ;

(3)
∫ 1

0

∫ 1

0

∫ 1

0
F (z) dx1,2 dx1,3 dx2,3 = 0.

Definition 2.4. Let F (z) be a Maass form of type v = (v1, v2) ∈ C
2. Then

F̃ (z) := F (w · (z−1)⊤ · w), w =




1

−1

1


 ,

is a Maass form of type (v2, v1) for SL(3,Z). The Maass form F̃ is called the dual

Maass form. If A(m1,m2) is the (m1,m2)th Fourier coefficient of F , then A(m2,m1)

is the corresponding Fourier coefficient of F̃ .
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Let

F (z) =
∑

γ∈U2(Z)\SL(2,Z)

∞∑

m1=1

∑

m2 6=0

A(m1,m2)

|m1m2|

×WJ






|m1m2|

m1

1




(
γ

1

)
z, v, ψ1,m2/|m2|




be a nonzero self-dual Maass form for SL(3,Z) of type v = (132vf ,
1
32vf ). It is nor-

malized so that A(1, 1) = 1. It is a simultaneous eigenfunction of all the Hecke

operators. Here, A(m1,m2) ∈ C and WJ is the Jacquet-Whittaker function. Fur-

ther, Un(Z) denotes the group of n × n upper triangular matrices with 1s on the

diagonal and integer entries above the diagonal and

ψε1,ε2






1 u1,2 u1,3

1 u2,3
1




 = e2πi(ε1u2,3+ε2u1,2)

is a character of U3(Z).

Definition 2.5. Let s ∈ C with ℜ(s) > 2. We define the Godement-Jacquet

L-function LF (s) attached to F by the absolutely convergent series

LF (s) =

∞∑

m=1

A(m, 1)

ms
,

which is of degree three.

2.1. Euler products. Riemann zeta function has the Euler product

ζ(s) =
∏

p

(
1−

1

ps

)−1

,

further Lf(s) has the Euler product

Lf (s) =
∏

p

(
1−

αp

ps

)−1(
1−

βp
ps

)−1

,

where for each prime p, αp and βp are complex numbers satisfying αp · βp = 1,

αp + βp = a(p).

The Rankin-Selberg L-function Lf×f (s) has the Euler product

Lf×f(s) =
∏

p

(
1−

α2
p

ps

)−1(
1−

1

ps

)−2(
1−

β2
p

ps

)−1

.
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From the Gelbart-Jacquet lift, we see that LF (s) has the Euler product

LF (s) =
∏

p

(
1−

α2
p

ps

)−1(
1−

1

ps

)−1(
1−

β2
p

ps

)−1

.

The jth symmetric power L-function of f has the Euler product

Lsymjf (s) =
∏

p

j∏

l=0

(
1−

αj−l
p βl

p

ps

)−1

.

2.2. Functional equations. It is well known that ζ(s) has meromorphic contin-

uation to all s ∈ C with a simple pole at s = 1 and satisfies the functional equation

Λ(s) := π
−s/2Γ

(s
2

)
ζ(s) = Λ(1− s).

The L-function Lf (s) has a holomorphic continuation to all s ∈ C and satisfies

the functional equation

Λf (s) := π
−sΓ

(s+ δ − 1/2 + vf
2

)
Γ
(s+ δ + 1/2− vf

2

)
Lf (s) = (−1)δ · Λf (1− s),

where δ = 0 if f is even and δ = 1 if f is odd.

The L-functions LF (s) and LF̃ (s) have holomorphic continuations to all s ∈ C

and satisfy the functional equation

Hv(s)LF (s) = H̃v(1 − s)LF̃ (1− s),

where

Hv(s) = π
−3s/2Γ

(s+ 1− 2v1 − v2
2

)
Γ
(s+ v1 − v2

2

)
Γ
(s− 1 + v1 + 2v2

2

)
,

H̃v(s) = π
−3s/2Γ

(s+ 1− v1 − 2v2
2

)
Γ
(s− v1 + v2

2

)
Γ
(s− 1 + 2v1 + v2

2

)
.

Since in our case, LF (s) is a self-dual Maass form of type (
1
32vf ,

1
32vf ), we have

Hv(s) = H̃v(s) = π
−3s/2Γ

(s+ 1− 2vf
2

)
Γ
(s
2

)
Γ
(s− 1 + 2vf

2

)
,

and the functional equation takes the form

Hv(s)LF (s) = Hv(1 − s)LF (1− s).

Let g be a Maass form for SL(n,Z) and

Lg(s) =
∏

p

n∏

i=1

(
1−

αp,i

ps

)−1
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be the L-function associated to g. Then the jth symmetric power L-function is

given by

Lsymjg(s) =
∏

p

∏

16i16i26...6ij6n

(
1−

αp,i1αp,i2 . . . αp,ij

ps

)−1

.

Langlands in [7] conjectured that Lsymjg(s) is the L-function related to a Maass

form on SL(M,Z), where

M =
∑

16i16i26...6ij6n

1.

This is known for n = 2, j = 2 due to the Gelbart-Jacquet lift (see [2]) from

SL(2,Z) to SL(3,Z). Kim and Shahidi in [6] proved this conjecture for n = 2, j = 3,

which is the symmetric cube lift from SL(2,Z) to SL(4,Z). Kim in [5] obtained

the symmetric fourth power lift from SL(2,Z) to SL(5,Z), which is the case when

n = 2, j = 4.

The L-functions related to the symmetric cube and symmetric fourth power of f

have holomorphic continuations to all s ∈ C and satisfy the functional equations

Λsym3f (s) := π
−2s

4∏

i=1

Γ
(s− λi(vsym3f )

2

)
Lsym3f (s) = Λsym3f (1− s),

Λsym4f (s) := π
−5s/2

5∏

i=1

Γ
(s− λi(vsym4f )

2

)
Lsym4f (s) = Λsym4f (1− s).

Note that f is self-dual since a Maass form for SL(2,Z) is a self-dual Maass form.

2.3. Good factor. We call an L-function to be a good L-function if it has a sub-

convexity bound better than what any known moment bound would give. For ex-

ample, the Riemann zeta function ζ(s) is a good L-function. We have the twelfth

power moment of ζ(s) due to Heath-Brown (see [4])

∫ 2T

T

∣∣∣ζ
(1
2
+ it

)∣∣∣
12

dt≪ T 2+ε,

which yields that ∣∣∣ζ
(1
2
+ iT

)∣∣∣ ≪ T 1/6+ε.

But we know a better bound due to the work of Bourgain in [1], specifically,

∣∣∣ζ
(1
2
+ iT

)∣∣∣ ≪ T 13/84+ε.

We call a factor of good L-functions to be a good factor.
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3. Lemmas

Lemma 3.1 ([1]). For ε > 0 we have

∣∣∣ζ
(1
2
+ it

)∣∣∣ ≪ (|t|+ 1)13/84+ε.

Lemma 3.2 ([10]). Let ε > 0 and f be a Hecke-Maass form for SL(2,Z). Then

we have the weyl bound

∣∣∣Lf

(1
2
+ it

)∣∣∣ ≪ (|t|+ 1)1/3+ε.

Lemma 3.3 ([9]). Let F be a self-dual Hecke-Maass cusp form for SL(3,Z). Then

for ε > 0 we have ∣∣∣LF

(1
2
+ it

)∣∣∣ ≪ (|t|+ 1)3/5+ε.

Lemma 3.4 ([12]). For a general L-function L(s) of degree d and any ε > 0

we have ∫ 2T

T

|L(σ + it)|2 dt≪ T d(1−σ)+ε

uniformly for 1
2 6 σ 6 1 and T > 1. Moreover,

|L(σ + it)| ≪ (|t|+ 1)max{d(1−σ)/2,0}+ε

uniformly for −ε 6 σ 6 1 + ε.

Lemma 3.5. If LG(s) = ζ(s)Lf (s)LF (s), then the Rankin-Selberg convolution

of G with itself has the decomposition

(3.1) LG×G(s) = ζ(s)3Lf (s)
4LF (s)

4Lsym3f (s)
2Lsym4f (s).

P r o o f. If

LG(s) = ζ(s)Lf (s)LF (s),

then LG(s) has the Euler product

LG(s) =
∏

p

(
1−

α2
p

ps

)−1(
1−

αp

ps

)−1(
1−

1

ps

)−2(
1−

βp
ps

)−1(
1−

β2
p

ps

)−1

.
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From this, we can write the Euler product of the convolution L-function as

LG×G(s) =
∏

p

(
1−

α4
p

ps

)−1(
1−

α3
p

ps

)−2(
1−

α2
p

ps

)−5(
1−

αp

ps

)−6(
1−

1

ps

)−8

×
(
1−

βp
ps

)−6(
1−

β2
p

ps

)−5(
1−

β3
p

ps

)−2(
1−

β4
p

ps

)−1

.

Each term on the right-hand side of identity (3.1) has the following Euler products:

ζ(s) =
∏

p

(
1−

1

ps

)−1

,

Lf (s) =
∏

p

(
1−

αp

ps

)−1(
1−

βp
ps

)−1

,

LF (s) =
∏

p

(
1−

α2
p

ps

)−1(
1−

1

ps

)−1(
1−

β2
p

ps

)−1

,

Lsym3f (s) =
∏

p

(
1−

α3
p

ps

)−1(
1−

αp

ps

)−1(
1−

βp
ps

)−1(
1−

β3
p

ps

)−1

,

Lsym4f (s) =
∏

p

(
1−

α4
p

ps

)−1(
1−

α2
p

ps

)−1(
1−

1

ps

)−1(
1−

β2
p

ps

)−1(
1−

β4
p

ps

)−1

.

Comparing Euler products on both sides, we get the identity. �

Remark 3.1. It should be noted that there is a typo in a similar identity on

page 257 of [3].

4. Proof of Theorem 1.1

From Section 2.2, we can see that each factor on the right-hand side of equa-

tion (3.1) has a functional equation of the Riemann zeta type so that we have

0 6 ℜ(s) 6 1 as the critical strip for LG×G(s). It should be understood that the

coefficients of the L-functions Lf(s), LF (s), Lsym3f (s), Lsym4f (s) are normalized in

such a way that the critical strip for these L-functions is 0 6 ℜ(s) 6 1.

Further, by Lemmas 3.1, 3.2 and 3.3, it is easy to see that ζ(s), Lf (s) and LF (s)

are good L-functions. Hence, in the decomposition of LG×G(s) given in Lemma 3.5,

the factor ζ(s)3Lf(s)
4LF (s)

4 is a good factor. For this good factor, we use the

subconvexity bounds given in Lemmas 3.1, 3.2 and 3.3 and use the general mean
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square result given in Lemma 3.4 for the remaining factor. Thus, we obtain

∫ 2T

T

∣∣∣LG×G

(1
2
+ it

)∣∣∣
2

dt

=

∫ 2T

T

∣∣∣ζ
(1
2
+ it

)3
Lf

(1
2
+ it

)4
LF

(1
2
+ it

)4
Lsym3f

(1
2
+ it

)2
Lsym4f

(1
2
+ it

)∣∣∣
2

dt

≪ max
T6t62T

(∣∣∣ζ
(1
2
+ it

)∣∣∣
6∣∣∣Lf

(1
2
+ it

)∣∣∣
8∣∣∣LF

(1
2
+ it

)∣∣∣
8)

×

∫ 2T

T

∣∣∣Lsym3f

(1
2
+ it

)2
Lsym4f

(1
2
+ it

)∣∣∣
2

dt

≪ T (6×13/84)+(8×1/3)+(8×3/5)+13/2+ε ≪ T 1564/105+ε.

This proves the theorem. �

5. Proof of Theorem 1.2

From Section 2.2, we can see that each L-function on the right-hand side of iden-

tity 3.1 of Lemma 3.5 except the Riemann zeta function is entire. Also, LG×G(s) has

nonnegative Dirichlet coefficients. By Landau’s lemma, a Dirichlet series with non-

negative coefficients must be absolutely convergent up to its first pole. This implies

that LG×G(s) converges absolutely for ℜ(s) > 1.

Using Perron’s formula, we get

∑

m6x

c(m) =
1

2πi

∫ 1+ε+iT

1+ε−iT

LG×G(s)x
s

s
ds+O

(x1+ε

T

)
.

We move the line of integration to ℜ(s) = 1
2 . From equation (3.1), we can see that

s = 1 is a pole of LG×G(s) of order three, which contributes a residue xP2(log x).

Here P2(log x) is a degree two polynomial in log x.

By Cauchy’s residue formula,

∑

m6x

c(m) = xP2(log x) +
1

2πi

[∫ 1/2−iT

1+ε−iT

+

∫ 1/2+iT

1/2−iT

+

∫ 1+ε+iT

1/2+iT

]
LG×G(s)x

s

s
ds

+O
(x1+ε

T

)
.

Horizontal lines contribute in absolute value:
∣∣∣∣
1

2πi

∫ 1+ε+iT

1/2+iT

LG×G(s)x
s

s
ds

∣∣∣∣

=

∣∣∣∣
1

2πi

∫ 1+ε

1/2

LG×G(σ + iT )xσ+iT

σ + iT
dσ

∣∣∣∣ ≪
∫ 1+ε

1/2

|LG×G(σ + iT )|xσ

|σ + iT |
dσ
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≪
1

T
max

1/26σ61+ε
xσT 1564(1−σ)/105+ε ≪ T 1459/105 max

1/26σ61+ε

( x

T 1564/105

)σ

≪ x1/2T 677/105 +
x1+ε

T
.

Here we have used the fact that (x/T 1564/105)σ is a monotonic function of σ and

hence attains its maximum at one of the endpoints of the interval [ 12 , 1 + ε].

The left vertical line contributes in absolute value:

∣∣∣∣
1

2πi

∫ 1/2+iT

1/2−iT

LG×G(s)x
s

s
ds

∣∣∣∣ 6
∣∣∣∣
1

2πi

∫

|t|6t0
σ=1/2

LG×G(s)x
s

s
ds

∣∣∣∣

+

∣∣∣∣
1

2πi

∫

t0<|t|6T

σ=1/2

LG×G(s)x
s

s
ds

∣∣∣∣.

By Theorem 1.1, we have

∣∣∣∣
1

2πi

∫

|t|6t0
σ=1/2

LG×G(s)x
s

s
ds

∣∣∣∣ =
∣∣∣∣
1

2πi

∫

|t|6t0

LG×G(1/2 + it)x1/2+it

1/2 + it
i dt

∣∣∣∣

≪

∫

|t|6t0

∣∣∣LG×G

(1
2
+ it

)∣∣∣x1/2 dt

≪ x1/2
∫

|t|6t0

(|t|+ 1)782/105+ε dt≪ x1/2

and
∣∣∣∣
1

2πi

∫
t0<|t|6T
σ=1/2

LG×G(s)x
s

s
ds

∣∣∣∣ =
∣∣∣∣
1

2πi

∫

t0<|t|6T

LG×G(1/2 + it)x1/2+it

1/2 + it
i dt

∣∣∣∣

≪

∫

t0<|t|6T

t782/105+εx1/2

t
dt ≪ x1/2T 782/105+ε.

Combining all these estimates, we get

∑

m6x

c(m) = xP2(log x) +O(x1/2T 677/105) +O(x1/2)

+O(x1/2T 782/105+ε) +O
(x1+ε

T

)

= xP2(log x) +O(x1/2T 782/105+ε) + O
(x1+ε

T

)
.

We choose T such that

x1/2T 782/105+ε ∼
x1+ε

T
i.e., T ∼ x105/1774.

Substituting this value of T , we get the desired result.
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