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Abstract. Let [t] be the integral part of a real number ¢, and let f be the arithmetic
function satisfying some simple condition. We establish a new asymptotical formula for the
sum Sy(x) = > f([x/n]), which improves the recent result of J. Stucky (2022).

n<x
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1. INTRODUCTION

Let [t] denote the integral part of a real number ¢. The problem of evaluating

0= (1)

n<x

the sum

where f is an arithmetic function, has received much attention. For example, when
f(n) = n, the problem becomes the Dirichlet divisor problem. If f is any other
arithmetic function, the problem was first studied by Bordelles et al., see [3]. Subse-
quently, Wu in [10] and Zhai in [11] independently showed that

Sy(x) = Cpa+ O+ (log x)?),

where
f(n)

for some o € [0,1) and € > 0. Most recently, if f satisfies f(n) = > g(d) with

and f(n) < n*(logn)’

Mg

Cr=%

Z l9(d)| < = (log z)?

d<zx
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for some « € [0,1) and 6 > 0, Stucky in [9] showed that
Sp(a) = Cra + 0/ C= (log 2)"),

where 6 should be replaced by max{1, 8} if « = 0. For some specific f, one can also
refer to [5], [7], [6].

In this paper, motived by the work of Stucky (see [9]), we prove Theorem 1.1,
which is indeed an improvement of the result of Stucky (see [9]) in the exponent of ,
but a possible loss in the exponent of log x.

Theorem 1.1. Suppose f(n) = >_ g(d) and, further,
d|n

(1.1) Z|g )| < 2%(logx)?  (z — o)
d<z

for some o € [0,1) and § > 0
(1) If 0< < &, then

S¢(z) = Crx + Oz log z).

(2) If 1 <a <1, then

wl

S¢(x) = Crx + O(z* (log ) +0).

Remark 1.1. Clearly, + is smaller than (1+ «)/(3 —a) when 0 < a < 3. On
the other hand, when § <o < 1,wehave a < (1+a)/(3 - ) & 3a—a? <l+a &
0 < (a — 1)%. Thus, the exponent of z in Theorem 1.1 is better than that in [9].

Corollary 1.1. Let f be the divisor function

f(n) =g 1/2 Zd 1/2

Then, we have

Sy(x) = Cya + O(zV/loga).

Proof. Clearly g(d) = d~'/2 at this time, thus Y |g(d)| < z!/2. Taking a =

1
2
d<z

in Theorem 1.1, we are done.

O

For n > 1, the Euler totient function p(n) is defined to be the number of positive
integers not exceeding n which are relatively prime to n.
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Corollary 1.2. Let f be the function

Then, we have
S¢(z) = Crx 4 O(z'/3 log ).

Proof. Since

n P
p(n) dzl,; ¢(d)

(see Exercise 2.3 in [1]) and

(see Exercise 3.10 in [1]), we have

1
Z lg(d)| = — < logzx
d<z d<z gﬂ(d)
at this time. Taking o = 0 in Theorem 1.1, we are done. 0

2. NOTATION

Throughout this paper, U < V and U = O(V') both mean |U| < C'V with some
constant C' > 0. We also write n < IN to denote that N < n < 2N. We let, as usual,
Y(x) =2 — [z] — 1 and e(t) = ™.

3. PRELIMINARY LEMMAS
To prove Theorem 1.1, we need some lemmas.

Lemma 3.1. Let H > 1. There are functions a(h) and b(h), such that for |h| < H

we have

b(h) < —, and |p(t)— > a(h)e(ht)| < Y b(he(ht).

1<|h|<H 0<|h|<H

Proof. See Theorem A.6 in [4]. O

The next two lemmas play a key role in the proof of Theorem 1.1. To prove them
we make use of exponent pairs, the definition and basic properties of which can be
found in Section 3.3 in [4] or Section 6.6.3 in [2].
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Lemma 3.2.

(3.1) Zw( x/d)<<(ﬁ)1/2+d7N2+ﬁ (@ = o),

n+46 dN H

where l < H < N <z/dand0<6 < 1.
Moreover, we get that

(3.2) Z w( z/d ) (2)1/3 logz (x — o0).

n+4
z/d

Proof. From Lemma 3.1, we find that

(3.3) Zw( x/d)<<T1+T2+T3,

where

=X X (i) =X S we(RE),

n<N 1< |h|<H NIIES

and

=) 0)

nx=xN

Applying the exponent pair (k, \) to the sum over n, we obtain

hx/d hx N\t dN?
(3.4) T;Ve(n—i—é) < (dNQ) (V)" + hx
Taking (k,A) = (3,1) in (3.4), we derive that
/2 dN? Hz\'/2 dN?
(3.5) < Y a (( ) + 5 ) < (d—N) +—
1<|h|<H
Clearly
(36) T2 < Tla
and
N
(3.7) R T

From (3.3), (3.5), (3.6) and (3.7), we obtain (3.1). Now we write

> Ib(nxidé) = 51+ Sa,
2/d
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where

= ¥ u(HE) wa s ¥ ()

n(z/d)/3 (z/d)1/3<n<y/x/d

Clearly S; < (z/d)'/?. Let us proceed to estimate Ss.
Taking N/H = (z/d)'/? in (3.1), we get that

(25 < (5) 5

Hence,
r\1/3
Sy < (3) log .
Therefore, we arrive at (3.2). O

Lemma 3.3 is Euler’s summation formula, which is Theorem 3.1 in [1].

Lemma 3.3. If f has a continuous derivative f’ on the interval [y,x], where
0 <y <z, then

S fn) / s@ars [T @+ 7@ - 2) - ) )

y<n<x

Lemma 3.4. Let o, (x) be defined by

ote) = S (o(%) - 557))

n<u

where \/x/d < w < x/d. Then we have

1/3
ou(z) < (g) logz (z — 00)
uniformly in d < x

Proof. Following the calculation of o, (x) on page 219 in [8], we write

ou(z) = Ho(w,u) — Hy/q(z,u), Hs(z,u):= Z{%}

X

Let us consider the planar domain Ds: y/z/d < a < u, 0 < b < z/(d(a + J)); denote
by L(Ds) the number of lattice points in Ds and by V(Ds) the area. Then we have
on the one hand (with F(a) := z/(d(a + 9)))
LDs)= Y [Flal= Y Fl)-Hzuw+ Y {F
Vr/d<a<u Vr/d<a<u a<r/x/d
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By Lemma 3.2, we get that
1/3
(3.8) Y G(F(a) = o((%) logx).
ay/z/d

Hence, applying Lemma 3.3 to > F'(a) and using the estimate

P(a)F'(a)da < max ||[F'(a)] <1
f @ s @)

(based on the second mean-value theorem), we obtain
B9 L9 =V(Dy - s F) + o5 )P () - st

1 Jz x\1/3
+§\/g+0<<3) logx).
On the other hand (counting the lattice points “in the other direction”) we get (with
G=F"1 ie G(b) =z/(db) —9)

vy = (-5 X wen-([F(5)|ran) |5
F(u)<b< F(/27d)

Similar to the estimate of (3.8), we infer that

F(u)<b<F(y/z/d)

Now we apply Lemma 3.3 to Y G(b), simplify and collect the terms which repre-
sent V' (Ds). This yields

(310) LDy =V(Dy) - 4 YL —w<u>F<u>+w( g)F( g)
+/Ij;\/x_/(l)w(b)(¥’(b) db+0<<§)1/3 log ).
Let us put
F(u) 00
Ts(z, 1) = /1 PR e IR UL

and observe that
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then

»(b)G' (b) db = - Js(z,u) + O(1).
F(u)

/F(\/;c/d) C.T/‘

Substituting this into (3.10) and comparing with (3.9) we obtain

v Cu 1/3
H(;(x,u):§+7+J(a: u)—l—O((d) 1ogx).
Now
x z/(du) T z/(du)
Jo(x,u) — Jy/q(x,u) = ——/ P2 db < —/ b=2db < 1,
d Ja/(du+1) d Ja/(du+t1)
hence,
£\ 1/3
ou(z) = Ho(w,u) — Hy/q(z,u) = O((E) 1oga:)
for \/z/d < u < x/d, uniformly in d < z. O

4. PrROOF OF THEOREM 1.1

Taking m = [z/n], we then have m < z/n < m+ 1 and

ay Y HE) =m0

n<x m<x z/(m+1l)<n<z/m
X x x X
B ngmf(m)(g ﬂz’(%) Com+1 +w<m+ 1))
= Wl + W27

where

Wi=e) oD m+1 and Wo = f(m) ((m—l—l) 1/}(%))

m<gc m<ax

Recalling the definition of f, we get that

(4.2) Wy =Crx + O(x Z M) = Cz + O(z*(logz)?).

m>x m(m + 1)

We proceed to estimate W5. By Lemma 3.4 and partial summation, we have
(43) = 2 s () ~v () = D s@ionate)

1 -
< Z g(d) (E) logz < (14 2% Y3(logz)?)z'/? log z.
d<z
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Case 1: 0 < a< % In this case,

1/3

Wy < x*/°logx.

Substituting this and (4.2) into (4.1), we obtain

3 f( [%D = Oz + O(z'/* log z).

n<e

Case 2: % < a < 1. In this case,

Wy < 2%(log )7,

Substituting this and (4.2) into (4.1), we obtain

Zf([%}) = Cjz + O(z*(logz)' 7).

n<x

The theorem is proved. (|
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