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Abstract. Let D be a nonempty open set in a metric space (X, d) with 9D # (). Define

= lo CM
hp,c(z,y) = log (1 + dD(x)dD(y))’

where dp(z) = d(x,0D) is the distance from x to the boundary of D. For every ¢ > 2,
hp,c is a metric. We study the sharp Lipschitz constants for the metric hp . under Mobius
transformations of the unit ball, the upper half space, and the punctured unit ball.
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1. INTRODUCTION

In geometric function theory, numerous hyperbolic type metrics including the
quasihyperbolic metric, distance ratio metric, and Apollonian metric, as extensions
of the classical hyperbolic metric have been used and become standard tools, see [4],
[7], 8], [9], [10], [11], [24]. Very recently, Mocanu in [19] studied metric-preserving
functions with respect to intrinsic metrics of hyperbolic type which yield new met-
rics. Conformal invariants and conformally invariant metrics are the key notions
of geometric function theory and of quasiconformal mapping theory, see [1], [2],
[4], [24]. However, for hyperbolic type metrics we cannot anymore expect the same
invariance properties as the classical hyperbolic metric under conformal mappings.
Fortunately, the hyperbolic type metrics still have some type of “near-invariance” or
“quasi-invariance” as desirable feature under (quasi)conformal mappings. It is nat-
ural to ask what the Lipschitz constants are for these hyperbolic type metrics under
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(quasi)conformal mappings. For example, Gehring, Osgood, and Palka proved that
these metrics are not changed by more than a factor 2 under Mobius transforma-
tions, see [9], [10], and the similar results for the other hyperbolic type metrics can
be found in [5], [11], [12], [13], [15], [16], [17], [18], [20], [25], [26].

Let D be a nonempty open set in a metric space (X, d) with 9D # (). Define

hp.c(z,y) = log (1 + 0M>,
Vdp(z)dp(y)

where dp(z) = d(z,0D) is the distance from z to the boundary of D. Dovgoshey,
Hariri, and Vuorinen in [6] proved that hp . is a metric for every ¢ > 2 and the
constant ¢ = 2 is the best possible in the sense that for each ¢ € (0,2), there exists
an open set D such that the triangle inequality for hp . fails. Before the work [6],
Hasto in [14] has studied hp . in the case when X = R™ and D = R™\{0}. The metric
hp., as other hyperbolic type metrics, has applications in the study of geometric
function theory, such as estimates of the Kobayashi and quasihyperbolic distances
(see [21]), regularity of quasiconformal maps, see [6]. In particular, the distortion of
the metric hp . under quasiconformal mappings (see [6], Theorem 4.9) is as follows:
for all ¢ > 0, there exists a constant C' > 1 such that

ho).e(f(2); [(y)) < Cmax{hp,c(z,y), hp.c(x,y)"},

where D ; R™ is a uniform domain, f: D — f(D) is a K-quasiconformal mapping,
and o = K'/(1=") Quasiconformal mappings are widely studied by use of various
hyperbolic type metrics these days. The interested readers are referred to, e.g., [5],
), 9], [10], [11, [12], [13].

In this paper we investigate the Lipschitz constants for the metric hp . under
Mbobius transformations of the unit ball, the upper half-space, and the punctured
unit ball, respectively. The main results are as follows.

Theorem 1.1. Leta € B" and f: B" — B™ = f(B™) be a Mobius transformation
with f(a) = 0. Then for all z,y € B",

1

TTal |a|th’C(m’y) < han o(f(2), f(y) < (1 +|a|)hen o(z, ),

where the constant 1 + |a| is the best possible.

Theorem 1.2. Let f: B®™ — H™ = f(B"™) be a Mébius transformation. Then for
all x,y € B™,

hgn (2, y) < hun o (f(2), f(y)) < 2hen c(z,y),

where the constants 1 and 2 are the best possible.
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Theorem 1.3. Let f: H® — H™ = f(H™) be a Mobius transformation. Then for
all x,y € H",

higo o(f(2), () = hin ol y).

Theorem 1.4. Leta € B" and f: B" — B™ = f(B™) be a Mobius transformation
with f(0) = a. Then for all z,y € B™ \ {0} we have

h[B”\{a},c(f(x)v f(y)) < (1 + |a|)hB”\{0},C(xa y)

2. MOBIUS TRANSFORMATIONS AND SOME INEQUALITIES

We use the standard notations as in [2]. The standard basis in the Euclidean
space R™, n > 2, is denoted by {e1,ez2,...,e,}. A point z € R™ is represented
as (z1,22,...,oy). The ball centered at x € R™ with radius » > 0 is B"(z,r) =
{y € R": |z—y| < r} and the sphere with the same center and radius is S"~!(x,r) =
{y € R": |x —y| = r}. We use the abbreviation B” = B™(0,1). The upper half
space is denoted by H" = {z € R": x, > 0} and H" = H" U {co}. For basic facts
about Mobius transformations the reader is referred to [3], [22], [24]. We denote
x* =z/|z|? for z € R™\ {0}, and 0* = 0o, co* = 0. For a € B" \ {0}, let

ou(r) =a* +r*(x —a*)*, ri=la -1
be the inversion in the sphere S"~!(a*,r). Then o,(a)=0, o,(a*)=00, see [3], (3.1.5)

7'2|5U—y|
2.1 oq(x) —0q(y)| = ——————.

The following lemmas show some fundamental results on Mobius transformations.

Lemma 2.1 ([3], Theorem 3.5.1). Let a € B™ \ {0}, and let f be a Mobius
transformation of the unit ball with f(a) = 0. Then

f(z) = (Aoaa)(z),
where A is an orthogonal transformation.

Lemma 2.2 ([22], Theorem 4.4.8). Let f: R™ — R"™ be a Mobius transformation
with f(B™) = B". Then f is an orthogonal transformation from R™ onto itself if and
only if f(0) = 0.
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Lemma 2.3 ([22], Theorem 4.3.2). Let f: R™ — R™ be a Mobius transformation.
Then f is a similarity from R™ onto itself if and only if f(o0) = co.

The following inequalities are useful in the proofs of main results.

Lemma 2.4 ([23], Lemma 3.2). Let a,b € B". Then

1) alPlb—a*? — b — af* = (1= [af")(1 - )
o) b= lall _ _b—al _ i+l
T=Tallbl < Tallb—a"] = T+ all¥

Lemma 2.5. For a,z € B, there holds

lal|2 - a*[ > 1~ [a]lz].

Proof. By the triangle inequality, we have

lallz — a*[ > |all|z| = |a*|| = 1 — a]|2].
O
Lemma 2.6. For a,z € B™ with % < |z| € 1, there holds
1— > (12 19y -
|2](1 — lal|z]) > 5 ) (1= 12D
Proof. It is easy to see that
|al la| |a||Z|
1211 = Jallzl) = (1= 51 (1 = J2]) = 20z = 1+ L~ Jall2I* -
| | |al|2|
=20z[ =1+ 5 — allz] - |a||2|2+T
|al |al|2|
=20 = 1= @zl - DT = 2z - D)=~
la| lallz]
— (202~ 1 (1————)>0.
(2lz[ - 1) 5 5
O

For the reference, we record Bernoulli’s inequality here:

(2.2) rlog(1+t) >log(l+rt), r>=1,t>0.
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3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.1. For a = 0, Lemma 2.2 implies that f is an orthogonal
transformation. Since hgn . is unchanged under orthogonal transformations for all
z,y € B" we have

hB",c(f(x)a f(y)) = hB”,C(xa y)

as desired.
Now we assume a # 0. Since f = A oo, by Lemma 2.1, we have for all z,y € B"

herno(f(2), F(y)) = hen c(0a(2), 00(y))-
Equation (2.1) implies that

(lal=* = D]z —y|
|z = a*|ly — a*|

lafjx — a*] —

[z —

|oa(2) = 0a(y)| = and 1 —|oq(2)| =

lalz — a*|

We first prove the right-hand side of the inequalities. By use of Lemma 2.4 and
Bernoulli’s inequality (2.2), we have

hw,c(aau),aa(y))—1og(1+c — |70 () — 0a(y)] ))

1 —loa(2)[)(1 = [oa(y)]

[z — | 1 )
lal\/Te — a*[ly — a*[ \| (allz — a* = |z — al)(lally — a*| = |y — al)

1+c¢

log

)

|z —y| (lallz = a* + |z — a[)(Jally — a*[ + |y — al)

log > >
la/|z — a*[ly — a*| (L= lzP)(A = [yl?)

(
(
~tos(1-+ o= |y|2>ﬂ1 ) (0 =)
(
o1+
(

|z —yl < |z[ + [a] >< ly| + lal ))
<log(1l+c¢ I+ —= )1+
V=[P =[yP) 1+ |z[|a] 1+ [yllal

. |z — gl \/ (1+ a) )
VTl =D | U+ [2llal) (T + Tyllal)

(1+ ]z — o] = — 9]
< lo <(1+la)log(1+c¢
& 1—|x|><1—|y|>> < (el g< i ¢<1—|x|><1—|y|>>
|a|>hm (2,9).
Therefore,

hen o(f(2), f(y)) < (L + |a))hgn c(2,y).
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Next, we prove the left-hand side of the inequalities. Since f(z) = (Ao 0y)(z) by
Lemma 2.1, f~!(z) = (Aoo,) ! (x) = (0,0 AT)(x). Hence, for all u,v € B", we have

hen o(f 71 (w), f71(0)) = hen (00 (AT (1)), 00 (AT (v))) < (1+ |a)hen (AT (u), AT (v))
= (1 + lal)han c(u, v).

Now let u = f(x) and v = f(y). We have

1

n >
h[ﬂ% ,c(f(x)af(y)) 1+ | |h[B ,c(x y)
For the sharpness of the constants we set © = ta/|a| = —y with ¢ € (0,]a|). Then
_ 2t —al?)
loa(x) — 0a(y)| = W
e (- a1+ 1 (a1~
1—og(z)] = —1A T 0 g (y)] = — o =
ru(o)] = S ()] = S
Hence,
- hee o (f(2), f(y) _ hgre(0a(),04(y))
1 1 . =1 ’
(3 ) ti}(l)l‘*' h[B'rt7c($,y) tig(l)/l‘*' h[Bvb7c(l‘,y)
o og(1 + 21 + lal)/ /(T PI(L— JaP))
50+ log(1 + 2ct/(1 —t))
B ) N,
= = P - )

It follows from (3.1) and o4 (0q(x)) = = that

hm hB",c(f(Ua ((E)), f(ga (y))) _
t—0t h[B",c(Ua (l‘), Oa (y))

hgnc(0a(0a(2)), 0a(0a(y)))
t—0+ h[B",c(Ua(x)a Ua(y))

— lim hB",c(xay) _ 1
20+ hpne(0a(2),0a(y)) 1+ al

This completes the proof. O

Proof of Theorem 1.2. The right-hand side of the inequalities was proved in [6],
Lemma 2.11. Now we prove the left-hand side of the inequalities. Let ¢5: H™ — H"
be a similarity with ¢s(en) = a = f(0), and let o: B™ — H™ be the inversion in the
sphere S"~1(—e,,v/2) with ¢(0) = e,. Then f~'op,00: B" — B" is a Mobius
transformation with f~1(¢s(0(0))) = f~ (ps(en)) = f~1(a) = 0. By Lemma 2.2,
we see that 1), = f~! oy, 00 is an orthogonal transformation and f = p,000 Yot
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Since o is an inversion in S™~'(—e,, v/2), we have

2(x + en)
O'(J,‘) = —e, + m
Let o(z) = (01(x), 02(x),...,0n(x)), then
1=
on(x) = el
It follows from (2.1) that
2|z — y|
olx)—oy)| = ——m———.
@) = )] = e =

By the invariance of hyn» . under similarities, we have for all z,y € B",

i o(£(2), 1)) = i o(o(85 (@), 0 (65 )))
o(65 " (1)) — (s )]
=log|1l+¢c
( wn(w;l(:c))an(w;l(y»)
205 (x) — 5 W) )
VA [ @D+ o )y (1 [ @D~ [ )

2|z —y|
=log|1l+c
g( " \/(1+|x|)(1+|yl)\/(1—le)(1—|y|)>

[z — |
>logl1l+c = hgn (2,7).
> ton{1+ oot ) = ot

For the sharpness of the constants, set x = —y = te; with ¢t € (0,1). Then we have

:log(l—l—c

4t 2t
hin c(o(x),0(y)) = log(l + eT t2) and  hgno(z,y) = 10g(1 + . t)'
Hence,
lim hﬂ-[l",c(f(x)vf(y)) — lim hﬂ-ﬂ",c(o—(x)ao—(y)) _ 2 _
t>0+t  hgn o(z,y) t»0t  hpno(z,y) t—0+ 141
and
o B @), 1) e elo (@), 0 ()
t—1— th’C(J?, y) t—1— h[g7z7c(l‘, y)
42
C o o0 2
t—1- log(l1—1) t=1- 141
This completes the proof. ([
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Proof of Theorem 1.3. We assume that f(a) = oo for some a € OH™. If a = o0,
Lemma 2.3 implies that f is a similarity. By the invariance of Ay . under similarities,
we have for all z,y € H",

higo o(f(2), () = hin ol y).

Now we assume a # 0o. Let ¢;: H" — H” be a translation with o;(z) = = — a,
then ¢;(a) = 0. Let o: H™ — H" be the inversion in the sphere S"~1(0,1), then
o(0) = oo and o(c0) = 0. We see that fop, Loo™l: H* — H" is a Mobius
transformation with f(p; " 1(071(c0))) = f(p:1(0)) = f(a) = co. It follows from
Lemma, 2.3 that ¢, = f o ;! oo~ ! is a similarity, and hence f = p, 0 0 0 ;.
Since o is the inversion in the sphere S"~1(0,1), we have
In

X
O'(IE) = W and O'n((E) = W

By (2.1), we have

lo(2) — o) = 2 Y

|z[]y]
Since hgyn . is unchanged under similarities, we have for all z,y € H",

B o (@), (1)) = hin o0 (00(2))s 0 (0 (1))) = 1og(1 e ';f(f)())‘);’(@(i’;i'))

e e @ —e N (Sl
‘1g<1+ mt)n(:c)(got)n(y)) 1g(” \/—y) el )

This completes the proof. O

Proof of Theorem 1.4. Since hp metric is preserved under orthogonal trans-
formations, it follows from Lemma 2.1 that for z,y,a € B", it suffices to prove the
theorem for f = o,.

Without loss of generality, we assume that |y| < |z|. Let D = B™ \ {0} and
D' = B"\ {a}. Then we have the following cases for hp .(z,y): If 3 < |y| < ||, then

hm(:c,y):log(u clz ~y] );

VTRV

If ly| < 5 <|z|, then

1
2

posta {1+ A0 ),

Tl

It |y| < lo| < 4, then

o (14 LY.

BN EN
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We also have

B o(0a(@), 7a(y)) = log (1 + M)

where

T = ymin{log(x) — al, 1~ |oa(2)[}vVmin{loa(y) — al, 1~ |oa(y)]}.

Now we prove the inequality according to the following cases.
Case 1: T = \/|oa(z) — a||oa(y) — al. Since

0u(@) — a] = [oale) — 00 (0)] = — Bl 2 —ja]2_1
o]

it follows that

2 2
oul) —al = — ¥ apg = 2[ly
y—afla]

la*| ]z — a*[ly — a*

Hence,

hD’,c(Ua(x)7 U(l(y)) = 1Og(1 + C|x — y|* * )
lal/[zllylle — a*[ly — a*]

By Lemma 2.5, we have

cle —y|
h 1,e\OalT yO0a < 10 1 .
prelou(a). 70(v)) < log(1 + NI |a||x|><1—|a||y|>)

Subcase 1.1: 1 < |y| < |z|. By Lemma 2.6 and Bernoulli’s inequality (2.2), we have

clx — y|
hD’.c Oa\l);0qa <lo
(0a(),0a(y)) < g(” V1z[[y[(@ = a2 (T - Iallyl))

clx —y|
<log(1
S g( " ¢<1—|a|/2>2<1—|x|><1—|y|>)

_ clz —y| _ 2 i
ST a2 g<1+ VI =]z - |y|)> 3]0 9):

Subcase 1.2: |y| < 3 < |z|. In this case, we have

clx —y|
h 1 e(0a(T), 04 RS 10
D',e(0a(2),0a(y)) < g(” VIzl[yl(T = [al[z])(1 - |a||y|))

clz —y|
<log(1
S g( " ¢<1—|a|/2><1—|x|>|y|<1—|a|/2>>

1 clz —y ) 2
< 710g<1 + = hp.c(z,y).
1 —|al/2 A —TlaDlyl/ 2~ lal
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Subcase 1.3: |y| < |z| < 5. We see that

cle —y|
h 1,e\0a\T),0q = lo
brcloa(@) ouly) < o1+~ )

clz =y
< lo
s g( \/lelyl1—|al/2)(1—lal/2))

< L 10g(1—|— e |> 2 (x,y)
X T /5 D sy Y9)-
1 —lal/2 VIelyl ) 2—lal ¢

Hence, for Case 1 we obtain

2
, < — .
hpre(0a(2), 00 (y)) < 5= |a|hp,c(x,y)
Case 2: T = \/|0a(x) —al(1 = |oa(y)]).
Since 2 |
s*ly —a
Oa =|oa(y) —o4(a)| = ————,
7a(0)] = 1ou(y) = ou(a)] =
we get

rel0al) 0alu) = k’g(l v Cl%(_)afff(iyaﬂ v >|>)

2| p
—log(1+ es |z — o : )
Ve —a*lly — a*[\/]2|(ly — a*[la — a*] = $2[y — a])

2,
Vi —ally — a*[y/]alla — a*[/ly — a*[ = [a*[ly — al
1— —
el1s el o)l ] )
lalV/lz — a*[ly — a*[/]2](1 — [a]?)y/lally — a*| = [y — al

(1 —|a?)|z — y|ly/]ally — a*[ + |y — d >
la\/z — a*[ly — a*[\/]x[(1 = [a]?)/(1 = [a]?)(1 = [y[?)

(
-
(
(
(1+ ks Vially—a Ty —a 1 )
<o
s
<o
-

1—yl? Vially — a*| Vlzlallz — a*|
cle =yl Vlally —a*[+y —al 1 )
V1=y? Vially — a*] V(1 = [al[z])]z]
ce—yl [, _l—al 1 )
NG=TE lally — a*[ /(1 — [a[x])]x]

cle —yl [, lal+1y] 1 )
V1—yP? 1+ lallyl /(1 =a][z])]]
clz —y 1+ |al 1 )

V1=TylV 1+ lallyl /(1 = |a]|z])]z]
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Subcase 2.1: + < |y| < |=|. In this case, we have

e —yl [ 1+]al

1
hD,,C(aa@),oa(y))@og(l+ e ee=r (1_|a”x|)|x|>
clz —y 1+ |al 1 )

VI= 1\ T+lallyl /(T = Jal/2)(1 — |z])
oz —y| 2(1 + |a]) 2
<1°g(1 VT |:c|)\/ 2+ lal \/2 B |“|>

ey Tl e
NS ) <2 T o)

Subcase 2.2: |y| < 3 < |z|. Similarly,

cle =yl | 14]a|
hpr e(0a(z), 0a(y))<log| 1+
VI=Tyl\V T+ lallyl /(1T =Tallz])]2]

cle—y|l | 1+]a] 1 )
VIl V1 lallyl /(T =Tal /2)(1 = Ja])

(
(

zlog(1+ ce—yl [ 14l [ 2 )
(

0= JeDiy | T+ lallyl | 2= Tal

o clz — 2(1 + |a]) "
<log( 1+ (1_|||y\/ \/ || \/2_|a| hp.e(®,y).

Subcase 2.3: |y| < |z| < 3. We see that

clz —y 1+ al 1 )
hp (o glo 1+
D,¢(90() g( VI=Tyl\ T+ lallyl /(T =a]l2])]
<1og(1+c|m_y| L 1 )
L+ allyl /(1 = al/2)]z]
- <1+C|x_y| Lt lal : >
[z][y[ \ 1+ lallyl\/ 2 = la]

¢ 204l o,

<10g<1+ la]

|z IIy

Hence, for Case 2, we obtain

hpre(0a(x), 0a(y)) < zgl%ml)hgc(m, Y).
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Case 8: T = /(1 — |o4(z)|)|0a(y) — al. Since

s2|x — a

|00 ()] = |oa(2) = 0a(a)| =

|z — a*||la — a*|’

similarly as in Case 2, we have

hpr.c(0a(2), 74 (y)) <log(1+ clz — y| +la| )

V1= [z T+ allz] /(1 = ]ally])]y]

Subcase 3.1: 3 < |y| < |z|. Then

hp c(06(T) ) <log| 1+

cle—yl [ 1+]al 1 )
VTl \| T+ Jallel VT = JallaDl
cle—yl | 1+]a| 1 )

( V1= Tal 1+ lallel /(1 —Tal/2)(1 = Tyl)
1 clz —y 1+ |a 2
_1g(1+\/1—|y| (1—|m|)\/1+|a||$| 2—Ial)

— 2(1 2
crog(14 —cz 1l (1+ Jal) )
VI Jah | 2+l | 2=Td]

1+ |al ( clz —y| ) 1+ |al
log| 1+ =2/ ——=hp.c(z,y).
1= aP o) Y e

<log| 1+

<2

Subcase 3.2: |y| < 3 < |z|. Similarly,

clz—yl | 1+]af 1
hD/,c(Ja(x)v Oa (y)) < 1Og<1 +

V=Tl \| T+ lalle] /T = Jallg)y]
14 de—yl [ 1+]al 1 )
V1=lz] | 1+ allz] /(1= ]a]/2)[y]

_ 1 2

—og (14 —d2 Y *Jd )

[yl =[]} \/ 1+ lallel | 2 = a]

clz —yl 2(1 + |al) 2 )
<log| 1+
& VIl 1_|x 2+ |al 2 — |a|

lal
log
|2 Iyl (1 — [z)

_cz—yl 1+ |al
=2 h .
) 4_ |a|2 D,C(x7y)
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Subcase 3.3: |y| < |z| < 5. We see that

do—yl [ 1+ 1
h ’ <1 1
pele(h o) S OB U= THTallel T Tali
cle — y| 1+ ]a| 1 )
<log| 1+
Il T+ Jallz] T = a2l
cle—y|l | 1+|a 2 >
log( 1+
e Ve \ T+ Jalll \ 2= Tal
clz -yl >
<log(1+ V1+a
g< N e T
2(1 - 2(1
§ <+|a|>10g<1+c|x y|> (Lo, o
2~ a] 2yl 2—a]

Therefore, for Case 3 we have

hpr e(0a(2), 0a(y)) <

Case 4: T = /1 —|oq(2)[\/|1 —|oa(y)]. Then

- cloq(x) — o4 (y)]
hor e(0a(x),0a(y)) = 10%( V1= Joa @)/l — Iaa(y)l>

= log

c(1 —la*)|z —y| 1 )
lal2V/e = a*lly — a*[ ]z — a*[ = [a*[Je — al\/ly — a*[ = [a*[ly — a
c(l — |al?)|z — y| 1 )
lalv/Ie — a*lly — a*[ V]alle — a*[ = 2 — a]\/lally — a*] = [y — a

c(l — la*)|x — y \/Iallx—a*l+Ix—a|\/|a||y—a*|+|y—a|)

(1
(
(1 lalv/lz — a*[ly — a”] \/1—|a| 1—|x| VA =[a?)@ = yP)
(
(
(

1+

= log

_|_

log

= log

_|_

1 clz —y| ly — al )
V=22~ [yP) IaII:c a | T ally—a]

1 clz —y 1y Jeltlal |y|+lal>
VI =2z~ [yP) 1+ af|z| 1+ [ally|

clz —yl 1+ |al
1 :
’ VA= [ = Jyl) @+ lallz[)(1 + |a||y|)>

< log

_|_

= log
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Subcase 4.1: 3 < |y| < |z|. We see that

 —y] 1+ |af )
hpr c(og(x), 04 <log| 1+
2'eloa(z): 72 y)) g< VA= 2D = D) v/ + Jallz) + Jallg)
z —y] 2<1+|a|>>
< I 1+
°g< VA —Jg) 2+1dl
2(1 + [a])
< —— - .
S 2+|a| hD,C(xvy)
Subcase 4.2: |y| < 3 < |z|. Similarly,
-y 1+ |af
hpr c(oq(z) log(l +
= 2D = o) v/ + [allzD( + Jallg])

1og(1+ c|x—y| L)
(1 =[]yl /1 + [al/2
2 + |a
Mth(m y).
2+ |al

Subcase 4.3: |y| < |z| < 5. We have

clr —yl 1+ [al
h r.e\0q\T),0q X 10
Dr,e(0a(2);0a(y)) < g(1+\/(1—|x|)(1—|y|) \/(1+|a||x|)(1+|a||y|))
. clr —y a
<1 g<1+ |a:||y|(1+| |)>

< (L+ la))hp o(z,y).
Therefore, for Case 4, we have

hD/,c(Ua(x)v Ua(y)) < (1 + |a|)hD7C(xa y)

Since max{2/(2 — |a|), v/2(1 + |a])/(2 — |a]),1 + |a|} = 1 + |a|, we finally obtain
hpre(0a(r),00(y)) < (1 + |a[)hp,c(2,y).
By Lemma 2.1, f~!(z) = (Ao 0,)(z) and f(z) = (04 0 AT)(x). Then

hore(f (@), f() = hore((0a 0 AT)(), (02 © AT)(y))
< (1+a)hp (AT (z), AT (y))
= (1 +[a)hp c(x,y).

This completes the proof. O
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