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Abstract. Let (X,d, u) be a metric measure space satisfying the doubling condition and
an L2-Poincaré inequality. Consider the nonnegative operator £ generalized by a Dirichlet
form on X. We will show that a solution u to (=87 + L)u = 0 on X x Ry satisfies
an a-Carleson condition if and only if v can be represented as the Poisson integral of the
operator £ with the trace in the generalized Morrey space L%e (X), where « is a nonnegative
function defined on a class of balls in X. This result extends the analogous characterization
founded by R.Jiang, J.Xiao, D. Yang (2016) from the classical Morrey space on Euclidean
space to the generalized Morrey space on the metric measure space.

Keywords: harmonic function; Dirichlet problem; Morrey space; Carleson measure; met-
ric measure space

MSC 2020: 43A85, 35J25, 42B35

1. INTRODUCTION AND MAIN RESULT

1.1. Background. The boundary value problem of harmonic functions has a long
history and has been extensively studied. It is well known that a basic tool for
studying a function f on R"™ is to transition it to a harmonic function, which is
defined on the upper half-space [RTr1 and takes f as its boundary value.

For the classical case, f € LP(R™), 1 < p < oo, as we all know that the Poisson
integral u(x,t) = e*tmf(x), (x,t) € [R:L_‘H, is the solution to the equation

Ou(z,t) + Au(z,t) =0 Vz e R™ t>0,
u(z,0) = f(x) Ve R™
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n
Here A = 3 (ﬁk is the Laplace operator. In 1971, Stein-Weiss proved that a har-
k=1

monic function u(z,t) on R} satisfies

sup/ lu(z, t)|P de < oo
t>0 Jpn
if and only if u(z,t) = e~ V=2 f(z) for some f € LP(R"), see the standard text-
book [49], Chapter 2 for more details.
At the end-point space L°(R™), it has a natural substitution, the BMO space,
e., the space of functions of bounded mean oscillation. In the seminal work of
Fefferman-Stein (see [18]), they discovered that a function f € BMO(R™) if and only
if its Poisson integral u(z,t) = e *V=2 f(z) (which is naturally harmonic) satisfies
the following Carleson condition:

dt
(1.1) sup (/ ][ [tVu(z,t)|? dz— ) < o0,
(zo,r)ER™ XR4 B(zo,r)

where V = (V,,0;). Later on, Fabes-Johnson-Neri in [14] found that any harmonic
function satisfying the Carleson condition (1.1) is the Poisson integral of a BMO
function.

Since then, the study of this topic has been widely extended to more general opera-
tors such as elliptic operators (see [33], [39]) and Schrodinger operators (see [12], [25])
(instead of the Laplacian), and more general initial value spaces such as Campanato-
Sobolev spaces (see [22], [27], [52]), and for domains other than R™ such as met-
ric measure spaces (see [25], [28]) and Lipschitz domains, see [17], [47]. Moreover,
this characterization has been further generalized to caloric functions, i.e., solutions
to the heat equation, see [16], [34], [55].

Let us turn our attention to a replacement (or a generalization) of the BMO
space as well as the Lebesgue space, the Morrey space, which was introduced by
Morrey (see [41]) concerning regularity problems of the solutions to partial differential
equations and defined as follows for any 1 < p < co and —1/p < A < 0:

1
LPA(R™ —{fEL R™): sup 7/ fxpdx<oo}.
(=) el B) o , B0 I gy )

The main fame that rests with the Morrey space is the following celebrated lemma,
see [2], [41].

Morrey’s Lemma. Let the function u satisfy |Vu| € LP* (even locally) with
A > —1/n. Then v is Holder continuous of exponent 1 + nA.
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In the early 1960s, Campanato in [6] introduced an equivalent characterization of
the Morrey space on R™:

LPA(R™)
1
{f € Lf, (R™): sup [Bzo, ) F /B( : |f(@) = [B(zo,m|" da < 00},
? Zo,T

(wo,r)ER™ xR

see [2], [44], [46] for more details. Here and in what follows, fp(s,,) denotes the
mean (or average) of f over B(xg,r), i.e.,

1
fB(IO’T) B ]é(;co,r) f(x) o = | ((Eo, )| B(xo,r) f(x) e

Nowadays, the Morrey space has been studied extensively in many aspects, such as
its predual space (see [2], [29], [57]) and interpolation (see [56]), see also [1], [7], [10],
[38], [54].

Recently, Jiang-Xiao-Yang in [27] studied the Dirichlet problem for the Laplace
equation with boundary value in the Morrey space. More precisely, they proved that
for any —1/n < A < 0, a solution u to —02u — Au = 0 on R’ satisfies

sup (/ ][ [tVu(z t)|2dxﬁ> v < 00
(mo,m)ER T |B(wo,r |A B(zo,r) t

if and only if there exists a function f € L>*(R™) such that u can be represented
as u = e V=2 f. Song-Tian-Yan in [48] and Huang-Zhang in [23] extended non-
trivially the study to the Schrodinger operator and parabolic Schrédinger operator,
respectively, on R™.

The main aim of this article is to continue the line of [25], [27] to process the study
of this topic on manifolds as well as general metric spaces; see our settings and the
main result in the following subsection. Our result covers some general operators
such as uniformly elliptic operators, and some general domains other than R™ such
as Riemannian and sub-Riemannian manifolds; see for examples [8], Section 7.

1.2. Main results. Let us now fix our setting. We will concentrate on a complete
Dirichlet metric measure space (X, d, i, &) satisfying the doubling condition (D) and
admitting an L2-Poincaré inequality (P2). In the following, we will introduce these
notation and notions, and then state the main result.

We first briefly describe the Dirichlet metric measure space, see [8], [19] for more
details. Let X be a locally compact, separable, metrisable, and connected space, i be
a Borel measure that is finite on compact sets and strictly positive on nonempty open
sets. We consider a strongly local, closed, and regular Dirichlet form & on L?(X, i)
with dense domain 2 C L*(X, ).
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We assume that & admits a carré du champ, which means that the measure-
valued nonnegative and symmetric bilinear form T'(f,g) is absolutely continuous
with respect to p for all f,g € 9, see the accurate definition of T' in [8]. In what
follows, we denote by (D, f, D,g) the energy density dI'(f, g)/du, and by |D,. f| the
square root of dT'(f, f)/du.

We equip the space (X, p, &) with an intrinsic (pseudo-)distance d on X associated
to &, see [8]. We assume that d is a true distance and that the topology induced
by d is equivalent to the original topology on X. Moreover, we assume that (X, d)
is complete.

To summarize the above situation, we shall call (X,d, u, &) a complete Dirich-
let metric measure space endowed with a “carré du champ”, in short a complete
Dirichlet metric measure space.

We define the Sobolev space W12?(X) as the domain 2 endowed with the norm
(11122 4+ &(f. £)]'/2, which is a Hilbert space. For an open set U C X, the Sobolev
spaces W1P(U) and Wy (U) are defined in a usual sense, see the introduction in [8]
for instance.

Corresponding to such a Dirichlet form &, there exists an operator denoted by L,
acting on a dense domain Z(L£) in L*(X,pu), 2(£) C W12(X), such that for all
f € 2(L) and each g € WH%(X),

/X C£F(@)g(x) du(z) = E(f, ).

Throughout this paper, we denote by P; = e~ VL the Poisson semigroup associated
with £, and by p;(z,y) the kernel of P, = e~*VE.

Let B(xz,r) denote the open ball with center x and radius r with respect to the
distance d, and set aB(z,r) = B(z,ar) for any a > 0. Moreover, unless otherwise
specified for a ball B, we denote its radius and center by rp and z g, respectively.

We assume that p is doubling, i.e., there exists a constant Cy > 0 such that for
every ball B(z,r) C X,

(D) u(B(z,2r)) < Cap(B(a, 1)) < oc.

Note that the doubling property of p implies there exists @@ > 1 such that for any
0<r<R<xandzelX,

u(B( 1) < Ca( BY (B ))

and reverse doubling property holds on a connected space (cf. [21], Remark 8.1.15),
i.e., there exist constants 0 < K < @ and 0 < ¢ < 1 such that for any 0 <7 < R < o0
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and x € X,
() uB. ) < u(B, B)).

There also exist constants C' > 0 and 0 < N < @ such that

N
(12) n(B.r) < (14 D i, )
uniformly for all z,y € X and r > 0. Indeed, property (1.2) with N = @ is a direct
consequence of the triangle inequality of the metric d and the doubling property (D).
An L2-Poincaré inequality is needed. Precisely, we assume that (X,d, u, &) sup-
ports an L?-Poincaré inequality, namely, there exists a constant Cp > 0 such that
for all balls B = B(zp,r5) and WH2(B) functions f,

1/2
(P2) (]é |f—fB|2du> < Cprp (]é IDxfIQdu>

Under the validity of a doubling measure and an L2-Poincaré inequality on
(X,d, p, &), Sturm in [50] established two sides Gaussian bounds for the heat kernel.
By Bochner’s subordination formula, the Poisson kernel and its time derivatives

1/2

admit the Poisson upper bound as follows:

t 1

(PUB)  [t*Ofpu(x,y)| < O de ) WBa i+ dm )

k=0,1,2,...,

see for instance [25].

Next, let us recall the definition of harmonic functions on the upper half-space.
We view X X R as the product space of X and R, and consider its product distance
and product measure. The Sobolev space W2(X x R) is defined as the completion
of all compactly supported Lipschitz functions v on X X R under the norm

\/// (Jv]? 4 | Dzv]? 4 [0pv[?) dpu dt.
X xR

The Sobolev spaces W,2(U), W2(U) for an open set U C X x R are defined in the

loc

same manner as those Sobolev spaces on X. We say that v € VV&)CQ(X x R4) is an
L -harmonic function in X x Ry if

X %x(0,00)

holds for all Lipschitz functions ¢ with compact support in X x R,..
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In what follows, we always assume that « is a nonnegative ball function, which
means its domain is a class of balls in X. The ball function « is said to be decreasing
if there exists a constant C' > 0 such that for any z,y € X and 0 < r < R < o0,

(De) a(B(z, R)) < a(B(x,r)).

Moreover, we say that the ball function « is translation invariant if there exist
constants C, ¢ > 0 such that for any x,y € X and r > 0,

(TT) ca(B(y,r)) < a(B(z,r)) < Ca(B(y,r))-

Now, let us introduce the spaces that we are focused on in this paper.

Definition 1.1. Let o be a nonnegative ball function. The harmonic mean
oscillation space HLQ’O‘(X x Ry) consists of all £;-harmonic functions u satisfying

an a-Carleson condition

/2

=8 57 L, o 5%

ull?: = sup — [ — tVuxat - < 00
Felliv = 200 B \RB) M piomn

Here and in what follows, V = (D, ;) and |Vu|? = |D,ul|? + |0,ul|?.

The generalized Morrey space was introduced independently by Mizuhara in 1991
(see [40]) and Nakai in 1994, see [43]. An interested reader may be also referred
o [3], [44]. Here, we define it as follows:

Definition 1.2. Let « be a nonnegative ball function. We say that a function
f € L% (X) belongs to the generalized Morrey space L*%(X) if

loc

1 ) 1/2
I£ll2 = sup W( £ 1@ - 1a du<x>> < oo

Remark 1.3. If a = 1, then L?%(X) = BMO(X). And if a(B) = [u(B)]*
with —3 < A < 0, then L?»*(X) is the classical Morrey space L?*(X) (also
called Morrey-Campanato space). More generally, the ball function a can be taken
as a(B) = |xsl .., where ||||Lsc) is the norm of a variable Lebesgue function.
However, the exponent 2 in L?®(X) cannot be extended to a variable exponent or
even any other constant, which is determined by the structure of the Dirichlet form
and the technology used in this paper such as the spectral theory and the Caccioppoli
inequality. Therefore, the result about the variable Morrey function is not included
in our paper, see [9], [51] for more about variable exponent function spaces.
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The following theorem is the main result of this paper.

Theorem 1.4. Let (X,d,u,&) be a complete Dirichlet metric measure space
satisfying the doubling condition (D) and admitting an L?-Poincaré inequality (Ps).
Suppose that the nonnegative ball function « is decreasing (De).

(i) Further suppose that « is translation invariant (TT). If u € HL**(X x R,),
then there exists a function f € L%%(X) such that u(x,t) = P, f(z). Moreover,
there exists a constant C' > 0 independent of u such that

I fllz2e < Cllullgrz.e-

(i) If f € L>*(X), then u(x,t) = Pyf(r) € HL>*(X x Ry), and there exists
a constant C' > 0 independent of f such that

[ullarze < Ol fl L2

Some remarks are in order.

Remark 1.5. Due to some technical reasons, in Theorem 1.4 (i), we assume an
additional condition that « satisfies the translation invariant (TT). This is due to the
following reasons. Firstly, in Lemma 2.2, we obtain the pointwise upper bound of
the time regularity of the HL*“-function as follows:

(1.3) t0u(z,t)| < Ca(B(z,t))||lullarz.e-

With the help of this regularity, in Proposition 2.6, we show that a harmonic function
is bounded from above and below by a bound similar to (1.3). If we want to take
advantage of the Liouville theorem, we need the translation invariant property to
ensure that the upper bound in (1.3) is at least independent of the center of the
ball. This is the first time the assumption (TI) appears and the substantial reason
why it appears. However, in the cases of Euclidean space, Lie group of polynomial
growth, and metric space with a uniformly distributed measure, if a(B) = [u(B)]*
with —% < A < 0, the assumption (TI) naturally holds.

Remark 1.6. Regarding the proof of Theorem 1.4, the main difficulty lies in that
the pointwise bound for the gradient of the Poisson kernel does not hold in a general
metric space, unless assuming a strong nonnegative curvature condition or group
structure, see [36], [37]. Indeed, it fails already for uniformly elliptic operators,
see for instance [8], [26]. To overcome this difficulty, based on the structure of the
elliptic equation, we adopt a space-time conversion technology in Proposition 5.2
of [25] to control the spatial derivation part in a tent domain B(xp,rp) X (0,75);
see Proposition 3.2 for more details.
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Remark 1.7. As we already said in Remark 1.3, if o = 1, then L?%(X) =
BMO(X). And it is worth noting that Jin-Li-Shen in [28] studied the Dirichlet
problem for the Laplace equation with boundary value in the BMO space. However,
in view of the proof from the solution to the initial value, the essential ingredients in
this paper are different from that of [28]. The argument of Jin-Li-Shen (see [28])
depends heavily on three nontrivial results:

(i) the Hardy space H'(X) is complete;
(ii) the Hardy-BMO dual theorem of Fefferman-Stein;
(iii) the time derivative of the Poisson kernel is in the Hardy space.

However, the theory about the predual of the generalized Morrey space is still
somewhat incomplete, see [2], [45]. To overcome the lack of these properties, in this
paper, we adopt a method from [27], which is based on the basic L?-theory via the
feature of Morrey functions and BMO functions; see the proof of Theorem 3.1 for
more details. As a consequence, our results work with both the Morrey space and
the BMO space.

Remark 1.8. In the case X = R" and a(B) = |B|* with —1 < X < 0, we write
L>*(R™) = L*>*(R") and HL**(R") = HLQ’)‘(R”) for simplicity. Combining some
known results, we can observe the following facts.

(i) For a function f defined on R™, the following statements are equivalent.

(@) [ fllp2 < oo,
(b) BSS[RP” |B|_1/2_)\(ff3x(0,r5) |tvptf($)|2(dx dt)/t)l/Q < 00,

(c) ;ugn |B|71/27)\(ff3><(0,r5) |tV@tf(x)|2(dx dt)/t)l/Q < 0.
The ezuivalence of (a) and (b) is included in Theorem 1.4; the equivalence of (a)
and (c) is discussed in [48]. Here &, = e~V is the Poisson semigroup associ-
ated with the Schrodinger operator . = L+ V with V belonging to the reverse
Holder class RH,(R™) for some ¢ > n. These equivalences are the counterpart of
the famous words that Stein-Weiss wrote at the beginning of Chapter 2 of [49].
Namely, we find that a function f can be verified to belong to the Morrey
space L?*(R™), by checking that its Poisson integral P, f (or 2, f) satisfies the
Carleson condition. Although the different natures of Schrédinger operator and
Laplace operator, a bit surprisingly, they induce the same Carlson condition.
(ii) For a function u defined on R’™, if u is harmonic, then there exist constants
C, ¢ > 0 such that

(1.4) CHU'HLx(L2:*) < lullgres < CH“’HL*(LQ:*)v
where

1/2
1 2
U||poo(2.2) = SUP SUP = u(x, t)]* du(z .
sy =sup sup oo (f e duto))
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This result is obtained by using the Morrey space L>* as a bridge, and com-
bining Theorem 1.4 with Therorem 2.17 of [35]. Let us distinguish between the
two norms involved in (1.4). The finite norm ||u||gr 2.2 < oo shows that w in-
duces a Carleson type measure t|Vu(z,t)|? du(x) dt. However, the finite norm
lull Loo(z22) < oo means that for any ¢ > 0, u(:,t) belongs to the Morrey
space L>*(R™). Note that the Carleson condition ||u||;;;2.» tells us the informa-
tion about the gradient of u on a tent domain, whereas the essentially-bounded-
Morrey condition |[u|pec(z21) indicates the integrability of u on a ball. This
fact surprised us since we can utilize the non-derivative term of u to describe its
derivative term Vu. A similar but different phenomenon have appeared in [20].
Without the classical derivative structure, the author of [20] takes advantage
of a novel “derivative”, nowadays named the “Hajlasz gradient” after him, to
define the Sobolev space on the metric measure space, see [31], [32], [53] for
more details.

To the best of our knowledge, Theorem 1.4 is new even for the second order
degenerate elliptic operator L = — div AV, where A = A(z) is an n X n matrix of
real, symmetric, bounded measurable coefficients, defined on R™, and satisfies certain
degenerate conditions such as As-weight, i.e., there exist constants 0 < A < A < oo
such that

Aw(x) €] < (AL €) < Aw(z)[]? VEeR™,

where w > 0 is an As-weight, see [42]. The doubling condition is a consequence of
the As-weight, and it was known from [15] that an L?-Poincaré inequality holds.

Corollary 1.9. Let L = —div AV be a second order degenerate elliptic operator
on R™. Then an £ -harmonic function u € HL>*(R"*") if and only if there exists
a function f € L% (R™) such that u(z,t) = P.f(x). Moreover, there exists a constant
C > 1 such that

CH N fllrze@ny < llullgrze@ny < Cllfllp2a®n)-

The paper is organized as follows. In Section 2, we obtain some properties for
harmonic functions satisfying the a-Carleson condition. Sections 3 will be devoted
to the proof of the main result (i.e., the proof of Theorem 1.4).

The letter C (or ¢) will denote a positive constant that may vary from line to line
but will remain independent of the main variables.
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2. SOME PROPERTIES OF HARMONIC FUNCTIONS SATISFYING a-CARLESON

This section is devoted to studying some properties of the HL**-function w, in-
cluding the pointwise upper bound of [td;u(x,t)|, the Calderén reproducing formula,
and the uniform bounedness of u(-,¢) in L?*(X) for any ¢ > 0. These properties
will play a significant role in the proof of Theorem 1.4 (i).

Lemma 2.1. Assume that the Dirichlet metric measure space (X,d, u, &) satis-
fies (D) and admits (P2). There exist constants 0 < 6 < 1 and C' > 0 such that if
g € WY2(B(z,2r) x (s,s + 2r)) is an £ -harmonic function, then it holds that

(2.1) [g(y,t) —g(z,1)]

d(y,z)+|t—t'| 0 1 // ’ ’
<C g(z,s")|du(z)ds
( 2r ) TM(B(J:; ZT)) B(;c,2r)><(s,s+27")| ( )| ( )

for any ball B(z,r), s >0 and (y,t), (z,t') € B(x,r) x (s + %r, s+ %r)

Proof. For the proof, we refer to [50], Proposition 3.2, Corollary 3.3. See
also [24], Lemma 2.8 and [4], Theorem 1.1, Corollary 1.2. O

Lemma 2.2. Assume that the Dirichlet metric measure space (X,d, u, &) satis-
fies (D) and admits (P2). Suppose that the nonnegative ball function « satisfies (De).
If u € HL>*(X x Ry), then dyu(x,t) is also an L ,-harmonic function on X x R,
Moreover, there exists a constant C' > 0 such that for any x € X and t > 0,

t0pu(e, )] < Ca(B(a, 1) |ullspae.

Proof. By [13], Remark 2.3 and Proposition 4.1, we know that there is a weak
L?-Poincaré inequality on X x R, i.e., there exists 0 > 1 such that for each
g € WH(B(y,or) x (s — or,s + or)) with (y,s) € X x R and r > 0, it holds that

(2.2) // |g - gB(y,r)X(sfr,err)|2 dpdt
B(y,r)x(s—r,s+r)

< Or? // |Vg|? dpdt,
B(y,or)X(s—or,s+or)

where V = (D,, d¢). By the self-improvement of the Poincaré inequality from [30],
we see that an L?~%-Poincaré inequality holds on X x R for some 0 < § < 1, which
means that (2.2) can be improved to

1
(23) 7// 19 = 9By r)x(s—r.s+rm | dpdt
ri(B(y,7)) S ryx(s-ratn) (er) s mretn)

1 s 1/(2—46)
< C’r<7 // [Vgl*~ dudt) .
T,U'(B(ya 7’)) B(y,or)X(s—or,s+or)
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Let € > 0. Forany——z—:<h<
function:

86, we define the following difference quotient

u(z,t + h) — u(x,t)
Y .

It follows that for an —%5 < h < %z—:, u(+,+;h) is an Ly-harmonic function on

u(z,t;h) =

X x (g,00); see for example [25], Lemma 4.1. Therefore, we can conclude by the
mean value property (see [4], Theorem 5.4) that for any ¢ > 3¢,
(2.4)

lu(z, t; )]

1/2
s C<7 // |u(y,8;h)|2du(y)ds> ,
tM(B(x;t)) B(x’t/(Qa))><((1_1/(20))t,(1+1/(20))t)

Set By = B(:L‘,% ) X (4t, Zt) Applying the Poincaré inequality (2.3) and the
argument in Theorem 8.1.7 of [21], we see that for all (y,s) € B(z,t/(20)) X
((1 =1/(20))t,(1+1/(20))t) and |h| < t, it holds that

(25)  |uly,s+h) —uly,s)|
< Ch[Ma5(|Vulxs, )y, s + h) + Ma—5(|Vulxe, )y, s)],

where My_; is the L(?~9_Hardy-Littlewood maximal operator on X x R, defined by

/(2-3)
My_s(v)(z,s) = sup <][ |v|?~ 5dudt>

B3(z,s)

for any function v € LL (X x R4). Here B is the open ball in X x R.
Combining (2.5) with (2.4) and the fact that Ms_s is bounded on L*(X x R.),
we further deduce that

|u(z, t; )]

1/2
1
< C<7 // uy, s; h)|? du(y) d8>
tu(B(2,1)) JJ B2t/ (20))x (1=1/((20))t,(141/(20))1)
1
(

/ / Mo—s(Valxz. ) (5,5 + )
2,8)) JJB(e,t)20))x (1=1/(20))t,(14+1/(20))1)

1/2
T Ma—s(|Vulxe, ) (9, )12 duy) ds)

1 ) 1/2 C
<C< 7// Vul*du(y ds> < —a(B(z,t))|ullgr2.e.
tu(B(x,t)) B(I}3t/4)x(t/4’7t/4)| " du(y) (B, 1))l|ull

Letting h — 0, we conclude that for any t > 3¢,
10l )] < Ca(Bla, )l|ullupe.
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Since € is arbitrary and the constant C' > 0 is harmless, we can obtain the required
estimate, i.e.,
[t0iu(z, t)| < Ca(B(z,1))||ullm2~

for any z € X and t > 0.
It remains to show that Oiu(z,t) is also £ -harmonic. Since wu(z,¢;h) is an
L -harmonic function on X x (g,00) for all —%c < h < ie, and

C
[u(a,t:1)] < S (B, ) [l

for all ¢ > 3¢, (2.1) shows that u(x,t;h) is uniformly continuous on any compact
set of X x (3e,00) for all h € (—4¢, £¢). This implies that dyu(x,t) is locally uni-
formly continuous on X x (3g,00), and the convergence u(z,t;h) — Opu(z,t) is
locally uniform on X x (3¢,00). Hence, we can apply Theorem 7.25 of [5] with
the locally uniform convergences tu(x,t;h) — £0u(z,t) to deduce that £0u(x,t)
are both super-harmonic functions on X x (3e,00). Since ¢ is arbitrary, it follows

that dyu(x,t) is L4 -harmonic on X x R, which completes the proof. O

Lemma 2.3. Assume that the Dirichlet metric measure space (X,d, p, &) satis-
fies (D) and admits (P2). Suppose that the nonnegative ball function « satisfies (De).
If u € HL>*(X x R, ), then there exists a constant C' > 0 such that

d(z,y)

(Y o (B, 1)) lulge d(ery) < /4o,

) [a(B(.t) + a(B. )]ullapze. day) > /4o,

where 0 > 1 as in (2.2).

Proof. For the large time case t > 4od(z,y), it follows from (2.1) that

u,t) — uly, )] = |(ulz,t) = M) = (u(y, ) = M)

S C(d(? d )6 tu(Bix, ")

X // |u(z,s) — M|du(z)ds
B(w,t/(20))x ((1=1/(20))t,(14+1/(20))t)

for any constant M € R. Taking M = UB(z,t/(20)) % (1—1/(20))t,(1+1/(20))t) and us-
ing (2.2) leads to

(2.6) |u(z,t) — u(y, 1)

d(x, y) 0 ( 1 // ) 1/2
<Ct Vu(z,s)|? du(z) ds
( t ) tu(B(x,1)) J ) Bat/2)xt/2,3t/2) | I dul
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éc(d(xt = ( //B(x 2t) % (0,2t) sVutz, === - ) >

< (MDY o, )l

For the small time case t < 4od(z,y), we let ' = 40d(z,y). By Lemma 2.2, it
holds that

t/
|u(x,t) —u(z, t")] < / |sOsu(z, s) C’/ B(z,s) —HuHHLM
t
dod(x,y
< mog(%)a(ff(x,t))HuHHLz,u,

and similarly,

u(y, 1) — u(y )] < Clog(“TXEI a5y, 1) ful gy

Combining these two estimates above and (2.6), we deduce from the triangle inequal-
ity that
u(@,t) —u(y, )] < |ulz,t) — ula, )] + [u@, t') — uly,t)| + |uly,t') — u(y, 1)

) t
< C[log(w)a(B(x,t)) + (%)aa(B(and(x, )
(

o) (B 1)l
< oY faB(w.0) + aB O ulwar

where we used the trivial inequality logr < Cr? for all 7 > 1. This completes the
proof. O

Remark 2.4. If the ball function « satisfies (TT), the bound for the small time
case in Lemma 2.3 would coincide with the large time case, and hence it holds for
any z,y € X and t > 0, that

d(z,y)\?

[ue,t) = uly D] < (T2 ) a(Bla, 1) fulupe.

In the sequel, for the convenience of writing, we set

us(z) = u(z,s) VzeX, s>0.
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Lemma 2.5. Assume that the Dirichlet metric measure space (X,d, u, &) satis-
fies (D) and admits (P3). Suppose that the nonnegative ball function « satisfies (De)
and (TI). Ifu € HL>*(X x R), then the Poisson integral P;(us) of us is well-defined.
Moreover, there exists a constant C' > 0 such that

0P () (@) < (L) @B, ) fulsz

Proof. It follows from P;1 = 1 that for any z € X,

(2.7) Pi(us)(x) = Pe(us — us(x)) () + us ().

Using (PUB), Remark 2.4 and the classical annuli argument, one has

(28) |Pt( _us )(
t |u(y,) u(z, s)|
x t+d(z,y) p(Blz,t + d(z,y)))
t ( y)\? a(B(x,t))llullgre.
C/Xt+d(x,y s ) w(B(z,t + d(z, ?J)))d )

<C

du(y)

1 0 du(y)
<o(y) e ime [ (i) wwEredEw)
<c(t ) a(BG. lulluen
This together with (2.7) gives us that
N
(2.9) Pilus)(@)] < C(<) alBlw,s)fullurze + us(@),

which means that P;(us)(z) is well-defined.
Now, it remains to estimate t0; P¢(us)(x). We can use the conservation property
P:1 =1, (PUB) and a similar argument as (2.8) to deduce that

0Py () ()] = \ [ o)) = el anty)

¢ lus(y) — us(@)]
< /X t+d(z,y) w(B(z,t +d(x,y))) w(y)

N
< C(;) a(B(z, ) ||ullgr2.e,

which completes the proof. ([
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Proposition 2.6. Assume that the Dirichlet metric measure space (X,d, u, &)
satisfies (D) and admits (P3). Suppose that the nonnegative ball function o satis-
fies (De) and (TT). Ifu € HL*>*(X xR ), then for any x € X and s,t > 0 it holds that

u(z,t + 8) = Pe(u(-, s)) ().

Proof. For any z € X and t > 0, set
v(x,t) = Opu(z, t + s) — Pe(Osul-, ) ().

By Lemma 2.2, dyu(z,t + s) is L4-harmonic and therefore Holder continuous on
X x (—s,00). It follows that

v(x,0) = lim v(z,t) = lm {Owu(z,t+ s) — Pe(Osu(-,s))(x)} = 0.

t—0t t—0t
We can extend v(z,t) to a function w(z,t) on X x R as follows:
v(z,t), t > 0;
w(z,t) =
—v(z,—t), t<O0.
Obviously, w is also harmonic on X x R. We claim that w = 0 on X x R. On the
one hand, there holds by Lemma 2.2 that for any z € X and t > 0,

C C
Oru(z, t+5)| < T a(Blx,t+ ) |ulluize < (B, s))l|ullarze.

On the other hand, it follows from Lemma 2.2, (TI) and the conservation property
P:1 =1 that for any x € X and ¢t > 0,

PO ) ()] < /X pu(,9)|0suy, 5)| du(y)

C

< ;IIUIIHLM/Xpt(fc,y)a(B(w))du(y)< a(B(z, 5))||ull 2.

» | Q

Based on the above argument, we see that for any x € X and ¢t € R,
C
w(z, )| < —a(B(z, s))ullupz.e.

This together with (TI) implies that w is a bounded harmonic function on X x R.
However, since X x R satisfies a doubling condition and supports an L2-Poincaré
inequality, the Liouville property implies that there is no bounded harmonic function
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on X x R other than constant, see [4], [50]. Noticing w(x,0) = 0, we know that w = 0
on X x R.
Hence, for any s,t > 0, it holds that

Osu(x,t + 8) = Owu(x,t + s) = Pe(Osu(-, 8))(z) = 0sPe(u(-, s))(x),

and further,
83815“(377 t+ S) = 8satpt(u('a S))(J?)

This implies that for any s,s’ > 0,
Ou(z,t + 8) — O Pr(u(-, 8))(x) = du(x, t + 8') — O Pi(u(-, 8")) ().
Notice that Lemma 2.5 yields

aPuu, sl < <

Y (B, ) ullgen
(5)

and Lemma 2.2 yields

c
|Ou(z,t +5')| < a(B(z,t +5))|ullaze < Za(Bla,1)|ullnpze,

t+ s
which both converge to 0 as s’ — oo. It holds that
Ou(z, t + s) — O Pe(u(-, 8))(x) = 0,
and hence there exits a function f(x,s) such that for any ¢ > 0,
u(z,t + s) — Pi(u(-, 8))(z) = f(z, s).
Note that for every x € X and s > 0,

f(z,s) = lim f(z,s) =u(x,s) — lim P(u(-,s))(z) = 0.

t—0+ B t—0+
One has
u(z,t+s) = Pi(u(, s))(@).
The proof is complete. O
Lemma 2.7. Assume that the Dirichlet metric measure space (X,d, u, &) satis-
fies (D) and admits (P3). Suppose that the nonnegative ball function « satisfies (De)

and (TI). If u € HL>*(X x Ry), then there exists a constant C' > 0 such that for
any € > 0,

1 "B de\/?
z 2
- — < 2,a.
sup B </0 ’ [t0: Prue ()| dp(z) , ) < Cl|ullgre.

Bcx &
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Proof. The proof of this lemma is similar to that of [14], Theorem 1.4, see
also [12], Lemma 3.4 or [16], (1.5). We left the details to the interested reader. O

Lemma 2.8. Assume that the Dirichlet metric measure space (X,d, p, &) satis-
fies (D) and admits (P3). Suppose that the nonnegative ball function « satisfies (De)
and (TI). For any € > 0 we set

{ F.(2,t) = tvV/LPu.(2),
G(z,t) = tVLP(I — Pry)g(x),

where u € HL?>*(X x Ry) and g € L?(B). Then the following statements are valid.
(i) There exists a constant C' > 0, independent of e, such that

| [ E06e01an@ T < ca@ @) fulslal o)

(ii) It holds that

[ uetr- Prg)gdu—zx/ | P06 nan@F.

Proof. (i) One writes

dt = dt
[ [ireoceoiam@y={[ +3 [ b
T(2B) j—; JT(2*1B)\T(2*B)
=Io+ Y I,
k=1

where T'(B) is the tent over B, i.e., T(B) = B x (0,75).
For the term Io, since (I —P,,)g € L*(X), we conclude by the spectral theory that

dt
/ / |t\/_7Dt I- P'I"B g|2 / | I P""B | dM

This together with Lemma 2.7, Holder’s inequality and (D), implies that

we ([ meoram®) ([ [ ioe0rY ae)

scen ([ [ werar dum%)m

< ([ = Pagra <>)1/2

< Ca(B)[u(B)] 2 |lullurz= 9]l L2s).

1/2
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For the term I, by (PUB), it holds that for any (z,t) € T(2**1B) \ T(2*B),

Kﬂmjﬂ::PVZPaAmstﬁkﬂxﬁ§‘

[ /r232pr(x7y)
o (t+s)? s Jx or?2

C/ ts / t+s lg(y)] ().
(t+5)?2 s Jpt+s+day) wBxt+s+dz,y)))
Notice that for any (z,t) € T(2**1B)\ T(2¥B) and y € B, it holds that

9(y) du(y)‘

r=t+s

t+s+dxy) =t+dzy) =>281rp.

Therefore, one has

ts t+s l9(y)l
Gz, )] < C/ (t+s)? s /B 2krp w(B(x, 2kt 1rg)) du(y)

C Hg||L1(B) /TB ts ds
= 2krp u(28+1B) t+s s

< S ot s € ol 1y
2krg w(2841B) J, s 2k u(2k1B) \rp

By substituting this estimate into Iy, using Holder’s inequality, and invoking
Lemma, 2.7, we deduce that

dt

I < "

/ P2, )G, )] dpa(a) &
T(25+1 B)\T(2* B)

FANYL
< </ |F€(x7t)|2 d,u'_>
T(2++1 B)\T(2* B) t

qe\2
<( Glo. 0P aue) )
T(2++1 B)\T(2* B) 3

HQHLlB 2ktlypp dt 1/2
clalee) Fo VPP dnte) G
0 2k+1 B

t
[y
y td
0 B 1
C27*2a (2" B) |ullgr2.e gl 1 m)

<
< C272a(B)[u(B)]Y?||ullurze 9] z2m)

Summing over k leads to

oo

| [ IR6e0lan@F =10+ 31 < Calmu] - ol

k=1
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(ii) Let us verify the identity

dt

[t - Pmmdu—4/ | w6t nan@F.

From (i), the RHS of this identity is bounded. Consequently, we can invoke
Lebesgue’s dominated convergence theorem to obtain

o a 1/8 dt
F.(z,t)G(z,t)dp(zr)— = lim Fo(z,t)G(z,t) dp(r)—,
0 X t =0t Js X t
which together with Fubini’s theorem implies that
o dt
/(/n@maammw—
0o Jx t
1/8 dt
= lim / ue (2)AVEP) I — Pry)g(x) dp(r) =
5—=0t J§s X t
1/6 dt
= lim [ u(2) (/ (EVLP) (I = Pry)gla)— >du( )
=0t Jx 5 t
= i 1 oo dp.
el [

For the local part, since (I —P,,)g € L*(X), the spectral theory tells us that

1/6
(I=Pu)glx) =4 lim [ VEP)A(L = Pry)g(a)

§—0t J§s t’

where the integral converges strongly in L?(X), see [11], page 958. Therefore, one has

lim Bue(x)</5l/5(t\/27’t)2(f—PrB)g( )dt)du( )

60t Jy t
1
-3 /4 uel@)(I = Pry )g(x) du).

For the global part, it follows from (PUB) and (D) that for any x € X \ 4B,

(2.10) sup

>0 t

/ﬂamfﬂfu—ngwm@
)

/Uémfm /O sVIPg(a )det

= sup
6>0
1/8 t2s  dsdt Pp(z,y)
< 37’7 ‘ d
p [ [ G e [P Jstlau

C/ / t?’s  dsdt
2t+s3s t

479



2 + s g l9(y)|
x/(2t+s+d(m y)) w(B(z, 2t + s+ d(z,y))) #ly)
t2s dsdt
C/ / t+s (t+s)3 7 s t
l9(y)|

/3(7“3 + d(z, xB))Wu(B(varB td(z,z5))) du(y)

c( B )v lgllzr (s
rg+d(z,zp)/ p(B(zp,rp+d(z,zp)))’

where + is a positive constant satisfying § < v < 1. Above, in the last inequality, we
used the fact v < 1 to deduce that

t2s  dsdt / (t/s)?s® dt ds
(t+s)37 s t t/s+137537t8
= 2 dt
:/ s — ——— < Cr}.
0 S 0 (t+1)3—'y t

Combining (2.10) with v > 6 and (TI), we can use Remark 2.4 and the same argument
as in (2.9) to deduce that

/X\4B ue () (/61/6(75\/Z7Dt)2([—PTB)g(m)%) dps(x)

sup
6>0

B v |uc ()]
<l | (o itoremy) wBmre @ zm) 40

B 7 |ue(z) — ue(2B)| + |uc(zB)
< Cliglere /X<r3 +d(x,x3)) w(B(zp,rp +d(z,zB))) du(z)

< COllgllzy sy

r vrd(z, )\ o(B(zs, wllirr 2.0
‘ {/x<7“3 +dfx,w3)) (d( B B)) u(éigg,ige)l”d(ﬂf;]g))) dpfz) + |“6($B)|}

r (4
< Cllglum{ () a(Blas, o)l +lu(ep)|} < oo,

This allows us to pass the limit inside the integral of the global part. Hence, one has

1/8 dt 1
lim Ue (/ (t\/ZPt)Q(I - PTB) ) dM - _/ UE(I - P'I"B)g d/-/’
5 X\4B

6—0t X\4B 4

Collecting the identity for the local part and the global part, we arrive at the desired
result. 0

Proposition 2.9. Assume that the Dirichlet metric measure space (X,d, i, &)
satisfies (D) and admits (P2). Suppose that the nonnegative ball function o sat-
isfies (De) and (TT). If u € HL>*(X x Ry), then u. € L*>*(X) for every ¢ > 0.
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Moreover, there exists a constant C' > 0, independent of ¢, such that

[uell 2o < Cllullmpz.o.

Proof. Given a ball B = B(zp,75) C X, by Lemma 2.8 for any g € L?(B), it
holds that

} /X ue(I=Pyy)g du‘ < CaB) (B2 lulluzelgll ()

This together with the L2-duality argument implies that

1/2
(f |u€—7>r5u€|2du> — B sup
B

”g”LQ(B)gl

/Xg(f — Prp e du'

= (B sup
”g”LQ(B)gl

< Ca(B)ullpp2.e

/ UE(I - Prs)g dﬂ‘
X

By Remark 2.4 and (TT), it holds that

<J{e # s+ €)=tz + <) duty) du(z))1/2

<ol f [ <B<y,rB+e))Fdu(z)du<y>}1/2||u||mz,u

r 2 1/2
C{][][ 2B 0 (B)]Qd“(z)dﬂ(y)} lullgpz.e < CaB)||lul|lgp2.e-

’I“B—l-€

One may use the above two estimates and Proposition 2.6 to obtain

<]{3 ue — (ue)p? dﬂ>1/2 < <]{3 ]{3 lu(y, €) — u(z,€)|* du(y) dM(z))l/Q
2(]2 lue — Py ()2 du)l/Q
+ (]é]i,lﬂs (ue) (y) — Prp (ue) ()2 dply )du(z))m

< Ca(B)|[ularz.e,

which means that

1 1/2

2
- — < 2,00,
o(B) (7[3 lue — (ue) 5| du) < Cllullgrz.

Taking the supremum over all balls B C X, we get the desired estimate. (]
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3. PrROOF OF THEOREM 1.4

3.1. From solution to trace. In this subsection, we shall seek traces of har-
monic functions and get the desired estimate. Precisely, we will prove part (i) of
Theorem 1.4.

Theorem 3.1. Let (X,d,u,&) be a complete Dirichlet metric measure space
satisfying the doubling condition (D), and admitting an L?-Poincaré inequality (P5).
Suppose that the nonnegative ball function « is decreasing (De) and translation
invariant (TI). If u € HL*»*(X x R, ), then there exists a function f € L*»*(X) such
that u(xz,t) = P,f(x). Moreover, there exists a constant C > 0, independent of u,
such that

[fllz2e < Clluflarz.e

Proof. To prove this theorem, we will follow the argument as in [27]. Assume
that u belongs to HL*»*(X x R, ). Fix a ball B = B(zp,rg) C X. For any integer
m >0 and 0 < € < 1, it follows from Proposition 2.9 that

L e = (wodan P e < o2 B B .
< Cla(2" B)Pu(2" B)jullfs...

which means that the family {u. — (uc)2m B }o<e<1 is uniformly bounded in L?(2™ B).
Hence, there exist a sequence e, — 0 (k — oo) and a function g, € L?(2™B) such
that ue, — (ue, )amp — gm (weak convergence) with

(gm)Q"’LB = klgglo[usk — (uek)gmB]QmB = 0
Now we define

§(B,2™B) = lim [(us, ) — (te,)2mp] and f = gm — §(B,2™B).

k—o0

[ee]
Evidently, the function f is well defined on X = |J 2™B.
m=0

We next verify f € L?®(X). There holds by the Holder inequality and Proposi-
tion 2.9 that

F 1o dn =t f goluc, — (ue) )
B —>JB

1/2 1/2
< (frau) imsu(f oo, (ua o an)
B k—oo B
1/2
<c( f |90|2dM> o(B) [ullpze.
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Notice that 6(B,B) =0, f = go on B, and thus, f5 = (go)B =

(3.1) f=FfB=90

on B, and

0. One has

1/2 1/2
(][ |f—f3|2du) =(][ |90|2du) < Ca(B)|lullyr e,
B B

where the constant C' > 0 is harmless. This implies that

(3-2) [fllL2e < Cllullarz.e.

Finally, let us prove

u(z,t) = Pef(x)+h

for a constant h. Note that dyu(x,t) is also an £ -harmonic function. From (2.1)

and Proposition 2.6, we see

Opu(x,t) = lengo Ou(z,t+e) = lengo Ot Pe(ue,, ) ().

For any integer m > 1, by the conservation property P.1 = 1, one writes

0 Py(ue, ) () = / Oup(,9) 11y () — (t1ey) o)) i)

X\B(z,2m)

+ / Ope (2, 9)ter (4) — (e) w2y — F(¥)] dpa(y)
B(z,2™)

+/B(x’2m)atpt(x,y)f(y) duly).

To estimate the global part, we deduce from (PUB) and Proposition 2.9 that

\ / Oupe (2,9t () — (1) oy ()
X\B(z,2™)

C |U’€k (y) - (Usk)B(z,zm)|
< /X\B@ py TF dy) pBa +dy)) Y

][ fter () — (ter) 5oy | di(y)
= m+1 B(z,2%)

<C Z ][ 2 (Jue, (y (Usk)B( ,21

1=m-+1

m
<C Z —a (@, ))lue, 2.0 < Co—a(B(a,1)|ullgrze =0, m — oo,

2
1= m+1

(UEk)B(z,zi) -

(Uey,) B(w,2m)|) dpa(y)
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where the penultimate inequality is due to the fact that for any j € N,

|(tey ) B(e,25) — (Uey,) B(a,20+1)] < ][ e, = (uey) Ba,2i+) [ du
B(x,27)

1/2

< C( Foo - <u5k>3<z,2j+1>|2du>
B(z,2i+1)

< CalB(,2) e, | o < CalBlar, 1))|uey e

For the middle term, note that

[ ot du(y)‘ _ \ / Dupr(a. ) du(y)‘
B(z,2™) X\B(z,2™)

C du(y)
s /X\B(z,Zm) (t + d(.l?, y)) /.L(B(J?,f, + d(l‘, y)))

<C 2"'][ du(y) < C27™,
Z B(z,2%) (@)

i=m-+1

and

|(5(B(.23, 1)) B(J?, 2m))| < klggo |(U'€k)B(z,1) - (uEk)B(I,Q"”)

< Cma(B(z, 1)) [ullyp2.«,

which yields

k—o00

im [ ol ) - (s S0 du<y>\
B(x,2m)

[ omea)s (e 1), Bl 2™) duly)
B(x,2™)

< Cm2 "a(B(z,1))||ullgrze — 0, m — oco.
Therefore, we have

Ou(z,t) = kh—>12<> 0 Pi(ue,)(z)

= lim lim Fepe(, y) e, (y) = (uey) Bw.2m)] dpp(y)

m—00 k— 00 X\B(z,2™)

+ lim lim Ope (T, y)[ue, (y) — (uey ) Ba2m) — f(y)] du(y)

m—00 k—o00 B(z,2™)

+ lim Orpe(z,y) f(y) du(y)

m=00 JB(z,2m)
= [ om(a) ) o) = P S ),
which means that there exists a function h(z) such that
(3.3) u(z,t) = Pif(z) + h(x).
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It remains to prove that h is a constant. Since f € L*%(X), it holds for each
x € B and all ¢t > 0 that

(3.4) |P:((f — fB)Xx\2B)(2)]

t |f(y) — Bl
< C/X\QB T de.y) mBe,t + ) W

m+1g\amp 2T w(B(zp,2™mrg))

oo

> o o (0 = ol U fanen = 5] duy)

2Mrpg

t m t
<O —a(B)lf]zee Y < Cra(B)|f] 2

2m
m=1
Let L3(B) denote the class of all L?(B)-functions having mean value zero. Then
for any g € L2(B), applying the fact h = wu., — P, f, the weak convergence
Ue,, — (Ue,)B — go and the identity (3.1), one has

‘/ ghdu‘: lim g(usk _,PEkf)d:u‘
X X

k—o0

=|Jim | glue, = (uer)p = go] dpu + lim /X gl(ue,)B + go — Pe, f] du‘

k—o0 X

k—o0

| tim g(f—fB—Pe,cf)du‘
X

=|lim [ g[(f = fB)x2B — Pe, ((f — fB)X2B) — P, ((f — fB)Xx\2B)] du‘

k—oo [x

—| lim Xg[(f — fB)x2B — P, ((f — [B)x2B)] di

k—o0

kh—>12<> gl 2 lI(f = fB)x2B — P=,. (f — fB)X2B)|£2=0,

N

where the penultimate equality is due to (3.4), and the last equality is due to

P ((f = fB)x2B) = (f = fB)x2B in L*(X).
Since (L3(B))* = L?(B)/{constant functions on B}, one concludes h = constant.
This together with (3.3) and (3.2) implies

u(@,t) =Pi(f+h)(x) and |[f +hlr2e = [[fllz2e < Cllullue.-,

which completes the proof of Theorem 3.1. (]

485



3.2. From trace to solution. In this subsection, we will show Theorem 1.4 (ii),
i.e., every Morrey function f induces a Carleson type measure t|VP;f|?>dudt. In
order to estimate the space derivation part t|D,P;f|? dudt, we shall introduce the
following Proposition 3.2, which establishes a Caccioppoli inequality for the Poisson
semigroup.

Proposition 3.2. Assume that the Dirichlet metric measure space (X,d, u, &)
satisfies (D) and admits (P3). Suppose that g € L?(X). Then for any ball B =
B(zp,rp) C X, it holds that

e 9, dit e 292 2 2 di
| [mmpgran <o [ ] (eorpil + Pl .
o JB t 0 2B t

Proof. Although the proof is similar to that of [25], Proposition 5.2, we include
it for reader’s convenience. By the L2-boundedness of the Riesz transform D, L~1/2
and the spectral theory, one has

2rp e’}
/ / t|Dthg|2dudt</ /t|Dthg|2dudt
€ 2B

c/ /|t\/_73tg|2du—

< [ loPdn<o
X

We take a Lipschitz function ¢ on X with suppy C 2B such that ¢ =1 on B
and |D,p| < C/rp, and for each ¢ € (0,rp), take a smooth function ¢.(¢) on R
such that supp ¢. C (g,2rp), ¢-(t) = 1 on (2¢,rp), |0cde(t)| < C/e for t € (g, 2¢),
|Orp<(t)] < C/rp for t > rp. By repeating the Caccioppoli argument, we arrive at

7 /0 /X <Dxptg’ Dw(sﬂ%»t@%ﬂg dM dt
< & LP,g, t(06.)2Pig) dudt
/0 /X< 19, t(pde)"Prg) dp
1 [ ) ,
+§/0 /Xt|D:c73t9| (ppe)? dpdt
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and hence,

/ /ItD Pigl*(0:)? du—

2 / / 102 Pugl () Prog| dprdt + 4 / / 1D, (06:)?Prgl? dudt
0 X 0 X

s dt rs 2 dt
< C/ / {20 Prg||Peg| dpu— + C/ / — [Peg|* dp—
0 2B t 0 2B T'B t
e 2027 12 9y, di
<c [ (eorpl + Pl an-
0 2B t

This together with the monotonic convergence theorem implies that

B dt "B dt
/ / |tD,Pog)* du = lim / / [tD,Peg|? dp=-
0 B t e=0 /o B t

, o0 dt e dt
<timsup [ [ DRl duf <C [ [ (8PP + 1P an
o Jx t 0 2B t

e—0

which completes the proof. O

Theorem 3.3. Let (X,d,u,&) be a complete Dirichlet metric measure space
satisfying the doubling condition (D) and admitting an L?-Poincaré inequality (P5).
Suppose that the nonnegative ball function « is decreasing (De). If f € L?%(X), then
u(z,t) = Prf(z) € HL>*(X x Ry), and there exists a constant C' > 0, independent
of f, such that

[ullmrze < ClfL2a

Proof. Assume that f belongs to L%(X). It suffices to show that

e A
([" fuvpspat) <camir.,
0 B

where the constant C' > 0 is harmless.
By the conservation property P;1 = 1 and the Minkowski inequality, we have

</ h |tvptf|2d”%>1/2 ) </ AGGIE f@ﬁduﬁ)m
2 0(/ f 1P )”27

where fo = (f — fB)xap and fi, = (f — fB)Xar+1p\arp for any k € N.

//\
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For the term fy, we apply the L?-boundedness of the Riesz transform D, L~ 1/2
and the spectral theory to deduce that

/ ][|tVPtf0|2du— / /|tVPtfo|2du—
5 | [ ERak ang

< —— f—fel?du < fllz2.e-
H(B)/ F = fol? dn < Cla(B)PIf 12

For the term fi, k € N, it can be seen that f, € L?(X). Therefore, we can use
Proposition 3.2 to deduce that

TB 27’3 dt
/ /|tVPtfk|2du— c/ / ([E0Pefil* + [ OFPuful* + [Puful?) dp—-.
0 B

It follows that for each z € 2B and 0 < t < 2rp,

(L0, Py fi| + [(20FPefr ()| + [Pefi()|
t |f(y) — fB]

<C du(y
i T A y) pB(.t + da ) MY
t
<C — d
T o 1F = falduty)
<Cq V= Fworslduty) + C s — fal < Cp—a(B)I|
= 4k7“B 4k+1 B 4+ B CHLY 4kTB B Bl = 4k7’Ba L2

Hence, one has

2 2 dt
[ fewrnpad<c / £ (Ga®lsl.)

<C42k[ a(B)P[If[I72.0-

Combining the above estimates of fi, we conclude

rs o A\ & e o, dt
</ ][ [tVP.f] dﬂ?) < Z</ ][ [tV P, fr] dﬂ?)
o JB

024k B)||f [z < CaB)||fllp2e,

1/2

which means
2

1 v o, A\
- — < 2,a.
5[ fiwrarad) <cis

Taking the supremum over all balls B C X, we complete the proof of Theorem 3.3.
O
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