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Abstract. Let Py denote a positive integer with at most 2 prime factors, counted according
to multiplicity. For integers a, ¢ such that (a,q) = 1, let Pa(g, a) denote the least Pa in the
arithmetic progression {nq + a}p—;. It is proved that for sufficiently large ¢, we have

PQ (q7 a) < q1.825.

This result constitutes an improvement upon that of J. Li, M. Zhang and Y. Cai (2023), who
obtained Py (g, a) < ¢+-834%.
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1. INTRODUCTION

The classical theorem of Dirichlet about primes states that any arithmetic progres-
sion {ng + a}°2; contains infinitely many prime numbers, where (a,q) = 1. Then
a natural question to ask is, how large is the least such prime, P(q,a) say? The
generalized Riemann hypothesis implies that

(1.1) P(q.a) < (¢(q))* (log q)”.
The most important result in this respect is due to Linnik, (see [12], [13]), who
showed that

P(g.a) < ¢"
for some absolute constant L. Afterwards, a series of authors engaged in the esti-
mation of the constant L. In 1992, Heath-Brown in [3] obtained L < 5.5, and by

pushing Heath-Brown’s ideals, Xylouris in [17] showed that L < 5.18, which is the
best result up to now.
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Let Py denote an almost-prime with at most 2 prime factors, counted accord-
ing to multiplicity. Another approximation toward the bound (1.1) is to show
that Pa(g,a) < ¢2, where Pa(q,a) denotes the least Py in the arithmetic progres-
sions {ng+a}52 ;. The first result in this circle is due to Levin (see [10]), who showed
in 1965 that

Pala. @) < ¢

Later, the constant 2.3696 was improved successively to % + ¢ and % by Richert,
see [8] and by Halberstam and Richert, see [1], Chapter 9, respectively. In 1976, Mo-
tohashi in [15] obtained the exponent 2+ ¢ subject to a certain unproved hypothesis.
In 1978, Heath-Brown in [2] made the important improvement in this problem by
showing that

Pa(q, a) < ¢"9%.

In 1982, Iwaniec in the paper [6] improved Heath-Brown’s result by showing that
Po(q,a) < q+8%. Very recently, the exponent 1.845 was reduced by Li, Zhang and
Cai (see [11]), they obtained Pa(q,a) < ¢'-834°.

As one of the concluding remarks in Theorem 13 of [6], Iwaniec suggested the
possibility of improvements by using the more efficient weight of Laborde (see [9])
in place of Richert’s weights of logarithmic type. We carry out his suggestion and
extend the range of the summation over p in the weighted sum beyond M = z!=¢~!,
combining linear sieve results of Iwaniec (see [5]) with bilinear forms for the remainder
term and the two-dimensional sieve of Selberg. In contrast to the previous result
of [11], our improvement comes from the application of the weight of Laborde.

In this paper, we prove the following sharper result:

Theorem 1.1. Suppose that a and g are positive integers such that (a,q) = 1.
Let P2(q, a) be the least almost-prime Py such that Py = a (mod ¢). Then

Pa(q, a) < ¢~

2. PRELIMINARIES

Throughout this paper, the letter p always stands for a prime number. We use ¢ to
denote a sufficiently small positive number, and the value of € may change from state-
ment to statement. For any natural number n, we use ¢(n), u(n) and 7(n) to denote
Euler’s function, Mébius’ function, and the Dirichlet divisor function, respectively.
Moreover, Q2(n) denotes the number of prime factors of n, counted with multiplicity.
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By (m1, me) and [m1, m2] we denote the greatest common divisor and the least com-
mon multiple of my, ma, respectively. We write f = O(g) or, equivalently, f < g
if |f] < Cg for some positive number C. The number P, always denotes a positive
integer with at most 2 prime factors, counted with multiplicity. And we use e(«) to
denote e?™,

Let A be a finite sequence of integers, P a set of primes. For a given real num-
ber z > 2, let

S(A,z) = Z 1,

neA
(n,P(2))=1
where
P(z) = Hp.
p<z
For d | P(z), put pEP

Ai={ne A: n=0 (mod d)}.

Let further

p<z
pEP

where w is a multiplicative function supported on square-free integers, such that
0 <w(d) < dand

Adl = XD x4 r(a,a)

for some remainders (A, d) sufficiently small and X is independent of d.

Lemma 2.1. Let 0 < ¢ < %, M >1, N >1, D= MN. Assume that for some
absolute constant A > 1

V(wy) < log ws (1 n A

< , > > 2.
V(wz) ~ logws ) W2 =

log wy
Then for all 2 < z < D'/? and s = log D/ log z, we have
S(A,2) = XV (2){f(s)—E} =R~ and S(A,2) < XV(2){F(s)+E}+R",

where f(s) and F(s) are determined by the differential-difference equations

2e7
F(s)=—. f(s)=0, 1<s<2,

(sF(s)) = f(s— 1), (sf(s)) = F(s —1), s>2.
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The error term E is
E =0(e 4+ 3(log D)"'/3)

and the remainder terms are

RE= > > > a (M,Neb; (M,N,e)r(A mn)

I<exp(8e—3) m<M n<N
m|P(z) n|P(z)

with some coefficients a=" m and b , bounded by 1 in absolute value and dependent

at most on parameters implied in the notation.

Proof. See Theorem 1 of [5]. O

Lemma 2.2. We have
2e7

F(s)=—, 0<s<3;
s

2e” 51 —2
Fis)= 2 (14 (1822 ) 5o
t—1

S 3

(s) = 2eY log(s - 1)’ 9 <5<

fls) = 27<10gs—1 //t1 log ))dudt> 4 < s<6,

where v = 0.577 ... is the Euler constant.
Proof. This lemma can be found on pages 126-127 of [16]. d

Lemma 2.3. For all real numbers 0 < € < 1, all integers 1 < a < b and m,q > 1,

we have b
—a
> e(m ) < (m, q)"2q"**¢ + (m, q) 7

a<v<h

where U is defined by v =1 (mod g).
Proof. This can be deduced from Lemma 1 of [4]. O

Lemma 2.4. For any nonnegative numbers a,, and real x,, we have

HZan—i—Z Zane (hxy,)

h=1 n=1

for all H > 1, the constant implied in the symbol < being absolute.
Proof. This is Lemma 6 in [6]. O
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3. WEIGHTED SIEVE
The sequence of interest in this paper is
A={n<z: n=a (mod q)},
where (a,q) = 1. Then

(3.1) |Ay| = {n <. nd=a (mod q)} =L 4 (A d)

xr

d’ dq

for (d,q) = 1, where

(3.2) (A, d) = w(i - a‘—i_) - w(—aé) and (t) = [f] — ¢ + =,
’ dg g q 2

In this paper, we set = ¢, # = 1.825 and
P = {pl p)[q}, M = xlf?,eqfl, N = x1/274eq73/47 D=MN, z= DI/G.

Here it is worth noting that M =~ 20452732 For 1 < b < ¢ < 6, we consider the
expression

W(Aa bv C) = Wl (Av ba C) - WQ(Aa bv C)a
where

Wi (A, b,c) = S(A,z) — _t ((c —b) > S(A2)

2c—b—-1
2<p< Db/6

(b+1)/12
+ 6/ ( > S(Ap,DS)> ds
1

/6 Ds<p<Db+1)/6-s
logp
" Z (b+1_1210gD)S(Ap,p)
D1/6Lp<D(b+1)/12
logp
i Z (C_6logD)S(Ap’Z)>7
Db/6Lp<M
= 1 logp
Wa(A,b,c) = S — Z (c 610gD)S(Ap’Z)'
A4<p<Dc/6

Lemma 3.1. Ifb+c+1 = 6logz/log D and 3c—6logz/log D > 0, then we have

P;Al > W(A,b,c) + o(m).

Proof. See Theorem 1 in [9] for details. O
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In this paper, we choose b = 4.86553, ¢ = 5.22308 and prove that

X
W(A,b,c) > ———
( 9 ©(q)log D

in Section 5. By the choice of b and ¢, it is easy to verify that

DY¢ < M < DS

4. THE EVALUATION OF SIFTING FUNCTIONS
To evaluate W1 (A, b, c), we write

Wi (A, b,c) = S(A, z) — (S1+ S2 + S5+ S4),

1
2¢c—b—1

where
Si=(c=b) > S(A,2),

2<p< Db/6

(b+1)/12
Sy = 6/ ( S S(Ap,DS)> ds,
1

/6 DsgpgD(b+1)/6—s

Sy = 3 (b+1—1211§i§)5(«4p,p),
2<p< Db+ /12 8
]
SR S (L o

Db/ 6Lp<M

Lemma 4.1. Let ¢ > 0, 22/5 < ¢ < 22/3765 M = g1 35¢g~1 N = g1/2-4=4=3/4
lam| < 1, |by| < 1. We then have

J:1—5

Z Z ambpr (A, mn) < D)

m<M n<N
(mn,q)=1 (mn,q)=1

where (A, d) is defined by (3.2).
Proof. This is Theorem 5 in [6]. O

We appeal to Lemma 2.1 to estimate S(A, z). We have

(4.1) S(A,z) > §v<z><f<6> + O+ *(log D)) - R,

where

a2 v =T10-3) = A TT0 ) = s (0()
piq
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by Mertens’ prime number theorem (see [14]), and

R™ = Z Z Z )r(A, mn).

I<exp(8e—3) m<M n<N
(mn,q)=1 (mn,g)=1

By Lemma 4.1, one has

(4.3) LR Ok

By (4.1)—(4.3), Lemma 2.2 and numerical integration, we get

6x 1—¢

SlesD® O +e()} +0 (x—))

= 1 +ol) <>1ogp<lg5+/ / 2 )

z(1+0(1))
¢(q)log D

(4.4)  S(A,2) >

> 3.36839

Lemma 4.2. For sufficiently large x, we have

2(1 4 0(1))
Sy < 2.405962 L))
! ¢(q)log D

Proof. For each S(A, z), by Lemma 2.1 we have

v<z>(F(M)+o(g+g (bg DY)

log 2z

S OY Y aorermm,

I<exp(8c—3) m<M/p n<N
(mn,q)=1 (mn,q)=1

X
4.5 S(A,,2) < —
(4.5) (Ap, 2) o
+

where |a;} (1)| < 1, |b}(1)] < 1. By Lemma 4.1, we have

(4.6) Z Z Z Z )r(A, pnm)

2<p< DY/ ¢ I<exp(8e73) m<M/p n<N

ptq (mn,q)=1 (mn,q)=1
176
- T XX dtniram e
xp(8e—3) z<hk<M n<N Sﬁ(q)

(kn,q)=1 (kn,q)=

where
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Therefore, by (4.5) and (4.6) we obtain that
(4.7)
Z S(Ap, )

2<p<DY/6

<§V(Z) Z E(F(%)—FO(E—FE—S(I%%)1/3))4-(’)(37 ;)

2<p<D?/6 p

From Mertens’ prime number theorem (see [14]), we have

Z 1(10g2)_1/3 < _ o(1)
e p (log D)1/3 :

By partial summation and prime number theorem, we get

(4.8) Z 1F<M) _ /ZDb/Gl 1 F(log(D/t))dt+0(1)

A9 P log z tlogt log =z

b/6 d
- F(6—60)2 + o(1).
1/6 0
From (4.5)—(4.8), Mertens’ prime number theorem, Lemma 2.2 and numerical inte-
gration, we have

1—¢

6x . b/6 do T
TS S)logD° ((C 0 16 F(6=60)7"+ 0(1)> * O(<P(Q))

B 12(c—b)z [ (Y do 12 dp 6=62 1og(u — 2)
= (1+o(l)) ¢(q)log D </1/6 o(6—60) /1/6 0(6 — 60) /3 u—1 du)

< 240506~ L+ °1).
¢(q)log D

By arguments similar to the evaluation of Sy, we get:

Lemma 4.3.

6 B+1)/12 7 p(0+D/6=5 1 _ 4\ de\ ds
So < ————e 7 Fl— )= )= 1
*S p(g)logD* (/1/6 (/g (= )t) s ol ))
192 (b+1)/12 (b+1)/6-5
( ( D@(Q) log D\ /16 s t(1—1)

1/4 1-3s (1—t)/s _
+/ ds/ dt / log(u — 2) du>
1/6 s t(l—1) Js u—1

z(1+ 0(1))
¢(q)log D’

< 9.47585
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T - (b+1)/12 b _
< ([ () a0)

" (b+1)/12
~ et (ﬁogD<//6 ( o ) 11—75) a

1/4 (1-1)/¢ _
+/ (b—i—l_ 1 / log(u 2)du>
1/6 6 u—1
< 7.16879w,
©(q)log D
6 (46—4)/60—7 dt
<— 2 o —61)F(6 — 61)— + o(1
51€ e (/b/6 (¢~ 6)F(6— 61) +of ))
(46—4)/(60—7) _
— (1t o(1))—2 =0y
¢(q)log D Jy /6 t(6 — 6t)
z(14o(1))
< 0.09536 -0
©(q)log D

To deal with W5 (A, b, ¢), we follow arguments from [7] to estimate the main term,
and we use the Kloosterman sums approach for the error term.

Lemma 4.4. We have

z(1+0(1))
< 0. _.
Wa(A, b, c) < 0.05951 e D

Proof. Let y = D% and put

rag= Y (1- 1ng)S(Ap,z).

ey 108Y
We have
logn

4.9 T(A,¢) < (1——) 1
@y Tuos Y (-2 3
M<n<y meA

m=0 (mod n)

(m,P(z))=1

> (1_1°g”) 3 S ud).

Mency s 98Y7 A g pe)
m=0 (mod n)

Let {\4} be Selberg’s upper bound sieve of dimension two of level ¢ = N? =
x178¢=3/2 then we have \q = 0 for d > &, A\; = 1 such that

D ou(d) <Y A
d|n d|n
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and |\g| < 3% for all d > 1. Now by (4.9), we have

(4.10) T < Y. (1—@) 3 3

M<n<y logy meA d|(m,P(z)
m=0 (mod n)

S Y (1—1°g") Yo

logy

Ad
)

a<g M<n<y meA
d|P(z) m=0 (mod [d,n])
logn
_ A (1 - ) 1
Yoy (- v
<€ M<n<y i<z /[d,n]

d|P(2) !

ald,n] (mod q)

PRI (1 1ogn)[d,i]q

d<¢ M<n<y IOg Y

d|P(2)
logn T m
A — _
" dz<£ dM;:q(l 10gy)w([d7n]q ¢ q )
d|P(2)

-5 (-

d<¢ M<n<y
d|P(z)

= Tl(A7 C) + TQ(A,(E,C) - T2(A70ac)7

where (t) = [t] — t + 3.
We estimate the sum T5(A, x, ¢), where x = x or 0 first. By a splitting argument,
it is clear that
(4.11)
T5(A, x,¢) < (logy) max 239((1)

M<L<y/2
L<L,<2L 9<§

S (e )|

L<n<Ly

For L < L) < 2L, by Lemma 2.4 we have

(412) StvaLd= > (1 1°g”)w([ X _a[d,n])

Loz, Y logy/ Ndinlg p
log own X dna
av|d L/(av)<n<Li/(av)
L Ll 1
<2 (Hom +> ngh(X,q,L,a,v,dﬂ),
avld h=1
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where

1 h dna
Svabowd) = 3 (1= e - an=E).
L/(av)<n<Li/(av) o8y naq q
By partial summation and Lemma 2.3, we have
(4.13) Sh(x,q, L, o, v,d) < (1_|_ @) ((h OY2¢Y% + (h q)i)qs.
s Yy Ly Ly Uy dL 5 avg

From (4.12) and (4.13), we get
Ulg] hxv L
1 1/2 1/2 e
(414) S L,d) < 2%( Sty (4 g ) (a2 +<h,q>avq)q)

h=
< Z;i(HZU + (1 + I;j.f:)( 2 4 aivq)qs 1og2H).

On taking H = [Ldz~'"¢q/(aw)] + 1, it follows from (4.14) that

(4.15) SO ¢, L,d) <> (x'fq ™ + ¢!+ 2fah).

av|d

Finally, from (4.11) and (4.15), we find that

(4.16)
T. 1 (d) L.d
Q(AaX7C) <<(Ogy) M<n}/a<xy/223 |S(X7Qa ) )|
L<Li<2L 9<¢
1 Q(d) 71 -1 1/2 e —1
< (logy) MglLagy/QZ?» z;i A+ ¢ 2+t
39(d) o
< (logy) ( Y S )+ (02 429 Y8 <d>ZT<a>)
d<§ a|d d<§ ald
(logy<1€12 y 1/2+x ZT >

d<¢ d<§

< (logy) (xl‘eq‘l(log €)' + (¢*? + 2°)&(log 6)15> <zt

Now we consider the sum 77 (A, ¢). We rewrite it as

(4.17)
logn\ = Ad logn\ (d,n)
Ti(Ac) = dz Ad Z (1 logy)—__ Z Z ( logy) n
<& M<n<y a<§ M<n<y
d|P(z) d|P(z)
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For the inner sum of (4.17), we have
(4.18)

logn loguny 1
) (-T0)z
Z ( logy n Z Z logy /' n
M<L<n<y vld M/v<n<y/v
(n,d/v)=1

-y oy (-

«
avld M/av<n<y/av

-2 )T o ()

We also have

Y
(1.19) /M(1 - 11252)% = STos (log il
(1.20) =Y My () ST (2 )
av|d ald pld
and
(4.21)
Z |>\dlz ( )<<Z3Qd)z <<Z3Qd)H(1+ )
=S old d<t old d<t pld

< Z 3% (loglog d)? < (loglog £)? Z 7%(d) < £(log€)*.
d<¢ d<§

From (4.17) and (4.18)—(4.21), we have

o 2 Y w1 (d)
4.22 TiA¢) = —210g2 L A O( lo )
(4.22) 1(A, 0) Sqlozy 8 1 T At Elog"¢
d<§
d|P(z)
Noting that the function wq(d) is multiplicative and it satisfies the two-dimensional
sieve assumptions, we conclude from Selberg’s A2-sieve that (one can see it in [1],

Lemma 6.1)

d 1 - Vl(Z) 1
(4.23) d|P(z G(f,z) () (1 * O(@)) fore<t
where
(4.24) % ()7%; for 0 < s < 2
and
_ _wil)y _ L1 e 1
(4.25) Vl(z)pl;[z(l p )pl;[@ p) - 1og23(1+0<1ogz))'
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By (4.22)—(4.25), we finally obtain

(4.26)  Ti(Ac)= qfiy (loﬁgyg/g) )2 (1 + O(@)) n O(qnglog4 5).

For ¢ = N? we have z < £ < 22, and (4.23) holds. Then from (4.10), (4.16)
and (4.26), we obtain

v (logy/M)N o r @,
42 T < e
(4.27) (4¢) qlogy( log N ) +(9<qu o8 5)—1—0( )
log D /1 M)\2
__x log (og(y/ )) +0( x )
qlog D logy log N qlog D
6x 60c — Tc — 2460 + 24\2
= 1
cqlogD(( 120 — 18 ) + ol ))
1 1
< 0.0521820F o)
©(q)log D
Now, by (4.27) we have
c (14 0(1))
be)=—— T <0.05951 2
Wy (A, b, c) P —] (A, c) <0.0595 (7 Tog D
and the proof of Lemma 4.4 is completed. ([
5. PROOF OF THEOREM 1.1
We conclude from Lemmas 4.2 and 4.3 that
1 1
(5.1) S+ 8o+ S5 + 54 < 151450620 2).
¢(q)log D

By (4.4), (5.1) and Lemma 4.4 we get

(5.2) W(Ab,c) =Wi(A,b,c) — Wa(A,b,c)
1

= S(A, Z) — m(Sl + SQ + S3 + 34) - WQ(A,b,C)
15.14596 z(1+o0(1))
> | 3.36839 — —0.05951 | ————=
( 2 x 5.22308 — 4.86553 — 1 ) ©(q)log D
1 1
> 0.00270F o)
p(q)log D
Now, by Lemma 3.1 and (5.2), Theorem 1.1 is proved. O
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