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Abstract. Let K = Q(«) be a pure number field generated by a complex root « of a

T gk ms
monic irreducible polynomial F(z) = 2% 37 —m € Z[z], where r, k, s are three positive

natural integers. The purpose of this paper is to study the monogenity of K. Our results
are illustrated by some examples.
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1. INTRODUCTION

Let K be a number field generated by a complex root a of a monic irreducible
polynomial F(z) € Z[x] of degree n and Zk its ring of integers which is a free Z-
module of rank n = [K : Q]. If Zx has a power integral basis (1,0,...,6""1) for
some 0 € Zi; Zx = 7[0], then the field K is said to be monogenic. Otherwise, K
is called not monogenic. Recall that for any § € Zg, the abelian quotient group
Zi /Z]0] is finite. Its cardinal order is called the index of Z[f], which we denote by
(Zk : 7]0]). The index of the field K is

i(K) = ged{(Zx : Z[0)), 0 € Zx and K = Q(6)}.

A rational prime integer p dividing ¢(K) is called a prime common index divisor
of K. If Zx has a power integral basis, then i(KX) = 1. Thus, if there is a prime
common index divisor of K, then K is not monogenic. The problem of studying
the monogenity of number fields is called the problem of Hasse (see [11], [19]). It
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is one of the most important problems in algebraic number theory. This problem is
the subject of many studies and is of interest to several researchers. Let us recall
some previous works regarding this problem. In [13], Gail and Remete calculated
the elements of index 1 in pure quartic number fields Q(/m) for 1 < m < 107 and
m = 2,3 (mod 4). In [12], Gadl and Gy6ry described an algorithm to solve index
form equations in quintic number fields and they computed all generators of power
integral bases in some totally real quintic fields with the Galois group Ss. In [4],
Bilu, Gaal and Gy6ry studied the monogenity of some totally real sextic number
fields with the Galois group Sg. In [2], Ahmad, Nakahara and Husnine proved that
if m=2,3 (mod 4) and m # 1 (mod 9), then the pure sextic number field Q(/m)
is monogenic.

On the other hand, if m =1 (mod 4) and m # £+1 (mod 9), then it is not mono-
genic (see [1]). Also, Hameed and Nakahara proved that if m = 1 (mod 4), then
the octic number field Q(+/m) is not monogenic, but if m = 2,3 (mod 4), then it is
monogenic (see [18]). In [14], Gaal and Remete obtained, by applying the explicit
form of the index equation, new deep results on monogenity of number fields Q( /m),
where 3 < n < 9 and m is a square-free rational integer. They also showed in [15]
that if m = 2 or 3 (mod 4) is a square-free rational integer, then the octic number
field K = Q(%, ¥/m) is not monogenic. Also in [23], Pethd and Pohst studied indices
in multiquadratic number fields.

The aim of this paper is to study the monogenity of a pure number field K gen-
erated by a complex root « of a monic irreducible polynomial F(z) = 2273 oy
with m # +1 being a rational integer. Recall that in [7], [10], El Fadil et al. studied
the cases 7 = 0 and s = 0, respectively. Also in [8], El Fadil, Ben Yakkou and Didi
studied the special case r = k = s = 1. We also note that we based our method on
Newton polygon techniques applied on prime ideal factorization.

2. MAIN RESULTS

Let K be a pure number field generated by a complex root « of a monic irreducible
polynomial F'(z) = 223 e Z[x], where m # +1 is a rational integer, and 7, k
and s are three positive natural integers. The following theorem gives necessary and
sufficient conditions for Zx = Z[a].

Theorem 2.1. The ring Z[«] is the ring of integers of K if and only if m is
square-free, m # 1 (mod 4), m # £1 (mod 9) and m ¢ {£1,+18,£19} (mod 49).
In this case, K is monogenic and « generates a power integral of 7 .
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Remark 2.2. Note that significant Gassert’s result (see [16], Theorem 1.1)
yields only one way and cannot guarantee the equivalence. However, Theorem 2.1
above gives the wanted equivalence in the context of pure number fields of degrees
2" . 3% .75 The reader can also see Corollary 1.3 of [20]. In this paper, we prove the
above theorem since its proof is useful for the proof of Theorem 2.3.

According to Theorem 2.1, if m is not square-free, m = 1 (mod 4), m = =+1
(mod 9) or m ¢ {£1,£18,4£19} (mod 49), then a does not generate a power in-
tegral basis of Zx. Henceforth, Theorem 2.1 cannot decide on the monogenity
of K. The following theorem gives a partial answer. It produces infinite families of

27.3k.78

non-monogenic pure number fields defined by x — m, l.e., Zx has no power

integral basis.

Theorem 2.3. Under the above hypothesis, if one of the conditions
(1) m=1 (mod 4),
(2) () m=1 (mod 9),
r>2andm= -1 (mod 9),
r=1and m=—1 (mod 81),

(c) r>2,s>3and m = —1 (mod 7%)
holds, then K is not monogenic.

As a consequence of the two previous theorems, the following result gives an
important characterization of the monogenity of some special pure number fields of
degrees 2" - 3% . 75,

Corollary 2.4. Let K be a pure number field generated by a complex root of a

.. . . T ak ms
monic irreducible polynomial 22 37

—m!, where m # %1 is a square-free rational
integer and t a positive integer which is coprime to 42. Then the following hold.
(1) If m # 1 (mod 4), m # £1 (mod9) and m ¢ {+1,£18,4+19} (mod 49),
then K is monogenic.
(2) If m =1 (mod 4), then K is not monogenic.
(3) If (a) m=1 (mod 9),
(b) r =2 and m = —1 (mod 9),
(¢) r=1and m = -1 (mod 81)
then K is not monogenic.
(4) If (a) m=1 (mod 49),
(b) r=1,s>7and m = —1 (mod 7%),
() r>2,s>3and m=—1 (mod 7%)
then K is not monogenic.
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3. PRELIMINARIES

To prove our results, we based our method on prime ideal factorization. Let p
be a rational prime integer. In 1878, Dedekind gave the explicit factorization of the
principal ideal pZx when p does not divide the index (Zg : Z[f]) for some 0 € Zk
(see [6] and [21], Theorem 4.33). He also gave a criterion known as Dedekind’s cri-
terion to test the divisibility of the index (Zx : Z[f]) by p (see [5], Theorem 6.14,
[6] and [21]). When p divides i(K), then Dedekind’s theorem cannot give the prime
ideal factorization of pZk. In 1928, Ore developed an algorithm to factorize pZy.
His method is based on Newton polygon techniques. The papers [9], [17] and [22]
give a detailed survey on the theory and applications of Newton polygon techniques,
including prime ideal factorization in number fields. Now, let us recall some fun-
damental notions on Newton polygon techniques. Let v, be the discrete valuation
of Q,(x) defined on Z,[z] by

T
Vp (Z aixi) =min{r,(a;): 0 <i<r}.
=0

Let ¢(x) € Z[x] be a monic polynomial whose reduction modulo p is irreducible. By
successive Euclidean divisions, any monic irreducible polynomial F'(z) € Z[x] admits
a unique @-adic development

F(x) = ao(z) + a1 ()p(z) + ... + an(z)p(2)"
with deg(a;(z)) < deg(p(z)). For every 0 < ¢ < m, let u; = vp(a;(x)). The p-Newton
polygon of F(x) is the lower boundary convex envelope of the set of points

{(ivui): 0<i< n, al(x) 7é 0}

in the Euclidean plane, which we denote by N, (F"). The polygon N, (F') is the union
of different adjacent sides 51,52, ...,S5,; with increasing slopes A1 < Ay < ... < Aq.
We write Ny(F) = S1 4+ S2 + ...+ S4. The polygon determined by the sides of
negative slopes of N, (F) is called the y-principal Newton polygon of F(x) and is
denoted by N (F). Recall that the length of NI (F) is I(N} (F)) = v(F(z)), the
highest power of p(x) dividing F'(z) modulo p. Let F, be the finite residue field
2[x]/(p,p(x)) = Fplz]/(p(x)). We attach to any abscissa 0 < i < [(NS(F)), the
residue coefficient

0 if (i,u;) lies strictly above NI (F),
€= ai(z)

pu,:

(mod (p, ¢(x))) if (4,us) lies on N (F).
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Let S be one of the sides of N} (F) and A = —h/e be its slope, where e and h are
two positive coprime integers. The length of S, denoted I(S), is the length of its
projection to the horizontal axis. The degree of S is d = d(S) = I(S)/e; it is equal
to the number of segments into which the integral lattices divide S. More precisely,
if (s,us) is the initial point of S, then the points with integer coordinates lying in S
are exactly

(s,us), (s+eus—nh),..., (s+de,us — dh).

We attach to S the residual polynomial defined by
R)\(F)(y) =Cs+ Csqey + ...+ Cs—i—(d—l)eyd_1 + Cerdeyd € [Fcp[y]

The g-index of F(z), denoted ind,(F'), is deg(y) times the number of points with
natural integer coordinates that lie below or on the polygon NJ (F), strictly above
the horizontal axis and strictly beyond the vertical axis (see Figure 1). We say
that the polynomial F'(x) is ¢-regular with respect to p if for each side S of N;r (F)
of slope A, its associated residual polynomial R (F)(y) is separable in F,[y]. The
polynomial F(x) is said to be p-regular if F(x) is ¢;-regular for every 1 < i < ¢,

b, s .
where F(z) = [] pi(x) " is the factorization of F(z) into a product of powers of
i=1

distinct monic irreducible polynomials in Fp[z]. For every i = 1,...,¢, let N, J (F) =

Sit + ... 4 Sir, and for every j = 1,...,74, let Ry, (F)(y) = ﬁwzg’ (y) be the
factorization of Ry, (F')(y) in Fy,[y]. o=t

Now, we state the theorem of Ore, which plays a significant role in the proof of
our results (see [9], Theorem 1.7 and Theorem 1.9; [17] and [22]).

Theorem 3.1 (Ore’s theorem). Under the above notations, we have

(1) t
vo((Zic : 2[al) > Y ind, (F).

The equality holds if F(z) is p-regular.
(2) If F(x) is p-regular, then

Ty Sij

t
rZx =TI i

i=1j=1s=1

where e;; is the ramification index of the side S;; and f;;s = deg(p;) % deg(ij;s)
is the residue degree of p;;s over p.
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Corollary 3.2. Under the hypothesis of the above theorem, if for every i =
1,...,t,l; =1or N«Z (F) = S; has a single side of height 1, then p does not divide
(Zk : Z]a)).

Example 3.3. Consider the monic irreducible polynomial F(z) = =z
153z + 17, which factors in F3[z] into F'(z) = (¢1 (x)gog(x))g, where p1(z) =2 —1
and ¢o(z) = x 4+ 1. The ¢1-development of F(x) is

6 +

f(z) =171 + 159¢ () + 1501 ()% + 201 ()3 + 1501 (2)* + 601 (2)° + @1 (x)®,
and the s (x)-adic development of F'(x) is
F(z) = —135 + 12905 () + 1502(2)? — 2009 () 4+ 1502(x)* — 6o (x)® + @a(z)S.

It follows that N;ri (F) = S;1 + Si2 with respect to v3 has two sides with d(S;1) =
d(Si2) = 1 (see Figure 1). Thus, the residual polynomials Ry, (F)(y) attached to
the sides of Nf. (F) are irreducible in Fy, [y] ~ F3[y] as they are of degree 1 for every
i=1,2and t = 1,2. Thus F(z) is p;-regular for i = 1,2, hence it is 3-regular. By
Theorem 3.1,

vs((Zk : Z[a])) = indy, (F) +ind,, (F) =1+1=2

and

37k = Pr11Pia1P211P501

with the residue degree f(p;;1/3) =1 for every i =1,2 and j =1, 2.

NI (F) NZ(F)

P1 ¥2

Figure 1. N (F),i=1,2.

In order to prove theorem of the product, Guardia, Montes and Nart introduced
in [17] the notion of p-admissible development. In this paper we use this technique in
order to treat some special cases when the p-adic development of a given polynomial
F(x) is not obvious. Let

(3.1) Fx) = ZAJ (@)p(x),  Aj(w) € Zp[a]
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be a ¢-development of F'(z), not necessarily the ¢-adic one. Take w; = vp(4;(x))
for all 0 < j < n. Let N be the principal Newton polygon of the set of points
{(Jywj): 0<j < n,w; #oo}. Toany 0 < j < n, we attach a residual coefficient

0 if (j,w;) lies strictly above N,
Cc. = A
! % (mod (p, p(x))) if (j,w;) lies on N.

Moreover, for any side S of N with slope A, we define the residual polynomial as-
sociated to S and denoted R (F')(y) (similar to the residual polynomial Ry(F)(y)
defined from the p-adic development). We say that a ¢-development (3.1) of F(x)
is admissible if c;- # 0 for each abscissa j of a vertex of N. Note that ¢ # 0 if and
only if ¢(z) does not divide (A;(z)/p~7). For more details, see [17]. The following
lemma shows an important relationship between the ¢-adic development and any

p-admissible development of a given polynomial F(z).

Lemma 3.4 ([17], Lemma 1.12). If a p-development of F(x) is admissible, then
N;(F) = N and c} = ¢j. In particular, for any segment S of N with slope A we
have R\ (F')(y) = Rx(F)(y) (up to the multiplication by a nonzero element of F).

4. PROOFS

In order to prove our theorems, we need the following lemma which gives the
p-adic valuation of the binomial coefficient (pjr). For the proof, refer to [3].

Lemma 4.1. Let p be a rational prime integer and r a positive integer. Then

((5) -+

for any integer j =1,...,p" — 1.

Proof of Theorem 2.1. Let D(«) be the discriminant of the algebraic integer «
and Dy the field discriminant of K. Since F(x) is the minimal polynomial of «
over Q, by [21], Propositions 2.9 and 2.13, one has

r ok ms r ok ms r ok ms
(41) D() = D(1,a,..., 0% 37 1) = (12 F T TR (7))
—_ iNK/@(ZT . 3k LTS O42T~3k~75—1)
7'. k. s e S
=235 7)Y N jaa)? T

T ok s ” s
— 42037 T T ST = (7 1 7[a])? - Dk
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Thus, Z[o] is integrally closed if and only if p does not divide (Zk : Z[a]) for every
rational prime p dividing 2 -3 -7-m. Let p be a rational prime dividing m, then
F(z) = 2 3eT (mod p), where ¢ = z. The @-principal Newton polygon of F(z)
with respect to v, Nf (F) = S has a single side with slope A = —v;,(m)/(2" - 3% - 7%);
it is the side joining the points (0, v,(m)) and (27-3%-7%,0). If v,(m) > 2 (this means
that m is not square-free), then by using Theorem 3.1, we have

(27 3% 75 = 1) (vp(m) — 1) + ged(2" - 35 - 75,1, (m))
2

vp(Zk : Z]a)) > indy,(F) =

Consequently, p? divides the index (Zx : Z[a]) and « does not generate a power
integral basis of Z k. If v,(m) = 1 for every prime divisor of m (i.e., m is square-free),
then N} (F) = S has a single side of height 1 with slope A = —1/(2" - 3% - 7%). Thus,
the residual polynomial Ry (F')(y) is irreducible over F, ~ F, as it is of degree 1. By
Theorem 3.1, we get v, ((Zk : Z]a])) = ind, (F') = 0, that is to say, p does not divide
(Zk : 7]a]). Now, we deal with the cases p € {2,3,7} when p does not divide m.
Set 27 -3 . 7% = a - p*, where a = 2" - 3% .7%/p* and p does not divide a. Since p
does not divide a - m, the polynomial ® —m is separable in F,[z]. Fix a monic

irreducible factor ¢(z) of F(x) in Fp[z]. Then ¢(z) is a monic irreducible factor of
the polynomial z% —m in F,[z]. Moreover, for a suitable lifting ¢(x) of p(x), there
exist two polynomials U(z) and T'(z) € Z[z] such that 2* — m = ¢(z)U(x) + pT'(z),

where p(x) does not divide U(z)T' (). Set (x) = pT'(x) +m and write

Fla) =7 —m = @) —m = (p@)U(@) + ()" ~m

= (p(@)U ()" + Z (T)Wx)pujU(x)jsO(aﬁ)J’ + (@) —m.

By the binomial expansion and Lemma 4.1, we see that

u

G(x)P" = p T H () +m”,

where

It follows that

(4.2) ﬂwwwmw+ZG
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Let V(x) and R(x) be the quotient and the remainder upon the Euclidean division
of H(x) by ¢(z), respectively. Then, we have

u

43) F@) = 3 (7)ol Uty

J

<

+ <(P1“> D@ U (2) + puﬂv(x)) o) 1 p" R(x) 4P —m.

r

Thus F(z) = i Aj(z)p(x)?, where

B
o
—~
8
~

I

pHLR(z) + mP —m,

)= (7 )otay @) 40V @)

U

Aj(x) = (Z;

>w(m)pu_jU(m)j for every 2 < j < p“.

Let v = v,(mP" — m). Note that as remarked in [3], if a rational prime integer p
does not divide a nonzero rational integer m, then for every positive integer k, v =
vp(mP" —m) = v,(mP" =t — 1) = y,(mP~1 —1). Let w; = v,(A4;(z)) for every
j =0,2,...,p" Using Lemma 4.1, we see that wy = v,(p**'R(x) + m?" —m) >
min{v,u + 1}. Note that p(z) does not divide (Ag(z)/p=0) (because deg(R(z)) <
deg(p(x))). We also have w; = u and (A41(x)/p*1) = (x)P*~1 - U(x). It follows
that ¢(x) does not divide (A1 (z)/p“1). Moreover, for every j = 2,3,...,p", wj =
u — vp(j) and (A;(z)/pi) = ((”;)/pu*l'p(j)) ~p(z)P*=1-U(zx). So, p(x) does not
divide (A4;(z)/pi) for every j = 0,1,...,p". Thus, the ¢-development (4.3) of F(x)
is admissible. By Lemma 3.4, N;r (F) is the Newton polygon joining the points
{(0,wo)} U{(p,k —4): 0<j<r} in the Euclidean plane. If v = 1, then NI (F) is
the Newton polygon joining the points (0, 1) and (p*, 0). In this case, by Theorem 3.1,

we have ,
vol(Zxc  7la]) = 3 ind,, (F) = 0,
=0
where ¢;(z), i = 1,...,t, are the monic irreducible factors of F'(z) in Fp[z]. Other-

wise, if v > 2, we see that the point (1,1) with natural integer coordinates that
lie below or on the polygon N;r (F), strictly above the horizontal axis and strictly
beyond the vertical axis. By Theorem 3.1, we see that

vo(Zx - Z]a))) = imd%(m >1xt>1.
=0

This completes the proof. O
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Recall that the field index of K is
i(K) = ged{(Zk : Z[0]), 0 € Zx generates K }.

A rational prime p dividing i(K) is called a prime common index divisor of K. If Zg
has a power integral basis, then ¢(X) = 1. Thus a field possessing a prime common
index divisor cannot be monogenic.

For the proof of Theorem 2.3, we use the following lemma, which gives a sufficient
condition for a rational prime integer p to be a prime common index divisor of K it is
a consequence of a theorem of Dedekind (see [21], Theorems 4.33 and 4.34, and [6]).

Lemma 4.2. Let p be a rational prime integer and K a number field. For every
positive integer f, let L,,(f) be the number of distinct prime ideals of Z i lying above p
with residue degree f and N,(f) be the number of monic irreducible polynomials of
Fplz] of degree f. If L,(f) > Np(f), then p is a common index divisor of K.

Remark 4.3. Note that the condition ¢(K) = 1 is not sufficient for the mono-
genity of K. The pure cubic number field K = Q(3/175) is a simple example of the
case i(K) = 1, but K is not monogenic as its index form equation equals 523 — 7y>
and never assumes the values +1.

Proof of Theorem 2.3. In all cases, we show that K is not monogenic by
showing that i(K) is divisible by an adequate rational prime integer. Since p does
not divide m, according to the equation (4.1) and the definition of ¢(K), the rational
prime candidates to divide i(K) are 2,3 and 7.

[ — r
(1) Ifm =1 (mod 4), then F(z) = (z3*7 —1) =((z —1)(22 + 2+ 1)U(a:))2 €
gk—l.75_q e
Folz], where U(z) = 3. (23)3" '5"~J. Set ¢y (2) = 2—1 and @2 (z) = 22+ +1.
§=0
Note that (z3°7" — 1) is separable in Fa[z] (because 2 does not divide 3% - 7%). It

follows that ¢;(x) does not divide U(z) in Fa[z] for i = 1,2. Write

(44) F(z) =27 %7 —m=0"" -1+ 12 —m = (p1(2)p2(2)U(z) + 1)¥ —m
2" -1

27’

J

= (p1(x)pa(x)U(2)? + Z ( )(U(x)gm(aﬁ)@z(m))j +1-—m.

Let v = v5(1 —m), then v > 2. Since ¢;(x) does not divide U(z) in Fa[z] for i = 1,2,
the p;-development (4.4) of F'(z) is admissible for ¢ = 1,2. By Lemmas 3.4 and 4.1,
we see that for ¢ = 1,2, the principal Newton polygon N;,‘i (F) is the lower convex
hull of the points (0,v), (1,7), (2,7 —1),... and (2",0). Note also that U(y) = 1
(mod (2, p2(z))). That is U(y) = 1 in the residual field F,,[y].
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Assume that m = 5 (mod 8), then v = 2. In this case, N} (F) = S;; has one
side of degree 2 with the slope \;; = —1/2"~! and ramification index e;; = 2"~! for
1 = 1,2. More precisely, N;i (F) = Si1 is the lower convex hull of the points (0, 2),
(27=1,1) and (27,0) (see Figure 2).

S

l 2rl—1 or

Figure 2. NJ,(F),i = 1,2, when m =5 (mod 8).

In this case the attached residual polynomials are Ry, (F)(y) = 1 +y +y? €
Feily] = Foly] and

(4'5) R, (F)(y) =cot+cey+ CQeyQ
=14 U)p1(2)? v+ (21(0)U ()7 y? € Fpolyl.

It follows that if r is odd, then
Ry, (F)(y) = 1+ (z+ 1y +ay® = (y + 1)(zy + 1)
and, if r is even, then
Ragy (F)(y) =1+ oy + (v +1)y* = (y+ (L + 2)y + 1)

So, Rx,, (F')(y) is separable in Fo, [y]. Then, F(x) is @;-regular for i = 1,2. Applying
Theorem 3.1, one gets
gr—1 gr—1 ogr—1
27k =P Pau1 P21z &

where a is a nonzero ideal of Zx provided by the monic irreducible factors of U (x)
modulo 2 and p;1x is a prime ideal of Zk of residue degree f(p;1/2) =2 fori=1,2
and k = 1,2. Thus, there are at least three prime ideals of residue degree 2 each,
lying above 2 in Zk. As there is only one monic irreducible polynomial of degree 2
in F3[z], namely 22 + x + 1, by Lemma 4.2, 2 divides i(K). So, K is not monogenic.
Assume now that m = 9 (mod 16), then v = 3. We discuss two cases: r = 1 and
r>2 If r =1, then N;;i (F) = Si1 + Si2 has two sides of degree 1 each, joining the
points (0,3), (1,1) and (2,0) for ¢ = 1,2. Thus, the residual polynomial R, (F)(y)
is irreducible in F, [y] for every ¢ = 1,2 and k = 1,2. Applying Theorem 3.1, one has

27k = pr11P121P211P2214,
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where a is a nonzero ideal of Zx provided by the monic irreducible factors of U (x)
modulo 2 and p;x; are prime ideals of Zx with residue degrees

f(p111/2) = f(P121/2) =1 and  f(p211/2) = f(p221/2) = 2.

Thus, there are two prime ideals of Zx of residue degree 2 each lying above 2.
By Lemma 4.2, 2 divides i(K). Consequently, K is not monogenic. Assume now
that r > 2. In this case, N; (F) = Si1 + Si2 has two sides with respective degrees
d(S;1) = 2 and d(Si2) = 1 joining the points (0, 3), (2"~1,1) and (2", 0) (see Figure 3).

l 27'L2 27'L1 or

Figure 3. NI (F),i=1,2, when r > 2 and m =9 (mod 16).
Pi

In this case, we have Ry, (F)(y) = 1+y+y? which is irreducible in F,, [y] ~ F2[y].
We also have that Ry, (F)(y) = 1+ y which is irreducible in F,,[y]. Applying
Theorem 3.1, we see that

gr—2 gr—1
20Kk =pi11 Po1 @

where a is a nonzero ideal of Zx provided by the segments Si2 and So; and the
monic irreducible factors of U(x) modulo 2, and p11; and pag; are two prime ideals
of Zx of residue degree 2 each. So, there are two prime ideals of Zg lying above 2
of residue degree 2 each. As there is only one monic irreducible polynomial in Fo[z],
by Lemma 4.2, 2 divides ¢(K). Hence, K is not monogenic. Assume now that m =1
(mod 16), then v > 4. If r = 1, by applying Theorem 3.1, we see that

27k = pr11P121P211p2214,
where a is a nonzero ideal of 7 and p;; are prime ideals of 7 with residue degrees
f(p111/2) = f(P121/2) =1 and  f(p211/2) = f(p221/2) = 2.
By Lemma 4.2, 2 divides i(K). If r = 2, we obtain that
27K = P111P121PT3191110121075, 0,

where a is a nonzero ideal and pix; is a prime ideal of Zx with residue de-
gree f(p1x1/2) = 2 for k = 1,2,3 and q1x1 is a prime ideal of Zx with residue
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degree f(qi1x1/2) =1 for k = 1,2,3. Then, 2 divides i(K). Assume now that r > 3.
In this case, we have that

N;(F) =Sin+...+Sit—1+Sit

has t sides with ¢ > 3. The last two sides have degree 1 each. More precisely, the
part S; ;1 + Si is the lower convex hull of the points (2"72,2), (2771, 1) and (2",0)
(see Figure 4).

~ Sit—1

_ N W
/
/
/

Sit

I 2rl—2 27“'—1 or
Figure 4. N;(F),i =1,2, when r > 3, and m = 1 (mod 16).

It follows that the residual polynomials Ry ;—1(F)(y) and Ra.(F)(y) are irre-
ducible in F,,[y] as they are of degree 1 each. Applying Theorem 3.1, one has

27‘—2 27‘—1
20Kk =P34 1P3 4,

where a is a nonzero ideal of Zx provided by the other segments of N;; (F), the
segments of Nf (F') and the monic irreducible factors of U(x) modulo 2, and p;—
and p; are two prime ideals of Zx of residue degree 2 each. So, the factor ya(x)
of F(z) modulo 2 provides at least two prime ideals of residue degree 2 each, lying
above 2 in 7. By Lemma 4.2, 2 divides i(K). H(:nce, K is not monogenic.

2)Ifm=1 (mod 9), then F(z) = (@@ ™ —1)° =((z— Dz + )V (@) ,where
or—1.7s_1 e
V)= 3 (2%)? 7. Set ¢1(x) = — 1 and py(z) = 2 + 1. Note also that
=0

(2277 — 1) is separable in F3[z] (because 3 does not divide 2" - 7%). It follows that

vi(z) does not divide V' (x) in F3[x] for ¢ = 1,2. Write

4.6) F(z) =27 —m=(p1(x)p2(0)V () + 1)* —m

. 3k_1 3k '
= (@ E@VE) + Y <j>(V(x)sa1(x)302(a:))J t1-m

Let w = v3(1 — m), then w > 2 (because m = 1 (mod 9)). Since g;(x) does not
divide V' (z) in Fg[x] for ¢ = 1,2, the above p;-development of F'(z) is admissible for
i =1,2. By Lemmas 4.1 and 3.4,

N;(F):Sﬂ-l-...-l-Sit
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has ¢ sides of degree 1 each with ¢ > 2. More precisely, N; (F) is the lower convex
hull of the points (0,w), (1,k), (3,k —1),...,(3*71, 1) and (3%,0). Thus Ry,, (F)(y)
are separable over [, as they are of degree 1. By Theorem 3.1, the monic irreducible
factors 1 (z) and po(z) provide at least four prime ideals of Zx of residue degree 1
each lying above 3. As there are only three monic irreducible polynomials of degree 1
in F3[z], namely, z, x—1 and £—2, by Lemma 4.2, 3 divides i(K'). Consequently, K is
not monogenic. Assume now that r > 2 and m = —1 (mod 9). In this case,

o) = (@ e -D)@ -2 —DW@) in Fsla),

2r 2.7 1
where W(z) = > (=1)7(z*)/. Let p1(x) =22+ 2 —1, pa(z) = 2> —2 — 1 and
j=1
u=v3(—1 —m). Write

(4.7) F(z) = (¢1(2)pa (@)W (z) — 1)* —m
3k_1

k . (3F ]
~ (@ @)+ 3 0% ) erehe@W @) -1

Since ;(z) does not divide W (x) (because 3 does not divide 2" - 7%), the above ¢;-
development (4.7) is admissible for ¢ = 1,2. Note also that p > 2 (because m = —1
(mod 9)). By Lemmas 4.1 and 3.4,

N;(F):Sﬂ-l-...-l-Sit

has ¢ sides of degree 1 each with ¢ > 2. More precisely, N;,‘i (F) is the lower convex
hull of the points (0, 1), (1,k), (3,k—1),...,(3*71,1) and (3%,0). Thus Ry, (F)(y)
are separable over [, as they are of degree 1 for every ¢ = 1,2 and k = 1,...,¢.
By Theorem 3.1, the monic factor ¢;(z) provides at least two prime ideals of residue
degree 2 each for ¢ = 1,2. As there are only three monic irreducible polynomials in
F3[z] of degree 2, namely, 22 + 1, 22 + 2 — 1 and 22 — x — 1, by Lemma 4.2, 3 divides
i(K). Hence, K is not monogenic. Similarly, if » = 1 and m = —1 (mod 81), we
see that the monic irreducible factor 2 + 1 of F(z) modulo 3 provides at least four
prime ideals of residue degree 1 each, lying above 3 in Zk. It follows that 3 divides
i(K). So, K cannot be monogenic.

s

(3) Since 7 does not divide m, F(z) = (223" — m)7 in Fr[z]. Let ¢;(z) be a
monic irreducible factor of F'(z) (mod 7) (this means that ¢;(z) is a monic irreducible
factor of 223" —m (mod 7)). Let ¢;(x), U;(z), Vi(x), and R;(x) be as in the proof
of Theorem 2.1, where we determined the ¢-principal Newton polygon of F(z) in

7s

the cases p = 7, and p does not divide m. Let wy = v7(m” —m) = v7(m% — 1) and
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wio = v7(7T*F Ry(x) +mP” —m) > min{s + 1,wo}. Then, N, (F) is the lower convex
hull of the points {(0,w;0)} U {(77,s —j): 0 <j < s} in the Euclidean plane.

7s
6

(a) Assume now that m = 1 (mod 49); wo > 2, then F(x) = (Hl gol(x)M(x))
=

in Fy[x], where @;(x) = x 4 i. It follows that N} (F') = Si1 + ...+ Sy has t sides of

degree 1 each, with t > 2 for every i = 1,...,6. By Theorem 3.1, every factor ¢;(x)
of W provides at least two prime ideals of residue degree 1 each. Hence, there are
at least 12 prime ideals of residue degree 1 each, lying above 7. There are only seven
monic irreducible polynomials of degree 1 in Fr[z], namely z, x + 1, x + 2,  + 3,
x+4, x4+ 5 and x + 6. By Lemma 4.2, 7 divides i(K). Consequently, K cannot be
monogenic.

(b) Suppose that =Ls=>7 and m = —1 (mod 78) . In this case, F(z) =
(1 @92 (@)@ A@) i Frle], where ¢1(z) = % + 1, 1(2) = 2% + 2, a(z) =
22 +4 and A(z) € Z[z] such that o, (x) does not divide A(x) for i = 1,2,3. According
to the above description of ¢;-Newton polygons, we see that

NI (F) =814 Sia+...+ Su

has t sides of degree 1 each with ¢t > 8. Thus, Ry, (F)(y) is irreducible over F, as
it is of degree 1 for every ¢ = 1,2,3 and k = 1,2,...,t. By Theorem 3.1, we see that

3t
72x =[] ii*e,

i=1j=1

where e;; is the ramification index of the segment S;, a is a nonzero ideal
of Zx and p; is a prime ideal of Zi of residue degree f(p;:/7) = deg(pi) X
deg(Rx,,(F)(y)) = 2 x 1 = 2. So, there are at least 24 prime ideals of residue
degree 2 of Zi lying above 7. Recall also that the number of monic irreducible
polynomials of degree g in Fp[z] is

N, (m) = é > uld)p/?,
dlg

where p is the Mobius function. It follows that for p = 7 and g = 2, N;(2) = 21. As
there are only 21 monic irreducible polynomials in Fr[z], by Lemma 4.2, 7 divides

i(K). So, K is not monogenic. 7

() Ifr > 2,8 >3, and m = —1 (mod 7*), then F(z) = (lg[ gol(x)H(x))

in Fr[x], where p1 = 22 + 2 + 4, p2(z) = 2% + 20 + 2, p3(z) = 2% + 30 + 1,
oa(z) = 22 +4x + 1, p5(z) = 22 + 52 + 2, ps(z) = 22 + 62 + 4, and ;(x) does
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not divide H(z) for every ¢ = 1,...,6, and we have also w;o > 4. It follows that
Ngji (F) = S;1+...+Si has t sides of degree 1 each, with ¢t > 4 for everyi =1,...,6.
By Theorem 3.1, every factor ¢;(x) of F(z) provides at least four prime ideals of
residue degree 2 each. Hence, there are at least 24 prime ideals of residue degree 2
each of Zk lying above 7. Since there are only 21 monic irreducible polynomials of

degree 2 in Fr[z], by Lemma 4.2, 7 divides i(K). So, K is not monogenic. O

Proof of Theorem 2.4. Since ged(t,42) = 1, let (x,y) be the positive solution
of the Diophantine equation tz — 27 - 3% - 7%y = 1 with 1 < y < 2" -3F . 7% and
let n = a®/mY. Then 7721"3k'75 = m. Thus 7 is a root of the polynomial G(z) =
22737 _m. Since m is square-free, G(z) is irreducible over Q. As n € K and
[K :Q] =2"-3%.7% = deg(G(z)), K is generated by 7, a root of G(x). The proof is

therefore a direct application of Theorems 2.1 and 2.3. ([

Example 4.4. Let F(x) € Z[x] be a monic irreducible polynomial and K the
number field defined by a complex root of F(z).

(1) Let F(z) = 2°% — 22; m = 22. Since m is square-free, m = 2 (mod 4), m
4 (mod 9) and m = 22 (mod 49), by Theorem 2.1, K is monogenic and «
generates a power integral basis of 7.

(2) Let F(z) = 2% —82; m = 82. Since m = 1 (mod 9), by Theorem 2.3, K cannot
be monogenic.

(3) Let F(x) = 2171 —663%3; m = 66 and t = 353. By Corollary 2.4, K is monogenic
and n = %oﬁ generates a power integral basis of 7.
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