Commentationes Mathematicae Universitatis Carolinae

Luong Quoc Tuyen; Ong V. Tuyen; Phan D. Tuan; Nguzen X. Truc
About wcs-covers and wes*-networks on the Vietoris hyperspace F(X)

Commentationes Mathematicae Universitatis Carolinae, Vol. 64 (2023), No. 4, 519-527

Persistent URL: http://dml.cz/dmlcz/152619

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 2023

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/152619
http://dml.cz

Comment.Math.Univ.Carolin. 64,4 (2023) 519-527

About wes-covers and wes*-networks

on the Vietoris hyperspace F(X)

LuonG Q. TuyveEN, ONG V. TuYEN, PHAN D. TuaN, NGUZEN X. TRUC

Abstract. We study some generalized metric properties on the hyperspace F(X)
of finite subsets of a space X endowed with the Vietoris topology. We prove that
X has a point-star network consisting of (countable) wes-covers if and only if so
does F(X). Moreover, X has a sequence of wes-covers with property (P) which
is a point-star network if and only if so does F(X), where (P) is one of the follow-
ing properties: point-finite, point-countable, compact-finite, compact-countable,
locally finite, locally countable. On the other hand, X has a wes*-network with
property o-(P) if and only if so does F(X). By these results, we obtain some
results related to the images of metric spaces and separable metric spaces under
some kinds of continuous mappings on the Vietoris hyperspace F(X).
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1. Introduction and preliminaries

Recently, the generalized metric properties on hyperspaces with the Vietoris
topology have been studied by many authors, see [5], [9], [12], [13], [14], [15], [16],
[18], [19], [20].

In [21], L.Q. Tuyen, O.V. Tuyen and L.D.R. Koé¢inac proved that X has
a o-(P)-strong network consisting of cs-covers (cs*-covers) if and only if so
does F(X), where (P) is one of the following properties: point-finite, point-
countable, compact-finite, compact-countable, locally finite, locally countable.
Moreover, they also proved that X is a Cauchy sn-symmetric space with a o-
(P)-property cs*-network (cs-network, sn-network, respectively) if and only if so
is F(X). In this paper, we study the concepts of wecs-covers and wes*-networks
on the Vietoris hyperspace F(X). Throughout this paper, (P) is assumed to
be one of the following properties: point-finite, point-countable, compact-finite,
compact-countable, locally finite, locally countable. Moreover, all spaces are as-
sumed to be T and regular, N denotes the set of all positive integers. For
a space X, we prove that
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(1) X has a point-star network consisting of (countable) wecs-covers if and
only if so does F(X);

(2) X has a sequence of wes-covers with property (P) which is a point-star
network if and only if so does F(X);

(3) X has a wes*-network with property o-(P) if and only if so does F(X).

By these results, we obtain that

(1) X is a pseudo-sequence-covering and m-image of a metric space if and
only if so is F(X);

(2) X is a pseudo-sequence-covering (sequentially-quotient), s- and 7w-image
of a metric space if and only if so is F(X);

(3) X is a pseudo-sequence-covering (sequentially-quotient) and w-image of
a separable metric space if and only if so is F(X);

(4) X is a pseudo-sequence-covering and compact image of a separable metric
space if and only if so is F(X);

(5) X is a (weak) Cauchy sn-symmetric space with a wes*-network having
property o-(P) if and only if so is F(X).

For a sequence {x,}nen converging to x, we say that {x,}nen is eventually
in P, see [2], [17], if {x} U{zn: n > m} C P for some m € N, and {x, }nen is
frequently in P, see [2], [17], if some subsequence of {z,}nen is eventually in P.
Furthermore, if P is a family of subsets of a space X and A C X, then

st(A,P) = J{P e P: PNA#0};
(P)a={Pe P: PNA+0}.

For = € X, we use the notation St(z,P) instead of St({z},P) and (P), instead
of (’P){L}
Given a space X, we define its hyperspaces as the following sets:
(1) CL(X)={A C X: Ais closed and nonempty};
(2) K(X)={A e CL(X): Ais compact};
(3) Fo(X)={A € CL(X): |A| <n}, where n € N;
(4) F(X)={A e CL(X): A is finite}.
The set CL(X) is topologized by the Vietoris topology defined as the topology
generated by

B={{Uy,...,Ux): Uy,...,Uy are open subsets of X, k € N}

where

(Ul,...,Uk>:{A€CL(X): AcC UUi’ ANU; #0 for each igkz}.
i<k
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Note that, by definition, K(X), F,(X) and F(X) are subspaces of CL(X).
Hence, they are topologized with the appropriate restriction of the Vietoris topol-
ogy. Moreover,

(1) CL(X) is called the hyperspace of nonempty closed subsets of X;
(2) K(X) is called the hyperspace of nonempty compact subsets of X;
(3) Fn(X) is called the n-fold symmetric product of X;
(4) F(X) is called the hyperspace of finite subsets of X.

On the other hand, it is obvious that F(X) = |J;21Fn(X) and F,(X) C
Fr+1(X) for each n € N.

Remark 1.1 ([18]). Let X be a space and let n € N.
(1) Fn(X) is closed in F(X).
(2) fi: X —» Fi(X) given by fi(z) = {z} is a homeomorphism.
(3) Every F,(X) is a closed subset of F,,(X) for each m,n € N, m < n.

Notation 1.2 ([16]). If Uy,...,Us are open subsets of a space X, then
(Ui, ...,Us) F(x) denotes the intersection of the open set (Ui, ..., Us) of the Vi-
etoris topology with F(X).

Notation 1.3 ([20]). Let X be a space. If {z1,...,z,} is a point of F(X) and
{z1,..., 2.} € (Uy,...,Us) 7(x), then for each j <r, we let

Us, =( U € {U1,...,Us}: 2 €U}
Observe that (Uy,,...,Us, ) r(x) C (U1, ..., Us) F(x)-

Definition 1.4. Let P be a family of subsets of a space X.

(1) P is called a wes-cover, see [3], (or an fes-cover, see [4]), if for every
convergent sequence S converging to x in X, there exists a finite sub-
family P’ of (P), such that S is eventually in [JP'.

(2) P is called a cs*-cover, see [7], if for every convergent sequence S in X,
there exist P € P and a subsequence S’ of S such that S’ is eventually
in P.

(3) P is called a cs-cover, see [22], if for every convergent sequence S in X,
there exists P € P such that S is eventually in P.

(4) P is called a wes*-network, see [11], for X, if for each sequence {xy, } nen
converging to x € U with U open in X, there exists a subsequence
{zn, tven of {zn}nen such that {z,,: k€ N} C P C U for some P € P.

(5) P is called a cs-network, see [6], (cs*-network, respectively, see [2]) for X,
if for each x € X, any sequence L converging to x € U with U open in X,
then L is eventually (frequently, respectively) in P C U for some P € P.



522 L. Q. Tuyen, O.V. Tuyen, P.D. Tuan, N. X. Truc

Remark 1.5.

(1) Definition wes-cover or fes-cover is also sfp-cover in [8].
(2) es-covers = wcs-covers = cs*-covers.
(3) cs-networks = cs*-networks = wes*-networks.

Definition 1.6. Let P be a family of subsets of a space X.

(1) P is said to be point-finite (or point-countable), if the family (P),, is finite
(countable, respectively) for each = € X.

(2) P is said to be compact-finite (compact-countable, respectively), if for
each compact subset K of X, the family (P)k is finite (countable, re-
spectively).

(3) P is said to be locally finite (locally countable, respectively), if for each
x € X, there exists an open neighborhood V' of z such that the family
(P)v is finite (countable, respectively).

Definition 1.7. For a cover P of a space X, we say that P has property o-(P),

if P can be expressed as |J P, where each P, has property (P).

neN

Definition 1.8 ([10]). Let X be a space. A sequence {P,}nen of families of
subsets in X is called a point-star network for X, if {St(x,P,)}nen is a network
at z in X for each z € X.

For some undefined or related concepts, we refer the reader to [3], [10], [21].

2. Main results

Let X be a space. We say that a sequence {A, }nen consisting of subsets of X
converges to a subset A C X, if for each open set U in X with A C U, there
exists k € N such that A, C U for each n > k.

Lemma 2.1 ([21, Lemma 2.1]). Let X be a space and {F,,}men be a sequence
of points of F(X). If {Fp}men converges to F = {x1,...,2,} in F(X) and
{Ux,...,U,} is a family of pairwise disjoint open subsets of X such that z; € U,
for each j <r, then {Fp, NU;}men converges to {x;} in X for each j <r.

Lemma 2.2 ([19, Lemma 2.1]). Let (Uy,...,Us), (Vi,...,V,) C CL(X). If there
exists i < s such that U, N (.., V;) =0, then (U, ..., Us)N{(Va,..., V) = 0.

j<r
Let P be a family of subsets of a space X. If we put
m:{<P1,...,P5>]:(X): P,...P, P, SEN},

then observe that P is a family of subsets of F(X).
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Lemma 2.3. Let X be a space. Then, P is a wcs-cover (or wes*-network)
for X, then B is a wes-cover (wes*-network, respectively) for F(X).

PROOF: Suppose that F' = {z1,...,z,} € F(X) and U is an open neighborhood
of F in F(X). Then, there exist open subsets Uy,...,Us of X such that

Fe <U1,...,US>]:(X) cUu.

Because X is Hausdorff, by Notation 1.3, we can find pairwise disjoint open
subsets Uy, , ..., Uy, of X such that z; € U, for each j <r, and

Fe (le,...,Uwr>;(X) - Ul,...,Us>]:(X) cUu.

Let {F),}men be asequence converging to F' in F(X). For each j < r, it follows
from Lemma 2.1 that the sequence {Fy, N Uy, }men converges to {z;} in X.

Case 1. Let P be a wes-cover for X. Then, there exist a finite subfamily P;
of (P)s; and k; € N such that

{z;} U (U{Fm NUz;: m > kj}) C UP]-.
Put k = max{k;: j <r} and
B = {(P,... Pryrxy: P €Py, j<r}.
Then, 9P’ is a finite subfamily of (B)r. Furthermore, we have
{FYU{Fn: m>k}c|J¥P.

Therefore, P is a wes-cover for F(X).
Case 2. Let P be a wes*-network for X. Then, by induction on r, there exist
Py,...,P. € P and a subsequence {my}ren of N such that

{Fm, U, s kEeN} C P C UL,
This implies that (Py,..., P.)r(x) € B and
{Fm,: keN} C(P1,...,PYrx) C (Usy,---,Us, ) Fr(x) C U.
Hence, B is a wes*-network for F(X). O

Lemma 2.4 ([21, Lemma 2.3]). If P has property (P), then so does ‘B.

Theorem 2.5. Let X be a space.

(1) X has a point-star network consisting of (countable) wcs-covers if and
only if so does F(X).
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(2) X has a sequence of wes-covers with property (P) which is a point-star
network if and only if so does F(X).

PROOF: Necessity. Let {P,}nen be a sequence of wes-covers which is a point-
star network for X. We can assume that P, refines P, for each n € N. Now,
for each n € N, put

mn = {<P1(n)a---ap§n)>]‘-(X): Pl(n)avps(n) ep’m s € N}'

Take any F' = {x1,...,2,} € F(X) and an open neighborhood U of F in F(X).
Similar to the proof of Lemma 2.3, we can find pairwise disjoint open subsets
Ugyy---,Uyg, of X such that x; € Uy, for each j <r and

Fe U, Us)rx) C U.

For each j <7, since {Pp}nen is a point-star network for X, {St(x;,Py)}nen is
anetwork at ; in X. Thus, there exists m; € N such that z; € St(x;,Pp) C Uy,
whenever n > m;. If we put m = max{m;: j <r}, the

F e (St(x1,Pn), ..., 8t(xr, Pn)) r(x) C (Uzys- -, Us,) Fx)
for every n > m. Furthermore, it is clear that

St(F,%Bn) C (St(z1,Pn), ..., St(xr, Pn)) F(x)-

Hence, F' € St(F,PB,) C U for every n > m. Therefore, {St(F,PB)}nen is
a network at F in F(X). This shows that {,}nen is a point-star network
for F(X). It follows from Lemma 2.3 that {,}nen is a sequence of wes-covers
for F(X). Moreover, if P, is countable, then observe that 93, is countable. On
the other hand, by Lemma 2.4, if P, has property (P), then B,, has property (P).

Sufficiency. Assume that {9, }nen is a sequence of wes-covers, and a point-
star network for F(X). For each n € N, we put

D, = {WNF(X): WeR,)

Then, {Q, }nen is a sequence of wes-covers, and a point-star network for 1 (X).
Furthermore, if 9, is countable, then Q,, is countable. On the other hand, for
each n € N, if 3, has property (P), then £,, has property (P). By Remark 1.1,
the proof of sufficiency is completed. (I

By Theorem 2.5, [3, Theorem 2.7, Corollaries 2.9, 3.8, Proposition 3.7] and [1,
Theorem 2.4], we obtain the following corollary.
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Corollary 2.6. Let X be a space.

(1) X is a pseudo-sequence-covering and m-image of a metric space if and
only if so is F(X).

(2) X is a pseudo-sequence-covering (sequentially-quotient), s- and mw-image
of a metric space if and only if so is F(X).

(3) X is a pseudo-sequence-covering (sequentially-quotient) and w-image of
a separable metric space if and only if so is F(X).

(4) X is a pseudo-sequence-covering and compact image of a separable metric
space if and only if so is F(X).

Theorem 2.7. Let X be a space. Then, X has a wcs*-network with property
o-(P) if and only if so does F(X).

PROOF: Necessity. Assume that P = J, oy Pn is a wes*-network for X, where
each P, has property (P) and P, C P,q1 for each n € N. It follows from
Lemma 2.4 that

s33.,1:{<P1,...,PS>]:(X): Py,..., P, € Py, SEN}

has property (P), and B,, C P,,41 for each n € N. If we put B = U,y B,
then 3 has property o-(P).
Now, we will prove that

m:{<P1,...,PS>]:(X)SPl,...,PSGP,SEN}.
In fact, it is easy to see that
s33C{(Pl,...,Ps>]:(X):Pl,...,PSG’P,SEN}.

Next, let W € {(P1,...,Ps)r(x): P1,...,Ps € P, s € N}. Then, there exist
Py,...,P; € P such that W = (Py,...,P)5(x). Since P = |J, ey Pn, there
exists n; € N such that P; € P, for each i < s. If we put m = max{n;: i < s},
then Py,..., P, € P, and m € N. This implies that W € B,,, C 3.

Therefore, B is a wes*-network for F(X) by Lemma 2.3.

Sufficiency. Let B = U,cnPBn be a wes*-network with property o-(P)
for F(X). For each n € N, we put

Q, = IWNF(X): WeR,)

Then, Q = (J,,cy Qn is a wes*-network with property o-(P) for F;(X). Thus,
X has a wes*-network with property o-(P) for X by Remark 1.1. O

By Theorem 2.7 and [21, Corollary 2.7 (2)], we obtain the following corollary.



5926

L. Q. Tuyen, O.V. Tuyen, P.D. Tuan, N. X. Truc

Corollary 2.8. Let X be a space. Then, X is a (weak) Cauchy sn-symmetric

space with a wes*-network having property o-(P) if and only if so is F(X).
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